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ABSTRACT

It is still impossible to predict with certainty the dynamic behavior
of spinning liquid-filled shell under all firing conditions. However, the
designer, instesd of working in the dark, should use the available sids. The
first of these is the well-known Milne's graph which summarizes a considerable
amount of practical experience. The second is Stewartson's instability
criterion. The use of the latter requires certain tables. These are provided.
The use of both of these aids to the designer is explained. Illustrative

examples are included.
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1, INTRODUCTION

The problem of predicting the dynamic behavior of liquid-filled spinning
shell is still in a not very satisfactory state. A large amount of experi-
mental datas, obtained almost exclusively from range firings, indicate that
the problem is of bewildering complexity. It is not surprising therefore;
that thﬁs far, no general principles of universal applicability have emgrged

in spite of considerable experimental and theoretical efforts.

The designers of shell for carrying liquids, therefore, are still largely
in the dark as to whether their designs will fly well or poorly. However,
there are two alds which can be used. One aid is in the form of a graph which
delineates, as a function of certain parameters, the regions of stability and
instability. This is the well-known Milne's(l) graph which‘essentially is a
convenient summary of British experience with the flight characteristics of
liquid-filled shell. Unfortunately, since this is an empirical correlation,
the chances of success, even if the new design satisfies Milne's criterion, are
unknown.

The second aid is Stewartson's(z)(B) instability criterion. The criterion
is derived from an analysis of the dynamics of the spinning liquid-filled shell
system. The liquid, contained in a cylindrical cavity, either completely or
partially filled, is spinning with the full spin of the shell. The use of this
criterion requires the knowledge of the poles and the residues at these poles
of a certain very complicated mathematical expression. Although the tables of
leading poles with associated residues were published by Stewartson in 1959
(Reference 3), his instability criterion-does not appear to be in as wide use
by designers as it should be.

The purpose of this repdrt is to bring together these available aids.
Of the two, Milne's graph and Stewartson's instability criterion, the latter
should be given preference. Stewartson's mathematical model is more realistic
in 1ts approximation to the actual shell.



2. MILNE'S GRAPH

In 1940 E. A. Milne(l) made a thorough theoretical analysis, on the
basis of a mathematical model developed earlier by other investigators, of
the stability of a shell containing a spheroidal cavity completely filled
with inviscid fluid, rotating with the full spin of the shell. The stability
of such a system depends on the geometry of the cavity, i.e., the mdjor and
the minor axes of the spheroldal cavity, the mass of the liquid, and the
inertial properties of the shell. This model led to a certain stability
criterion. He showed that, for this model, the region of instability was
defined by the following inequalities:

X>¥, X-~y<l<x+y (1)

where X = (2)
y:
where K = fineness ration of fhe‘cavity, %g
2a = éavity diameter
2c = cavity length
Mf = mass of the liquid
I, I = polar and transverse moments of inertia of the shell.

v
When all the firings of liquid-filled shell, from 1926 onwerd, were analyzed
and each shell was marked as to whether- it went fuli range, S = stable, or
fell short, U = unstable; and plotfed in the (x,y) plane, it was found that
a fairly well-defined curve could be drawn separating the S from the U points
(see Figure 1). This curve, however, éppeare¢ to be only tangent to the
theoretical boundary defiﬁing instability, x - y = 1 near y = 0, and was purely

empirical, elsewhere.



Since this graph was established on the basis of analysis of actual
firings with & rather heterogeneous collection of shell, none of which probably
had truly spheroidal cavities, one has to exercise considersble caution in
using this graph as an ald to shell design. The only safe way is to follow
Milne's handling of his data for computation of the coordinates x and y.
Special attention should be given to evaluation of‘Ix, Iy’ 2a and 2c.

Moments of Inertia

Because it was very difficult to reconstruct the actual moments of inertias
of fired shell from their drawings, and since these were not usually measured

prior to fifings, Milne used the following approximate expressions:

2
Ix = 0.55 Md . (3)
I =0.25 Md?L?
¥
where M = weight of loaded shell
d = its exterior diameter
L = overall length of fuzed shell in calibers.

The use of these spproximate relations had the virtue of consistency.

Using the above relations, the x and y coordinates become:

-1
K + 1

- (4)
- 21K 1/@/5):3 M
B RV

Milne's graph with Equations (4) as coordinates is reproduced in Fig. 1.
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Internal Length of the Cavity (2c)

In all cases Milne has taken the length of the cavity from the inside
surface of the base to the lower (outer) surface of the base of the burster
container, where a container was used, or to the lower surface of the piston

or plug, if thése were used. Cases where the cavity contained longitudinal



partitions, a central burster tube extending through the whole cavity, half-
frozen fillings, and nearly solid fillings were omitted. The diameter, 2a,

has been taken to be the maximum diameter of the cavity.

The critical boundary given by Milne's empirical curve corresponds, in
general, to a filling of about 90% of the total capacity of the cavity, or
10% air-spacing. This being the percentage air-spacing with which the majority

of the trials were conducted.
Examples

a) 105mm chemical shell
M = 34 lbs
K = 3.2
2.8 1bs (95% full); p = 62.4 -1bs/ft3
= 0,13 ft
= 0.3hh Tt
4.53 calibers
= 2.75
= 0.051 .°'. Stable

LE
Il

< M H oo
I

o'
g

shell

= 84 gms (total)

2.7

=21 gms (90% full); p =3 gms/cm5
= 0.77 cm

= 2 cm

3.81 calibers

= 2,22

= 0.107T .. Stable

= N =
i

-,

< X oA op
]

Thus both of these éhell, accdrding to Milne's graph, are stable. However,

as we shall see later, both are unstable according to Stewartson's criterion.

The reader, however, is urged to study the original Milne's paper for a
wealth of other details and for a fuller appreciation of the limitations of

his empirical curve,

10
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3. STEWARTSON'S CRITERION OF INSTABILITY

At the present time, Stewartson's theory(2>(5) offers the best available
guide for the designer of liquid-filled shell for testing, a priori, the
dynamic stability of his design. This theory has been reworked by various
authors. Perhaps the most detailed expo?i§ion, and easiest to follow, is to

be found in a paper by Ash and Gunderson

Stewartson considers a shell containing a cylindrical cavity filled par-
tially or completely with an inviscid fluid rotating as a rigid body with the
full spin of the shell, The shell flies with a constant velocity and a constant
spin. The essence of the treatment is the establishment of the effect of the
stabllity of a stationary (i.e., time-independent) motion of the fluid with
respect to small disturbances, that is, the effeét of the natural modes of '
small oscillations of the hydrodynamical system on the stabllity of the shell

itself.

The analysis leads to evaluation of the hydrodynamical moment which arises
from pressure fluctuations on the shell cavity due to oscillating fluid. This
moment, then, is added to the aerodynamic overturning moment in the dynamic
equations of yawing motion of the shell. For simplicity, all other aerody-
namic forces and moments are neglected.. For mathematical details the reader

should consult the cited references.

The transcendental equation whose roots give the free period of oscillation
of the shell is shown to be of the form:

12

2 X _ 2 '
T - Ix“'lTIF = M.c“F(r) ‘ (5)

where Ix’ Iy are the axial and transverée moments of inertia of the shell
M, is mass of the fluid
2c 1s the height of the cavity
s 1s the gyroscopic stability factor, and
F(1) is a very complicated non-dimensional function of T, defined

entirely by the dimensions of the cavity and the amount of fluid in it. The

11



function F(1) has a double infinity of real, simple poles corresponding to
the longitudinal and radial frequencies of fluid oscillations. In the above
formulation, 1 must be real for the shell to be stable.

Complete analysis of Equation (5) is prohibitively difficult. Therefore,
in order to be asble to make some useful inferences on the behavior of the
system from Equation (5), it must be simplified. Fortunately this can be done
without destroying the important properties of the system because, usually the
right hand side (abbreviated R.H.S.) is small except, perhaps, at the poles.

One may consider the paréent differential equation of the yawing motion
from which the characteristic equation, Equation (5), was obtained. Then the
R.H.S. can be considered as being in the nature of a forcing function whose
influence on the motion is weak except at resonance. This is a well-known

property of coupled oscillating systems.

The natural frequencies of the shell are given by the zeros of the left
hand side (abbreviated L.H.S.) of Equation (5). '‘These are:

I
' 1 ™x
Nutational: = BT (1 + o) (6a)
y
1 Ix -
Precessional: 1= = =— (1 - 0) (6b)
s 21
y
where ¢ = 1l- % , and s is the usual gyroscopic stability factor
-2
s = 14
M
v = .Il(%
T I u
y
M = PaSd 2
2m 't n

Py = alr density .

reference area, usually cross-sectional area

[ €>]
n

o
I

dlameter

12



m= mass

k~2 = Z_n_cf
t © I
y
Cm = aerddynamic overturning moment coefficient
[0

Suppose, therefore, that there is a pole of the R.H.S.? Ty which is
close to one of the natural frequencies of the shell, T, °F Tp' We expand
the R,H.S. in Laurent series and retain only the principal part containing
the pole 7,- Equation (5) becomes

2
I T
2 x _ D('o)
Iy T - T+ ths = == ¥ + small terms (7

where D(ro) is the residue.

According to our hypothesis, T is close to either Tn or rp. Assume
that T ~ 7 - Since t_1s the root of the L.H.S., e expand the L.H.S. in
a Taylor's .series in the viecinity of T, First let us write the L.H.S, in

terms of its roots:

2
Let L.H.S., = f(g) = 1t - (Tn + Tp)'T T Expanding () in the
vicinity of 7 end remembering that f(xn) = 0 we have

Be

(1) f'(Tn)(T - Tn) F orrenenees

Be

(v, - Tp)(T - Tn) Foeeiieans

n

or, since from Equation (6)

L
T -~ 1T == 0
I
o po I
Equation (7) becomes:
‘ D
Ioolr - 7)) = —= _ . (8)

]

which is quadratic in g¢. Since 7 must be real for the shell to be stable,
from (8) we see that for instability the discriminant of the quadratic must

13



be negative, or

(ro - 'rn)e + % <0 (9)

Thus for instability due to resonance with the nutational frequency, the

residue must be negative, i.e., D < O.

Similarly, the shell is unstable due to resonance with the precessional

frequency if D > O because the discriminant with Tp is
(. -1)%- <o (10)
o jY

In actual practice it is found that the poles are real and D < O and hence

only the nutational component of yaw may bécome divergént.

Therefore, returning to (9), for the shell to be unstable the following
inequality must be satisfied

-4p\?
|'ro - Tn‘ < ( T%%%)
X

It is found convenient to redefine D.

'_J

a6R2

[¢]

Let p = =D

where R 1s a positive real number which depends, like the residues at the

poles, only on c/a, b/a.

. N a6R2 %
o lro - Tnl < (-{%7;;- '
x
or
STo " fn} Lo c %
. pa

c/a is the fineness ratio of the cavity and p is the density of the liquid,
all in consistent units. In practice, therefore, for a given air space in

ik



the cavity, b2/a2, or the fill ratio, 1 ~ b2/a2, we should locate all the
poles, To s, which are close T and compute the corresponding residues. The
test Equation (11) should indicate whether the shell, at prescribed conditions‘
of loading, will be stable or unstable.

It sh?uld be noted that G. N. Ward in testing Stewartson's theory with
3)

a gyrostat has found the limits for instability to be considerably broader,
namely, ;
Io % '

' ("o ” n) X c\e
-3, el e = 2. 2
3.9 < g "5 <2.7 (12)

No explanation for this discrepancy has yet been found. For the designer,
therefore, it might be safer to use the above limits rather than the theoretical

ones of + 1.
4., STEWARTSON'S TABLES

In order to use Stewartson's instability criterion, Equation (11) or
Equation (12), it is necessary to know the poles of Equetion (5) and corre-
sponding residues. These are functions of the geometry of the cavity and the
amount of liquid in it. The geometry of the cavity is characterized by its
height, 2c, and its diasmeter 2a. If the cavity is partially filled, the liquid
geometry is assumed to be that of a hollow concentric cylinder with an inner
diameter of 2b. Therefore, the fraction of the cavity occupied by the air
space is b2/a2. And the fraction of the cavity filled with the liquid is
1 - b2/a2. The percent of fill is lOO(l-b /a ).

In reference (3) Stewartson gives tables of the leading poles with corre-
sponding residues for various be/a? ratios at intervals of 0.2 or 20% fill
ratios. Since, in practice, the nutatipnal frequency of the shell, T usually
does not exceed 0.2, the tabular values of T do not go beyond 0.2,

However, in certain shell designs we have encountered T > 0.2. Moreover,
in using Stewartson's tables, we have found the air space intervals of 0.2 are

too large for convenience. Closer spacing appéared to be desirable.

15



This prompted us to recompute the tables usiﬁg intervals for b2/a2 of
.05 from O to 0.40 and extending 70 to 0.50. These ranges should cover most
practical needs. For greater air space or lower fill ratlos, referenced
tables could be used.

The tables were computed by Mr. E. L. Kessler of Budd Company using an
IBM 1620 computer. He is to be congratulated for very effective programming,
debugging, computing, end checking these tables, all in a relatively short
time.

Each table is computed for a specific air ratio, be/a2 at .05 intervals.
2

For the range of 25 from .00 to .05 the intervals are shorter. This was done
a

because of non-linear behavior of the residues, 2R vs. T at higher values of

T and small air space ratios b /a . Thus linear interpolation within the

first 5% interval of b /a2 would have been invalid.

The physical significance of the quantity 5312%1’ which appears in the

tables, is that it is assocliated with the spatial variation of the longitu-
dinal cosine wave. Thus, for j = O we have one half of the full cosine wave

in the cavity; J = 1, we have 5/2 waves; j = 2, 5/2 waves, and so on.
In each table the poles, Ty are tabulated on the left followed by three

column pairs of the quantity §3£é2i and corresponding residues, 2R . Only
the leading poles with associated residues are tabulated. It is believed
that the longest spatial waves both in the axial and the radial directions
(kower J values) are the most important. These long waves produce greater

pressure asymmetries in the cavity and hence; larger hydrodynamic moments.
"5. USE OF TABLES

To illustrate the use of the tables, we may consider two cases: a) new
shell, and b) existing shell. For the new shell it is important to know, a
priori, the cavity dimensions which will give rise to resonanée between tﬁ;
fluid oscillations and thg nutational frequency of the shell. The designer,
therefore, should avold these dimensions. If the existing shell is being
'adapted for carrying liquids, it is important to inquire whether its cavity

1s such as to lead to resonance and, presumably, bad flight.

16



Consider the case of a new shell. The designer should estimate the
moments of inertia of the empty sﬁell, Ix and Iy, and the gyroscopic stability
factor, s, from which to compute ‘. With these he computes the nutational
frequency

IX
T (1 + 0)

he o

‘I'n'-

[

It might be adequate, at this stage, to use approximate formulae for

Ii and Iy‘as given, for example, by Hitchcock(S).

I = 0.1h4 md?
X
2
Iy = 9.5 Ix + 0.0594 mL
where m = mass of the shell
d = diameter
L = overall length

These approximations appear to be much better than those used by Milne,

The gyroscopic stability factor

2
g = ¥
™
‘ - Ix 2n
where vV = T =
Yy

and n = twist of rifling in calibers per turn. M can be written

pan ) _2 .
M o= — K (cp - cg) Oy
. Q
where cp = center of pressure, in calibers
cg = center of gravity, in calibers
CN .= normdl force coefficient
o’
cp and CN depend only on the exterior shape of the shell.and, hence, remain
oy .

~inverient with the changes 1n the cavity dimensions.,

17



Let us consider, as an example, the 105mm chemical shell for which we

have either estimated or measured the following characteristics:

~ 105mm Chemical Shell

I = 0.56 1lbs ft2
I = 5.56 1bs £t°
y

s = 1l.2; o= .41
T, = 0.07

The geometry of the cavity is right circular cylinder with the diameter
a = 0.1% ft, and with the fineness ratio, c/a, 50 selectea as to avoid
resonance condition. The cavity is to be filled to 95% by a liquid of density
p = 62.4 1bs/ft5.

The problem is to find which fineness ratios will lead to resonance and,
hence, are to be avoided.

To do this, we turn to the table for b2/a2 = .05 (95% full cavity) and

c/a
locate on the line T, =T, T 0.07 the corresponding values of 57 + 1 and

associated residue, 2R, in each of the three column pairs. We find the
following:

For T, = .07 c{a 2R

2j + 1
1st column pair 1.0785 : .212
2nd column pair .5095 .0252
3rd column pair .320 .0067

18



Therefore, the resonance will occur at the following c/a values:

1

(c/a),
(c/a),
(c/a)s

)

J (c/a);

1.08
.3.24
©5.39

[e AN, B = U L " 2 N @)

078° (25 + 1)
.5095 (23 + l)

. 320 (23 + 1)

(c/a),

(.51)
1.53
2.55
3.57
k.59

(c/e),

(.22)
.96
1.60
2.24
2.88
3.52
4.16

It is to be noted that, for simpliciﬁy, we have assumed that the value

of the nutational frequency, wﬂ,remained coustant while we changed c/a. In
pe

practice, of course, T, will change because Ix’ Iy and o all will change,

albeit slowly, with changes in c/a.

But these can be taken into account at

more detailed examination of the situation in the vicinity of the desired
c/a ratio. The present rough survey stakes out only the danger areas.

The above table shows a fairly large number of fineness ratios which are

to be avoided in order to escape resonance.

However, the situation is not as

bad as it looks. The third column, (c/a)5, contains a greater number of

entries. But because of the very small residues associated with this column,

the coincidence of the actual value of 'c/a with tebulated values must be very

preclse for resonance to-occur.

residues given above, we compute the quantity

This can be shown as follows. - Using the

1
1 Ixc 5 fox each
2R\ "5
Pa \

column pair. Eguation (12) can be re-written as:

19



cy | ‘
st -3.9 < 50~/_§- [(ﬁ)l- (-,;)_ < 2.7
2na . -39 < uooJ_g [(§)2 - (§)T_ <2.7
3rd -3.9 < 1500~/—§ [('2)5 - (-E)j < 2.7

Where (%) are the tabulated values as given above, for each column pair,and

i
(%) the actual designed value. It is clear that in order to satisfy the above

instability conditions the difference in the viecinity of tabulated fineness
ratios and the actual designed values must be very small for the >rd column,
less so for the 2nd column, and still less critical for the lst column. In
practice, therefore, the coincidence with tabulated values in the 3rd column
is likely to be purely fortuitous because one usually cannot deslgn the cavity
with the required precision. The fineness ratios appearing in the lst column

are the most important and should, therefore, be avoided.

For the second case, we may consider the same 105mm chemical shell. Let
us suppose that the fineness ratio of its cavity is % = 5.2, We have found
already that this fineness ratio should be avoided. But, as ar illustrative

example, we shall pfoceed‘with the analysis of this case.

Ig -

Let A = _x_5 ) _g_ N (.56)(.41) = 3.2=317.1
pa : (62.4)(.37 x 10" ") -
.. VA =17.8

Condition for instability, therefore, Eéuation (12), is:

- .07

T
O
39 <~

(17.8) < 2.7
TO B Tn.

Let B = T@

20



Since the cavity is to be filled to 95% we use the table for b2/a2 = .05.

Compute: From Table be/a2

= .05
c/a
s mhs oo 5
0 3.2 - - L.
1 1.067 _ .06 .19k -.55
2 0.640 .23 .104 26.4
3 0.k57 .306  .OLkST g2
h 0.356 k6 L0162 83
5 0.291 - .0182 -
6

0.2h6 - .0036 -

The results show that for this cavity, c/a = 3.2, and 95% fill the shell is
predicted to be unstable for j = 1.

The hydrodynemic moment is proportional to the residues at the poles.
Hence, only the leading poles, lower J values and associated larger residues,

are the most important.

One of the possible remedies is to try to change the geometry of the cavity
or, more specifically, the fineness ration c/a in the vicinity of 3.2. The
following table illustrates the effect of such a change. For this illustration
again, the inertial properties of the shell were kept constant and only c/a
changed.

The Effect of Changing c/a on Stability. 105mm Shell

Values of "B"

J c/a = 2.8 3.0 3.2 3.4 3.6
1 22 -42 -.55 2.3 3.2
2 21 26 26 28 29
3 89 90 92 T2. 5
i ) 51 83 97 101
5 153 37

21



Thus, this shell is unstable for c/a = 3.2, as previously shown, but also
is dangerously close to instability for values of c/a up to 3.6. For c/a = 3.57
for example, it is unstable for j = 3 for which the "B" value is -.76.

Another possible remedy is to alter the air space or fill ratio. The
fbllowing table conveys some sense of sensitivity of instability condition to

various air spaces.

The Effect of Changing Air Space on Stability. 105mm Shell

c/a = 3.2, §=1, §%[%~i = 1.067

b2/a2 "B"
.00 -.87
.02 -.87
.05 -.55
.10 ' .16
.15 1.04
.20 1.8

With the fineness ratio of the cavity of 3.2, the shell 1s unstable for
£i11 ratios from 80% to 100%. For this shell, therefore, with a Fineness ratio
of the cavity of 3.2, changing the loading conditions is not an effective means
of remedying a bad situation. .

Another example:

20mm shell 90% full; b°/s = 0,10
.
;x 42,4 gms-cm T, = 0.155
Iy 251.6 gms-cm2 c/a 2.68
o 0.84 ‘ a 0.77 cm
o 3 gms/cm3

C . k(B L.
. A = -7—.-2,%)-— 2.7 = 118.3

22



and instability criteriea becomes:

TO - Tn
-3.9 < —R 10.9 < 2.7

[
LJ"1.\
e
| ®

Q
o

[v2}

0 2.68 - - -

1 .893 pnh 2683 11.6
2 .536 145 .0523 -2.11
3 .383 .26 0305 .38

4 .298 .08 L0065  -126

5 244 - - -

The shell, therefore, is stable if one uses Stewartson's limits of + 1 but is

unstable for j = 2, if one uses Ward's limits.

It is to be recalled that by using Milne's graph, bcth shell appeared to
be stable whereas Stewartson's criteria indicates instability for both.

6. NUTATIONAL FREQUENCY
The nutational frequency of the shell is given by the expression
I
=

Yy

(1 +0)

v

T, =
The question arises: Should the transverse moment of inertia of the shell,
Iy’ be augmentéd by the contribution due to the 1liquid? For a completely filled
cavity, with non-spinning inviscid liquid, the theory shows that a fraction of
the liquid's transverse moment of inertia, regarded as a rigid body, should be
added to the Iy of an empty shell. In other words the total Iy of the system
should be written as:

I =(I) +al
y Vg y

where (Iy) is that of the empty shell, I& 1s that of the liquid regarded as a

s
rigid body, and o is a Tactor less than unity. Reference (6) gives a curve of

a as & function of 2c/a for a non-spinning liquid.
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s g rnanote csadl

For a spinning liquid such a curve has not yet been computed. However,
the 20mm firings in the aerodynamics range (BRL) provide some experimental
evidence to the value of a. In the following cases the geometry of the liquid

was assumed to be known.

Liquid No. Rounds % Fill a.
H,0 6 100 37
Glycol 1 90 _ .20
.Glycerine 2 90 22

6 70 b3

Average 0.3

Experimental evidence, therefore, suggests that it might be advisable to
include the contribution of the liquid to the transverse moment of inertia of
the system. The nutational frequency, therefore, should be computed as:

1 ' Ix
We 5 TrosTy (Lto)
y y

where I& should be computed as 1if the liquid was rigid and, for a partially
filled cavity, be regarded as a hollow concentric cylinder of inner diameter .
2b, or

2 2 2
v Lo (-8 |2 b e
I, = 388 (1-=) [ 1«5+ Q)
a a ,
where mo.is the mass of the liquid completely filling the cavity.

" 7. ADDITIONAL REMARKS

Stewartson's theory ﬁrovides the best available assistance for Jjudging,
a priori, the dynamic behavior of the liquid filled, spin stabilized, shell.
However, its limitations should be kept in mind. ‘

The theory is developed for an inviscid fluid, fully spinning, which is
contained in a cylindrical cavity. The fluid is subject to no body forces '

and the shell is moving with a constant velocity and a constant axial spia.

2l



All serodynamlic forces acting on the shell are neglected with the exception
of the overturning moment. It is assumed, of course, that the shell has &
sufficient spin to be gyroscopically stable. The mathematical model, there-

fore, is reasonably close to reality.

This theory has been tested in Britain by range-firing shell with specified
cavities so as to give predicted stable and unstable flights. Although limited,
the experiments were 100% successful. The 20mm firings in the aerodynamics
range of the BRL(7), using very viscous liquids in order to achieve full spin

close to the muzzle, also appeared to verify Sfewartsdn's predictions.

However, it was found that with less viscous liquids, for which appreciable
time is required to reach full spin, the 20mm shell was unstable, during this
transition period, for practically all fill conditions of practical inierest.
The severity of instability was roughly proportional to the specific gravity
of the liquid. For predicted stable flight with a liquid of specific gravity
35 and viscosity 3 gentistokes, this initial instability was sufficient to render
the shell useless in practice at all loading conditions., However, a lighter
liquid, of specific éravity 1.2, and the same viscoslty, 3 centistokes, produced
a reasonably good flight, i.e., the initial instability, or rate of divergence
of yaw, was sufficiently mild not to cause large yaws to develop. The moral
of this story is that with heavier liquids the problem of transitional insta-
bility may be much more severe than with lighter fluids.

The initial instaebility can be overcome with baffles., However, for later
flight the natural frequencies of the fluld in a baffled cavity must be known

in order to avoid possible resonance. This problem has not yet been solved.

TBQ real cavities in actual shell are seldom cylindrical. The natural
frequencies of the liquid, however, aré.functions of the geometry of the
cavity. The knowledge of tbese, a$ shown by Stewartson, is of utmost importance
‘for stability analysis. -The question arises how non-cylindrical cavity modifies
these frequencies, and how good is the cylindrical approximation? This also is

unknown.

Neglect of all aerodynamic forces with the -exception of overturning moment
}s Justifiable. Since we are dealing with the linearized system of equatians,
the undamping due to'liquid is additive to the aerodynamic damping.
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With these limitations in mind, the designer still will profit by the use
of Stewartston's instability criterion. Some of the points mentioned above
will, in time, be clarified by further theoretical and experimental work.
Meanwhile, to avoid swimming in a sea of unceftainty, the designer may help
himself considerably if he insists on designing liquid-carrying shell ﬁith
cylindrical cavities. If the mission of the shell is important, this mild
design limitation is fully justifiable.

B. G. KARPOV
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9. STEWARTSON'S TABLES OF POLES AND RESIDUES
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0.428
0.445
0.464
0.484

0,505

2R

0.0000
0.0010
0.0020
0.0031
0.0044 |
0.0057
0.0071
0.0086
0.0103
0.0121
0.0140
0.0160
0.0182
0.0206
0.0232
0.0260
0.0291
0.0325
0.0361
0.0399
0.0440
0,0486
0.0537
0.0594
0.0656

0.0724



To

0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
0.18
0,20
0.22
0.24
0.26
0.28
0.30
0.32
0.34
0.36
0.38
0.40
0.42
. 0.44
0.46 .
0,48

0,50

b2/a2 = 0,25

—c
(2jf1)a

0,925
0.946
6.968
0,991
1.015
1,040
1.066q
1,093
1.122
1,153
1.186
1.220
1,257
1.296
1,338
1,383
1.432
1.486
1,545
1.610
1.683
1,765
1.859
1,969
2.}00

2,260

2R

‘0,000

0.054
0,110
0.168
0.228
0.290
0.355
0.423
0.493
0.566
0.642

0.722

0.805

0.892
0.983
1.078

1,179

1,400

1,523
1,656
1.803

1,966

2,150
2,366

2,630

R
(23#1)a

0,360

0.370
0.379
0.389
0.400
0.411
0.422
0.434
0,446
0.459
0.473
0.488

0.503

., 0.519

0.536
0.554
0.573
0.593

0.614

0,637

0.662

0.689

0,718

0,749
0.783

0.820

38

2R

"0,0000

0.0040
0.0082
0.0126
0.0172
0.0221
0.0272
0.0327
0.0384
0.0444
0.0509
0.0577

0.0650

0.0728

0.0811
0.0901

0.0997

0,1100

0.1212
0.1334
0.1466
0.1610
0.1769
0.1945
0.2141

0,2360

[+]
(23fl)a 2R

"0.205
0.210
0.216
0.221
0.227
0.234
0.241
0.248
0.255
0.262
0.270
0.278
0.287
0.296
0.305

" 0.315
0.326
0.337
0.349
0.362
0.376
0.390
0.406
0.422
0.440

0.460

"6.000

0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.010
0.011
0.013
0,015
0.017
0.019
0.021
0.024
0.026
0.029
0.032
0.035
0.039
0.043
0.047
0.052

0,058



6.00
0.02
L 0.04
0,06
0.08
0.10
0,12
0.14
0.16
0.18
0.20
0,22
0.24
0.26
0,28
0.30
0.32
0.34
0.36
0.38
0.40
0.42
0.44
0.46
0.48

0.50

b2/a? = 0,30

&

(2if)a

0.900

0.920

0.941

0.963
0.987
2.011
1.037
1.063
1.091
1.121
1.153
1.186
1,222
1.260
1.301
1.346
1.394
1,446
1.503
1,566
1,637
1717
1.808
1.913
2,037

2,187

2R

0,000
0.052
0.106
0.162
0.220
0.281
0.344
0.409
0.477
0.548
0.623

0.701

0.782°

0.867
0.957
1.052
1,153
1,260
1.374
1.497
1,632

1.781

"1.948

2,138

2,360

2,628

(AT

0.332
0.342
0.351
0.360
0,370
0.380
0.391
0.402
0.413
0.425
0.438

0,451

0.465

0.480
0.495
0,512

0,529

'0.548

0.567

. 0.588

39

0.611

0,635

0.661

0.689
0.720

0.754

2R

0.0000

" 0.0034

0.0069
0.0106
0,0145
0.0186
0.0229
0.0274
0.0322
0.,0373
0.0427

0.0485

0.0612
0.0683
0.0758
0.0839

0.0926

. 0.1020

0.1122
0.1232
0,1354
0.1488
0.1636
0,1800

0.1982

0.187
0.192
0,197
0.202
0.208
0.213
0.219
0.225
0.232
0.239
0.246
0.254
0.262

0.270

. 04279

0.288
0,297
0,307
0,318
0.330
0.342
0,355
0.369
0.384
0.401
0.418

2R

0,000
0,001
0,001
0.002
0,003
0.004
0,005
0,006
0.007
0,008
0.010
0.011
0,012
0,014
0.015
0.017
0.019
0.021
0.023
0,025
0.027
0.029
0.031
0,035
0,049
0,046



[ [
To @ifda  2r @ifa  2r

0.00 0.872  0.000 0.307 0,0000
0:02 0,892 0,050 0.315 0,0028
0,04 0.912 0,102 0.323  0,0057
0.06 0.934 0,155 0.332  0,0088
0.08 0.956  0.211 0,341 - 0.0120
0.10 0.979  0.269 0.350 0.0154
0.12 1.004 0,330 0.360  0,0190
0.14 1,030 0.393 0.370  0.0228
0.16 1.057 0,459 0.380 0,0268
0/18 1,086 0.528 0.391  0,0310
0.20 1,117  0.600 0.403  0.0355
0.22 1,149  0.675 0,415  0.0403
0.24 1.183  0.754 0.428  0.0454
0,26 1,220 0.837 ' 0,441 0.0508
0.28 1.260 0,924 0,455  0.0566
0.30 1,303 1,017 0.470  0.0628
0,32 1,350 1,117 0.486  0.0695
0.34 1,400 1,223 10503 0.0767
0.36 1,455 1336 © 0.521  0.0845
0.38 1.516  1.457  ° 0,540 0.0930
0.40 . 1,583, 1.590 0.561 0,1022
0,42 1.659 1,738 0.583  0.1123
0.44 1,746  1.905 0.607 0.1234
0.46 . 1,846 2,095 0.632 0,1356
0.48 1,963 2,315 0.660 0.1491

0,50 2,103 2,580 0,690 0.1640

b2/a? = 0.35 %0



T

0.00
0.02
0.04
0.06
0.08
0:10
0.12
0.14
0.16
0.18
0.20
0.22
0.24
0.26
0.28
0.30
.0.32
0.34
0.36
0.38
0.40
0.42
0.44
0.46
0.48

10,50

b2/82 8 0.40

c
(23h)a

0.842
0.861

0.881

- 0.901

0.923
0.945
0.969
0.994
1.020
1.048
1,077
1.108
1.141
1.177
1.215
1.256
1.301
1.349
1.401
1.459
1.524°
1.596
1;677
1.771
1.881

2.010

2R

0.000
0.047
0.097
0,148
0.201
0.256
0.314
0.374
0.437
0.503
0.572
0.644
0.720
0.800
0.885
0.975
1.071
1.174

1,284

1.403 -

1.534

1,679
1.841

2.025

2,239

2.496

k1

c
(2jfa

0.281
0.288
0.296
0.304
0.312
0.320
0.329
0.338
0.348
0.358
0.369
0.380
0.392
0.404
0.417
0.431
0.445
0.461
0.477
0.494
0.513
0.533
0.554
0.577
0.602

0.629

2R

0.0000
0.0023
0.0046
0.0071
0.0098
0.0125
0.0154
0.0185
0.0218
0.0252
0.0289
0.0328
0.0370
0.0414
0.0461
0.0511
0.0566
0.0625
0.0688
0.0756
0.0832
0.0916
0.1008
0.1109
0.1219

0.1340
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