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CONTRIBTTIONS TD THE THEQRY CF RANK ORDER STATISTICS~THE TWO SAMPLE CASE:

FINE ~TRUCTURE OF TUE ORDERING OF PROUBABILITIES OF RANK ORDERS

I. Richard Savage and Milton Sobel

1. Ietroduction,

In construeting sadmiseible two sample rank order tests one nesds informstion
on the ordeving of probabilities of rask orders. Specifically, 1f, under soms
restriction of the clzss of alternatives, the rejsction region of a test ecemtains
the vank ovder z then it should contaln all rank orders more probable than z,

This papar contalns several thenrems om such orderings undsr varfeus

alternstires, espacially the location paramstar ceéa for symmetrie distriburions.

2., WNotatiou sand Aspumpiions,

X = (£ ,.. .,xﬂ) #gad ¥ = (Yl, . ..,Yn) are samples drawn from sbsslutaly

continuous popilitions with decsities £(.) and g(-), respectively. P(+) and
G(+) denote tte corvrasponding distributiens.

W w'=""’wm-n) denstes the order statistics of the combinsd sample,
(X, ¥) = (‘xl“"’xm’ Yl,,.,,Yn), and Z = (Zl""’zmn) i® a randem veetor of

zeros and ones whose i--t—x‘:1 component, Z,, i8 O 1f W, comes frem £(.) and 1 if

i

W, comes from g(*).

Lat 2 = (Z.4...,%_ ) be a fixad vester of zercs and ones; we define the
L mtn

c e e t t t

complement of z, z = (zl,...,me) and the transpose of z, £ = (:1,...sl.m),
1o g g £ _t_'b‘ .

to be the vaeciora whose i— compenents are i-z 1 and 2 ntlol? raspectively,

P(2) = Pr{Z-z) denctes the probability of the rank eorder z.

Sives the follewing restrictions of f and g are aesumed ix geverzl results

below, we 1list them now along with a shorthand netation.
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Restrictions:

ST: £'x) = £{-x) and g(x) = £f(x-6), where 8 is a non-negative eonstant.
Ut £(x) z £(x'") Lf O0sx<x' or x' <xs0,

MLR: gly)/£(y) 2 glx)/£{x) 1f x = vy.
N:

£(+) and g{°) are normal densities with common variance 1 and

means O and 6, respectivaly, where 6 = O,

Note: ST stande for Symmetry avnd Trarslation and U iwplies that £(+) 18

Unimodal, It is assumad, without loss of gemerality, that the mode of £(-)

is the origin. MLR stands for Monotone Likelihood Ratio and N stands for

Normality, Of couree N is the strongest and implies the other three, Under

ST and/or N we use the notations P(z) and P(z|6) interchangeably,

3. Theorems on the Ordering of Rank Order Probabilities.

The genarzl expression for P(z) is

min
(3.1) P(z) = m!n! f...f H hzi(ti)dti ,
i=1

where h (£y) = {

, and the region of integration is
i

Theorem 1;

If ST holde, then for 211 6
1) P(z|6)
11)  r(z|6)

a

P(zt|-9) and

P(z"|.6).

il



Proof:
Recall the definition of z° and z° and note that £(x) = £(-x). In the

integral (3.1) (uwsing (3.2)) make the transformation

1'y £, = -t

! -1
1 ‘m+‘n+1mi (i'l’dso-.,mi-n)

or

ii') ot

o+t] (1=1,2,...,mn)

and 1) or ii) follows at once,

Theorem 2:

If ST holds, then for all 6

p(z|8) = P(ztcle). (sea Savage (1957) p. 975.)
Proof:
Note that z°¢ = (z5)®. Thus, by Theorem 1,
p(2%|6) = P(z5|-6) = P(x]6).
Remark

If a result of the form P(z|6) = P(x'|6) for 6 ¢ I' is true under ST, then,
by Theorem 2, the following are also true whez @erl:
te .
P(z°|6) = P(z']9)
p(z"%|6) = p((2')*¢|0)
p(z|6) = P((2")"¢|6) .
Theorem 3:
If MLR holds and £ and z' differ only in their £ and jEB components (1 < j)
with (:i, zj) = (0, 1) while (zi, 13) = (1, 0), then P(s) = P(z').

(See Savagas (1956) p. 59k4.)



Remark

If z and z' have A common number of zeros and ones and are such that

n ™M

z'wz,) 2 0, for i=1,...,mn, then there exist zl,zg,...,:P, where
X - (ztgz,l;,.”s‘:m) for k=1,...,p and zl=z', zP=z, such that for k=2,0.45Ps

251 and 2 differ in exactly two components, i, and j_ (ik < jk) with

(2] + 23 ) = (0 1) ang (7, 47D = (1, 0).

For example:

z = zl‘L = (0,0,1,0,1,0,1)
23 = (0,0,1,0,1,1,0)
2~ = (0,0,1,1,0,1,0)

I {0,1,0,1,0,1,0) .

Therefore we have the following result.

Corollarz :

If MR holds and z and £' have the same number of zeros and ones and are

i

such that T (z'-x
=1 3 ]

of the orderinge implied by Theorem 3 are discussed in detail in Savage (1962),

0, for i=1,...,mtn, then P(z) 2 P(z'). The properties

w

In succeeding pages we employ the notation (z, w), where w = ('1"""1) +q)

and z = (zl,....zm_n), to denote the combined vector ('1"°”‘m+n’ '1"""'p+q)’

Theorem li:
If ST and U hold, 6 = O, and z contains the same number, r, of zeros and
ones, then
te
1) »p(0,0,1,z ") z »(x,0,0,1)
and

11)  ?{1,0,0,2"°) = r(s,1,0,0) .



Proof:
1) By Theorem 1, a necessary and sufficient condition for the conelusion

is that
p(2,0,1,1) 2 P(%,0,0,1) ,
which, by (3.1) and (3.2) is equivalent to the inequality

-]

(3.3) 1= J H(x) F(O-x)[f(x-68)-£f(x)]dx 2 O, for all 8 z 0O,

-0

2r

. ) |} . . ° ( - (=

where H(x) = (r+2)!(r+1)! JF Jf II £(t, zie)dti f(+2r+l)dt2r+1 .
<t S..SE, 0 EX =1
We note hare for future use that
(3.8)  H'(X) = 4 8x)
‘ dx
2r
 E(x) (1) {re2) ! f Coe f £(t,-6x,)at,
<t 5.5t Sx =1
= f{x) e(x), say.
Let i(x) denote the integrard im (3.3) and lez
o e/2
I, = f 1(x)dx , I, = f 1(x)dx .
6/ 00
In 12 make the change of variable x = 6-x'., This ylelds, after raplacing x'
by x in the transformed I2 and adding 11 and 12,
o
H(x) H(6-x)
I = H(x) | F(x) F(6~ -6)- .
e[ [bie) - BG] v reamtexe)-e001en
(s}



It is easily seen that STU impiies [f(x-6)-f(x)] z O for x 2= 8/2,

Therefore, a sufficient condition for I to be non-negative is that

B(x) . H(6-x)

2 = for z 6/2.
F(x F(O-x) or xz 6/
Since x 2 8/2 implies x 2 6.x ir suffices to show that %%5% is non-
xy
14
decreasing for a1l x., And for this to be true it is sufficient that Hx)

F(x)

has a non-negative derivative, i.e,, that
K (x)F(x)-H(x)E(x) 2 ©

or, by (3.4), that
ex)F(x)-H(x) = o.

Since C{x)F(x)-H(x) = 0 2% x = —» 41t suffises to show that G{x)F{x)-H(x)

is non-decreasing for all x, or that
&' (x)F{x)+E(x)e(x)-H" (x) 2 0O
or, by (3.%4), that
¢'{x) = o0,
which 1{s clearly ¢o.

11) The proof is identical with that of i) with the following trivial

modification: (3.3) 1is replaced by

0

I-= f Hl(x)l"(ux)[f(x-e)-f(x)]dx z 0, for all 6 = O,

7Y

The proofe of the next three thesrems have seaveral featurae in common which

-



we note here, They all state that 1f N holds then P{z) = P(z'). Equivalent

P(z') and P(z) = P(z'tc); one or the other is noted in

i

conclusions are P(ztc)
each theorem and is In fact what is proved.

The firet step is to replace each P(+) with its equivalent under (3.1) and
(3.2) and to change the order of integration so that a particular pair of
variables is intagrated last, For the convenience of the reader this pair of
variables will be indicated by adding primes (') to the corresponding entries
in the z-vectors the first time they appear.

At this point we have an inequality of the form

I

as a necessary and sufficient condition for the inequality P(x) 2 P(x'). By
making the transformation y-x' = w, x = x' wa obtain the equivalent inequality

(omitting primes)

o0 ©0

b/ L/ S{x, x+w)dxdw

0

W

0.

A sufficfent caordition for this inequality is that the inner integral 1is

non-negative for w 2 O, 1.e,, that

1

o0

I{w) = ‘/\ S$(x, x+w)dx = O,
for wz O,
(6-w)/2
Let Il(w) = S(x, x+w)dx and 12(w) = I(w)-Il(v). In 11(w)

make the transformation x' = O-x-w; this makes the ranges of integration of

-l



Il(w) and Ig(w) coincide,
By adding I.l(w) and Ip(w), we obtain

I(W) = T(X, w)dx ’
(é[w)/e

where T(x, w) = [S(x; x+w)+S(6-x-w; 6-x)].

In each case we show that T(x, w) 2 0 for x 2 (9-w)/2 and w 2 O, which, of
course, implies I(w) = O for w z O,

In the proof of Theorem 5 we shall repeat in detail the argument just
outlined. By Theorem l.i it is necessary to consider only € > O in proving

Theorems 5 and 6,

Theorem 5:
If N holds and 6 4 O, then ?(1,0,0%,0,1) > 2{0,1,0°,1,0) or, equivalently,

p(1,0',0,0',1) > p(1,0',17,0',1). (x* denotes a vector of r x's.)
Proof:

By (3.1) and (3.2), the inequality
r r
p(1,0,0 ,0,1)-P(1,0,1°,0,1) 2 ©

is equivalent to the inequality

r+3

... ff(:l-e)f(:a)f(:m)f(:m-e)[ 11_13 £(t,)

-0 < tl SeeeS tr+!+ <o

42
- I £(t,-6)lde . 4 ) 2 0.
1=3
Integration of the above with respect to all the variables but t2 and tr+
(call them x and y, respectively), yields the equivalent inequality

3

ff F(x-0)F(0-y) {[F(y)-F(x)]"-[F(y-6)-F(x-€) ") £(x)£(y)dydx = oO.

-8~



If we transform the integral by letting x = x' and y = x'+w and drop the

primes we get the inequality

(3.5) f f F(x-G)F(G-x-w){[F(x-w)-F(x)]r-[F(x+w-9)nF(x-6)]r}f(xw)f(x)dxdw z 0.
0 =0
Let I(w) denote the inner integral, If I(w) 2 O for all w 2 O, then it is

-]

clearly so that f I(w)dw = O, therefore a sufficient condition for (3.5)
0

(hence for the conclusion of the theorem) is that I(w) 2 0 for wz O.

Let S(w, x) be the integrand in (3.5). Then

-] (9—w)/2
1(v) = f S(w, x)dx + S(w, x)dx .
(8-w)/2 =0
In the second integral leat x' = H-x-w; the resul:, after omitting primes and

combining the two integrals, is

I(w) = f F (% )F (8-xw) £ (x+w ) £ (x-8) { [F (x+w-6)-F (x-6) 1
(6-w)/2

T, [P(-x-w)E(x+w-6) F(x-0)f(x)
- [F(xaw)-F(x)]") f(x-&:;!-'(e-x-w) - f(x-G)l"(x)]‘lx ‘

Clearly, a sufficient condition for I(v) to be non-negative for w 2 O 1is
that the integrand above, call it T(x, w), is non-negative for w = 0 and
x = (6-w)/2.

The expression in braces in T(x, w) is non-negative if and only if

[F(x+w-8)-F(x-0)]-[F(x+w)-F(x)] 2 0,

for w= 0 and x 2 (6-w)/2. This is clearly so since the left member of the



inequality is the difference of the probability contents of two intervals one
of which is more central than the other.
By the corollary to Lemma 1 of Appendix I, the term in square brackets is

non-negative for x = (6-w)/2 and w 2 0. Therefore T(x, w) 2 O,

Theorem 6:
If N holds and 6 4 O, then P(0%,0,1,1,0,0") > P(0",1,0,0,1,0") or, equivalently,

r(1%,1',0,0,1',1%) > p(0%,1',0,0,1',0%).

Proof:
Proceeding as was outlined above, one obtains, as a sufficient condition

for the inequality p(1%,1',0,0,1',1%) 2 P(0%,1',0,0,1',0"), the inequality

(or+2)!

2(rl) £ (x-6)f (x+w-0)£(x) £(x+w) [G%(x; W)

T(x, W)

- G2(x-6; w)]([F(x-8)F(6-x-w)I"~[F(x)F(-xw)I} 2= o,
for 62 0, w2 0, and x 2 (6-w)/2, where
(3.6) G(x; w) = 1 _F(x+w)-F(x)

XV e X
N2T £( = ) (~I§ )

By the corollary to Lemma 2 of Appendix I, with r = w/2, y = x-r, the term

in square brackets is non-negative for 6 2 O, w2 0, and x 2 (8-w)/2.
Therefore T(x; w) is non-negative provided the term in braces is non-negative,

This term is non-negative if and only 1if
[F(x=-0)F(0-x-w)-F(x)F(-x-w)] = O, for xz (6-w)/2 .

This inequality is proved in the corollary to Lemma 3 of Section 5.

Theorem 7:

1f N holds and 6 2 O, then P(0,1,1,0,2) = P(1,0,0,1,8) for any s or,

=10~



equivalently, p(z,1',0,0,1') =z P(2,0',1,1,0'),

Proof:
Proceeding as was outlined above, one obtains as a sufficient condition

for the inequality P(z,0,1,1,0) = P(z,1,0,0,1), the inequality

T(x, w) = [H(x)-H(6-w-x)]{6GZ(x; w)-6Z(x-0; w)}f(x)f(x+w)f(x~0)f(x+w=6)

v
o

for w2 O and x 2 (6-w)/2, where G(x; w) is defined by (3.6) and

| m+n
aw) - (m2)i(me): f Ce f [ e -0n))ae,

~<t; s.st, <x 1=1

m and n being the number of zeros and ones in z.

It is shown by the Corollary to Lemma 2 of Appendix I that the term in
braces in T(x; w) is non-negative for w = O and x = (6-w)/2.

Clearly, H(x) is everywhere non-decreasing. Since x 2 (6-w)/2 implies

x 2 O-w-x, we have
H(x) z H(8-w-x) ,

for wz 0, x 2 (6-w)/2. Thus, the term in square brackets is non-negative, and,

therefore, so is T(x, w).

4, Examples and Conjectures.

The following diagrams illustrate the theorems of Section 3. The symbol

z -‘—b—°-> 2' means P(z) 2 P(x') for 6 2 O (under ST, STU, or N) under conditions

abe, C stands for Conjecture. The table accompanying some of the diagrams is
extracted from an unpublished table of probabilities of rank orders under N
computed by Jerome Klotz (1962). Note: MLR implies a simple ordering of the

P(g) for n=1. Hence the first interesting case iz m=n-2. All diagrams derived

~11-



are distributive lattices but the conjectured diagram for m=4 and n=2 1s not
distributive; 1in particular it does not satisfy the Jordan-Dedekind chain
condition, i.e., not all chains from an arbitrary fixed z to (say) the least

probable rank order are of the same length,

z
The notation, crossover { 2! denotes the fact that there exist two

values of 6, 6, > 6, 2 0, such that P(zlel) > P(z'|91) but P(z|92) < P(z'lea).

m=n=2 m=3, n=2
0011 00011
Js s
0101 00101
s s
0110 X 1001 01001
MLR
1010 00110
MLR \LST and U
1100 10001
N
01010
MLR
01100
10010
MLR
10100
MLR
11000

«llm



m=h, n=2

000011
MLR
000101
MLR
001001
N
000110 Ordering from Klotz Table
MR N C N 000011
001010 __91oo01 000101
MI.Rk ~—"c \LMLR 001001
001100 100001 000110
N 010001
o1o010 001010
MLR N 100001
010100 109010 001100
MLR ~-c 010010
0 oo% 010100
\b« 100010
100100 011000
MLR 100100
101000 101000
Jisa 11000
110000

-13-



m=n=3

000111

MLR

001011

\Lm

o10011 3T oo1101
%\%
ST
001110 = 100011 010101

~¢C MLR
~

NN
011001
Jr
100101 X 010110
\lymn
101001 3F 011010
N

100110
~
MLR ~ ¢

S

101010 011100 110001
m‘R/

110010 2 101100
s
110100
R
111000

1l

Ordering from Klotz Table

000111
001011
001101 = 010011
010101
100011 = 001110
011001
100101 = 010110
101001 = 011010
100110
110001 = 011100
101010
110010 = 101100
1101000
111000

* crossover



0001101

0001110

011Q100

0111000

101'

MLR

m=l, n=3
0000111

MLR
0001011

001Ql01
MLR
00119001

1100001

1001100
MLR
101 00

MLR

MLR

MLR

MLR

R

MLR

0010011

MLR

0100011
MLR
0100101

MLR
0101001

1100100

/

11 1000

1110000
-15-



Orderiné from Klotz Table

m:ll-, n=3

0000111 0101010
0001011 1000110
0010011 1010001 }'*
0001101 0110010
0100011 0101100
0010101 1001010
0001110 } * * {1100001 } *
0011001 0110100

* {19100101 ) 1010010
1000011 § 1001100
0010110 0111000
0161001 1100010
0011010 1010100
1000101 1011000
0100110 1100100
0110001 }'* 1101000
0011100 1110000
1001001

* crossover

For fixed m and n we define N(z) and N'(z) to be the number of rank orders
less probable and more probable than z, respectively. The ideal situation for
constructing tests of hypothesis is to have N(z)+N'(z) = (n;n)_l, i.e., the
rank orders form a chain, The following table gives N(z), N'(s) and N(xz)+N'(z)
for m=k, n=3 for the ordering implied by Theorem 3 alone and for the ordering
implied by Theoreme 1 through 7. Note that the second ordering is an improvement
over the first in the sense that N(z)+N'(z) for the second ordering is not
smaller than that for the first. In particular there is considerable improvement

in 2 = (1,0,0,0,0,1,1), (0,0,1,0,1,1,0), (0,1,1,0,0,0,1) and (090,1v1’1,0:°)~



MLR MLR or STU or N
z N(z) | N'(z) | N(=z)+N'(z) | N(z) | R'(2) | N(z)+R' (=)
0000111 | 34 0 3k 3 0 3k
0001011 33 1 34 33 1 34
0010011 30 2 32 30 2 32
0001101 29 2 31 29 2 31
0100011 24 3 27 25 3 28
0010101 27 L 31 28 L 32
0001110 19 3 22 22 3 25
0011001 21 5 26 ol 5 29
0100101 22 6 28 22 6 28
1000011 14 L 18 19 5 24
0010110 18 6 2k 21 7 28
0101001 20 8 28 20 8 28
0011010 15 8 23 17 8 25
1000101 13 8 21 16 8 2l
0100110 15 9 2L 15 11 26
0110001 12 9 21 16 9 25
0011100 9 9 18 11 11 22
1001001 11 11 22 12 12 24
0101010 13 13 26 13 13 26

To complete the table note that N(z%) = N'(z).

Aggondix 1.

Properties of Some Functions Related to the Normel Density Function

In the following £(-) and F(-) denote the standard:.tiormal density.and

distribution function.., respectively.

Lemma 1:

1f 6 is a positive constant, them G(x) = ﬂl‘.‘i.e_ﬁgl‘% is non-increasing
F(x)f(x-6

for all x.

-17-



Proof:
A sufficient condition for the monotonicity of G(x) is that its first

derivative is non-positive for all x, or, equivalently, that

Gy (x) = OF(x)F(x-0)+F (x-6)£(x)-F(x)£(x-6) 2z O,

for all x.
Since Gl(-m) = 0, a sufficient condition for Gl(x) z 0 is that Gl(x) is
everywhere non-decreasing, which is so provided the first derivative of Gl(x)

is non-negative,

Now,
d xF(x) (x-6)F(x-0)
— = -e - .
& G1(x) = £(x)E(x )[ £(x) ~ " £(x-9)
xF (x)
Let Ga(x) = ) ° Clearly, the term in square brackets is non-negative
(hence % Gl(x) z 0) if Ge(x) is non-decreasing for all x, that is, if

£ (x) [x€(x)+F (x) (x2+1)] = O .

This is clearly so for x 2 0. To see that it follows for x < 0, let
G3(x) = [x£f(x)+F(x)(x3+1)]. Since G3(-n) = O we need, as was noted above,
show only that G3(x) is non-decreasing for all x, or that

5& G3(x) = 2[xF(x)+£(x)] = 0, which follows at once from the Feller-Laplace

inequality:

F(x)g-lig_’;‘-2 for x <0,

Corollagz:

1f w and € are non-negative constants, then G(6-x-w) 2 G(x) for x = (6-w)/2.

Proof:
The conclusion follows at once from the fact that O-x-w £ x whenever

xz (6-w)/2,
=18



Lemma 2:

F(Y"'r )—F (}"’r) is

g ZE g LX)
NN

If r is a positive constant, them H(y, r) =

non-decreasing for y = O,

Proof:
A sufficient condition for H(y, r) to be non-decreasing for y 2 O is that

its first derivative is non-negative, or, equivalently, that
Hy(y, r) < £(y+r)-£(y-r)+y[F(y+r)-F(y-r)] 2 O .

Since Hl(y, 0) = 0 it is sufficient to show that Hl(y, r) is increasing

in r for r 2 O and fixed y =2 O, or that
d
ar Hl(y: r) = r[f(Y“r)'f(y+r)] z 0,

for y2 O and r 2 0, which is clearly so.

Corollary:
Let 6 be a positive constant, then [HZ(y; r)-H3(y-6; r)] 2 O for all

y2 6/2 and r 2 O,

It 1is evident that H(y; r) is symmetric about y=O (for fixed r 2 0),
therefore H(y-6; r) is symmatric about 6. In the interval [6/2, 6], H(y-8; r)
is decreasing while H(y; r) 1is increasing. Since the two are equal at y = e/2,
clearly, H(y-6; r) is less than or equal to H(y; r) in this interval, Since
H(y-6; r) 1s increasing to the right of this point and, y = y-6, one has

H(y; r) 2 H(y-6; r). Since H(:) is non-negative, the result follows at once.

Lemma 3:
Let r be a positive constant, then F(y-r)F(-y-r) is non-increasing in y

for y = O,
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Proof:
It i1s enough to show that the first derivative is non-positive, or,
equivalently, that

f(y+r) _ £(r-y)
F(y+r) = F(r-y)’

for r= 0, yz O,
Since equality holds for y=0 it is enough to show that é%%% is non-
increasing for all t, or that -tF(t)-f(t) s 0, forallt. Iftz0

this is clear, if t < O apply the Feller-Laplace inequality

£(t)

F(t) = < -

Corollasz:

If 6 and w are non-negative constants, then
F(x-0)F(6-x-w)-F(x)F(-x-w) 2 0
for x =z (6-w)/2. |
Proof:
Let H(y; r) = «F(y-r)F(~y-r), using this notation we are to show that
H(y; r)-H(y-6; r) 2z 0

for y 2 6/2 and r 2 O where H(y; r) is non-decreasing for y 2 0 and symmetric

about y=0. This is proved as in the corollary to Lemma 2,

Appendix II,
Selected Numerical Results

The following tables give for several z's, values of P(x) for different

values of 6 under condition N, These tables were extractied from an unpublished
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table of Klotz. Attention is directed towards z - (1,0,0,0,0,1,0,1) and

z' = (0,0,1,0,1,0,1,0). This was the first example of a pair of rank ordere

with common m and n values for which we have found the function P(z|6)-P(z'|8)

to change sign on the positive 6 axis. The second example of such a "cross-
over"* on the positive 6 axis that we found was with the vectors z = (0,1,0,1,0,1)
and 2' = (0,0,1,1,1,0) [or its equivalent by ST, z" = (1,0,0,0,1,1)], where m=n=3.

An exhaustive search has not been made of the Klotz tables.

*
crossover defined on page 12,

P(z) for selected values of O under condition N when m=3 and n=2 (from Klotsz)

N IR +50 1.0 1.5 2.0 3.0 k.0 5.0 6.0
00011 | .1k772 | .2081% | .36243 | .sholk | .70717 | .92051 | .98746 | .99883 | .99993
00101 | .12978 | .15869 | .19948 | .20069 | .16348 | .06050 | .01115 | .00112 .oh6
01001 | .11445 | .12292 | .1176k | .08837 | .05260 | .00968 | .00080 | .0,3 <Ok
00110 | .10975 | .11333 { .10088 | .07097 | .03976 | .00655 | .000k9 0,2 .063h
10001 | .09706 | .0887h | .06209 | 03439 | .01517 | .00154 0,7 .05153 .071
01010 | .09669 | .087hL | .05838 | .02982 | .01166 | .00081 02 -0g17 0
01100 | .08568 | .06899 | .03710 | .01552 | .00505 | .00025 .05h63 -0.3 0
10010 | .08193 | .06290 | .03041 | .01125 | .00317 | .00011 .05125 0 0
10100 | .07253 | .O4946 | .01905 | .00567 | .00130 .03 -0¢23 0 )
11000 | 06443 | 03942 { .01255 | .00318 | .00064 .Okl .077 0 0

to be entered; for example, .0u6 stands

Subscripts on the first gzero after

the decimal indicate the number of szeros

for .00006.
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P(z) for selected values of € illustrating a '"crossover' and

"symmetrical displacements" (from Klotz)

;\\\fﬂ .25 .50 1.0 | 15 2.0 3.0 k.0 5.0
Example of a crossing over.
10000101 | .01911 | .01851 |.01285461| ,00601 | .00190 .oh6 .o6hh 0
00101010 | ,01933 | .01878 |.01285266| .00574 | .00168 .ohu '0619 0

Effect of moving in from both ends.

10000001 | .O34%42 | .03082 | .01984 .00958 | .00351 | .00022 .0.516 | .0.5

5 7
01000010 | .03419 | .03000 | .01778 L0074 | 00220 .ou6815 «0¢53 0
00100100 | .03%18 | .02997 | 01771 .00737 | .00216 .ou65u1 .o6u9 o}
00011000 | .03426 | .03025 | .01841 .00804 | .00253 0,9 ‘0696 0

Subscripts on the first zero after the decimal indicate the number of
zeros to be entered; for example ‘Oh6 stands for .00006.

Appendix III.
Approximations to P(z|6) under N

Theorem 8:

If N holds, then, for all 6,

m+n
E exp(6 = :1W1] ,

(Nn) -1 .-n92/2
n
1=1

P(z) =

where WiseeesW are the order statistics of a sample of size min drawn from

N
a standard normal population,
Proof:

We note that in this case

-2, 62/0 g.t.0
f(ti'zie) - e ! e 11 f(ti) .

) '



Thus

mn

P(z) = m!n! . . . £(t,-z,6)dt
z Jf ) <{[ 1Ji 1734795
1°°""° "mn

mn mn
_ (mzn)-l e-n92/2(m+n): b/\ . . . u/\exp{e Eoz.t,) iﬂ; £(t,)de, .

i=1
-0 < tl S.0.8 tm+n <w

Remarks
The first terms in the Maclaurin expansion of P(z|9) give approximations
to P(z, 6) for small 6, For example

m+
P(z|6) = (m:“)'l(l + 6 12: zizwi) .

Tables of the approximation got by including the next (6°) term in the Maclaurin
expansion of P(zle) are in preparation.

An interesting asymptotic result is given by Hodges and Lehmann (1962).
This should give approximations to P(zle) for large 9; this point has not

been investigated, however.

Appendix IV,
Some Nonlinear Relationships Between Rank Order Probabilities

In Savage (1960)p. 520, linear relationships like the following have

been obtained:
p(0,1,1) = [P(0,1,1,0) + P(0,1,0,1) + 2P(0,0,1,1)]/2 .

A pair of non-linear relationships is obtained below. Note that no restriction

is made of the densities £(:) and g(-).
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Theorem 9:
A: Pp(0,1,1,0) = 2p(0,1,1) - 2P3(0,1)

B: p(0,1,0,1) = 2P2(0,1) - 2P(0,0,1,1) .

Proof:

We note first that

22(0,1) = [ f F(x)g(x)dx ]2

fwfw F(x)8(x)F(y)8(y)dxdy

eh/.‘/\ F(x)F(y)g(x)g(y)dydx .

"

Then to prove A, one has

PO1L,1,0) = b [ [ FG)[1-R(y) la(e)s(r)ayex
-~ X

. f j " F(x)g(x)s(y)dydx - 2p2(0,1)

= 2p(0,1,1) - 2P23(0,1) .
And to prove B, one has

$(0,1,0,1) = k j | RRE)F) Ta)s(y)evax

= 2#%(0,1) - 4 | j' F2(x)g(x)g(y)dydx = 282(0,1) - 28(0,0,1,1).

- X
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A': p(1,0,0,1) = 2P(1,0,0) - 2P3(1,0)

B': Pp(1,0,1,0) = 2P%(1,0) - 2pr(1,1,0,0)

Proof:

Simply interchange F and G (f and g) in the proofs of A and B.

Corollary 2:

r(0,0,1,1) + P(1,1,0,0) = 2[P(0,1,1) + P(1,0,0)] - 1.

Proof:

The set of all possible rank orders for m-n=2 is an exhaustive set of
mutually exclusive events, Therefore
p(0,0,1,1)+p(1,1,0,0)+p(0,1,0,1)+P(1,0,1,0)+P(1,0,0,1)+P(0,1,1,0) = 1 .
Substituting the right members of A, B, A' and B' for P(0,1,1,0), P(0,1,0,1),
p(1,0,0,1) and P(1,0,1,0), we obtain
p(0,0,1,1) + p(1,1,0,0) = 2[p(0,1,1) + P(1,0,0)] -1 .

Note that probabilities for all of the rank orders with m=n=2 can be
evaluated in terms of the probabilities for smaller sample sises and P(0,0,1,1)

or P(1,1,0,0). More generally, for n=2 and arbitrary fixed m=M let

= (0,...,0, 1, 0540450, 1’ 0....,0) ’
TT g ey

1‘1 l'2 1‘3

wvhere r1+r2+r3 = M. Then

p) < H2 [ [P ) Rm] M) sy

r .r
12 w»< x<y<w
1ot LT r4r ~(1,+1) £ 4c, -1
- M.2. 5 ( 2)( 3)(_1) 273 172 e e F 172 l(x)‘
r :r' :r : 1Si <r 11 12
1*72t"3t IehyEr, w<xsy<e»

1§12§r3 r +i, -1
-27- F 3 1 2(y)g(x)8(y)dxdy .



For a+b < M, the integral
' . . a b
. Fo(x)F (y)g(x)g(y)dxdy
o <x =2y<w

can be expressed as a linear combination of probabilities of rank orders for
m < M and n=1 or 2, Therefore if all rank order probabilities for m < M and

n=1 and 2 have been computed, *he only new integrals required are of the form

s [ [Pt etostyey 10, ... 4
- & X S y <o

Since

Aty = [ 00 [ Rt () la()s(r)axay
w<xsy<ow

j | f F )" (7)g(x)8(y)dxdy

1]

L[ s ¢ [ P lylstriay)

one needs to compute only one of the pair (A, A, ,).
For n > 2 we must consider n-fold integrals of the form

) n 41
Mgt = [0 [ e s e,

<% 2,52 €£o =1
1 n

n
as above only those integrals for which £ 1§

j = M need be evaluated, Then if
=1

any of the {1 j=0 the dimensionality of the integral is easily decreased.
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Generally,

=]

[—

EA(L,e0l) = j[l P(0s000,0 1)
1
3

where the summation is over all permutations of (1,2,...,n).
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