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ABSTRACT

The scattering of E-polarized éylindrical electro-
magnetic waves by an infinitely long dielectric cylinder
is investigated. For small incident wavelength the slowly
converging series solution is converted to a sum of
integrals. An expansion is performed so that the integrals
may be divided into two classes depending on the relative
locations of source and observation points. Those in the
first class have points of stationary phase and an asymp-
totic evaluation gives contributions which are identified
as those of geometric optics. The remaining integrals are
evaluated as residue sums. A plot of normalized back-
scattering cross section vs. normalized radius for n = .4

is given,
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The acattering of electromagnetic waves by an infinite dielectric
cylinder of large radius has been *treated by Beclmann and Franz [1] s [2]
among others. They employ the Watson transformation to convert the slovly
convergent series volutlon into & sum of Integrais, suvme of which are evaluuated
by the method of stationary phase and yield geometric optics terms. The re-
mainder are transformed to residue sums and interpreted as diffraction effects.
The pole locations they use in evaluating these residues are only qualitatively
determined.

In the following the authora employ the Poisson sum formula as suggested
by Wu [3] to obtain integrals cimilar to those found by Beckmann and Franz.
However, the prepsent work is an extension of theirs in three respects: (1)’ more
preciase pole locationas are used in the residue computation; (2), the refractive
index of the cylinder is taken to be less than one; and (3)’ numerical results

are included.

Formulation:

If an clectromagnetic wave emanates from an infinite line source with
ito electric vector parallel to the axis of an infinite dielectric cylinder, the
governing equation in the coordinste system illustrated in figure 1 is

[V‘ + k"(r)] G (F,7) = S(F-FY)
ré Y - ) (1)

where

k, r<a
k(r) = k,



The function G ( F, ¥' ), togother with its derivative 9, G(F,F!) , 8

continuous at the cyiinder surface v =)ri= o, and satisfies the radiation
condition i y
hm l—_r'(ar—“lkg_)Gj = 0,

r—»oe

The solution of (1) in r 2 a , found by separation of variables, is

ll)

< (
G 7 = ) [Ho Chor) Wy s t:n"mm )Jeu.e (

he -0 " 2a)

vhere Y ,
H,,ucx) _y Jn ty)
R(n) = lsi {x) J"(.Y) (Eb)
HO)(x) ’
x -» _ In (y)
Hf'l(x J
n ) Jn (‘y)
and x = kia, y= ka

The line gource may be at cither the primed or upprimed point, provided p! > r
For large cylinders, i.c. %y >> |, the series (2a) converges very

slowly, and it ig convenicnt to employ the Poigson sum formula [3J to obtain

e

G(F,F) s Z S[H("(kr)Nm(kz)+Hm(i(lrJHb’(klr) Hybo R(p)]e"w e

Mr.go %

(3)

When Debye's asymptotic forms for the Hanke) and Bessel functions [h] are
pubstituted in (3) it 1o evident that for O <8 £ T every integral with m2 ¢
bhas many stationary phase points. These contributions may be separated by

expanding R (4 ) {(See Appendix A):



% {1)
R(L’) = R,(Q) + (""RIX |4 RL) Z R::_P—' HU{Z) P ()
p=1 H%%y)
wheru v y 2
(e)”
Riw)= —~ L { ””m"" ~ y”v {y) §
H(r 17
R, = - L {x Hooo Ry
L(v) HY¢x) H(‘) )
and Y 'y

OM
Ly = x Hetw K
HJ (0 Ho(y)

Substituting (B) 4in (3), interchanging aummation and intepration, and carrying

out varloun algcbraic manipulations, we obtain:

G(F,F’) =

Ho Crar ) Hy o) K (kv HY () ”*’")P' W8 gamimy
Z‘J g HY tx) Je e+

0o
©
+Z; S[Hu (ke Hu(k H-H (klr’)H,;(k ) v {9 ‘uV’ (4 R(-v) eh?&ezrmﬂ?dv' -

msz 1~ H’) [x)
(5b)

w p-r %

+2.0 El b, 3"&) s ‘us or¥im)
8 H,) (kyry (k,,r} (H. Rl)("f‘/?z.)R » O om " -
Primzy g H, (x) HS ey

(5¢)
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_l_: Q] ' (z) H
a_{[”»‘kz’)ﬂu ker) + M5 Ckor ) HY (hyr) "["‘) R ]e™® qv +

u

(5d)
o) H, 3) (v
+ ) L XH &Jo” &UJ 0+RJU+R1)R"’ Ho y) P ive
8 (1) e d\) -+
pzr =00 ” H, G
(5e)
Log ) {1} .
m[HU“ﬂ H()U)qu) Lbﬂ{x’ﬁy” “J’iﬂﬁﬂ
Hooo o Jp (58)

Fach of the Integrals (5a) - (5f) which has a stationary phase point
yields o charactlerintic ray of peometric optics. Some of these rays can reach
only a restricted reglion which depends upon the relative dlelectric constent
of the cylinder and the relative position of source and cbservation polnts.
With the index of refraction N = &l./,:.'. < 1 and the obgervation

polint at r<r! , three regions can be distinguished (see figure 1),

Reglon 1 - Forward Scattering

In this, the "sbadow" region, it is convenient to revwrite G(¥F,¥‘) in

the form:

G(F,71) =
- l oo () Hl (J i~ 1"‘ ‘)

= , 8 S[-Hv(k:")H ?(kz r) + H (kyr )Hp (ker) - x R(LJ)J i [ .Lmd") .
e e H e (6a)
2 : { " ! H “‘ H Hb‘ () U’S ZTTLml.?

2w | [Hotlry Hlur) 4 ey HD (ki) Rew] e e ™™
Mm:p 00 H) tx)

(6v)
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3 Mmool . _
+Z g;‘ SH (kzw)H (h ) F_‘._.f’_‘f (1+R, XHR;_)R [H‘,lj) e;uaezmm‘)do
pet e e Hg' Hy)

~
]

2

£

(6c)

where { Se ) and (5¢ ) as well an (5d), ($1), and (5b) have been combined.

'J {e
The denominator of (6¢c) contains the factor H\))(y) HVJCy) which
increanes cxponentially when VP Y . The principle contribution of thosge
intepgrale therefore occurs in the ranpe (uy,y ). Substitution of the Debye

agymptotic forma in thia interval yieldo

-

(I+Ez)(/+Rz)( Fs)P [I*O(j')_]do
{[(k,m V[ Cgry*vr] } 74

IF"” ~ (4rr) erp[czr(p :)/z_]f
(7a)

where

0 < y-A = OCy),

and

(x*-vn72  (yr-0t)"
(x*vr)a + (y=-pm'a
The phage of the Interrand 1o

@ = [l 4 [ =v=]% 2 2 (20-90) % 4 2p(y*0)™ +

R,N—-Rz'\' ' (7v)

Vo (W kyrt) = Veos' (W kar) +2Ve08" (/%) = 20 peos’ (9/y) +V0 + 2wm?)

(7¢)
where the inverse coaine functions are bounded by O and TV . If VY, is s
point of slationary phase, the conditlon 9@/ 39} = Q0 leads to
T
cos (‘lr/k..”‘) + cos (ol kyr) — 2cas’ (Ve/x) + 2p cos (ley) = 8+ 2T,
(8)

This equation does not have solutions for all values of M and P
For & fixed value of p, for example, the left side of (8) has & maximum

in (-A, A) vhich always occurs at Vg * -A. As A approaches y tbis maximum



value approechen ZTI'P —~T1J , where
U= c.os-l(j/k‘rr) +cos ' (y/kr) — 2eas N,

On the other hand, at VY, = A the value is minimum and approaches UJ as
A mpproaches y. Since ihe rigbt hand sidc of (£) must be within these limitas,
the posslble valucs of v patiafy

2mp ~ (LT +8) » 2rm » U - 0.
But m 1s an intecger, and

™T>U>o, ™ >62z0
80 that

p-1 Zm =1,

It is clear that for Mws O, (8) has & solution only when 8> TJ . The
cquation of the line weparating regions 2 and 3 18 B8e=1J  (see figure 1).

The ntationary phape evaluation of (7a) yields

Tom ( )‘(1+R:¢)(I+Ru-x ch-fexp{‘[“/hi-(P n72]} exp(i@,)[f-*O( "‘_} )
([0 i) Gars02] } ,; 2 : : }/'

(yod)i (x'--o H (_‘u, e 9‘1’* [(ker )™ e ivi]™

(9a)

where the subscript <  denotes evaluation at Vg , and in particular

£ Ve o
®, - kz{[ﬂt (k)] + [rt Oelie)] —2[a"—£\-fr/!q)‘]/} +
+ sz,[a"- (\Jc-/k;)"_]v‘

(9b)



The physlical interpretation of these results ss the rays of peomelric
optics 1s given in [}:] . We note briefly that the functlon multiplylng kg
in (Yb) 1n the dlotance the ray travela outside the cylinder, while the multiplicand
of k, correaponds to the P equal paths the ray traverses inside. Thus the
rayas undergo P- 1 internal reflectlonn an lp borne out by the factor R:;l ’
gince the quantities R,r) Rag , (1 + Rir ), and { | + RZU") arc the
Freanel reflection and tranaminsion coefficients. Furthermore when m « P/2
the ray encircles the orlpin m timee in a counterclockwise direction, while for
m > P/z , the clockwlipe encirclements are given by p - m. The localization
principle Eb] an well as Snell's Jaw are verified by the interpretation of Vg /k
ag the distance from the ray to the oripln, where K= kl for the external ray
angd k, tfor the internal. If of; anrl X, are reapectively the angles of incidence

and refractlon we have

Sin, oc‘-_ = ))q-/kz Si!’l X, = L)q-/k,
no that
sin & ke
. = = = N)
S5in ) l(-_-_

vhich 1o inell's law. Theae quontities are illustrated in fipure 2,
The integralo in (Ge) and (6b) do not have stationary points in repion 1;

they are evaluated an residue aums. Only the lower half planc solutions of

) /
S ety
Hyl (x) J}(‘)')

(10)
are used to locate the poles of R (V¥ ) since with m <0 the integrals (6a)
require that the contour be closcd below the axis. The pole locations V= — Vg ,

as computed in [6]511‘0 shown in figure 3. The integrals in (Gb) are similarly



H.

cvaluated at the poles of R (= ) ) in the upper haif plane, l.e. at = Jl

Thue (Ha) 1s cqual to

(V8 —2mim)/
ZTYLZ HV “’gr-')HV{A’ r) [H,; CKJH,) {x) - HV (x} ”/(” eV’ -2 _
} & ’
s Zixtto 0ty
H:J}(X) \j;[.y) uﬂ-%
-1 \ . i '
Z Hjl(er,}ijl{klr} 50 o I
= ¢ |
ooy LT { “fx) \x)_'(l)}
H[’) (x) V(y) lJ"—-V:C

i
Under the conditions y"'— % o O(xl3) and \)/L —y: O (\y) , the apymptotic form

of this residur pum is

ZZWJ 3 G.XP{ kg[\fr’ (V. )L+M/k.)lj-ﬁ[cos Vker 4 co§ u/k;r+6+zrlmj[l+0(x‘}J
1tkar) 20y (ka2 91‘7}4[?(‘}‘,)‘4‘( ﬁeﬂ%)-ila Hu ) Jifj)}
Hm(x) July)J ve-vg (11a)
where
H 0 uu’(u

'a\)t HE "(x) J,)(y

7 rs ] - ) e X N PN . .
)] S 3 D Ay %) L 20y + OO,
) ISxt (11b)

P(XJQ) and C} are the Gehlbe polynomiala ['l_-l , and Al (‘Y] ) in the Airy

function of the firat kind., sSimilarly (6b) becomen

Z ( ):%XE{I'R;[\/""‘—(V?&)‘+\/r‘—w/k.):'_]_~i\’[los"i’/er'kof'ﬂlk;r -9 -2mm]{[1+ Ox9]
()%

w0 gy {[(k;r-f—vﬂi(klrﬂ-u:7}"4 [PLK,V)Aif-a,éi%)jza{ 2B _y u(!)§
oV HWIKJ Jouty) P2y

(12)

where the derivative is given by (11b),.



The terme (lla) and (12) represent the well-known creeping waves [}]
which radiate tanyentlially as Lhey propasate around the cylinder. The exponentlal
decay depends on the product of the angle and Innlﬂl) . Thus the only
important contributiona are {rom the first encirclement, i.e. ma 0o and - 1.
Physically, the waves have radlated away go much energy in their firet encircle-
ment that their next contributlon is neglipible. The localization principle can
be applied to Lhese waves aloo since ﬂt 4 for the counterclockwise waves
which are agsocimted with rays striking the ecylinder tengentially in & > O ;
for the clockwise waves, "QL ¥y —-x , and the tangentlal rays are incident
in 8 <0 . The geometrical model is 1llustrated in flgure &.

Por B =T, the terms in {1la) and (12) are identical since the peometry
is symmetrical about 6= © , ¥ . Further, the residuec sum for m ~ g does

nct converge when

cos (x/kyr) + cos(x/kart) = 8

which deflincs the common bLoundary of reglons 1 and 2. Here the observation point
movea into the replon of direct illumination, and the integral witbh m = O gives

optical rays.

Bpgion 2

In replon 2 1t is convenlent to rewrite the integral in (6b) with m = O as,

] 1) 1 ) .
g J Hy eert) MY tear) 4 H (k) HYtar) B2 9 R0y T Vo) +
- 00

HS 0o (138)
0o () ' .
—& | Hother) Hy ther) e’® dv
™ e [T 1y Toty) Lo [ HYtn g5 CZ)S (130)
HS (=) J-oly
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The first of these integrals (13a) is evaluated dy the stationary phase

technique. We obtain in part

(/2 ',l,exp[t.' (kelF~Fif ~T/4)] -
T(Ir) (ko7 -F4 ) Y2 {1+ Ol thr ‘J})

. d - =
which is Juot the first term in the moymptotic series for (/4) HO)U(,_!r-—r’l)
the free space Green's function or equivalently the direct ray. In addition (13a)

yiealds the pingly reflected ray

Rie explc(®e +1/4) JL1+Ocx™)]

>
2 (&) 2] [hard™ )t kars®- 02} S R S L
{(x:. u..)la. L‘(k P,}r_ IGIJ/]. [(k,_r) a,]/,_

where

@0_ = kz{[rl"—- (Vr/k._J"] “, [rh_(vr/k;)']v'l 2 [a% (V¢/ k..)‘]} 5

!. / 1 lr_
2)E — (¥ Vo )Y V- <Yy
(x"- VP b (Y0
Rl = 1 ’ 1
o (X2~ Ust) 'y + l(‘)a'L-,y"),L \)r)y R

( xE. ,}6_:_) Ve _ b Cv(r'-" 31_) Yy

and vy ls the solution of

Cos_l(‘)cr/kg") + coS‘-'(.Va'/k;r‘) - 2(.05"(%*/56) = Q.

Here we have neglected the phase contributed by Ry (V) for V >y
gince it is of a lower order than that given by the Hankel functions.
The integral (13b) is evaluated as & residue sum at the poles of the

integrand in the upper half plane. These are the solutions of L(V} = O ,

3 !
y H,‘;)O') B chl

; = 0
Hx) H )

(1ka)



1.

ag vwell as the aolutions of

w! ;
xh® Ty,
) Jov Ly ‘

{1bv)
The solutions of (14b) in tho upper half planc are ‘).2, , Wwbile those of (1la)
are ‘?P and ;Js (ace figure 5). Thus it appears that double poles exigt at
\)ﬂ ; however, an examination of equations (14a) and (14b) shows that these
solutions are not exactly coincident and in fact depend on Z\T.p(j) ~/ ”_(;)9) in
this part of the ¥ plane. By writing \)‘” for the roots of (1l4a) and
Jﬂll for those of (1bb) we show in Appendix B that the total residue
contribution at ’}L is negligible.

Thus (13b) is equal to

n Q) A
Z. Hyg (kert) His (kur) e
1 2
. [Hw]® 2 [xHui® _ HJ"(’p%
’ WL WY H ity 3o

which becomes afier oubstitution of the asymptotic forms

.

z gyd A - - _
Z£ { (zx _zu’) SRy } ? - +Wo = )Jm' exp{tk,_[ P (Vs/kal +
[thegr™ 95T 0ar =057} 2 {x WYty )

3 av Hs’(“? Hé"’Cy) Vs

+YrE_ (s/ko® — z'fa’-—-cvﬂug)'-'] ~ LV [cos"(vs/k:r') + cos ' (% /Kk:r) +

- Zwsol(l?,/x) -—QJ}

(15a)
where
9 “(dzx) Ha)(,) (z!:_og) 4_(11._‘) l}{l) - )
av MSCI) Hi’l(}') ps Yy ’ng' .

(15v)
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It is possible to interpret formulae {15a) and (15b) in terms of ray
optics, but not as clearly ae in the creeping wave situation. Gince Qsz—3+il'm(;);)
where Im(x?;))o , the localization prineciple relates theae terms to the rays
which strike the cylinder at the angle of total reflection above the line 8 =0
The firat phasc term in (15a) is the product of X, and a distance consistent with
the above luterpretation (ove figure 6)}). The second phase term

- W [cos (s /kyry + coss/kar) — 2co057' (Vs /x) -6]
is approximately equal to

(Vs 8+ cos'(Nalrt) + cos™ (Nafv) — Zcosd’l\{__]"
which is iJg multiplying the angle {1 shown in figure 6. Thus tbis part of the
phage repreoents a wave traveling counterclockwise around the cylinder with
propagation conastant Q.S . Since Im(Vs) > , the exponential in (15a) bas
a negative rcal part and the wave decays in proportion to the angle; hovever,

the Ke.( Vg ) 1n nepative and so the physical interpretation is not completely

satisfactory.

Region 3
The repsults derived above for (13a) and {135} are applicable to
observation points in repglon 3. The integrals (5e), however, as was mentioned in

connection with cquation (8), have no stationary phase points in region 3. After

summation {5e) is equal to

0o

. m ) ;
i Hy (kv Ho'llyr) e W
— - " - J
TT‘_”E»‘JUJJ‘H,‘;’(;)JA);) L(d){z Hity y J.a’(p}
HEee Jvly) (16)

which is evaluated by resilues.

For 80 , the contour may only be closed by an infinite semicircle

in the upper half plane. The four residue series cbtained from the poles l)l) Vs)Qg,)



13.

and \7/,. (see flgures 3 and 5) converge so slowly that one could as well employ
the serico solution ( 2a ). It is, howaver, posaible to approximate (16) by
deforming the path of integration as ghown in figure 7. The integral over the
new path is noglected compared to the repidues at the captured poles, - 1)5 y
(see Appendix C). We note that the rosidues &% the captured poles, -— ‘)L ;

are negligible as shown in Appendix B, Thuo (16) 1s approximately equal to
5 { =i Ust)” }’/4 [1+ Ox~) ]
'75 [(kz

ERT LR W Hs"G) | )
WL T WSl

. exP{Lkl[‘Jr"—%l’s/ka)L +VrE ikt — zVa - wssz)“] +

— Vs [cos (Ds/ker) + o5 (Vslker) —2coS'0A/x) + 0] 3-)

(171)
where the pummation includes only captured poles and the derivative is given by
(15v). 1In region 3 the incquality

cos '(Na/r') + cos—'(/\/a/r) — Zcos '(N) >0 (15)
is vatlsfied and succossive tormo in (17) have dscreasing magnitudes.
The form of {17) is the same as (15a) with the sign of O reversed;
indeed for O = O  the integrals (16) and (13b) are identical. The physical
interpretation of tho residues at Vg 8nd -y 18 similar except that the

former are mssociated with rays incident in 6 >0 .

Plane Waves and Dack-Scattering

To specimlize the above rewults to the case of an incident plane wave of

unit amplitude, one simply applies the operator
: . b/ .
hm gl (hyrirz) " exp [ (/4 —kar?)]
[ e 0o
to the previous results. We choose here to consider the case of back-gseattering



U,

since the other case of chief interent, the scattering cross section, cannot be
complotely treated by the methada developed above.

The normalized back-scattering croas section ias defined by

Q" l'!m ('za"’)z E-S(Oz‘o)lz:-. IE&,Z

r —s 0o

where b5, is the scattered fileld, and

Ep =
R-l N 'z"x R vy ! cos &K e
- - o
- (|+~ + ) ? (I+R:(r)(l-f Rzﬁ')("gzcr)P - : )
ECOSOC(.__I
perz m=i N cos ol

. exp{uzix(/-— P/\/ﬁ"_s_“_tj) + c"—;-r(p-r)} +

CoSs o,
(19a)
a
+ 2(§)VJZZ ¥ expliVetzam-)w + (/s ] +
SE W e ALyen e W T

8(:}".7') Z(X pr_)’/:_ XP{“ZEX‘ (" /x*‘ -—-LIJS (Tr— 2¢os ')}.s/x) _Lﬂ'/“_}

(19¢)

with cosoy = ( | - Ve /X )% and cos XK. x ( ; — VF/y2 3

/Y )R
The calculation of Ta was programmed for the IBM 7070 of the Brown
University Computing Center. The geometric optics terms in (19a) required the
1terative solution of

sinati s N Bino(r

and

5 Lei —mCprz =T
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The creeping wave terms represented by (19b) were found %o be negligible and only
(19¢) contributed to the diffraction effect. Figure 8 is a plot of 0 vs kpa
for N = .k,

The results developed here do not apply to obuservation points near 8=1
and the boundaries veparating reglons 1, 2 and 3 since these lines are caustics.
Thus the forward scatier with an incident plane wave has not been completely

determined and the acattering cross section cannot be calculated.

Appendix A

The power perien {(ha)

- - O] )
RM = Ri(¥) + G+RII+ Ry D R [HSty/HS ]
pr
convergea by the ratio test when

| Re B/ HS o | <1

*
On the real V¥ axis thin condition becomes JRL) <1 or R,R, < |

We write
R. = D—- NE
2 - M=
D~ NE¥
8o that
. R¥ IDI®+ N2 IE|12 — N(ED¥* + De¥)
™ = -
IDIT+ N*jg1» _ N (e*p* + pE )
(A-1)
We have, however,
eEp¥+DE¥ - (e¥D* £ DE) = — (D-D¥ X -E¥)
(a-2)
/ .
vhere o D* _ Hg)C/X) _ ﬁg')“} Y
Hix P00 e | Ul ®
and .

Ty IH3 1 *



so that (A-2) is positive definite.

and the series converges.

Appendix B

At the solutions of (1ha),

denominator of (13b)

16.

This implies that (A-1) is less than unity

» the residue calculation gives for the

\)1’

oM ) ’
W Loy { et Thp] 21, Wi Uy L
HS’(xJ J—u(]) )Y HV(K-) H,‘;u(y) %’
¥ [0 Tty = MG e Th ] {x.”w W _ N
—- U - - Y
.y -y l) \y 8\? c)c) H&l} (.y) ‘)9'/
2. 9 ™M q_n
= - = v u }
" 3;){ HY oo H""Cy) P! 2

vwhere the Wronsklan relatlon has been employed.

Similarly at the solutions of (1kb),

Jnﬂ , we have

W20 T oy | e ) } 2 { I A

- -y €y T — Y- =

v Y y L 1. H‘J (x) Hff”(.y) v H""C") J-p(y) Vpu

. OM 7
_ 2t 2 { x H, (x) Jov (y)
™ oV : -
Hy () Tooly) Iy -

Adding the two residues and getting

332/

;, the result is

J‘_I 5122" = l‘fﬁ_

y 2 3 {H‘, ) J’.(a(z)}
x v | Hwy) Jov ()
2t W !
g"o{x”—r—".,w -y _Hf,:’c : } i{ ot -0y
Hl) H %y ) o9 ) T-viy
21?'(.;7
N { [H“’(ﬂ] } 2% cosh™ (Udy) exp(2Ting )
{ao[ HY %) _JH.))E) ] z (yz_.\yz) [H“)U)jz
K e H ey )




17.

(z)
wbich is very small since  Jm(1y)>0 and H"L (y) increases es an

exponential function of ‘?t. .

The residuen of (16) at -~ 1),_ yield the same result as substitution
of ) for will ghow.
Appendix C

On those parts of the path shown in figure T, which coincide with the real

axis, the integrand of (16)

HY (k) Heler) @V8

fﬂ Jix)1* Hmly)Ju(y) L(V){x”w(u) yitﬂ}

[ RN A (c-1)
has an exponential variation given by
D) Y (ker) aive
[HY0o7® '
(c-2}

When [PI>x and IV)-x- Olx) , (€ -2) 18 very emall and decreases
rapidly with increasing |V ]
The exponential varistion of {C-1) om the circular part of the path
changes from {C-2) on the arc PQ to
(k:. vi) H {k;"'} e[o&
[ H"’wJ *[usPy]*

(c-3)

on the arc QRS (see figure 7). Since (C-2) is symmetric about the imaginary axis
} -2
and [ H cz( )J is very small in the third quadrant, the maximum value

of (C-1) occurs on the arc PAR. Along PQR, (C-2) increases from

exp [1- 2 (v 21_)72 —~ ZUwsh"(V/x)]



18,

at P, toexp ( WO ) at R. However, (C-3) must be employed at points between
(&) -2

Q and R, and the additlonal quantity [ Hv f.j)_] varies exponentially from

unity at Q toexp { - (VW ) at R. Thus the integrand (C-1) attains its

maximum value in the vicinity of Q.

At Q the exponentisl variation of {C-1) 1ia

exp i { [k =0?] ™ [ (03] % 2[x 5]y [eos W/ker) +

+ tos” W/ kr) — zeos W) + 9]}
J

(c-4)
and the equation of the curve passing through @ is
Im[(y’..o‘)'/" ~Veos ' WY ] =,
(c-5)
Since a general examination of (C-U) subject to(C-5) is quite complicated, a
numerical example will be considered. let Kyr! kyre 352 N=y/x=.5,

Pl
and IV|l= LL,4X . An approximate solution of (C-5)ylelds ) = 7.4x exp(~ir/4)
om

and (C-4) 18 approximately equal to exp [ % (~12748)] . Fr

{1RY
=7 5 Aasy

which
defines region 3, we obtain § < ,74 raclans and the integral over the semi-

cirele is negligible compared to the residues.
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