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ABSTRACT

The laminar wake of a re-entry vehicle is simulated by o system
of cylindrical plasma shells. The radar cross-section per unit length is
found, taking into account the energy lusses due to collisions. Numerical

results await completion of 4 computer program,
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INTRODUCTION

It has been observed that a radar echo is received from the wake of
a vehicle upon re-cntry into the atmosphere, and that this echo represcents
a considerable enhancement of the total radar return from the re-entry
event, The purpose of this paper is to provide a theory which, under
certain conditions, will predict the return from such a wake,

The laminur wake is assunied to be of such form that it can be
simulated by cylindrical shells concentric about the axis of the vehicle,
each shell being a homogeneous, isotropic medium, The media are
assumed to be weakly ionized plasmas containing no true charge; i, e, ,
the net charge in any finite volume is zero. A complex permittivity is
expressed in terms of plasma, collision and excitation frequencies in
order that a symmetrical wave equation may be used to describe the
electromagnetic fields, Initially, a plane wave of arbitrary orientation
with respect to the wake, is assumed to be incident un the outer shell.
Complexity of the equations requires that only normal incidence be
considered at this writing. Solutions for the fields in the shells are
found, and the resulting scattered wave is found by matching the fields at
the various boundaries., Once the scattered field is determined at the
surface of the outer shell, the field at an arbitrary observation point
may be found by using the Kirchhoff-Huygens principle for vector waves

as derived by Stratton (8). The radar crosse-section is then calculated.



ANALYSIS

The fields in the various regions must satisfy Maxwell's equations.

VXE = - ;—f—- (1)
vxH = J + '-;—g- | (2)
v.-D=¢ (3)
v-B=o (4)

The constitutive equations are:
D= eE (5)
B=pH (6)

J=of (7)
Since we have assumed constant permittivity, charge-free regions,

V’E=o (8)

Assuming an exp. (jwt) time dependence for the field vector, (2) may be

written

VXH= (v- +Ju¢)§ - J‘d(.(‘,f"_:..)?
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where €708 the comples permittivity ol the regron, It may be expressed as

2 2 /
e - [,- et .f*f.,ﬁe*_] ‘. )
Y2 a* v + wz

where wp is the plasma frequency, ¥ s the collision frequency and @, the
eacitation lrequency (). Then

vx H = Jwe'Z (v

From (1), (6), and (10), we write

vaxE:-J’w/tvxﬂ: e u £

V(V-E)-VE = €uf

: 2 ¢ 2 )
Faotting & € @ = K trom (8), we may write

an

Using the same method, it inay be shown that

ViH + Kl - ¢ 02
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With the assumed time dependence, the square root of K2 must be extracted
such that the sign of the imaginary part is negative. The Laplacian of a
vector is defined to be the sum of the Laplacian's of the rectangular com-

ponents of the vector., Therefore, either (11) or (12) may be written

2 a
Zed(v Yy + K )=0
o
where & =x, y, 2z and iu is a unit vector. Due to the orthogonal proper-

ties of the components, each scalar component must satisfy the equation

independently so that

2 a
v + K =
A Y =0 (13)
In a transformation of co-ordinates from rectangular to cylindrical,
the 2z component is unaffected. Therefore, a solution of (13) is a solution
for the z component of the E or H field in cylindrical co-ordinates. In

cylindrical co-ordinates (13) becomes

2 2 2
Ll PR L P s X 5 BT TR
ar r 9r r 9o 92t (14)

The variables may be separated so that
¢ = Q(6) R(r)T (=)

is a solution of {(14). The equation is then satisfied for

jn®
Q(e) = e neO0tl 22,.... s



R(r) = 2, (r (WW*) (16)

~jh= (7

TG) = e

where 7 (r KZ - hz) is a solution of the Bessel equation and his an arbitrary

coungtant,
The following are particular solutions of the Bessel cquation, and
>
their important characteristics (2). The symbul/ will represent \’ K% - n?

I.

LS G (AT

m! (n+m)! 4
mo (1 8)

If nis replaced by -noan (16), the cquation s analtered and U (Ar) i alno
a solution, However, for integral n, the two solutions are not linearly
independent, J“(,‘r) and J_ | (ﬂr) dare known as Besse! functions of the
first kind. They are the only solutions of (16), whict remain finite for
r=0,

1L

”n(/')a ! [J" (,’,)603 nnr J,, (Ki')]

sinnw

This iz known as a Neumann tunction or Bessel tunction of the scoond kind,
For integral n, this function becomes imdeterminate but may be evaluated b,

L.'"Hospital's rule.
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The Bessel functions of the first and second kind converge for all
values of the argument, real or complex, except as noted at the origin,
However, for large arguments the convergence is slow and asymptotic
forms must be used.

111,

H (Br)m Ty (Br) + i Ny (4r) (19)

H® (8r) = 3, (4) - j My (&) @0)

These functions are known as Hankel functions of the first and second
kind respectively. These functions vanish at infinity. With the assumed

(2)

time dependence exp (jot), Hn(l)(/r) and H;, ' (fr) describe waves
traveling radially inward and outward respectively.

Consider a set of three concentric cylinders, the outer cylinder
bounded by infinity (Figure 1). The wave functions for the three regions

1
may now be determined, Region I contains the origin and thus Zn (p r) must

be a Bessel function of the first kind,

.Px - a, ‘-Ju..’" (/z')‘.,n n

Region II will contain waves transmitted from Region III and waves reflected
from the surface at Region 1. Therefore, a combination of Hankel functions

of the first and second kind is appropriate,

= [ baw (8%) ¢ & 10 (") e‘*“.v'*-] @2
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Region HI contains o ancident wave yet to be specified and a scattered wave
described by a Hankel function of the second kind since the wave is traveling
radially outward and must vanish at infinity.

oyt dy U, () e
All wave functions will be understood to have a time dependence exp, {(ja).

Now consider a plane wave incident upon the boundary between regions

Il and IIl. ‘The wave is described by E, exp. -j(R * R - @t) where K is the
prupagalioh vector and R the vector to q point of observation (Figure ).
E , is the amplitude of the wave.  The propagation vector may be written

in the rectangular components

/(‘ = Ksin§eos & ()
k)f = Ksind sin L4 (h) (>3
/(z = K eos § ()

s0 that Eo exp. (-jE . i) 18 a solution of (113),
Now

e-J E.E-: e-JKsm‘(lcos‘ + ya-‘n!)e -y Ne cosd

= e -jiMrsin€ eos (0-8)

where r. 0, and 2z are cylindrical cocordinates. This may be expanded into

cylindrical wave functions {1) such that

‘Pn" = EOJ‘”JQ (KfSan‘)eV"ev”lcn‘

R W e T VT VU

L oE
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The wave function for region III may now be written as the sum of the
incident and the scattered wave,

Q/Im". = Eo J—”e_-""‘ J, (Krsin§) e-JK‘“"

fdy KD (p ) eV oy

From (21), (22), and (24), the separation constant h may be inferred to

be the z component of the propagation vector and since this is o rectangular

component,
h = Kz = /(casf
Then

/: /l'z—/l’ = /\’sinf
(25)

This solution for h satisfies boundary conditions tu be imposed on
the fields, but at the same time it limits the aspect angle such that {0
for if § is allowed to become zero.cpn and |fu'l are not finite,

A more general solution for h must describe the propagation of energyv
along the z axis of the cylinders, As in the case of circular waveguides,
various modes of propagation are possible and an infinite number of solu-
tions of the propagation constant exist (4). If a plan: wave is incident
normal to the surface of the cylinder, no energy is propagated along the z
axis, and (25) is an exact solution for h, The remaining discussion will

be confined to this case.



The incident field may now be considered to be a superposition
of two livlds, the first having an E vector parallel to the z axis with its
aasociatca H field normal to z and the second having an E vector normal
to z with H parallel to the axis. Then 4) is a solution for E in the first
case, and a solution for H in the second., The remaining components
may then be found from Maxwell's equations,

Since 4’ describes the z component of the fields and tangentiul
components must be continuous at a4 boundary, then the wave functions
may be equated at their respective boundaries.

Let the incident field have amplitude E,o and be polarized parallel

to the 2 axis. Then

‘4";-’ Ezoi J-"¢v”’ Jn (ﬂn'}

nNe -
where
ar 3 w
/d = K = \lw 50/“0 = —c‘
for
h= Keos§=0
From (1),
! 7€z

® " Jom 2r

Now equate the z components of F. and the @ components of H at the

boundaries represented by * and r,.

10
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From (28) and (29)

C',, =- Apb,
wherc
H (/rla’r[Jn(/‘? ] J(,Jr);d‘ //n (g’,,)]
n /'/nmCé’ v,) dr [J,, (/6 ] \fn(ﬂ ')dr [ n(’) (/;‘zr,)] (30)

Substituting for C_ in (26) and (27),

E, s (B%r)+dy 4,2 (4% r,) = b, [”n(')(ﬂla )- Aty ("% )

Ei” A0 8™, dy -’-[// @3]

by {z«‘% A A A >]}

1t



then

B # [ (87)] - B (7))

I = By Hy P (B 1) By g [P (47 7)) oy

where

Bn = ”n (/)(/({Irz> . An Hn(Z)(ﬂ[rz) (32)

B, = £["#%)]- A & W74 70))] "

It is more convenient 1o express the derivative with respect to r of the

Bessel functions as the derivative with respect to the argument,

Thus,

’jd',zn (/”’) = /6, jdz;;l_r} Z, (/r)

Henceforth, d(/{fr.) will be written d(/r /. (,Jr) hn (",',\,
Now
y G (87r) - 8 In (8 0)

" B Y iy T Ty

where

B, = Hnm (4 I’z) - An Hn(’) 04 t’a.) (35)

B,

- A (5% (o

12
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(37)

The fields in region Il for the parallel polarization case are now completely

defined.

Eoa by e[ (4 )t dy D (470)] o0

Na-a

i
i
1
!

o [;—;; t. i J'"e'“"e[fnl(/lrrz) + dy H,,("‘){ﬂ'rz)] (39)

where :z and :g are unit vectors,

The Kirchhoff-Huygens principle states that if the value of 4 scala
field quantity is known at every point on any cluosed surface surrounding a
source-free region, each unit of surface can be considered as o radiating
source, and the total field at any interior point is given by integrating the
contributions ot all the individual elements over the surface. I'he extension
of this principle to cover vector waves is given by Stratton (5) in section
8.14. We consider the field at an interior point (P) of a volume bounded
by the cylinder and infinity.

The clectric field at P is given by

. #i jon(AxH)p-(AxE)x v - (4-E) 9 de 40)

where n is a unit vector normal to the surface and the field quantities in

13



the integrand are those just inside the surface enclosing the volume. Since
the fields vanish at infinity, the quantities in the integrand are defined by
equations (38) and (39) if r is replaced by r, Phi is the Green's function

for free space defined by:

- KR
e"x

b S

where R' is the distance from a point on the surface to the point P,

For large R', relative to the wake length the gradient may be

written .
_ Ke v AR
R

and the 1/R' attenuation factor may be approximated by l/Ro. where
R, is the normal distance from the cylinder axis to the point P. However.

a more exact value is necessary for the phase factor and this will be

R'= R, + r,cos0

The Ro in the phase factor may be neglected since it is cunstant, The

Green's function and its gradient are now defined by

—14

_ 1 _-jKrgcose
=7

- _J'KrzCOSO
VP =-NouK Ro

The geometry is illustrated in Figure 2. Replacing the vector quantities

by the appropriate scalars, equation (40) may now be written:

14
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S . JKryeos & -jKrg o3 &
E_. 2 -0 ( ( JWH € HG + J/\/e, easéfz Qd&a’z

o

where £ is the length of the cylinder.,

rKl

z = A//rﬁ? a0 2 -n[Jn’(/!y"z)*dn //0(2)1(,3”"2)][{sznelz'JKr‘aasede]
n

E. =

PR L

‘) nKL £ }"J-n[Jn (/é’ﬂrz)fd,, //,,(2)(/5 ur’)J[S:;’.J,.ee-,mzco,a (3_ ;‘e )d&]

1)

The antegrals in (41) arc the integral representations ol Bessel functions,

P2 4

Zry M (Kry) f L8 VKR O 4y ()

N ner)
27 [0, 00 0O, (0

I‘: _Jﬁr‘_¢059(¢_‘,(n-lj‘f e-,;("")ﬁ) d6 {44

-
-

(-4

Substituting (42) and (43), (41) becomes

s e b § & QOO [T (7o) (8 A7) 19

15
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Phe function in brackets is the Wrounskian of the Bessel functions (2) and

15 given by

T, (8 0 ),

(z),

(B™)- B B W) = S,

Therefore,

Ez ’ ‘& EZoZ (”)”ﬂ(n (44)

When the incident ficld is polarized transverse tu the z axis, the

same method is used to calvulate the magnetic field which is given hy:

A |
/fz = —7;;0 //zo Z(")nem (45)
n
where
A%y 0 (8% ) b0 Sy (A7)
T E M) A 4, (87, e}
En - /_/”(r)(/gzlrz)_ D (2)(/ rz) (47
En, _ /Jm // M’(ﬂl ) //(z) (/ ) (48)

17
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A Th(8%n) T (87) - B 08 %) T (87)

e T (19)

/5 H(Z)(gl (/d ) /3 //”(2)/(/5 )J (jlf)

The H field 1s then found at P by

Yo ;";!';ng(ﬁxE)¢~(ﬁx//—)xV¢ (A-H) v §]

where all quantities are as previously defined.

For arbitrary polarization, the amplitudes ot the incident ficlds b

70
and Hy, arc related by the polarization angle.
The radar cross-section oy is defined by
>R
4 2 L
o, = 4 R A—/Y (““)

where the N's are time averaged, received and transmitted Poynting vectors
and R is the distance to the target, and equal to R“. Since N is proportional

to the squarce of the fields, we may write

A2 z
o = 4w RA|E| - 47 R? f//

1 4

For parallel polarization (50) becomes

o Y (0"l
n

1R
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For transversc polarization (50) beconies
LRI
( en
n

The solution to equations (51) and (52) has becen programmed for the

IBM 7090 computer, The initial input data are determined as accurately
as possible from (low ficld analysis (7). These datia are then automatically
mcremented to cover all values assumed to exist an o lanunar wahe,  Phe
totlowing method 1s used to obtain the data,

1.  An arbitrary value, near unity, is assumed for the ratic, &J/al/
in the inner cylinder,

2. The largest radius for which condition one holds 1 determmned
from flow field calculations and becoes £y

3. The rwhius ), s determined from flow field calcalation-
such that 0/(0,1 is equal to two at the outer boundary,

4,  The complex permittivities for regions one and two are averages
of the values found between the boundaries.

5. The complex arguments of the Bessel functions are incremented
sy stematically by incrementing the modulus and the argument,

An attempt is being made 1o keep the increments small enough to
observe resonances ond yet vary the parianeters sufficiently to cover all
possible situations,  Results of these computations vill be reported at o

tater date,
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