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ABSTRACT

The scattering of E-polarized cylindrical electro-

magnetic waves by an infinitely long dielectric cylinder

is investigated. For small incident wavelength the slowly

converging series solution is converted to a sum of

integrals. An expansion is performed so that the integrals

may be divided into two classes depending on the relative

locations of source and observation points. Those in the

first class have points of stationary phase and an asymp-

totic evaluation gtvs contributions which are identified

as those of geometric optics. The remaining integrals are

evaluated as residue sums. A plot of normalized back-

scattering cross section vs. normalized radius for n = .4

is given.



Introduction:

The scattering of electromagnetic waves by an infinite dielectric

cylinder of large radius has been treated by Beckmann and Franz [iJ [2L]

among others. They employ the Watson transformation to convert the slowly

convergent merlea uolutlon Into a nurn of integralu, some uf which are evaluated

by the method of stationary phase and yield geometric optics terms. The re-

mainder are transformed to residue sums and interpreted as diffraction effects.

The pole locations they use in evaluating these residues are only qualitatively

determined.

In the following the authors employ the Poisson sum formula as suggested

by Wu [33 to obtain integrals similar to those found by Beckmann and Pranz.

However, the present work is an extension of theirs in three respects: (1), more

precise pole locations are used in the residue computation; (2). the refractive

index of the cylinder is taken to be len than one; and (3) numerical results

are included.

Formulation:

If an electromagnetic wave emanates from an infinite line source with

its electric vector parallel to the axis of an infinite dielectric cylinder, the

governing equation in thc coordinate system illustrated in figure 1 is

[v + kt(r)] G(F,F') F _ (F*

where

k(r) C I k2. k,,i ki real.



2.

The ftunction 0 ( F, F' ), together vith its derivative 3r G(Fj F') , is

continuous at the cyiinder surface r jF I c,, and eatisfies the radiation

condition

r -- a

The solution of (I) in r _ a. , found by separation of variables, is

fl [- : (aa
(.-) Ho Ji ) e

whore ;

R H kY) (2b)

The TIsn source may be at either the primed or unprimed point, provided r' > r

For large cylinders, i.e. W)y >> I , the serien (2a) converges very

slowly, and it in convenient to employ the Poisson sum formula [33 to obtain

( (kzr + Hl (kr' IIfj(r e') e 'd

(3)

When Debye's asymptotic forms for the Hankel and Bessel functions 141 are

substituted in (3) it is evident that for 0 5 G ! 1 every integral with r" _o

has many stationary phase points. These contributions may be separated by

expanding R (C 9) (See Appendix A):



HRYy) ?

C14""(y)

LLWIX (~)~ Y) ~

S3ubatituiitng ()in (3), interchanging owmwition andl Integration, anid carrying

Ollt V(IrIOUIi alf-ebrair marntpiilattonn, we obtain:

G F,74)

4k~r')r'

4 -0

(5b,)

0 * P - 0 
- 1 f 1

--ý1 ~.(r) go(k.r) (4R)f+ R8 J-hL -(i bY)i e &dO~

(5c)



1j.

*0

R, (5d)

p:i -•,• 9
((Se

(5e)

- ± HIV fk,.r0UIHO(kLr) e__________ diV)
77JNQ C2CZ) j L(IZOir
- 14V Wj 1)J. ()LG)'Y-ýý

V-~C J.P Cy) (5f)

Fach of the integrals (5a) (5f) which has a stationary phase point

yields a characterintil ray of geometric optics. Some of these rays can reach

only a restricted region which depends upon the relative dielectric constant

of the cylinder and the relative position of source and observation points.

With the index ol refraction N n Y I./x / c,• I and the observation

point at t < r, , three regions can be distinguished (see figure 1).

Region 1 - Forward Sc at terinjj
In this, the "shadow" region, it is convenient to rewrite G(070;') in

the form:

G Lu,-) =
- IJf (1N kd2,2 _i 5[- kr 1 ,•kr +( (r r6R())

4vpx) 
(6a)00: -W K)a r

Ca1

(6b)



O+R,(A)R, p-RZ I)I ~ lti2(( e dO,

where ( 5e ) and (e ) all well ai (5d), (5f), and (5b) have been combined.
,(ij. (rj

The denominator of (6c) containn the factor %(y) K cy) which

increanen exponentially when y > y The principle contribution of those

integrals therefore occurs in the vannu (-yy). ';ubstitution of the Debye

asymptotic forun in thin interval yields

[c,)(/#R )C 45) 0 dy
(47r) 'erp np V42J{k~QJcrtLZ

(7a)

where

0 < y- A = O(y)

and
"a -P2  ( 2 1.L.)'/Z - (y,__..QJ'/2

(X ) + Cyr,- Pt) (7b)

The phase of the Inter.rand ii

EkrJ)Lý-Ot] 4- E(kz r)t~ i/ Z (X t -Q'L) f/2 7 zp(ytL-P&)J +

-Qcos(lkr',) -- Qc&T'(0/kt.,r) +z.,os-'QX) - 2.L•/cos"'CQy) +00+ z•,'

(7c)

where the inverse cosine finctions are bounded by 0 and Th , If is a

point of stationary phase, the condition G=3Q , 0 leads to

CO;'®•-Ik,',) + cas-'OCr/ k,,-) - 24 n4 V' (04/x) + 2p ca.s'C Or/y) = 8 + 2rr Yn

(8)

This equation does not have solutions for all values of Mi and p

For a fixed value of p for example, the left side of (8) has a maximum

in (-A, A) which always occurs at %ý-" -A. As A approaches y this maximum



6.

value approadieu 2TrP where

U= Coi-I (y / k., r,) Cj Ik,, r) -ýo s-'

On the other liftn(l, at PT zi A the value is minimum and approacbeo as

A approacbea y. 5ince MIR-' L'iKbt band i3ido of W) must be vi.thin thene limits,

the possible values of W1 natiHfy

2 TrP - CU + 9

But M is an integer, and

> 0 Tr 0

so that

It is clear tbnt for Pr n 0 (8) han a solution only when 9 > 'U - The

equation of thu line tieparating regiona 2 and 3 is 0 r- U (see figure 1).

The titationary phaue evaluation of (7a) yields

)(I i-;?icrX-R2 exp
Pnf 7r/

VFJ L + +
qr1- rik,

(9a)

where the Bubscript a- denoten evaluation at v7ýr. and in particular

(OTlkz) 
L vk

k, I [r'2- ( 'Wh-O'Ll ILI lalý -/!-..P) +

+

(9b)
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The phynical Interpretation of these results an the rays of geometric

optics is g•iven In [i1 . We note briefly that the function multipiyint; k2

in (11b) ivi the distance the ray travels outside the cylinder, while the multiplicand

of k, corresponds to the p equal paths the ray traverses inside. Thus the

P-1rays undergo P- 1 internal reflectlonn an Is borne out by the factor R2r

since the quantities n R r R 20V , ( I+ R 1I0-), and ( I + R2 ....) are the

1%Yesnel reflection and transmission coefficients. Furthermore when rm < p/2

the ray encircle:; the origin m times in a counterclockwise direction, while for

M > , the clockwise(- encirelements are given by p - m. The localization

principle [sJ a;i well an Snell's law are verified by the interpretation of PCr/k

as the distance fromi the ray to the origin, where k kz. for the external ray

and • f for the internal. If (X and K, are respectively the angles of incidence

and refraction wu have

Sin C. 9 -/k1  7 OC r. =

so that

which iu :;nell'q law. These quantities are illustrated in figure 2.

The integrals in (6a) and (6b) do not have stationary points in region 1;

they are evaluated an residue stumn. Only the lower half plane solutions of

(' X)

14 Cx) _ (1)

are used to locate the poles of H ( ) since with M <( the integrals (6a)

require that the contour be closed below the axis. T1he pole locations Q0 -

as computed in [6]are shown in figure 3. The integrals in (6b) are similarly



H.

evaluated at the plolefl of Ri (-9)in ti.1, 'ppnr hallft plane!, I .r- . at2

Time (6a) is equal to

A1 X)OC(V (x) -WG

.27t22 119 (kr' H91'hýr)- -b)]-

- 22 IJ(k, rhlý e'r) ____ ______

I4) sc) (Y)

Under the cond t t onn 0 (0*) and 9* -y 0 Cy) the anymp tutle form

Of' thin rerldur' mimu is

-- 7

4o -o (Y 14'z Ty 4 (a)

where

Jjt~ -VI ltt- + ( 2. .11 * )

Y (1ib)

p(xQ and tare the S;chZ~be polynurnlala i], and Ai. ~N In the Airy

function of' the ftrnt. kind. :;1mtlarly (01)) hecornen

where the derivative is given by (11b).
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Tile -Orm't (1.ia) and (12) represent the weJl-known creeping wavco; Li]

which radiate tangentially a,; they propagate around the cylinder. The exponential

decay depends on the product of the angl.: and Mi( )k . Thus the only

important contributions are from the first encirclement, i.e. rfl 0 and - I.

Physically, the waves have radLated away so much energy in their first encircle-

ment that their next contribution is negligible. The localization principle can

be applied to these waves also since 4l X for the counterclockwise waves

which are associated with rays striking the cylinder tangentially in 0 > 0 ;

for the clockwise waves, - r -z , axxl the tangential rays are incident

in 0 < 0 .Te geometrical model in illustrated in figure i.

For z T r , the terms in (11a) and (12) are identical since the geometry

is symmetrical about 0 a 3 , . Further, the residue sum for m - 0 does

nct converge when

cos'(cx/k•r) + co-'Cx/kr-, - G >

which definesL the corinon boundary of regionu 1 and 2. Here the observattion point

moves into the reglion of direct illumination, and the integral with m - 0 gives

optical rays.

Region 2

In refion 2 it is convenient to rewrite the integral in (6b) with m - 0 as,

00

t0 1[ f(kr)#'~ ,- Yktr') I4(ktr) H-~a R 3 e' 6d) + (3a

00 i

kakr) AV(kzr) e d
VJ4 J (13b)
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The first of these integrals (13a) is evaluated by the stationary phase

technique. We obtain in part

exptC NkF-F-F7/V4)O

Fr (A,,. li, -IF I/

which is Just the first term in the asymptotic series for '/+) i•o (k 7t- r 'I)

the free space Green's function or equivalently the direct ray. In addition (13a)

yields the singly reflected ray

Ro- enpCC(®r * /4) 3 EJI+ xO-)3.2 (a•)I/L{/•c.., it-g][c'-• r .. 4 4 {.Z. ;'r r k

where

=k2- (r QVf/kjl/,-+/ 2 a- z Pgr/i. )Cj

Ricr = " i(

and -2r Is the solution of

Coi'(4Ua/M~r') + c'(o/r)- Icos' C%)rlX) = 19

Here we have neglected the phase contributed by RI Nt) for V) >y

since it is of a lower order than that given by the Hankel functions.

The integral (13b) is evaluated as a residue sum at the poles of the

integrand in the upper half plane. These are the solutions of LC•) 0 ,

H(r) 1  b 4vc P
(14a)



as well as the solutions of

(00

(X2w (Y)

(14b)

The solutions of (14b) in the upper half plane are 4 , while those of (04a)

are and QS (see figure 5). Thus it appears that double poles exist at

however, an examination of equations (l4a) and (14b) shows that these

solutions are not exactly coincident and in fact depend on 2 in

this part of the Q plane. By writing 4' for the roots of (11a) and

v' it for those of (14b) we show in Appendix B that the total residue

contribution at ) is negligible.

Thus (13b) is equal to

(kv') 0 -21'Rrv, 14V5 C k.r) ___ ______

which becomes after substitution of the asymptotic forms

LIS likr•'t•o1[(ka)l '3 09 - LI-

H4 Cy) e {L&9'-C1 /k?

+Yr~r~/ko' /aLc./kt/j- '~sco'ws?/kar,) -- coij" GOS/kzr) +

- ZwJ(41x)-e]~(15a)

wbere

-Y 4. Was0O(X)

(15b)
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It is possible to Interpret formulae (15a) and (15b) in terms of ray

optics, but not as clearly as in the creeping wave situation. Since 0S % -y+1i wti s)

where X %n(Qs)>O , the localization principle relates these terms to the rays

which strike the cylinder at the angle of total reflection above the line 9 0

The first phase term in (]5a) is the product of k2 and a distance consistent with

the above luturprutaLion (sae figure 6). The second phase term

I0,sfjEcos'(9s/1kr5 4-os- 4s/kxr) - co'l4I) 0

is approximately equal to

t95 9. cos-'(Mcfkr') i- coS'1(A/4r)-

which is iN multiplying the angle -a shown in figure 6. Thus this part of the

phase represents a wave traveling counterclockwise around the cylinder with

propagation constant 03 . Since InC't(iS) >( , the exponential in (15a) has

a negative real part and the wave decays in proportion to the angle; however,

the Re-( ), ) in negtative and so the physical interpretation is not completely

satis fac tory.

Region 3

The results derived above for (13a) and (W1b are applicable to

observation pointn in region 3. The integrals (50), bowever, as was mentioned in

connection with equation (8), have no stationary phase points in region 3. After

summation (5e) is equal to

HP (kC- 14. (kjr)e
- J-y- 0 --. --..

krrn/~r'ysv0y L0') 1 W) T y) (16)

which is evaluated by residues.

For 9> 0 , the contour may only be closed by an infinite semicircle

in the upper half plane. The four residue series obtained from the poles 9) S4,4



13.

and (oee figures 3 and 5) converge no slowly that one could as well employ

the series solution ( 2c. ). It is, however, possible to approximate (16) by

deforming the path of integration as shown in figure ?. The integral over the

new path is neglected compared to the residues at the captured poles, - OI

(see Appendix c). We note that the residues at the captured poles, -

are negligible as shown in Appendix B. Thus (16) is approximately equal to

* expt,[.klVr•acp kt,-LT•-'kiJ.K0  -•2 'cb/k) +

£9 [l~ +c?(sk v)i.Cns' (d/kar) - 2Los-'(&)s/AV) *- oJ0

where the summation includes only captured poles and the derivative is given by

(15b). In region 3 the inequality

coS-'(Na/r') 4 coS-'Ca/1/r) - 2co-'(N) > 0 (18)

is satisfied and successive tornim in (17) have decransing magnitudes.

The form of (07) is the same as (15a) with the sign of 0 reversed;

indeed for ( = 0 the integrals (16) and (13b) are identical. The physical

interpretation of the residues at Q 3  and -Q. is similar except that the

former are associated with rays incident in 0 > 0

Plane Waves and Back-Scattering

To specialize the above results to the case of an incident plane wave of

unit amplitude, one simply applies the operator

tot pe iousW k'choo z)e ptconsi (r/ecae - oft)j
to the previous results. We choose here to consider the case of back-scattering



]h.

since the other case of chief interest, the scattering cross nection, cannot be

completely treated by the methods developed above.

The normalized back-scatterinj cross section is defined by

rB i; (2r) Es (pto)ft 2Ix

r .,S 00

where E. is the scattered field, and

I + N +COS r

108z "jaj cos J +

(19a)

+ z 9 5 expEt'L 4 zmw-,)r 1)*3

Y {px, A E (X f) ja xi

(19b)

Cl9c)

with coll i - r/X IX and coso. C L(rt-• / z )2.

The calculation of cve was programmed for the IBM 7070 of the Brown

University Computing Center. The geometric optics terms in (19a) required the

iterative solution of

sino O N sin 0r

and

•, =. [(, -'rrYp, -,'•
p



15.

The creeping wave terms represented by (19b) were found to be negligible and only

(19c) contributed to the diffraction effect. Figure 8 is a plot of I'r vs k~a.

for N .4.

The results developed here do not apply to observation points near O-=7e

and hUt buwajidarieo uetparatirq reiono 1, 2 and 3 since these lines are caustics.

Thus the forward scatter with an incident plane wave has not been completely

determined and the scattering cross section cannot be calculated.

Appendix A

The power series (4a)

00

RM))= 'RPb) 4~- (1+ R,)(I4 )2 I L-

converges by the ratio test when

Rz HI, Cy)/f4,Cy) ! < I.
On the real ; axis thin condition becomes )R. I< I or Rz R7 *

We write

D-NE

so that

IN N+ -N E12- N'(ED*+ DE*)

111t+ N I ]Ea - N (E DE )
(A-1)

We have, however,

E-) +O • P + DE) V - P- * XEE-)

(A-2)

where " Cx) X / J; - 4

and

F~ iNgpi~-
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so that (A-2) is positive definite. This implies that (A-i) is less than unity

and the series converges.

aqendix B

At the solutions of (l1ma), '•' , the residue calculation gives for the

denominator of (13b)

.Y -"()xHV( Y nJY No)IIW X)
WL trtr -y1 T,_ -_

~y[H~yJ y- H! ,) t y4 CU. _ N t Ya~
_H__ M (e Hx)BV H"y tj (X)' H(

w O X H'Y Ci&

where the Wronnklan relation has been employed. Similarly at the solutions of (14b).,

we have

N') Ip ., f.,.,
H (y) 7-y. (y) (A) X) Ix

H..~~~~~~ Cy) 'C-) y)t itYx) 15y) 'J- (.Ny)

J-KCy 9k

Adding the two residues and setting r, 1f L , the result is

-YI

_j CLW 1- 81 I

H9J ~ ~ H (X jt)yJ ) TN.0 LH)ý I&)
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wbich is very small since (and increases as an

exponential function of

The reuidues of (16) at -- yield the same result as substitution

of -- for V? will show.

•Pendix C

On tbose parts of the path shown in figure 7, which coincide with the real

axis, the integrand of (16)

(Ii 0)

14$Ex' ex JaTy)(ci

has an exponential variation given by

i-11f 01'

(c-2)

When fL91 > X and 1I)x -x 0(.) , (C -2) is very small and decreases

rapidly with increasing 1%7I

The exponential variation of (C-1) on the circular pat of the path

changes from (C-2) on the arc PQ to

H0k~I N$(kzr•C,•,

(c-3)

on the are QRS (see figure 7). Since (C-2) is symmetric about the Imaginary axis

and EHO~ y~J is very small in the third quadrant, the maximum value

of (C-I) occurs on the arc PQR. Along PQR, (C-2) increases from

exp 2 ;e 1) - P a wC''(/x)]



18.

at P, to exp ( jOG ) at R. However, (C-3) must be employed at points between

Q and R, and the additional quantity [HI )cy)J varies exponentially from

unity at Q to exp ( -i or ) at R. Thus the integrand (C-1) attains its

maximum value in the vicinity of Q.

At Q the exponential variation of (C-i) is

exp LI[y-t<J 4(kdr)-i-Jt' 2 [xLt)_OLJ/t - HVN(/kir-) +

±+ oT CO)/kar) - co-LO7)+

(c-h)

and the equation of the curve passing through Q is

'- -QcosLy = D.

(c-5)

Since a general examination of (C-4) subject to(C-5) is quite complicated, a

numerical example will be considered. Let kre, k"zr ' 3.•z N~y/x. =.5

and Jf +c i.4X . An approximate solution of (C-5)yields 1. +X exp(-iy4)

and (c-4) In annroxirnately equ-al ton rXJ 2l~(- 7 +499%] From (18), wh4cb

defines region 3, we obtain 5 < ,76 radians and the integral over the semi-

circle is negligible compared to the residues.
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