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~~ABISTR'HACTe
The laminar wake of a re-entry vehicle is simulated by ., sy stein

of cylindrical plasma shells. The radar cross-.section per unlit leniigth is

found, takintg into .ccount the energy losses dLut to collisio('is. Num rerical]

results await completion of a conputer prograi.
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I LIST OF SYMBOLS

I Al Coefficient as defined within

I a, Arbitrary constant

B Magnetic induction vector

B n, Coefficient as defined within

Bn' Coefficient as defined within

bn  Arbitrary constant

° c n  Arbitrary constant

D Electric displacement vector

dn  Arbitrary constant

Sd n  Arbitrary constant

T E Electric field intensity

H Magnetic field intensity

Hn (i)(r) liankel function of the first kiiid

Hn (2) (r) Ilankel function of the second kind

h Separation constant

i(super- Incident field
script)

J" Current density

J n Vr) Bessel Function of the first kind

K Propagation vector

i'



ILength of section of cylinder

I Nt (r) Bes sel function of the second kind

I Nr Time average of radial component of Poynting Vector

ni Separation constant

R Vector from origin to arbitrary observation point on cylinder

-R Distance from axis of cylinder to point of reception

III Distance from point of surface of integration to point of
reception

r Cylindrit. al to-ordinate

s(duper- Scattered field
script)

x Rectangular co-ordinate

V Rectangular co-ordinate

z Rectangular and cylindrical co-ordinate

I Polarization atgh.

Spherical polar Angle

I E Permittivity

I Co Permittivity of free space

Er I6 r z - Relative permittivity

I6 Complex permittivity

Spherical pmlar angle

0 Cylindrical co-ordinate



Permeability

Collision frequency

e Charge density

o" Conductivity

icr r  Radar cross-section

# Scalar Green's function

Scalar wave function

I. W Excitation frequency

I ,Plasma frequency

11, II I11 Superscripts referring to cylindrical shell regions
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INTROI)t( ;TON

It has been oibserved that it radar echo is received frotii the wake of

Sa vehicle upon re-entry into the atmosphere, and that this echo represents

a considerable enhancement of tht. total radar return from the re-entry

event. The purpose of this paper is to provide it theory which, under

Jcertain conditions, will predict the return from such i wake.

The laminar wake is assuived to be of such form that it can be

simulated by cylindrical shells concentric about the axis of the vehicle,

each shell being a homogeneous, isotropic medium. rhe media are

assumed to be weakly ionized plasmas containing no true charge; i. e.,

the net charge in any finite volume is zero. A complex permittvity ib

1 expressed in terms of plasma, collision and excitation frequencies in

order that a symmetrical wave equation may be used to describe the

I electromagnetic fields. Initially, a plane wave of arbitrary orientation

with respect to the wake, is assumed to be incident on the outer shell.

Complexity of the equations requires that only normal incidence be

considered at this writing. Solutions for the fields in the shells are

Ifound, and the resulting scattered wave is found by matching the fields at

the various boondaries. Once the scattered field is determined .t the

Isurface of the outer shell, the field at an arbitrary observation point

may be found by using the Kirchhoff-Ituygeeus principle for vector waves

as derived by Strati'on (5). rhe riod.r cross-section is then calcmldted.!
!



ANALYSIS

Tie fields in the various regions must satisfy Maxwell's equations.

VxE -

2 D (2)
Ot

I v.D E (3)

IV 01 = (4)

I
The constitutive equations are:

I (5)

I (6)

I (7)

Since we have assumed constant permittivity, charge-free regions.

V E . o (8)

Assuming an exp. Oct) time dependence for the field vector, (2) may be

written

I W joa) jai (G)
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W 114 ro

WIc t '~ is tit. Ioliple Ipt-l-mittivity til' thet regmtik. It ini lic vxprusst ( as

whii-. jpis thu plasmae. frt~picoicy. v as the collision~ frie.-ticy and to ti.

)~it at it I re(ucv.I It kv ('4

I. a.eae(I 0 (). ami (10t)., w write

I V xg = v x P- T

Iv(v. i)-. V'T W E"

I .0fIili e4 E.,S K lr., (h)4. we ay write

2__ 2-I V 1! + X 0 (I

I I Iiit'. 111t. sagm ve 111I4.141I it 111.1y, lic miowil tha

v VH K// +~ K 6I



With the assumed time dependence, the square root of K 2 must be extracted

such that the sign of the imaginary part is negative. The Laplacian of a

t vector is defined to be the sum of the Laplacian's of the rectangular cor-

ponents of the vector. Therefore, either (11) or (12) may be written

I where oX f x. y, z and -4 is a unit vector. Due to the orthogonal proper-

ties of the components, each scalar component must satisfy the equation

Iindependently so that

I (13)

In a transformation of co-ordinates from rectangular to cylindrical.

the z component is unaffected. Therefore, a solution of (1 3) is a solution

I for the z component of the E or H field in cylindrical co-ordinates. In

g cylindrical co-ordinates (1 3) becomes

$NO + - + ._. , . + K 2 =o (

r ar r r * soI za(4

I The variables may be separated so that

#= 0(e) R(r)T(z)

is a solution of (14). The equation is then satisfied for!

- o I , .... (,5)



T(s) e(I)

where I n (r jK2 - h2 ) is i solutiun of the: l~tasst, ecl.ttiultl ind i I is il ivrjitr.Iry

i : ctmn stanlt.

The following ire particular solutio)ns of the es .el cuatitlun, amlI
their important characleristics (Z). Tht, symbill / will rL.irti~a Jt K - h1

T .

n (,r) = m ! (a+m jI (kn*z

If n in replaced by -=ni (16). lte eqiaatiul o kiii.i ltcred and .J_ (4r) i .

a solution. llowvwe.r fur itntegral ii, the two soiltltilis arv mlt lilt'I.rl

independent. Jn(,Ir) and J., (dr) aire. knitw..i as Iltemsl I..tio, of the-

first kind. They are thi. mil, .4oltiions i (U)). wli. I r.i,,.ain (ni, tt.tor

r a 0.

III

I
This in known as it Nemtaniii tinIctiot or ltt'ssIml lunt Iili iii th. i td kil.

I For integral i, this functiuui I.t uitls Iidetrrmluinate lilit ma. 1.1, tI.'ittd 1),

L'Ilospitail's rule.

I
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The Bessel functions of the first and second kind converge for all

values of the argument, real or complex, except as noted at the origin.

However, for large arguments the convergence is slow and asymptotic

forms must be used.

IIII.

SHr (')" ( 4  r) + j ( (19)

I ~~~ 1 '  ,. (Or (, (,0)

These functions are known as Hankel functions of the first and second

kind respectively. These functions vanish at infinity. With the assumed

time dependence exp Oit). Hn(1) (/r) and Hn (r) describe waves

traveling radially inward and outward respectively.

Consider a set of three concentric cylinders, the outer cylinder

bounded by infinity (Figure I). The wave functions for the three regions

may now be determined. Region I contains the origin and thus Z, (A r) must

be a Bessel function of the first kind.

I Region 11 will contain waves transmitted from Region IIU and waves reflected

from the surface at Region 1. Therefore, a combination of Hankel functions

of the first and second kind is appropriate.

I
t ~~ ~ ~ ~ ~ J 1'z[AHcI ,')* ,/()g6). A.~

+t.# 0 r1(2



Region III coitain, ,ii acident wave yet to be specified and a scaltered wave

described by a ilankel function of the second kind since the wave is trav ling

radially outward and must vanish at infinity.

I All wave functions will hi- understood to have a timt, dependence txp. (joi).

Now consider a plane wave incidiit upon the boundary et well r(-i. i'S

II and III. The wave is described by F. exp. -j(K ' R - &)t) wher. K is ltit

propagation vector and R the vector to a point of observation (Figtire I).

E ° is the amplitude of the wave. The proplagation vector iy hv wrift i

-- aIn the rectangular conpoients

I ~K k~ e,n3 ('4c)~1IK

I so that F0 exp. (-j K • R) as ia solution of (I I).

I Now

I where r. 0, and z ar cylindrical co-ordinates. This nsay he expanded Otto

I cylindrical wave functions (I) umuch that

L
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'rte wave function for region II may now be written as the sum of the

incident and the scattered wave.

i -Al -in aI S) z o

I+ d, nt2(," f r )' -,j " A "0

From (ZI), (ZZ), and (Z4). the separation constant It mnay he inferred to

be the z component of the propagation vector and since this is A rectangular

component,

Then

/ = IF- s,,

This solution for h satisfies boundary conditions to be imposed oil

the fields, but at the base time it limits the aspect angle such that ( > 0

I for if f is allowed to become zero, 40 I and l l are not finite.

A more general solution for h must describe the propagation of eliergv

along the z axis of the cylinder@. As in the case of circular waveguides,

various modes of propagation are possible and an infinite number of solu-

tions of the propagation constant exist (4). If a plant wave is incident

normal to the surface of the cylinder, no energy is p:opagated along the z

jaxis, and (ZS) is an exact solution for I. The remaining discussion will

be confined to this case.

9



The iitident field may now be considered to be a superpousition

of two lields, the first having an E vector parallel to the z axis with its

associated It field normal to z and the second having an E vector noritl

I to z with It parallel to the axis. Then is a solution for E in the first

case, and a solution for It in the second. The remaining components

I may then be found from Maxwell's equations.

Since / describes the z component of the fields and tangential

components must be continuous at a boundary, then the wave functions

may be equated at their respective boundaries.

Let the incident field have amplitude Ez. and be polarized parallel

to the z axis. Then

l . I- - C

where

Ifor
I = K os =o

From (I),

cjdA r

I Now equate the z components of , and the O components of It at the

boundaries represented by r, and r Z .

10



n j - , + d,, d

I ~ j fn (dr~) n~ 7r, j. 4~d[vr

I From (28) and (29)

e7= - An (;r) (0

I Sutiitutiag for Cnin (26) and (L7).

z 4 , t [ n((, ,V

(,



thlen

where

B,, 1/, (d' - ,A I( -)/4~r)(3

I B;. A ..,,,<N,.*)(A)I
I

It is more convenie~nt o express the derivdtive with r&*sptct to r oif the.

l~~cBesel functions ab tlhe derivaitive with respe'ct to the dlrg4ument.

Thus,

Zn Ar. / L4 IT)Z 4,)

llencefoJrth, d(',.ir) will be written d('C/r) z-' (,r.r).. Z--n (,.

SNow

where

I B , ) v ) r

Z

4 jn -d r n n (9')
r A 807 #4 ,,whr

n 16 z Ang .0



A S //" (2, (I X' 'T

The fields in region III for the parallel polarization case are now completely

defined.

£OY Jz~ no 6 -4n dJr a) + dn Hn()(d r(38)

L (IsAC) (IC))
O- "je e "2O . J

where CZ and e are unit vectors.

The Kirchhoff-Huygens principle states that if the value 44 it scalal

field quantity is known at every point on any closed surface surrounding a

source-free region, each unit of surface can be considered .ts .a radiating

source, and the total field at any interior point is given by integrating tht

contributions ol all the individual elements over the surface. l'he exteitsion

of this principle to cover vector waves is given by Stratton (5) in sectioi

8. 14. We consider the field at an interior point (l) of a volume bounded

by the cylinder and infinity.

The electric field at P is given by

if p fl.~?)~ -(.E)~ ~(410)

where n is a unit vector normal to the surface and the field quantities in

13



the integrand are those just inside the surface enclosing the volume. Since

the fields vanish at infinity, the quantities in the integrand are defined by

equations (38) and (39) if r is replaced by r2 Phi is the Green's function

for free space defined by:

-) i K" K R"

where R' is the distance from a point on the surface to the point P.

For large RI, relative to the wake length the gradient may be

I written K /JKe "  ,(

I
and the I /R' attenuation factor may be approximated by I /R o . where

Ro is the normal distance from the cylinder axis to the point P. However.

a more exact value is necessary for the phase factor and this will be

R'R- Re + rz coi a

The Ro in the phase factor may be neglected since it is cunstant. The

Green's function and its gradient are now defined by

_J .-' "r, " - dos e  o

I

The geometry is illustrated in Figure Z. Replacing the vector quantities

Iby the appropriate scalars, equation (40) may now be written:

I

I



I[ - /r~ He -F e0t.1 49 z z ig[

where ib the length uf the cylinder.

"IKI7- Al rR o ,

(41)

T ht i ntcg r.I s in (4 1) .or,. I t i ltgrai re pre tit iit iunh of IIicti ,1 im.I
z -7l (xA',,es 0 4.

--- J-(X re d e o ( U !

I Z ? "do(,4(KrJ tTn,, (~r1)

Stabstitutinp (4~) and (41). (41) btecomnm

-. , -, i; [ ( g ', ) , / (#)/ b N - *'t ,A f' ,j)VoZt L ,:j]
Ex 2? zo d 4[n A #,

I
I
I
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Ji function in brackets is the Wronskiatn of the Bessel functions (2) and

I' givuli by

( U t), . ,ii Zr 2 ) -2

lhe~refore,I

Jn (44)

When the incident field is polarized transverse tu tht z axis, the

same uethod is used to c.elculatt the magnetic field which is given by:I

I wherer 
( ),'Em rx ( .) Z4 ,€,

I en( (46)

I
Alf (47)

I ~En' Hm //( 'r., //, (2 )','j '8

I

I

17



= .. .. (19),4 'y") (g'r,) J.' ( 2;,) - A' y,, ( )/' gff ) Jn (d',)

I

I ' li' I field is then found .it t1 Loy

I where all tuitnliles .are jai previous ly defied.

F'or arbitrary polarization, the ,amplitudes ot the ticident fiv'id s .U

and ij,, are rt'lLt'Ld by hlt. polirization angle.

I Thu radar (' r(u- sect ion o' is defined by

7r A/ 7~x~ ("o)

where the N'.; are tinme a.v.raged. rec eived and tranm iitted Poynti ig vetlors

aod R i. the. diot.,nt.v it t he target. and equal to It Si iev N it p)roporlito,,.l

to the squar of the f,,Ids, we may write

For iarA4lh.I pla;,rizalion (SO) i.-e,, ,es

r d

!n

f1
!P



.'ur traisve'rse pulariziatiua (50) becontts

711

'The sulutijun to equations (51) and (5!) has been prugramrci ni, d foir Ihc

I1IM 7090 c.ozmputer. The in itial input data are dete:rmic-d .- , ik(u ratl ciy

is possible trot flow ield atnalysib (7). ''it'l s data irt. ih.tti .i iii I'aIl

in-re citea d tio t ()vt r all vdlu b IbStullned tO CXist 11 I. tlailktiar walr':. i 'let

tuilowijig metluoid is used tu obtain the data.

1. Ant arbhitr.ary value. ea r unity, is assutiud li)r the r ii-, 

iI tihv inamer y iini(der.

h. laIa rgest raidius for whiuh condiLion on, hiolds is (idlt rli-iei-d

firo flow field c'alc uldti jl5 laoid becom ties r

3. 'he r at iliti r 2 is tete rin iid fron flow fie ld ,lcil.,t itw,-

Simi that &/4)p is e'qual tu two it lte ot.ter bounda r).

4. I'hlc cut'iplex perlmittivitie 4 for regions olit. '111d tmwo.' *t i a e\it L'.I'1 .

of he vilues fouitd between the boutndaries.

S. The comple x ar m 1utlnitnts if the lesse I funti,,s .re it ' i ti id

s) sttvm'atically by ticremilcntinl I hu muodulus and the iirgutlent.

g An attempt s being mat .de to kee l ) the increments small enulgli ti)

obs'rve rt' soances ind yet vary tie! par;mite r s sulfi-ielttlly ti i'itr aill

pi ssil' sitiation.4i. Results (ol Ihese com' pistations vill b., rejii)ort .t .i 1

i I lati'r dalte(.

I
!
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