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PREFACE

The physical assumption of laminar flow in the large
blood vessels further complicates the mathematlical model
of drug distrioution in the body by introducing convolution
terms which are difficult computationally. This Memorandum
tackles the new equations of the chemotherapy model and
presents a method suitable for programming this model as

well as other biological systems involving equations of

this type.




SUMMARY

The new model of drug distribution in the body in-
corporates the exchange between the stationary and flowing
phases in the large blood vessels. This introduces com—
putationally difficult convolution terms. The method of
differential approximation applied to the convolution
equatlions reduces this model to a system of differentilal—

difference equations which can be solved computationally.
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A NUMERICAL APPROACH TO THE CONVOLUTION EQUATIONS OF
A MATHEMATICAL MODEL OF CHEMOTHERAPY

1. INTRODUCTION

Mathematical models of drug distributlon presented in
previous papers [1 — 5] involved the physical assumption of
volume dlsplacement flow 1n the large blood vessels and led
to a system of differential—difference equations with time
delays arising from the non—zero reclrculation time of the
blood. These time lags together with the parameters in—

volving the heart as a mixing pot compensated for the

assumption of "slug  flow with no mixing in the arteries
and veins. This model 1nitiated continuing research on

the numerilcal solution of differential-dlifference equations
(see [7,8,9]).

The work of Cooper and Jacquez incorporates the exchange
between the stationary and flowing phases in the large blood
vessels using some results of Landahl (see [6],[10]). These
assumptions lead to a set of differential equations together
wilth some equations containing convolution terms, an addi-
tional complication. The problem of obtalning a numerlcal
solution of equations of this nature has in turn stimulated
considerable research on various approximation techniques
since convolution terms introduce significant time and
storage problems. We shall apply here some recent results
on differential approximation (see [11]) to the equations

of our model and obtaln thereby a new set of differential-

difference equations which can be solved by means of the
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techniques described in the foregoing references. Iurther
detaills wlll be presented in a subsequent paper describing

the digital computer program.

2. THE EQUATIONS OF THE MODEL

The equations (see [4],[10]) of our two organ model
consist of a set of 16 first order differential equations
for the functions Uy me Vys Vs Zys J=1, 2, m=2, 3,...,6,
and the followlng 3 convolution equations for the functions
ul,l’ u2,1’ UL (unless otherwise specifled these functions

are functions of t):

t—s
, 4
(1) up g o= Hy +d4 ‘/‘ UL(q)G(t—s—q)dq
o
t—s
!
(2) up ) =iy +dy [ Ui(a)a(t-s—a)aq
o
t—s
1
(3) Up =y +ay [ w gla)a(t-s—a)da
o
t—s
+ 4, M/ ug’b(q)G(t—s—q)dq
o
liere s = ﬁvf/c, witnh time dimension,

a = e—(xﬂ/c), b = KEZ/VSC{ h = x/v_

g, = gla(ncl/ﬁpl), d, = gla(nCE/Rp2)’ dy = gjac,, d, = g,ac,,
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k A
e el
Hy R g,a U (t—s) — ul,l] - _Rpl [U‘l,l = vl}

—

I (t) (t—s) “elez
H. = £f.(t) + g.a U {(t—s) — u - ——== |u -V
2 TR, |2 12 L 2,1 Ro2 2,1 2

c,u (t—s) + c,u (t—s)
Hy = = l:gla — . 250 + 8ol (8) — UL:,

_px ATy (2,/BR))

dx

a(x) = e

= e /o/x 1,(2./5%)

where I1 1s the 1-st modified Bessel function of the first
kind. It should be pointed out that the 19 functions in
this system of equations are zero for t < O.

For simplicity the model assumes the same length £
for the large blood vessels leading to and from organs 1
and 2. This leads to differential-difference equations
involving one time lag, s. We can, however, handle dif—
ferent commensurate time lags (see [12]). This, of course,
increases time and storage requirements.

We will proceed to replace each of the three convolu—

tlon equations by a set of differential—difference equations

using a procedure described in the sections that follow.

3. DIFFERENTIAL APPROXIMATION

The method of differential approximation (see {11])

permits us to obtain a set of coefficlents, 2y, i=1,...,H,

(1) o (1i—1) ~
so that G (x) + = a, g (x) = 0, in the mean square
i=1
sense. We proceed as rollows.




A

The modified Bessel function of the first kind satisfies

the second order differential equation

I (2z) +1 Ii(z) — (1 + %) T(2) =0

From this 1t follows that

xG (x) + G'(x)(2hx+2) + G(x)(h®x+2h—b) = O .
By repeated differentiation we obtain

N) (N=-1)

xa(N ) 4 onxan+1)6{N) 4 (ohn4n®x—b)a

+ n2(n=1)c"2) - o .

let Gi(x) = G(i)(x) and consider the N+41 differential

equations
dGi
H—=Gi+l, 1=O, l, .y N—l
(%) <
i (2hx+N41)G,, + (2hN+h®x-b)G_ , + h°(N-1)G
ax X N N—1 N—-2

The initial conditions Gi(O) can be obtained from the
known series expansion for Il(x), namely
2 b3x2 b(n+1)xn . )

—hX b™x
G(x) = e <:b + == + 3(21)2 +...+ ?;:I7?;?7§




We wish to determine the coefficientc a, so that over

1
a sultable range T we obtain the minimum

f

N 2
M = min\/\[c (x) + = a,G \ J dx .
a, & N 427 1 (N—1)

Setting the partial derivatives of M with respect to ay

equal to zero, we obtaln the linear system

N T T
ngaJL/‘GN—iGN—J dx = —\/\GN_iGN » i=1, N
- o o)
Let
T
Pk,q =\/kaqux f k, g =0, .., N—1
o
T
Qk =\/kaGNdx s k=0, ..., N—1.
o

To the set of equatlons (4), add the following differential

equations
/de
——E;S = GGy Pk’q(o) =0, kK, =0,,..., N —
(5) <
dQy
L\g;_ = — GGy » Q0) =0, k=0, ..., N—-1.
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Integrating the combined set of equations (4) and (5)

and taking the final values of P and Qk at x = T, we

k,q
solve the following system of N linear equations in N
unknowns ay q? q=0, ¢«.., N—-1,

N-1

q>=:.o ay oPr,q(T) = (1), K=0, ..., N=1.

The solution gives us s By 15 ccey By .

4. REDUCTION TO A SYSTEM OF DIFFERENTIAL-DIFFERENCE
BQUATIONS

For simplicity of presentation, let us assume N = 3
for the order of the differentlal approximation. Let us

define
t
x(t) = [ v (a)6(t—a)aq
° t
¥(t) = [u g(a)a(t—a)da
° t
2(t) = [ v, g(a)a(t-a)da ,
o
and

X, = x(1), Y, = v(1), z, = z(1) |

The 3 convolution equations become
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(6) up g = )+ d)X(t-s)
1
(7) uy g o= Hy, + dEX(t-s)
o !
(8) UL = Hy 4 ag¥(t-s) + d,Z(t-s)

To these equations adjoin the following set:

f 1
X = Xl’ X(0) =0
1
1 . ] it
X, = hA(X’Xl’XE’UL’UL’UL)’ X,(0) =0
!
]
(o) J Y, = Y,, Y,(0) =0
ot . . ' 3l
X, = Hu({,Yl,Yg,ul,G,u1,6,ul,6), YE(O) = C
z' = Z1 Z(C) = O
]
Z, = 2, zl(c) = G
t - . ] " _
% = By (2,29, 255us 00Uz cuUp ), 2,(0) = 0

The f{unction H4 and tne 1Initlal conditions are octailned
as follows: Illustrating with X(t), by using Leibniz's
rule repeatedly, we get

t

3(0)up(¢) + [ &' (t-a)u (a)aq
o

1l

(10) x'(t)

t
(11) X (t) = G(O)UL(E) + G (0)U(t) +u[ 6" (t-q)Uy (a)da
e}
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(12) X ' (£) = G(O)UL(t) + G (O)UL(t) + G (0)UL(t)

t

+ [ " (t-a)u(a)aq
(o]

Combining these together with the 3 coefficients ay of

our differential approximation, we obtain

ny 1

X '4a X +a,X 483X = G(O)UL(t)+G' (0)U} (£)+G (0)UL(t)
+ 2, (G(0)UL(t)+G (0)UL(t)) + a,G(0)UL(t)
+ [u(a)(@"" (ba) + 216" (-a)4a,6" (+-a)+a36(t—a))aa .

By a change of variable and the result of Sec. 3, the
integrand in the last term vanlishes. The function Hu
by virtue of (13) is given by

1 1"
Hu(x,xl,xe,UL,UL,UL)= —agX—a X;—a;X,

+[G"(o)+a1G' (0)+a2G(O)]UL + [G.(O)-halG(O)]UI: + G(o)uL

By going back to the equations of the model (see [4],[10])
] 1 1 n
the derivative terms UL’UL’uJ,6’uJ,6’J=1’2’ in the function
Hu, can be expressed in terms of the original functlons of

our set of 28 differential-difference equations, for a




two organ model with a third order differential approxi—
mation for G(x). Differential approximation of order k

involves a system of 19 + 3k equations.
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