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VAPORIZATION OF SOLIDS BY ABSORBE RADIATION ENERGY

E.M. Shakhov

(Moscow)

Inzhenernyi zhurnal (Journal of Engineering) 1, No. It,

27-38 (1961)

The hcating up of a solid body absorbing radiant energy

was discussed in earlier convpunications (Refs. 1, 2).

When the density of the railation flux is sufficiently

high, the body marface may acquire a very high tempera-

ture at which the substance will inevitably undergo some

physicocnheical transfornations (melting, evaporation,

decomposition, etc.). Let us consider the case where the

body absorbs a high-Dower radiation pulse Q of short

duration 7. By the -,id of the time interval V' the surface

temperature will have reached a valle proportional to

Q/V-; i.e., when Q is jufficiantly large and ' is sutffi-

ciently small, the temperature nay rise to any conceivable

level. Therofore, to evaluato the hoating effect of powerful

radiation fluxes aicY> d by a rolid body, it is essential

to co .t-1 U the aLtondint physicochemical transfor.iiations of

the substance. Of all -ich .noriona, nolting Is the siiiplest

and most thoroughly oxplored (Refs. 3, W}. The present study

is conc, d ,atth tha unidl )nsional problem Ivhlah Involves

th v) , ,'.o'i;ion of a _olld body i .t)d bj the ioioda)it 1,-dlant

",tt Is *. i i to o-%. r on the



surface, and the radiation flux is taken to be the equi-

valent of a heat flow q along the boundary whose magnitude

depends on surface temperature and time t. Two cases of

evaporation are considered. In the first case the body#

Initially, is contiguous to a vacuum; in the second, the

ambient space, at some distance from the body, is filled

with gas. Both vapor and gas are treated as perfect gases.

The mechanism of vaporization is however substantially

different in the two cases (Refs. 5. 6). When evaporation

is intense, in the case of a body initially contiguous to

a vacuum, the rate at which the v..orization products are

removed Is determined by the velocity of expansion. The

latter Is a gas-dynxamic process, which is sufficiently

rapid and cannot limit the speed of the entire process.

For this reason the loss of solid mass a per unit of

evaporating surface proceeds at about the same rate as

evaporation Into a vacuxta n+. In the second case# however,

where te ambient space is filled with a gas-vapor mixture,

the evaporation products are rooved from the surface by

diffusion, at a rate which Is low as compared with the rate

of evaporatic.i into a vacuum - the highest possible for a

given tenp.3.-ture of the body surface. 1That happens, appa-

rently, Is that most aolocules ,hich hr-e left the body eA

entered the gas phase retArn to he surface and once again

become denioly pack-d (condensation)# while only a few are

permanontly re-aoved. It follows that a ne --- quillbritm to

iatnt;t.'4 In the pr,-. i , and te state of vapor envelop-

Ing the aur- aIs close to iaturation.

-2-
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I. E~vporation from the surface of a body initially contiag, ou

to a vacuum

1. We shall consider the relatively simple case of a solid --

a half-space x<0 -- whose initial temperature is uniform through-

out. The body absorbs radiant heat along the boundary with an Inten-

sity q dependent on surface temperature and time. Since the body

occupies a negative region of space, the heat flux q should also be

regarded as nogative. Let 8 denote the difference between the Ini-

tial body tempe:'ature and instantaneous tomperature at any arbitrary

point x of the body. It is assuaed that heat propagation within this

:aolid obeys the linear equation of thermal conduction

A_, w-- x II

and that vapor otion is described by acuations of gas dynamics. On

evaporation the body surface changes its position In space. Let us

designate the law governing its motion by xo(t); the translation

velocity, by io(t); and by PC, Po To and no, the density, pressure@

absolute teopeo'ture and 7-ass velocity of a vapor pa. tiele In the

neighborhood of the evaporattng surface. ?rom the laws of mass and

onergy con::rvaticn te follo>'ing oxprossions can now be derived

interrelating the rnkncTn part-? ors of the evaporating surface:

- Oi ( : (. ( M) (1.2)

a:r

Rere P,A are to 11on-ity ind coofficient of heat cendutivity

of a solid body, ar'd L is the ap.,.ctfl.c heat of vtpoIation taken to

-3-



be a known function of temperature.

What we know of conditions expressed by (1.2), (1.3), in con-

junction with initial data and boundary conditions at infinity, in

not enough to determine a unique solution of eq. (1.1) or a system

of gas-dynamic equations, because our knowledge of boundary condit-

ions existing on the evaporating surface x . xo(t) is inadequate

(Ref. 7). From the standpoint of physics, this is quite obvious,

since conditions (1.2) and (1.3) do not reflect the specificity of

the process. For additional relationships governing an evaporating

surface we must turn to thermodynamics, or to the molecular-kinetic

theory of the structure of matter.

We shall attempt to determine in what way the mass evaporation

rate depends on the temperature of body surface and the state of

vapor in the neighborhood of this surface. The rate of any physico-

chemical process can be exp-ussed with sufficient accuracy as the

difference between the respective rates of the direct and reverse

pr~cessos (Ref. 8). For the case of evaporation, we have

in . ,f. _#*. U1JO

where e is the direct process rate, or the rate of evaporation into

a vacuiu, which depends on surface temperatmre alone; 4. is the rate

of a roverse process, i.e., con e'ation, dependent on the state of

vapor noar the body surface. The values of i. and Ai. can be calcula-

ted on the basis of statistical physics. For the rate ct mass evapo-

ration into a vacuit we have (Ref. 9)

.(1.5)

-Il.
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where T; is the absolute tenierature of body surface; p* Is the

saturated vapor-pressure cor.eaponding to this temperature; R is the

gas conszz:ant of vapor; r is reflection factor, i.e., the fraction of

the total number of molecules that reaches the body surface and

under-goes condensation. To calculate m- we shall assume, as did

earlier investigators (Ref. 10), that an equilibrium distribution

of molecular velocities exists near the body surface, the average

velocity being equal to uo:

i'ere,

. du,- (vd-.)'+v +

CX -- (v,-¥ :  -- , U 6
CN~ ZRT,

is the .eellian funct!on of velocity (.1;ribution . Evaluation of

the integral yields

n - - r) ierfc-.

.:hore , - - X;j -- r z i;- e .'ach ;tuber near the body

surface; r s the r-Atlo of the :ocfic heats of the vapor;

ie'rf¢ x -- c _ -_..- x._2 .-- _- £

For the nrss ovaa'oration rate .;e non 3ot-kin the axpression

;n, . --(I ,) Y-  Wierkc 16

,,,t co-,iitt.ion (1.2) it follo;,s tiht .- "---l, ince &Cr

we (, ,n ti- ,&'.boro ,jvtte, ".ith high accuracy

" -5-
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Comparison of (1.2') with (1.6) gives

•;n+. (1.7)
2;* + ierfc We

Consequently, the ratio for the loss of solid mass in the two

cases - evaporation into an aiibient space filled with pure vapor

as against evaporation into a vacuum - will depend solely on the

Mach number value oar the evaporating surface. Function &/A.

rises monotonically, and very rapidly, with the rise of the Mach

number. For a rnoncatomic gas (r = 5/3), when No - 0.5, i/k - 0.805

while when Mo M 1, 4/i4.. . 0.964.

It will next be shown that t'ie Mach number cannot be much less

than unity. In fact, for Mo / 1 we have from (.14) and (1.7), with

an accuracy limited by terMs containing Mo In the zero power --

1 i.; i.e., the state of vapor near body surface is close to

saturation. Let t. parameters-of saturated vapor be denoted by the

subscript *. Evalnating the ratio of the velocity at which the eva-

poration front is propartod to the speed of sound in saturated

vapor will give

This means that when the vapor is in a nearly saturated state,

the front of an expansion wave is p:,oragated at a speed which sub-

stantially exceeds the velocity of a shl£'.in, evaporation front.

The rarefaction waves will ra.ch the evapornting surface, lowerng

the speed of sound and simultanoously redutcing the Cas density

near the iurface. This in turn .11l roeluce the condlnsation rate

a., hoice both mass velocity :, d the ,',!Aeh niv'bar will increase.

It follows t- it should the ; %,,,% re.o,:h A stAte close to saturation

-6.



(as in the case where the vapor region is initially limite4), this

condition will soon be upset. If, on the other hand, the vapor

region is con'sistently bound b! a vacuum, the vapor will nev'r reach

a state close to saturation.

Qualitative considorations, along the same lines .a's those set

forth above, suggest that in -:eneral, near the body surface, the

velocity at which the f-ont of an expansion wave propagates cannot

materially exceed tha velocity of a shLifting evaporation front. Now,

since

- io,(t) P

it follows that for :o0 1

P -- io(l)

The M:ach au ibt-r is to',Co,,. zithor greater than unity or (for

Mo <l) is core to -uiLv. Conzcquontly, on the basis of (1.7) we

can ap-"6o:ite = i . T a ;unntion zev-rns all the more justified

since tAt :.-flnctlon fac'or r, ;i':Ich on~ors into A,, is determined

exproi-aIental'y, wI. -rl ac,'u * :.iy 8 ot e. caodlng *5% (Ref. 11).

In ."-,'.in 'p, -!?e c ,ncl-to t,' ihe thor.aal problem on the heat-

ing up of a body able to o; *.,oxate can be solvad i:.dopondently of

fetenilning hs :-as o !i, Isd is fo:-ulatd as follows. It is

re;'lred to fInd a t,. 'j ... f *eld within the body, by way of

nolvln,- t) hoat c-.'n ic LtvL; ,quntlon (1.1), under c ,iditions

oxks.A -. i 'oflg nnf i'c (~overn. 0.tindnr'y 7-(t)

,,. ,. o (1.8)

... . ,A;o 1 9



and under the initial condition

0 (X. o) =. (1.1o)

Here 0e is the value of function e@(x,t) on the surface..A dis-

tinctive feature of this nonlinear~problem stems frao t.e physical

fact that a substance is capable of evaporating under any condit- 1P

Ions but a different rate, which depends largely on the surface

temperature. The peculiarity here is that this surface "temperature*

9*(t) is not preassigned but must be determined, along with the

entire temperature field and the uWnown mobile boundary.

2. We shall next show that a unique solution iS actually possible

for the problem as formulated above. To this end a solution of (1.1)

(Ref. 12) in tie form of an integral is given. Under conditions

expressed in (1.8)-(1.10). it is written in the form

*

+t r 1... ; 4elg '.).io - ~q (S. ; xi1 T) O(T)d

where

2VauU- .1

is a fNnotion expressIng the effeot of an Instantaneous point souzee

for the equation of 'eat conductance (1.1). 'he solution of (1.1) as

given by (1.11) will be ut.ae if 9t) is specified for the bo-

dar as & singls-valj;) fuitction of t AI if the co,,Iesponding



ln'te;,ra1s actually exist. It follows that O. (t) is not necessarily

conju,,ated with Initlal ' ,', I~ons.

Let us co:.ider te .n,'r .;'ch aprear on the right-hand

side of (1.11). rhe integral

G ( A . ; . , ) , 0 ,i) .i ( ; O .) d -r,

is cont!nuous t-,ughout, V-8in L"e irne x (t), if the function

q is differentiable at all points, except perhaps the point t m O,

since in the nt~I-hsborhood .f this point it satl3fies the inequality

, q, "Ccons t - l. t

2

.n sncon; inIgrn in t ,t6-h, nd portLion of (1.11)

r:(.t (,t 0( 0,(* ) ( ---- dj.t (Idj

boco'.e di. ,'.nt!:nvus as :1 10c1.3 t'IS 1 ir. x x 0o(t). --ere the

2 00
e7 tt)):

22

;7e s:u ll n e, , cu.:,Id,. t .- '.' t .- x - 0 - in (1.11). At the

ti,.tt) n 5 C, " i)'. I; i r) > It.,): W (,t). I) 1 - .

i f it' a- , :'',,' " t-.I n function eQ(t) rmlat-

in; t L I ' :1'., , , 1 f. -; ,.,, tlon

(1.13)

-9-



Since G(xt).:' ft ) and aa z.@): ; &M T1at I: t acquire a singa a-

rity of the for It follows that when q(t;O*) has the for&

r-e(/.- where g(t;0@) is evervhere a continuous function of

its arguments, the system (1.12), (1.13) has a unique continuous

solution. For a sufficiently small value of to this solution can be

found by the method of successive approximations. It Is concluded

directly that a solution of (1.1) exists and is unique, under con-

ditions specified by (i.8)-(U.10).

The same thIn, can be demonstrated for a body of finite thick-

nose. The value G in this case must be replaced by the Green's

function corresponding to the boundar7 conditions on the underside

of a plato.

3. We shall now consider an exact solution of the problem, for

an elementary case. Let us solve a reverse problem, assuming that a

constant temperature O0 = const. Is established instantaneously on

the body surface. This corresponds to a heat flow q, which will be

deteromined. When the temperature of a surface Is constants the

velocity of Its translation In a space zo(t) Is likewise a know

constant. Substituting the app:oprlate values of So -and zo(t) Int9

(1.12), we obtain

From (1.14), by use of operational calculus, a function V*(t;**)

is derIved, ohao'atorisin6 a heat flow penetrating the bOed 1

-10- 1
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The magnituide of the heat flow q can now be determined fron

(1.9).

In the ca'se where no evaporation takes place, x'e(t)--bmO , and !A

obtain the familiar formula based on the theory of heat conductance

.-1 a. which in our case holds for sufficiently small values o

t. When t --P oo, a constant heat flow directed into the body becon-

es stabilized:

It will be noted that the same formula can be derived directly

*from the equation of heat conductance (1.1), if the solution Is

sought in the form of. a heat wave propagating at a uniform speed

(x,1) -I(y) , where

We then have

Hence,

& U

For u=O(x . ()t this expression is identical with (1.16).

Thus, for the case where t . oo, the particular solution under

consideration Goes over asymptotically into a solution based on a

heat wave propa~atinq at uniforu speed. As soon from (1.15), the

rate at which this ther~nal process approaches a steady state 1

determined by the ma-nitude of parameter

The velocity of the shifting evaporation front Is low, as a

rule, and the thermal diffujivity )% is of the order of unity (1a

the 005 systems). Therefore the value of the parameter VS- is small.

-110



However, sinee the time required for the establishment of a quasi-

stationary process such as a heat wave Is of the order 1/b, the

time period involved may be quite large (by oommi, son with the

characteristic tim.).

Il. EVatoration into an ambient space fied with gas

at some distane from the body S

1. Lot a solid half-space, as in Section I, Occupy initially a

region x <O. while the region x>0 is filled with a gas. It Is

further assumed that evaporation of the substance from the body

surface, due to absorption of radiant energy, sets in, beginning

at t = 0. The state of a gas mtxturo, it will be rem mbered, is

determined principally by the processes of molecule transfer (such

as viscoSity, heat conductance and diffuslon). In accordance with

this basic concept, we shall neglect the derivatives of pressure la

the Navieyr-Stokes and energy equations. Whis is a coma assumption

in the theory of a#- bustion (both steady state and non-stoeady state

processes) (Ref. 1t.). Unlike the processes considered in this vork,

combustion involves a chemical reaction. Ne shall further neglect

both thermal and barle diffusion, as well as the heat flux and its

dissipation resulting fx4u diff solon. The gas parameters can naw be

determined from a svstem of differential equations

(2.1)a* Ar 0 a

-12
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where a is the mass concentration of vapor. System (2.1) must be

solved Jointly with the equation for beat propagation In a solid

body o

M (2.2)

under the specific conditions Omass, concentration and energ

conservation. The solution is derived for the resulting relation-

ships on the evaporating surfsae:

r -(2.3)

Subscript 0 refers to gas parameters near the surface; subscript

1, to values characterizing the solid body. Conditions on the eva-

porating surface x = xo(t) are exprezsed by (2.3). To this system

two more equations must be added, which describe a thurnodynmle

eoullibriua between the solid body and Its vapor:

x = ,(0..,- To. to,- .'(r,}.. ;

where ** is the concentration of saturated vapor at a temperature

To. At infinity we shall prescribe the following conditions:

+ a-.O, c-o. PP. T-T..
,. a** 71. T o, (2.5)

The initial conditions will be:

l .., .. -. * v- p-pt r T- 4 0, T, -*T ,(4 (2 .6 )

In place of x a new indeoeneent variable - the Lagrange coord-

hate - is introduced: i +-m(Q .Pdj

f.13-



I. Simultaneous determination of temperatures and concentrations

dr-i T g...

di. AWS

1t0, T=T(X4 C=0. T"-T4x, ).
a

I. Determination of velocity and density

do. s, _-L ,

4=. UMO. P Pm

The subsequent d1scussion will be concerned in the main with

the fields of temperatures and concentrations.

2. To *It* one example of an exact solution of the problem. lot

us assume that at the initial moment a half-space z>O is tilled

with San whose temperature Is unifozu throughout. The temperature

of the solid body is likewise uniform everMWhere:

Startirg from t = 0 the solid body keeps evaporating, eitbe

because it Is acted upon by a radiation flux equivalent to a heat

flow of the form

-15o
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(Q 0 possibly depends on surface temperature), or because of

mere interaction with the gas, since the body and the gas had diffe-

rent initial temperature.

From considerations of similarity it is concluded that the

solution of problem. I must depend on a single dimensionrjO&Vr-

able aIt- Va:

T =T.(T--T,.)O(a). T, =T,.+t(T.-T,0,(,. c-€(=).

The movement of the boundary is proportional to Vt

- ,") i4 = -.1!6 (, 4C 0).

Assuming so, 90, c o to be 1known, we shall find for functions

e(z), az) (s) expressions which will satisfy the originsl squat-

Ions, the initial conditions and the conditions of infinity:

2Y1/

* •. 

..krr :- e ----

where

erk n--X . -

Since fo' 1 --m ), e--.(re) , it follows that cq-ce.pj, T he •

remainilnC unknown values s, 00 are deteritined fron relationships

wxpressing the laws of enery and component conservation. These, in

ou- case, have the forn

(2.8)0 e( (2e9).5-.- - €

-16-



where

L* is the heat of evaporation at T -T O0 .

We shall now transform the system .(2.8 ). (2.9)t introducing

notations

w(,.) (-- - e- In erc - .

We then have

Considerin that the specific heat of the body G1 and that of the

vapor ep are constant, the dependenoe of the heat of evaporation on

temperature will be linear:

L (r.) .L. + c, -- (r. O- r,..

Consequently,

+ -. + ! .- T. (2.10)

By use of (2.10), equation (2.8) can be rewritten in the to=

If q Is assumed indepondent of surface tempo1arte (Q = const.),

the ststen of two transcendental eeuatioms (2.9), (2.11) will be

reduced to a single equation which, on lettiS I.-u k *an be

*-1?-



be written as

y(I er ) = .- e s-- r- .

sinceertc(-)=l+ery. . This equation has a solution, which is

unique.

We can now solve problem II, which involves the distribution of

velocity u(r1, t) and of density. A solution is found in the fol

I qt p(q.1)p(

Calculation yields

where (zo )is determined by substituting u. and into the condit-
0

ion of mass conservation (p.%e=i) . We obtain

c(z. -•

Pemt + a"

The problem under consideration, it will be noted, remains self-

similar also for the case of an arbitrary dependence of AtA 9 D on

temperature and concuntration.

3. Problem I is a relatively complex nonlinaar problem# hence an

exact solution of it can apparently be found only for some portion-

lar cases. The aboye self-similar problem is the simplest of these

cases. When the equations are of the same type as the equation for

heat conductance, it Is often possible to obtain another, quite

siple yet rather interesting, solution, based on a wave propagating

at uniform speed. 'We cannot however consider her the ease of a wave

-18-



propagating in one direction only, since a solution of equations in

this form will not satisfy all the boundary conditions involved.

Inasmuch as deriving an exact solution under arbitrary initial and

boundary conditions presents a highly complicated problem, we pro-

pose ja!mpthod for arriving at an approximate solution. Me shall

transpose the boundary conditions for the case of q ro(t) to the

line t !!O. Froblem I, considerably simplified thanks to this assum-

ption, can be formulated as shown below:

0.< . .R
0..-0.. ,, <,n.<0

-- 10. T.. .,,a

I Ae
=0. T T (x. 0), c .O TA -T , 04 O).

The oditionit(1) =- -- serves to deterialne te law governing

the shifting of the bounary, after the fields of temperature and

concentrations hove boon defined. We are nowa ready to solve oar

problem. Let us denote by gp(q.f;&V) the Green runction of the first

boundary prcblem in the beat conductance equation, where .0 Is the

coeffioient at the second derivative with respeot to q for the half-

line it> 0:

Punotions 5r(q., V.v). g,(rt. ,c) are obtained from g(qg g, by

substituting I 1 and d for . . Assuming the surface temperature

T(OQus-T., to be known, we shall obtain for the fustiona



T(h tL c(0i. 1). T(. t) expressions

T 7. 0) (4 1 Or (VI 1; O, 1

Trii) = gT(Y. O)g9 (,1; v.O)du'+ 1T.(g) , di (2.12)

C (. CS o,1 di , .vc~n. ) = [ ¢,(2-.13)

T (' t) = 5 r ,(u. o )g ( 1.1; T I;-O v . (2.S r) U"

where c.=c.(T.) . 'The surface temperature T o(t) is deterained fron

the condition expressing the heat balance at the boundary. We shall

write it in the fo.-a integrated with respect to time t:

*qc )*IPA dg. ~ (2.15)

The integral on the left-hnnd side of (2.15) can be rewritten In

the form

S i -

where, at the first apnroximation,

L"

Mie shall now set up the partial derivatives of functionS

t( '1(q%.T5 ( w with respect to 11. 'hece functions are deter-

ilned from eq. (?.12)-(2.!!,). We s!,**.! Integrate the" with respect

to t, and shall obt an at the limit, for -0

Iim5 ) =8 ~ dg4-T.v- -* (2.17)A - - 44" dy% r"t

7! S ""):" " "
* ... o .Y. ")

.1

* +5T- di (2.1w)

-20-
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Substituting (2.17)-(2.19) into (2.15), we obtain by use of

(2.16) an Abel equation exprossing the function

+(.=(P jx) T.)+Vicr:

and thus arrive at the following equation for det~4 W.nrjng surface

temperature

Fdw (2.20)

where

q (t; TO) + ).,pS 0,(y. o) I d.O)d

ago (y (0. dg-
)Fp S f (Y. 0)dy.

If thie value of the heat flux does not depend on surface tempe-

rature, then F is a function of time alone, and formula (2.20)

gives an implicit expression for surface temperature. r
Institute of Mechanics Received
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