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VAPORIZATION OF SOLIDS BY ABSORBZD RADIATION ENERGY

E.M. Shakhov
(Moscow)
Inzhenernyi zhurnal (Journal of Engineering) 1, ¥o. 4,

27-38 (1961)

The hoating up of a solid body absorbing radlant energy

was discussed in earlier commnicsilons (Refs. 1, 2). '

¥hon the density of the ra:ilation flux is sufficiently

high, the body surface may acquire a very high tempera-

ture at which the substance will inevitably undergo sone
physicochealcal transformations (melting, evaporation,
deconposition, ete.). Let us consider the case where the
body absorbs a high-power rczdlation pulse Q of short

duration 7. By the ..ad of ths time interval T the surface
temporature will have reached a value proportional to

Q/ V7 ; i.e., when Q is sufficiontly large and 7° ig sulfie
ciently small, the temporature may rise to any concelvable
leval. Therefore, to evaluata the hoating offect of powerful
radiation fluxes ahic:>0d by a solid body, it is ossential

to co .ldos~ the aittendant physicochenical transforaations of
the subatance. Of all sich ~lonomena, malting 1s the simplest
and most thorcughly oxplored (Refs. 3, Ij). The present atudy
13 conen: . 4 with tha unldl snsional problem ‘vthish involves
tha v eoclzitlon of a olld bYody :.it)d by thae lucldeat radlant

A, v aD3. TR AabgorsLton 13 aived %o occne on the
t)l LS

T N




surface, and the radiation flux 1s taken to be the equi-
valent of a heat flow q along the boundary whose magnitude
depends.on surface temperature and time t. Two cases of
evaporation are considered. In the first case the body,
initially, 1s contiguous to a vacuum; in the secomd, the
ambient apace, at some dAlstance from the body, i1s filled
with gas. Both vapor and gas are treated as perfect gases.
The mechanism of vaporization is however substantially
different in the two cases {Refs. 5, 6). Wlsn evaporation
is intense, in the case of a body initlally contiguous to
a vacuum, the rate at which the vsyorization products are
removed is determined by the velocity of expansion. The
latter 1s a gas-dynamie process, which is sufficlently
rapid and cannot limit the speed of the ontire process.
Por this reason the loss of solid mass m per unit of
evaporating surface proceeds at about the same rate as
evaporation into a vacuun n,. In the second case, however,
where tne ambient space is {illed with & gas-vapor mixture,
the evaporation prcducts are rocaoved from the surface by
diffusion, at a rate which is low as compared with the rate
of evaporatica into a vacuum - the highest possible for a

glven tenpo.:iture of the body surface. ‘7That happens, appa-

rently, 1s that :ost .wolecules /hich have left the body and

entered the gas phase return to “he surface and once agaia
become densaly packsd (condensation), while only a few are
pernanantly reaoved. It follows that a neav-»>quilivrium 1s
maintatisd in the pre- 33, and the atate of vapor anvelop-
ing the surf .9 1s close to iaturation.
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I. Evaporation from the surface of a body initially contiguous

to a vacuum

1.‘Wo'sha1f consider the relatively simplé case of a solid -~
a half-space x <{ 0 -- whose initial temperatur; is uniforn through-
out. The body absorbs rsdiant heat along the boundary wiéh an inten-
sity q dependent on surface temperature and time. Since the body
occupies a negative regilon of space, the heat flux q should also be
regarded as nogative. Let 8 denote the difference between the ini-
tial body temperature and instantaneous temperature at any arbitrary
point x of the body. It is assumed that heat propagation within this

120114 obeys the linear equation of thermal conduction

» &

w T , 1.1)
and that vapor =otion is dascribod by acuations of gas dynamics. Om
evaporation the body surface changes 1is position in space. Let us
designate the law governing its motion by x,(t); the translation
velocity, by x,(t); and by f5, Py» Ty and u,, the density, pressure,
absolute tempeiature and mass veloclty of a vapor pu. ticle in the
relghbortocd of the evaporating surface. Prom ths laws of mass and
ensrgy concervatlen the folloring expresslons can now be derived

interrelating the unincwn parsidtors of the ~vaporating surfaces

- pY(l) = relite - Xa()) 7= m, (1.2)
LI}!:-‘——-J*)«‘-‘". (1-3)
s

Aere f£, A are the donslty «nd coofficlent of heat conductivity

of a solid body, ard L 1s the upicifie heat of vaporization taken te
-3-
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be a known funcuion of temperaturas.

Whﬁt we know of éonditions expressed by (1.2), (1.3), in con-
Junction with initial data and boundary condltions at infinity, is
not enough to determine a unigue solution of eq. (1.1) or a system
of gas-dynamic equations, because our knowledge of boundary condite
" fons existing on the evaporating surface X x,(t) is inadequate
(Ref. 7). Prom the standpoint of physies, this is quite obvious,
since conditions (1.2) and (1.3) do not reflect the specificity of
the process. For additional relationsnips governing an evaporating
surface we must turn to thermodynamics, or to the molecular-kinetie
theory of the structure of matter.

e shall attempt to determine in what way the mass evaporation
rate depends on the temperature of body surface and the state of
vapor in the neighborhood of this surface. The rate of any physico-
cnomical process can be expiussed with sufficlent accuracy as the
difference between the respective rates of the direct and reverse

processes (Ref. 8). For the case of evaporation, we have
mo=m, —m, (1.4)

where i, is the direct process rate, or the rate of evaporation into

a vacuum, wilch depends on surface temperatlure alone; i_ is the rate

of a reverse process, i.e., condenaation, dependent on the state of
vapor noar the body surface. The values of m, and m_ can be caloula-
ted on the basis of statistlcal physics. For the rate of mass evapo-

ration into a vacuum we have (Ref. 9)

- 1. )
m, (1 ~r)7{;.‘_‘:r. (.5
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where T, 1s the absolut; temperature of body surface; py is the
saturated vepor-pressure corresponding to this temperature; R is the
gas constunt of vapor; r is reflection factor, 1.e., the fraction of
the total mumber of molecules that reaches the bocy surface and

. undergoes condensation. To calculate !;l_ we shall assume, as did
earlier investigators (Ref. 10), that an equilibrium distribution

of molecular velocities axists near the body surface, the average

velocity being cgual to wug,:

. e 3
m, s —= (10— 0§ duv doy § fordoy,
23 EX

ere,

. T | (v,-—u.)’-é-v:-i-v}},
, - ‘(L“IRT.)"" L.\p( 2RT.

is the ‘axwelllian furctilon of veloecliy disiribution . Evaluation of

the integral yields

;ﬂ_ 2(l-n -‘;’i.:: ierfc;.,
2aRT,

where o, - - Myy/ - 1 ¥, 43 the Mach nuber noar the body
} JRT,
surface; [ s the ritfo of the :pocilic heats of the vapor;
1 2

o
jerfex = — e x " S e-*dx.
Va Va } ;

For the mass avavoration rate . e now ootain the oxpression
m om, --(V--r) - ™=V X ierlcuy (1.6)
".':\Rf: .
Prot conattton (1.2) 1t follows that - — g1, since -?(I;
—~t0{l) .

wa c:n thoeafore wirrite, wwith high accuraey

m :pyly. (1.2")

-5



Comparison of (1.2') with (1.6) gives

P . (1.7)

. m = ——————=imn,.
Jug 4 ierfc ug

Consequently, the ratio for the loss of solid mass in the two
cases - evaporation into an amblent space filled with pufo vapor
as agalnst evaporation into a vacuum - will cepend solely on the
Mgch number value :.oar the evaporating surface. Punction m/d,
rises monotonically, and very rapidly, with the rise of the Mach
number. Por a moncatomic gas (f = 5/3), when X, = 0.5, n/m, = 0.805
while when M, = 1, /@, = 0.96h.

It will next be snhown that the Mach number cannot be much less
than unity. In fact, for M, £ 1 we have from (1.4) and (1.7), with
an accuracy limited by terms contalning My in the zero power --

M, =m_; i.e., the state of vapor near body surface is close to
saturation. Let the parameters-of saturated vapor be denoted by the
subscript ¥, Evaluating the ratio of the velocity at which the eva-
poration front is proparatod to the speed of sound in saturated
vapor will give

Tnis means that whon the vapor is in a nearly saturated state,
the front of an expansion wave is propagated at a speed which sub-
stantially exceeds the velocity of a shif:ing evaporation front.
The rarefaction waves will reach the evaporating surface, lowering
the spoed of sound and simultanoomsly roediueling the gas density
noar the surface. This in turn .+111 reduce the conlensation rate
m_, houce both mass veloecity : :d the Mach nu-ber will Increase.

It follows tVit should the .ipor rsach 1 3tats close to saturation

obe




(as in the cace where the vavor rogion is initially limited), this
condition will soon ve upset. If, on the other hand, the vapor
region is consistently bound by a vacuum, the vapor will nev-r reach
a state close to saturation.

Qualitative considorations, along the same lines .as those set
forth above, suggest that in .eneral, near the body surface, the
velocity at which the firont of an expansion wave propagates cannot
materially exceed tho velocity of a shifting evaporation front. Now,
since

. { ‘—.::’; i :‘ (1— My),

1t follows that for ]o <1

R R S g
Poag(0)
The Mach nubar {s tierafore silthor groater than unity or (for
M°<:jl) {s clore to ‘mity. Coascguently, on the basis of (1.7) we

can ap;roxirate A = %, . "his asswapiion seoms all the more justified

"
since the roflection factor r, which onlors into @ , is deteramined
oxparinentally, with an accu.aey not esceeding 5% (Ref, 11).

In ~uming up, wa conclude tiat the thuraal problem on the heat-
a5 up of a body able to vv:j orats can bo solvad i.dopendently of
deteriining ke -as woillen, and is formulatod as follows. 1t is
ragilred to find a twiraraca.o £leld within Lhe.body, by way of
solvins tha heat conacilvity aguation (1.1), under c -nditions

oxtsiine along an 'mtnown boundary xo(t)

moooamy w0 (1 ‘8)
. 3. w) L - .
J R L <L) (1.9)

-7



and under the initial condition

0(2,0)=0. (1.10)

Here 0, is the value of function 8,(x,t) on the ,suz;faeo.~A dis-
tinctive feature of this nonlinoar:?problon stems from the physical
‘ fact that a substance 1s capable of evaporating under any condit-
ions but a different rate, which depends largely on the surface
temperature. The peculiarity here is that this surface "temperature"
0,(t) 1s not preassigned but must be deternined, along with the °
entire temperature field and the uknown mobile boundary.

2. We shall next show that a unique solution is actually possible
for the problem as formulated above. To this end a solution of (1.1)
(Ref. 12) in te form of an integral is given. Under conditions
expressed in (1.8)-(1.10), 1t is written in the form

[
a0 =x{ Gk () De(n O+

. d . . N *
+ S {G(i. 6 xg(%) ) o (1) — u?{ (2, £; xo(*) V)]O,(t)lc; (1.1

where

Gix. & L Y) -~ P .;‘_‘1:_‘7_".5&

is a fmotion oxpressing the effect of an Instantaneous point source
for the aquation of “eat conductance (1.1). The solution of (1.1) as
given by (1.11) will be unt.ue 1f 0_(t) 13 specified for the boum-
dary as a single-valiod function of & 1 1f the co.responding

-8-
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Intejrrals actually exist. It follows that 8,;,(1'-) is not necessarily :
conjuzated with initial ~o:ilions.
Let us con:lder fne inteprsls snich aprear on the right-hand

side of (1.11). The integral

§G(x, £ Xa07), )T 0)dy
is contlnuocus throughéut, including tve line xo(t), if the function
q is differentiable at all points, ezcept perhaps the pvoint £ =0,
since in the neic-hborhced ~f this poiat 1t satisfles the inequality

}q}*:mns‘.l's IR .SQ»’Z—-.
The second Intagrsl in the riht-hznd vortion of (1.11)

- 13
W (x, 8) 'S{G(r.t; (), 1) £ (5 ~-/.-f“?»‘-’u‘-‘dg-'-“'—"—f’—}0.(*)df-
L ]

becone di. :rntinuos as 1 crangaz She line x = xo(t). iere the
folloxing - naiti-n will v 12 (3nf. 12) Tor any continuous functionm

0. .(t):
Wi 00 Wi b3-0.0.

we 5hall ne.t coastdos T 101t Torox osx()--01In (1.11). At the

Yo . Ve
’

00 w{ i GG W ({0, ) - 0. (0

if g s YLty of Lha oonl 1 s ists, Uan functlon Oi(t) relat-

Ins bt thile 3 “at'es 301 0 100 sannation

[4
5 {0 "a§cfuumr. Wl ) (n ) dr ¢ (1.12)
-2 {‘?m«).r-. it () % “'{"("“"‘;i'r"@:ﬂ]'-(t)."-

Ll P BN

nre

(1.13)

LAY L uide
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Since G(xy () f; % (v),v) and wl:-lg:‘l;:.lr). Nat = ¢t acquire a singula-
rity of the form ',7,'-::,-" » it follows that when q(t;0,) has the form

.

L‘;%")' rnﬁ(l;i.)—- » Where g(t;9,) 1s everywhore a continuous function of
' its arguments, the system (1.12), (1.13) has a unique continuous
solution. Por a sufficliently small value of ¢, this solution can be
‘found by the method of successive approximations. It is concluded
directly that a solution of (1.1) exists and is unigue, under con-
ditions specified by (1.8)-(1.10).
The same thing car b>e demonstrated for a body of finite thick-

ness. The value G in this case must be replaced by the Green's
function corresronding to the boundary conditions on the underside

of a plate.
3. We shall now consider an exact solution of the problea, for

an elemontary case. Let us solve a reverse problem, assuming that a
constant temperature 0, = const. is established instantaneously oa
the body surface. This corresponds to a heat flow q, which will be
determined. Vhen the temperature of a surface is constant, the
velocity of its translation in a space x,(t) 1s 1ikewise a knowa
constant. Substituting the app:ropriate values of @, and xo(%) inte

(1.12), we obtain .

B An :
) ‘.-; (‘A("H-?Wl;—fa—%-ﬁC - e

‘1 ou,

Prom (1.1h), by use of operational csloulus, a function W(t;0,)
is derived, characterizing a heat flow penetrating the body:

Y Ui a0 (ORI i ) i (1.18)
9(‘;’0) .olym‘l‘V";("r '_;_';r‘.‘l’o “-—#ﬁ@-‘ s

<10~

g - -

. e e o

S v e e @ e -
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The magnitude of the heat flow q can now be determined from
(1.9). '

In the ca'se where no evaporation takes place, x()-=b=0, and ve

.
obtain the familiar formula based on the theory of heat conductance

V= _]%_-:‘, wnich in our case holds for sufficlently small values o8
= e

t. fhen ¢t —, 00, a constant hth flow directed into the body becom~
es stabilized:
(1.16)

w0
V(o) = — 2l

It will be noted that the same formula can be derived directly
*from the equation of heat conductance (1.1), if the solution is
sought in the form of.a heat wave propagating at a uniform speed
0(x,0:<0(s) , whore j=— 2 (x—si)
e then have
=0,

Hence,

» (0 &

— gs—-..

Por y:-0{x= x,(f this expression is identical with (1.16).

'l'hul. tor the case where £ _, 00, the particular solution under
consideration goes over asymptotically into a solution based on a
heat wave propagating at uniform speed. As soen from (1.15), the
rate at which this thei-nal process approaches a steady state is

deternined by the marnitude of parameter

5 .. —isl0)
VE e,
The velocity of the shifting evaporation front is low, as s

rule, and the therual diffusivity R is of the order of unity (im
the CGS system). Thorefors the value of the parameter Vb 1is small.
w]lle



However, aihcn the time required for the establislment of a quasi-
stationary process such as & heat vave is of the order 1/b, the
time period dnvolved may be quite large (by comgglson with the
characteristic time).

II. Bvaporation Into an amblent space riﬁd with gag
at some distance from the body

1. Let a 3011id half-space, as in Section I, occupy initially a
region x <0, while the region x>0 13 filled with a gas. It s
further assumed that evaporation of the subatance from the body '
surface, due to absorption of radlant energy, sets in, beginning
at ¢t = 0, The state of a gas mixture, it will de remembered, is
deternined principally by the processes of molecule transfer (sush
as viscosity, heat conductance and diffusion). In sccordance with
this basic concept, we shall neglect the derivatives of pressure ia
the Navier-Stokes and energy equations. This is a common assumption
in the theory of oo bustion (both steady state and non-steady state
processes) (Ref. 14). Unlike the processes considered in this work,
condbustion involves a chemieal reaction. We shall further neglecs
both thermal and baric diffusion, as well as the heat flux and its
dissipation resulting from diffusion. The gas parameters can now be
deternined from a system of differential equations

P 3 -
2.1

w(E+eg)-2E.

EoimZ . 205
"o”.".w..

«12-
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where ¢ 1s the mass concentration of vapor. System (2.1) must be
solved jointly with the equation for heat propagation in a solid
body . o, _ o
LA I oLk
« " Tap (2.2)
. under the specifiec conditiohsﬁ'#(mass » concentratlon and energy

conservation. The solution is derived for the resulting relation-

ships on the evaporating surface:

X = Xg(0 8= - pyTall) - py ity — Xo (0) == pykty -
L —q—2, 202 (2
' a’. (2.3)

al— ) g — 5 ()~ W= 0.

Subseript 0 refers to gas parameters near the surface; subscript
1, to values characterizing the solid body. Conditions on the eva-
porating surface x = x,(t) are expressed by (2.32). To this system
two more ecuations must be added, which describe a thermodynamie

eruilibriun between the s0lid body and its vapor:
2=x(l), Ty=To €o=e (T (2.4)

where ¢, is the concentration of saturated vapor at a temperature

1'°. At infinity we shall prescribe the following conditions:
Zemtoo, B=0, ¢c=0, prapy Tw=Tla

X = - OBy 1'.-1'- . (205)
The initlal conditions will de:

1:20, umu(z0) =0 pup(n0) T=T(x0 T, =T (x0) (2.6)

In place of x a new indenendent varlable - the Lagrange coordi-
nate - is introduced: w = -:mm.-a:i’d&

.1 ’-

VAT T T
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I. Simul taneous determination of temperatures ancd conconf.utiom

&l‘l' 3L
Y 213

=g

o -8 nK—min e M,

Ty - e
—_ - .
o 0 ) 3I‘ %Py )

&
%

. ——mly ... Ti=Te  a=c(fd

. - e _l -a-‘r.- .q-"
o C . . L q ﬂlh'i'&“.

g s— L
n=to., T:Te €=0 ' Ty=Tum
t20, T=T(x0c=0 T,=T 0

. -
. [ N

II. Determination of velocity and density

S s A &
L T PN N
N —m() Petty = m{f),
=2, #=0 P = Pem

t=0, wu-ulz,0), p=p(x0

The subsequent discussion will be concerned in the wain with
the flelds of temperatures and concentrations.

2. To cite one example of an exact solution of the prodlem, let
us assume that at the initial moment a half-space x>0 is filled

with gas whose temperature is uniforms throughout. The temperature
of the s0l1id body is likewise uniform everywheres

T =Ta | Ti(x0) =T
Starting from ¢ = O the solid body kecps evaporating, either

because it is acted upon by a radiation flux equivalent to a heat
flow of the form
-7
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(Q§’ 0 possibly depends on surface temperature), or because of
mere 1ntoractioh with the gas, since the body and the gas had 4aiffe-
rent initial temperature. .

From considerations of similarity it 1s concluded that thu-
solution of problem I must cepend on a single dimensionl‘ﬁ;ﬂ:hr&-
able z=wyas:

T=Tt To—Tw)0(d Ti=TiatTu—T)h@h c=cld
The movement of the boundary is proportional to Y%

—m) =) =2Val (%<0
Assuning g,, 9,, ¢4 to be known, we shall find for functions
e(z), Ol(z), ¢(z) expressions which will satisfy the original equat-
ions, the initial conditions and the conditions of infinitys

. v 3_“——-
w)-l-u-—oo-——E oo - 0.—-—’55
3m . :r— (201)
.t : " :
€(2) = v ":_”-.
ﬂ“zyu_i_
wvhere
ctkt--—’—;s.r"lx.
va

Since for weu—m(f), ¢ =c. (T » it follows that =il . The .

renaining unknown values z _, 9° are deterained from relationships

°
wxpreasing the laws of enersy and component conservation. These, in

ou~ case, have the form

— kL) 24 == — T (0)— 0 (2 + ¥ (2} (2.8)
. \..._- e ) . 2.
—re—cw (249)

«16
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where
. -L.. q . . . 'L
k e I . -——-———-—-—-——q— = L —
Dypy (Ty=Ty) * Q- AT —T ' r WP rm-l. .-

L, is the heat of evaporation at T = ‘!'100.

We shall now transform the systu.(z.%),,_ js‘?.‘)). introducing
- Qe X )

- notations

Y

- ()i T
. . . zm .
w;(to)-—-ln(l uk—r=) VW.("’(""—)
. 2w
T L S im

We then have

A= (=Nl () =) w, o>

Considering thet the specific heat of the body Y sand that of the

vapor c’ are constant, the dependence of the heat of evaporation oa

temperature will de linear:

LT =L+ —c) (To—Tod
Consequently,

Loy =1+ -’L"—;i(r.'—r..) (2.10)

' By use of (2.10), equation (2.8) can be rewritten in the fom

&z = M'Q—? . )
i)+ = B2 T~ T

(2.12)

If q is assumed independent of surface temperature (Q = const.),
the system of two transcendental ecuations (2.9), (2.11) will be
reduced to a single equation which, on letting g= -;79—“ » can be

.11-
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be written as

X R S I
vy 4 erl{;) vy «—’,

sinceerle(—y)=14erfy. . This equation has a solution, which is

uniqgue.

*’,'M{gwc .
Yle can now solve problem I1I, which involves the distribution of

velocity uln, t) and of density. A solution is found in the form

um=A=VE T pn=p@.

Calculation ylelds
ol

;a(n.l)=fl—-v:::e ,

]

[
Lo et
] '.+C‘ *

where e(zo)is determined by substituting u, and S0 into the condit-

ion of mass conservation (pwe—m) . We obtain

The problem under consideration, it will be noted, remains self-
similar als‘o for the case of an arbitrary dependence of a,A, D on
tenperature and concuntration.

3. Problem I is a Telatively complex nonlincar problem, hence an
exact solution of it can apparently be found only for some partiocu-
lar cases. The :bove self-sinilar problem 1s the simplest of these
cases, Whan the eguations are of the same type as the equation for
heat conductance, it is often possible to cbtain another, quite
s!inple yet rather interesting, solution, based on a wave propagating

at uniform speed. We cannot however consider here the case of a wave
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propagating in one direction only, since a solution of equations in
this form will not satisfy all the bcundary conditions involved.
Inasmuch as deriving an exact solution under arbitrary initial and

bemndary conditions presenﬁs a hignly complicated problen, we pro-

.....

transpose the boundary conditions for the case of n w ng(t) to the
line n ;-\‘.0. Froblem I, considerably simplified thenks to this assum-

ption, can be formulated as shown below:

ar T [ X .
°.<.“<“t "“'--B;'."‘; 7 ‘ﬁ.. :'.
- N_pZh
oo<v'|<0f Y ﬂa“- .

1=0, T,=Te C=¢(Td
¢ & o, ”w
— o TR o —-t pod | -—
L‘_“ r 4 l’l~+»~
1=0, T=T(x, 0) c=0, Ty =Tz 0)

The conditions)=— 2= -:-serves to determine tHe law governing
&

the shifting of the bouncary, after the fields of tompon.tnro and
concentrations hsve been defined. e are nos ready to solve our

ﬁroblem. Let us denote by g(n.t; g, v) Sie Greer} function of the first
boundary problem in the heat conductance squation, where S is the

coefflcient at the second derivative with respect to n for the half-

line n > 0:
e v = ‘335}'“ :
‘..(“ 699 zva.;m e .

Punctions g (%6 5. ge(n L 5, 7) are obtained from gy(n& 9% bY
substituting B, and 6 for B . Assuming the surface tesperature
T©,0=Tef)h to be known, we shall obtain for the functions

«19-
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TM.H, e, Ty(n. 0 expressions

o, (n. 0, %)

r(n.t) ST(y. 0)g,(nt y.0)4y+a§r.(r) dr, , (2.12)
. .
ctn.0=ofc, i"—‘"la';'i'-’-d. - (2.13)
' o ' . ‘ e, (n &
T 0= {10,008, 06 5, 0dy—B{Tu0 T 2 D g, (2.14)

where ¢,=¢,(Ty) . The surface temperature To(t) is determined from
the condition expressing the heat balance at the boundary. We shall
write it in the form integrated with respect to time t:

—°Sa-c.ond'=S[ q—:hp‘z—:—'-i—lé%]dl-‘ (2.15)

The integral on the leoft-hand side of (2.15) can be rewritten in
the fom
;

g;-:;am W)S (2.16)

where, at the first apnroximation,

-
We shall now set up the partial derivatives of functions
T(‘l..l):él'.l.l).r.(u.f). with rospect to n. ‘hese funciions are deter-
1incd from eq. (2.12)-(2.1)). We ahall integrate thea with respect

to t, and shall obtain at the 1imit, for n _.0.

3\'3, P 2 SS .-_-.dya Sr.m . _'. (2.17)
fxan o " "
ety L e
H ! o mhﬁﬂ

im( NN “s, .
:u_g; R §_§.  (5,0)- l:a-o-' .

¢ A : (2.19)

Y W..«_..; s
® -
-20=
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Substituting (2.17)-(2.19) into (2.15), we obtain by use of
(2.16) an Abel equation exprossing the function

o) = (b2 ¢ (
)= (2 },_)r.()+vrl()c.(r.)
and thus arrive at the following equation for detg;g&ggng surface

tomperature

o) ——{ L, (2.20)
dvse=a’

where

9, (0. l.yo)d .

et b

¢ (obtn'oo) y
]

—e—— dy.

n v

r=q(t T+ My sr.(y.O)

~)~p§T(y.0)
* .

If tue value of the heat flux doss not depend on surface tempe-
rature, then P 1s a function of time alone, and formula (2.20)

ives an implicit expression for surface temperature.
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