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Application of the Similarity 'ethod to Investigate the Movements of

Powerful Beams of Charged Particles in High Voltage Electrostatic Fields.

by

A.K. Va]'ter; V. Ye. Firkel'shteyn

To solve a series of physical and technical problems we by necessity encounter

the problem of motion of a powerful beam of charged particles in a high voltage

electrostatic field. In this case, when it is neccessary to take into consider-

ation the effect of the space charge, as well as the statistical discrepancy of

initial velocities of particles, analytical calculation of the form of the beam

and dimensions of the spot, obtained when the beam strikes the target, is connected

with greater difficulties. Consequently an experimental solution of this problem

by means of experiments on similar low voltage models is of great interest.

To derive similarity criteria of the beams we will discuss at first a simi-

lar partial case, when the beam of partic~es satisfies ,:.e following condition:

1) the beam consists of identical particles;

2) the velocity of the particles appears to be a synonymous function of !he

coordinate i.e. through one point of space cannot pass particles, the velocities

or which differ in magnitude or direction;

3) the velocities of particles v connected with the field potentialy by the

ratio

~(i)

i.e.v - 0 at-0.

In this case the movement of the beam is described by three differential equa-

tions: Poisson equation, continuum equation and equation of motion of iarticles,

binding the values, describin. the system (field potential 7 , current density j
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and ort of the velocity vector of tne lcie v t ) and space coordinate (x,y,z)

4a , (2a)

"--7-yv ,
div(9 )- o.; (2b)

m- - I-. (2c)

Time is excluded from the equation of motion, because under the assumption made

the time derivative can be expressed through derivatives in accordance with space

coordinates

The system of these three equations together with boundary conditions (poten-

tials of electrodes, limiting the discussed space,Y=P (c) and current density

j - j (c) of the beam, included in this space), determines synonymously the move-

ment of the discus!7ed beam and the distribution of the field potential.

The system of equations (2) can be easily generalized for this im.portant case,ekcse

when the beam consists of particles with different specific charges mk, i.e. from

%arious components, which almost always take place for ion beams.

In this case equations of continuu. and motion should be written for each

component individually. Consequently, the system will consist of n + n * 1 -

2n + 1 equation (n - number of components) with 2n * 1 unknown 9 ; fl,...,jn;-

V, v Y, lVIA Y4'" 4,
d,,,(j., ----0; (4b)

(VWv)V) = -,Ll

(Ot = . 2. , (40

"embers with index k pertain to tre k-comPoent of the team. Term is sqare

parenthesis of eq',uation (4a) is '.he general s;ace charge of the beam.

In cases, when the ratio of current densities of various components is identical

in all points of output from tne source (tnis a3sumption if strictly valid in case,
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when the source has rIo ma,;lt'c feiC ,,:: : c!; ioxi'ately avlid ir. the case of

presence of magnetic fields in the source) system (4) can be simplified considerably.

The fact is, the trajectories of particles in a stationary electric field, which

is established in the system, as is evident from equation (4c), does not depend
ek

upon mk . Consequently the current tubes of all components, coming out from section

qf the source, coincide. Thus, the current density ratio of the components ikv-
3e

Jk in all sections of one current tube is constant and equal to the value of this

ratis at the beginning of the tube, i.e. at the outlet from the source, and since

ike is identical in all points of output from the source, then it is evident, that

ike is identical in all points of space.

And so

ia (S. .Z)= (X .y.Z). (5)

where I -total current density of the beam, and ik-constant, not depending upon

the coordinate. As result of this system (3) corairs only three independent

variables Vk -k (k-arbitrary) and all the remaining ones are expressed by same.

We shall introduce a new variable j, proportional to the current density of the

complex beam

(6)
S

where m is a certain (sofar arbitrary) constant, having the dimension of a speci-

fic charge. The substitution of (5) and (6) in system (4) reduces the solution

of system 2n + 1 of the equations to a solution of a system of three equations

Ay - - .~ (7a)

div (,*) 0 0; (7b)

T-? (7c)

i.e. a system of equations, describing the complex beam, equivalent to the system,

describing a simple beam, consisting of rarticles with specikic charge M.

We shall now examine the c:,uc. -A:xr. into "Ie ivesti-:mted --;ice enter a hcam,con-

Fn'D-TT-63-514/1 12



are/
gisting of identical partic!:s, but for wiaich ti. cu r tions (2) and (3)/ not

fulfilled, i.e.throuh one point can ja:: prticlen, the velocities of which differ

in magitude and direction ans well. Let us break up this beam into a series of ccupo-
of

neat beams (cocponm ts) so that for each one /thm condition (2) is fulfilled indi-

vidually. It mn.ans that the velocities of i~rticles, belongini to one camponemtare

deterzined by equations

+ (t 0 + C) 0. C = cost. (is)
siynonymous/

whereby %, appears to be &lready a/ function of the coordinate. (single-

values function of coordinate).

The movement of such a beam can be described by a system of equations analogous

to system (4) 4 R j +, . __ _ -_

d r.-f~oDD 0(8b)01,= - CAJv-'i+; "C 4 --", (8,)

k = i,2o.., whee n - nu...br of co:,onmts. In case of a ccrilex beam the system

of equations (8) can be Ceneralized in the nc zxr'iwr as the Ceneralization of W1s-

ten (2). It will have the wery name forr as (8) .ut Jk will no longer be current

density of cmponnuts, but vnlues,dct'ie n-le by foniulas, analogous to '6)

bere fl 4 - current density of 1irticles with s;ocific chnrce e/m. and energy e(c

80 even/~* k).

To sclve sys-em (8) is very difficult, bvcau-e/ the metbod of breaking up

the beamn into individual cuiz~ponents my be found only after the rwoverent of particles

bean Is kai. However for or !O ;)on - to e::pLsin s--4l arity conditions - this is

of no vnlue. Laportant is o-il5 tic fact tYat the beam in Ccnf.nl case can be lezcribe

b, s-Atz- (8). even thou) it i unl-amn h'.: it fhold be broken down coponents.
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We will I miq(I ' , ir , y ;t em s accelerating electrodes,

in which similar beam!. of! arc moving (in first case particles with

e e
specific charge - , in the second - Z

ml m 2

In compatible points of similar systems

k, ;j .(I, = )/,)(9a)

the values of physical magnitudes are connected by ratios

-es - . ij. (9b, 9c, 9d)

whereby
j,. =3. (9e)

because the trajectories of particles are similar.

The values pertaining to the flis.t (el , rl , 9l' J1 Vol) as well as to them.-L

second (--. r , 2' -71) sy;tcm .hould satisfy the system of equation (2).m2 2

Consequently, substituting ir, (2) the values , '2 2 2 ; °
2 ) , expressed

I ma
through (- , Tf, Jl, °1) is pos;-iblc to obtain formulas, binding the similarity

T"2

constants. The substitution offers _"

SX0 - 0. (lOa)

(lOb)

(lOb) and (lOc) appear to be identical and do not give limiting conditions. But

equality (10a) offers a condition binding similarity constants

Condition (11) can be repie!ented iii form of a similarity criterion

e (12)

From the condition, binding the density of currents, is possible to obtain

a condition binding the currents of similar beams (2 and jl). Since j ds, then

! idm. (13)
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iquationF, it vjwa. shown, are equivalent

to equations, desctiiint i i, i ,. -ith ,pecific charge - and current

density

Values 1, i, are the very same as in (6).

Such a simple beam, apparently, is similar to a complex one, because in

similar points the potentials and velocity orts (crosscuts) of the particles are

identical and the current densities of the beams are directly proportional. In

general, the case is not only when the compositions of similar beams are

different, but also the dimensions and potentials of the electrode system, the

similarity condition appears to be the sole generalization of condition (1])

Ya!+ + i. (11a)€,,
Finally, when the beam is determined by the system of equations (8) the

system of equations will be invariant with respect to a similar transform (9) in

this and only in this case, when to each individual component of the beam will

correspond a similar individual beam, the current density of which is determined

by equation (11) ( or II a for the complex beam !

Since the movement of the bcdm i!. determined uniquely by the boundary

conditions then for the realization of beam sinilarity it is necessary and it is

sufficient, that the boundary conditions should be sufficient, i.e., that the

electrode accelerating systems, their potentials (coefficients of similarity Rand

L) and the functions of distribution of initial particle velocities (in magnitude

and direction) should be similar, whereby the initial energies of similar parU-

cles should pertain like E, and the current densities of similar beams in analogous

initial points as i = or (lad). Es pecially, if the distribution of initial velo-

cities of particles, included in the system, is described by the Maxwell distribu-

tion, corresponding to a temperature .T.
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If the emissivity of tjj sources can .e cor.!idered infinite and the current

intensity of beams is limited only by the space charge, then for the similarity

of beams is sufficient a similarity of the electrode system. Hence, among other

things, it follows, that all three Child-Lanmuir formulas can be obtained with

an accuracy to constant multiple from (12).

Equation (12) is valid not only for nonrelativistic particles, which we are

considering here, but also for relativistic. But in the latter case in addition

to similarity criteria (12) should also be fulfilled the criterion

Pidm (24)

(c - speed of light), indicating, that the relativistic effect in similar beams is
e

identical. Since v is connected with(?and m, then the change in particle mass at

a similar transform in relativistic case is equally connected with the change in

potential, which limits the possibilities of utilizing models for relativistic

systems.

In this way, on the basis of the similarity criterion with the aid of model

experiments can be investigated focuspr. properties of high voltage systems,

whereby it is fully considered as a statistical discrepancy in initial velocities

of particles and as the effect of a space charge of the beam.

With the aid of such experiments we have investigated the focusing properties

of lengthy accelerating systems. !ot btopiing on the obtained results, we will

try one technical problem, essential wtier conducting such experiments.

The experimental results maj be di;torled b'. tee ionization of gases remaining

in the tube by particles of the beam and formation of a secondary Particles cloud,

changing the general space charge. That is why it is necessary to iro.duce in the

tube a sufficiently good vacuu7 (of the order of 10-6 mm Hg). In addition, in cases

(practically most important), ;v.en there is ever the slightest field in the tube

(greater than 10 v/cm), the effect of ionization of gas residues on the performance

of the model can be evaluated exper;,,,1nl]]y. For this in the tube is first so-

Ilerated the electron bcAM, and t 1.en it. x:c t .e vy,4 Sae corditions the ion bea

i-1D-TT-63-51d/1 +P i



(sodium or lithium th,'rrmoIons). Out: to tht presence of an accelerating field

secondary elecuons are arpidly ic!,o bed anid their charge can be disregarded

in comparison with the charge of the poitive ion cloud. Therefore, if in first

case ionization of gas residues reduces the space charge of the beam, then in

the second it increases sarite. Consequently, if the results of both experiments

are insufficiently good agreement (with consideration of similarity formula) then

it can be said, that gas ionization does not distort the obtained results.

Corresponding experiments showed, that at pressures of the order of

10- 5 mm Hg the coincidence of both experiments appears to be sufficiently

good and consequently, during the interpretation of results of the experiments,

secondary phenomena may be left out of consideration.

Submitted: May 21, 1954
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