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Institute of Mechanics of the USSR Academy of Sciences

Prikladnaya Matematika i Mekhanika, Vol. 9, No 4, 1945, pp. 293 - 311

ON CERTAIN UNSTEADY MOTIONS OF A (iQ{PREBSIBLE FLUID

L. I. Sedov
(Moscow)

7

»Inwghggg;gggnt;wbvkmwswfrﬁﬂ&tﬁnnnbcnma£<%xact solutions of the equations

o ls” v A W &
for one-dimensional unsteady motion of a compressible fluid ;in the case of

A

plane waves and motions with cylindrical and spherical aymmetry.igﬂihe
solutions are determined by moana«uf’;imple procedures based on considera-
tions of the theory of dimensions{w£hese~procedures~eaanU“considered”aaMA*
a:general method that permits-us to find in-many questions -of physics 2
£nmilieawof“aplutiona=whichwdopend’onuarbitraryﬂparametersfS In concrete
examples it is usua&iyﬁeasy to indicate the arrangements of the problems
and the hypotheses legding to solutions of the type obtained. We shall "
apply this general mgihodAio BothRl st PanaLaeniiness equations with
partial.derivatives in the most varied problems of physics and mechanica.¢

The method of Fourier,which is applicable to certain linear problems,
is widely known. Sometimes it is possible to utilizo partial solutions,
which are obtained by means of the general method under consideration, as
well as partial solutions obtainsd by the method of Fourier, for setting

up the general solution of equations of motion and for the solution of

boundary problems.

1A short report on these solutions was published in a note by the
author [1].
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~da Let us consider the one-dimensional unsteady motions of a
compressed fluid. Let us take time t and the linear coordinate r as
independent variables. As basic unknown quantities let us take the
velocity v of the particles of the fluid, the density p and the pressure
p. The dimensions of density and pressure depend on the symbol -of unit
of mass; therefore the functions p(r,t) and p(r,t) must contain certain
dimensional physical constants. These constants may be a part of the
equations of motion, which the unknown functions satisfy, or the additional
conditions by which the solution is determined (characteristics of the
field occupied by the moving fluid, boundary conditions, initial conditions,
etc.).

Let us consider the cases where the unknown functions contain dimensional
constants, among which there are only one or two constants with independent
dimensions. Special motions of such a kind may represent independent in-
terest or may prove to be finite motions, if, in the limit, among the
assigned physical characteristics only one or only two gharacteristics with
independent dimensions are essential.

Let us assume in the beginning that there is only one dimensional con-
stant which we denote by a. It 1s obvicus that the dimensions of the
constant a must contain the symbol of mass; therefore, without loss of
generality we can consider that the dimensional formula for a is of the
form

a=MIKT,
where k and ®= are constants. For the quantities v, p, and p we can write

the formulas
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v-rv. P = s: . » p- .P - (101)
t rk+3,8 el 842

It is obvious that the abstract quantities V,R, and P camot depend
on r and t and, consequently, can only be constants.? Consequently, the
hypothesis that only one constant a is essential makes it posuibl@, with-
out resorting to the equations of motion, to completely determine the
dependence of v, p, and p on r and t. If the equations of moticn do not
contain physical constants or contain constants with dimensions expressible
in terms of the dimension a, then these equations must have solutions of
the kind (1.1) when ¥V, R, and P are constants. It is not difficult to see
that in this case whatever the constants k and s may be, the motion determin-
ed by the formulas (1.1) does not contain the condition for which density
and pressure are different from zero and at the same time constant through-
out the entire mass of fluid.

If, besides the constant a, there is still a second constant b, then,
without loss of generality, we can always assume that thd dimensions of b
do not contain the symbol of mass and, consequently, a formula of the form

[b] =Lor",
where m and n are constants, is true; it is obvious that when n7#O only the
ratio m/n is essential.

From the‘determining quantities r, t, a, and b we can form only one

independent abstract variable combination

A =Db r_mt-n.

2Cénccrning general methods of the theory of dimensions see, for example,
the author's book [2].
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Turning to formula (1.1) we conclude that the abstract quantities
V, R, and P can be functions of a singlc variable parameter A. Further,
we shall show that we can construct solutions of the type under consideration
in which the functions V, R, and P or their derivatives are disconti;uous.
The hypothesis that only two constants a and b with independent
dimensions are.esacntial permits us to determine the general type of
distributions of the values Voe Py and Pgs when t = O. By means of the

theory of dimensions [2] we find

-}. E.‘.l - B 2 ms &

n _n n n n n n
Vo= b T » Py = a8b r » By = Gzeb r s (1.2)

m

Sle
o

where al, a,, 03 are abstract quantities that we may consider as functions
of r, having constant values when r#0 and rjwand having singular points
when r = 0 and r = ® in the general case. The quantities Q15 CGos and Q3
in particular, may be equal to zero or infinity.
If, when t = 0, pressure and density are constaﬁt, finite, and different

from zero, then the following relations must hold:

%"’1) k+5-‘5; r (1-3)

from which it follows that the magnitude of the initial velocity is the same

for all particles of the fluids. Discontinuity of velocity can take place
only when r = O or whenr =® ,
Let us note certain problems for which the solution can be constructed

by means of solutions of type (1.l) when

kK=~ 3, s =0, 2. . A (1.4)
) n




A. Classical problem of an " explosion' along a plane. It is necessary

to determine the adisbatic motion of e gas, if at the initial moment of time
the velocity, density, and pressure have a discontinuity along the plane
x = r =0, while on the right hand side for r > 0 we have the assigned

constant values vys © and Py and on the left hand side for r <0

l}
we have the assigned constant values Vor Pps and Pse

As 1s known, equations of motion of a perfectly ideal gas dc not con-
tein dimensional constants; therefore, in this case the motion depends only
on the six dimensional constants Vyr P15 Pys Vo Pos and Po-

Among these constants there are only two with independent dimensions.

We cen take a and b as constants:

& = p) ([-]= M, k= -3, 820),

b = 7P ([b]- 112, m=2,n=-2 22 1)
Py

(1.5)

Relations (1.4) are satisfied. The solution of the assigned problem
can be obtained by means of a combination of solutions of type (1.1). Con-
sequently, in this case we can sey in advance that the formulas which give
expressions for v, p, and p in terms of r and t can depend only on the
parameter btg/rg = A. Formules expressing v, p, and p in terms of r and
t can change their form when passing through discontinuities3 (weak,

stationary, and strong jumps).

3F‘or an examination of possible cases of motion in this problem, see the
work of N. E. Kochin [3].




T-57 ‘1

2- B-56

B. Problem of the motion of a gas in a long cylindrical tube, closed at

one end with a piston. At the first moment of time the gas is at rest, and

the piston begins to move suddenly with constant velocity U. By reversing

this motion, we arrive at the problem of the sudden introduction of a barrier

in front of an advancing homogeneous stream of gas. !
In this problem the motion is determined by the following dimensional

constante: the initial density Pis the initial pressure Py» and the velocity

of the piston U. We again obtain the case where the solution depends only

on two constants with independent dimensions. As ies known, if U is directed

toward the gas, then the solution of the problem has the simplest form - - |
in front of the piston there is formed a zone with constant pressure, density, . I
and velocity of gas particles equal to U. This zone is separated from the |

quiescent gas by a strong discontinuity, expanding with constant velocity.

C. Problem of the detonation of a gas in a cylindrical tube (detonation

begins either in a plane cross section of the tube and propagates in both
directions in a quiescent medium, or the detonation begins from the end of
the tube closed by an immovable piston).

During detonation there is added a constant that defines the resulting
specific heat of chemical reaction 9 - 9y The constant 9 -9 in mechanical
units of ‘measurement has the dimensions of the square of velocity, which
depend on thé dimensions of pressure and density. Consequently, in this
case we have only two dimensional constants with independent dimensions,

and the solution can be formed from solutions of the type (1.l).
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The solution can be generalized by assuming that the piston &t the
initial moment of time begins to move with a constant velocity U, or by
assuming that instead of a movable piston near the end of the tube, there
is created a constant pressure that is maintained with time and differs
from the pressure in the quiescent gas.

For plane waves the solution of the problems enumerated is elementary.
We shall examine the generalization of the specified problems in the case
of cylindrical and spherical symmetry.

For the sake of concreteness we shall further restrict ourselves to
a detailed study of the corresponding problems with spherical symmetry.
Before that, we shall consider the following problem: At the moment '

t = O inside a sphere So of radius T the gas is quiet and has a given
density P, and pressure p,; outside the sphere 3 there is the same gas,
in which density, pressure, and velocity are constant and equal to

Pys Py and vye It is required to determine the starting motion of the
gas.

It is obvious that in this case the solution depends on six dimensional
constants | De, p2, P1s Pp» and v

. 1’
with independent dimensions. Since the radius ry in the general case has

among which there are three constants

an essential value, the solution of this problem does not have the form
(1.1). If we proceed to the limit as rd—)O, then as a result we shall
obtain a problem with two independent dimensional constants, which can be
solved by means of solutions of the iype (1.1).

Thus we arrive at the following problems with spherical symmetry for

which we shall give the methods of solution.




. P
8

Pl All particles of homogeneous gas have the same veloclity directed

toward the center 0, vi-< 0 (focussed at & point) or from the center

v1<10 (dispersion from center).

In both cases near the point O there is formed a spherical expanding
region of quiescent fluid, in the first case with increased pressure, in
the second with reduced pressure. From the following it will be clear
that there exists a critical velocity vi > 0. If vi.> v;, then a vacuum

forms at the center O.

2% Generalization of problem B concerning the piston. When t = O

the gas i8 quiescent, but the particles of the sphere So of infinitesimal
radius with center at the point O suddenly obtain a constant veloecity U
directed radially from the point O. In the following, when t~ O these
particles continue to move with the same constant velocity U. The fluid,
as it were, is moved apart by the sphere So, the radius of which increases
from zero proportionally to time. By means of the theory of dimensions it
is not difficult to see that on the surface of the sphere So the pressure
must be constant. '

The corresponding pressure is determined from the function of the
velocity U and of the characteristics of the quiescent gas. Consequently,
this problem coincides with the problem of the expansion of the quiescent
mass of fluld by the assigned constant pressure which arises at the point 0.

3% The problem of spherical detonation. When t = 0 at a certain point

O in the gas, there arisss a detonation that then propagates in the quiescent

gas. In this case, around the point O an expanding sphere Sl forms from




the quiescent gas. The density and pressure inside Sl are constant and
differ from the density and pressure of the quiescent gas through which
the detonation waveh has not yet passed.

2. To obtain the conditions that must satisfy the values which enter
fornmlas (l.1), it is necessary to resort to the equations of motion. It
is obvious that to justify the accepted hypotheses, it is necessary that
the equation pf motion should not contain essential constants with dimensions
independent of the dimensions a and b.

For the sake of definiteness of the problem, let us take the equations

of motion of a fluid in the following form:

+v%—+%-§§=o, %a%+ﬂ;’-;’_-+(y-1)%’-xo, (2.1)
R, y-L L =0, (2.2)
'é%pr or iy

where 7 is some abstract constant. When 3/ = 1 we have plane waves, when
V= 2, cylindrical waves; and when ¥ = 3, spherical waves.

When 7 = Cp/cv’ equations (2.1) and (2.2) can be considered as the
equations of the adiabatic motions of a gas, where entropy can be different
for different particles of the gas. Equations (2.1) and (2.2) do not contain
dimensional constants; therefore these equations must have a solution of
the type (1.1), where there is only one constant &, and also in the case

where there are two essential constants a and b.

hThe problem of spherical detonation was solved by Zeldovich[y o Like
Problem C on detonations in a cylindrical tube, the problem of spherical
detonation can be complicated by the addition of the condtions of Problem
25%
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Substituting formulas (1.1) into equations (2.1) and (2.2), we

obtain
Py [(n + mV)VT +m %i] -V V- (k+1) % P

A [mV' + (n+nV) %'] = - 8 -(k-¥+3)V, (2.3)

[} i ]
M (n+mV) F— -7 %J = - 8(1-7) -2 -[k(1-7) +l-37] V.
If the constant b is absent, then the left-hand mgmbers of equations
(2.3) must be replaced by zeros, as a result of which three simple finite

relations are obtained eonnecting V, P, R, k, and s:
- 2 - _ 2(2-x-3
vV = W; P 21(1 ]) 5 R, 8 = Eéa# N (2.’4)
(k+1) [2e0(y-1)] '
In this case formulas (1.1) give a family of exact solutions of

equations (2.1) and (2.2), depending on the two arbitrary constants k
and aB. Replacing t by t - to we obtain a solution that depends on three
constants.

When ¥ = 1 in formula (1.1), the coordinate r can be replaced by
r -Xg, after wvhich we obtain a solution that depends on four arbitrary

constants.

For an ideal gas, the entropy is expressed by the combinatlon

b 1-y -E A(7-1) +37-1 8(7-1)-2
——7—- = 8 R? 2
o]
which in the general case is different for different particles of fluid. If
Y A2 -
k = vo1 ’ 8 = 7.1 ’

then for the resulting famlly of solutions that depend on one cconstant,

the entropy is identical for all particles of the <fluid.
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When m £0, integration of the system of equations (2.3) can be
reduced to an integration of & single ordinary differential equation

of the first order,

4z B '{ [2(v-1)+1‘(7-1)v](v-q)‘?_(y-l)v(v-l)(v-q)-[z(v-1)+x(7-l)] z}

. (2.5)
a (V-a) [V(V-2)(V-q)+(x-)z]

where the following designations are used:

s 1B L - 5+2+q(lk+l)

n
. R’ == 'I-ll” y .
After equation (2.5) has been integreted, the dependence of V, R

on A will be determined by means of guadratures from the relations

d 1n A" (v-q)%-z (2.6)

— e =

v TWV-1) (V-q)+{(x- W)z’

f.g &1n R“ o W(v-1) (11-9,)+(2X-W)Z'_ [s+(x-m43)V] . (2.7)
d ln A z-(V-q)

In the general case the integration of equation (2.5) must be perform-
ed approximately. Whenm = O, i.e., when q = 09, equation (2.5) is easily

integrated, and we obtain the integral
2.z (v (7l (2.8)

where A is e constant of integration. Assuming n = 1 (i.e., A\ = b/t,

where b 1s the characteristic time), we find from equation (2.3) that

av
dln N = R (2.9)
v{v-1-aCxe1)v(v-1)P 771
d1nRA® = - (ke3-2)av . (2.10)

v-1-a(ke1) v(v-1)Z\7-1)

— e cce— A e




In this case the solution of the equations of motion of the fluid

(2.1) and (2.2) can be written in the form

t

A (¢] av .
N _ O R (2.11)
o o F expj v [(v-l)-A(k+1)v(v-1)v(7'l)J
aB - av
=, - k 3“” » 2012
Pk exp{ v )j(V-l)-A(k+l)'i'(V-l_}/(7-n'} G

2
p = i-éAVZ(V-l)v(7'l)p, v = %V .

These formulas give an exact solution of equations (2.1) and (2.2)
which depend on the four arbitrary independent consgtants _130 > A, aB and k.

For some particular values of ¥y the integrals entering these formulas
can be calculated in a simple form.

If k = -1, then for any ¥ the integrels are easily celculated, after
which we obtain the following exact solution of the equations (2.1) and
(2.2):

(%- to)a- 4

1
> P =Ql—a—) Pp=f—",
sots x? (t-to):”

(2.13)

where to’°<1 aend B are arbitrary constants. In the motlions described by
the formula (2.13) pressure depends on time, but is constant throughout
the entire mass of fluld. All particles move uniformly and rectilinearly,
but with different velocities. For each particle of the fluild the entropy
is constant, but is different for different particles. Where the symmetiry
is cylindrical the distribution of density is stationary. A more genersl

solution is obtained if in the solution (2.13) the constantof i8 replaced
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by Fé—%—;— ;» Where F is an arbitrary function.

8olution (2.13) coincides in form with the solution furnished by
formulas {1.1) when ¥, R and P are constants, determined by formilas
(2.4), but differs from it by the fact that 1t depends on the two
dimensional constants o{and £ which in the given case enter in a special
form.

When ¥ = 1 in formulas (2.13), the coordinate r can be replaced by
rer ) after wvhich we obtain a solution dspending on four arbitrary con-
stantsy this solution differs from the corresponding solution that
satisfies formula (2.4).

3. Bolutions in the form (2.1) can be sought when there are surfaces
of weak or strong discontinuities. These characteristic surfaces willl
satisfy certain values of the coordinate r = r*, which depends on time.

The dynamic conditions connecting the values Vys Pys Pp and

Vo1 Ppy Py OB different sides of surfaces of strong Jjumps have the form:

2
Condition of constancy of mass

wvhere ¢ is the velocity of displacement of the Jump; and

Condition of conservation of momentum
pz(v2~c) (vl-vz) = Pp~P; - (3.2)
We shall write the equation of energy assuming that the gas is

ideal:

7. Py 72 Po 1 2 2
U~ % Gle, (7, - s, 2 [(vl'c) - (vyme) - °, (3.3)
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whare Q@ -9 denotes the energy referred to a unit of mass, which can
be generated by the chemical reactions accompanying the Jump. It is
necessary to introduce the quantity 2 - 9 by considering the phenomenon
of detonation. We shall assume that the difference 9 - B is expressed
in mechanical units of measurement and therefore the dimeneions of
Q) - q, are equal to the square of the velucity. The constant 7 may be
different on different sides of the surface of discontinuity.
In the Jumps t, a and b will be the dimensional determining paramesters
from which 1t is impossible to form a dimenslonless combinationj there-

fore, for solutions of (1.1) on the jumps, the relations

- S
A =X = const, r* = Bpfy (3.%)
will hold.
Since ¢ = dr*/dt, then ’
n r*
¢ = Et Y . (3'5)
We can further assume
.2
.’rﬁ\
4G -p=a ) (3.6)

vhere xo and ¢ are abstract constaﬁts. '

Solutions of the form considered can exist during the generation of
heat by the chemical reactions, 1f this generation can be subordinated to
a law satisfying the formula (3.6).

" Motion where there are surfaces of discontinuity is imposasible, if
there 1s only one essentlal dimensional constant a.
Ag pointed out above in (1.3), if motion starts from a state of rest

in which the fluid iz homogeneous, then m/n = -1. Conseguently, for motions
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|
of the type considered that starts from the state of rest, in which P,
and p, are not equal to zero or infinity, it follows that the velocity
of the shock waves 1s constant and the specific heat of the reaction
9y - 43 must also be a constant,

Substituting formulas (1.1) in the relations (3.1), (3.2), and (3.3)

and introducing the designations

2
»
e Ly, g-z(r) -., (3.7)
r/t
we obtain
-:B-]-: - 2 2 (3'8)
Ry
zy %
[ A, T eeamemwe o (309)
T 7a% 2’
%, u]2 Z5 u22 (3.10)
q + + é = + 5 ‘ '
71-1 72-2

From equations (3.9) and (3.10) it 1s easy to express z, and u, in

terms of Zy, Wy and q.
For shock waves without cherical reactions (71 =7, =7and q= o),

two solutions of equations (3.9) and (3.10) have the simple form

Uy =y |2+ 721 . éul ’ (3.12)
uoo |

2 2z
AR | B
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Since equations (3.9) and (3.10) are symmetrical with respect to
2y, v, 1n terms of ha, V, it 1s sufficlent to transpose the indices 1
and 2 in formulas (3.11) and (3.12)°.
In the following, we shall assume that the index 1 corresponds to
that side of the Jump to which we cross during the growth of r.
For a general analysis, another relation is useful:
oy - uye = ~(zg-w®) 1+ B f’:-«;}- (3.13)
by &
The velue of z in its physical sense is essentially positive.
According to the theorem of Tsemplen, the 1ne’quality Vl - V2 < O st
be satisfled, which ylelds
W -u, =V, -V, <O, (3.14)

On the half-surface - W< V< +a, r > 0 (Fig. 1) are marked the

b

(v i)

Fig. |

5In the preceding considemtions, formules (2.1) are utilized for formulat-
ing conditions in the jump in the dimensionless form (4.8), (4.9), and

(4.10) on page 25; therefore the relations mentioned are true for any
motions of a gas with straight Jumpe. For special motions of the type
considered, we have u = V + n/m.

4
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regions that transform into each other by means of relations (3.11)
and (3.12).

The straight line z, = O transforms into the parabola z = 27(V+n/m?/ (r-1).
The points of the parabola gz = (V+n/m)2 will transform into themselves.

From the theorem of Tsemplen it follows that the points 2 Vl,
must be located in the regions that are hatched vertically, and the
corresponding values of Z, and V2 will be found in the regions that
are hatched horizontally. Possible transitions from Z2ys Vl %o Y Vé
are indicated by arrows.

Points of the type M, located above the parabols z = 27(V+n/n)2/ (7-1),
cannot correapond to the boundaries of the Jjumps.

let us now consider in more detsil another case vhers the condition
of rest is a particular solution in the family under consideration. In

this case

. ] 2
n L = B -l o C =ﬁ
- m l, Cc = t > g = c2 » v l c a p

wvhere a is the veloeity of sound. .

If z > (V - 1)°, then the velocity of the fluid particles with
respect to the jump is less than the velocity of sound; when z < (V -1)2,
1t is greater than the velocity of sound. On the parabola z = (V - Sl.)2
the relative velocity of the particles 1s equal to the veloecity of

sound.

If v = O when r #0 and t7# 00, then V = 0} whence it follows that

the points on the z-axis correspond to the conditions of rest.




'
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On the straight line V = 1 we have v = r/t. This means that the
velocity of the fluid particles is equal to the velocity of transition
of the conditions of motion A = constant that satisfy the points of
this straight line. Consequently, if there are stationary discontinuities
in the stream, then they must satisfy the points of tﬁe straight line
vV =1.

Let us assume that we have a condition of rest on side I, this
condition can change into motion by a Jump only for points of the
z-axis located on the segment 0,A, for vhich z, = ale/c2 < 1. The
pointes of the Begment OlA transform by the jump into the points of the

arc of the parabola AOQ, the equation of which has the form

z, = (1V,) (v L2 v) . (3.15)

The point O, for which z, = 27(y-1)/(y + 1)2, v, = 2/(y + 1)

_ corresponds to the point Ol(zl =0, V, = 0). If the velocity of sound
in a quiescent medium is finite, then the limiting case when the apeed
of propagation of the Jump is equal to infinity corresponds to the

Junp fronm 0l t0 the point 02. The veloeity of propagation that is

equal to the velocity of sound corresponds to the point A (z =1, V = 0).
When the point Zq5 V1 approaches the point A, the Jumps 1in velocity,
density, and pressure converge toward zero. Only a wesk discontinuity
may correspond to the point A. By the position of the point A on the
segment OlA the velocity of propagation of the Jump i1nto the quiescent

fluid is determined.
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In the case of the propagation of & direct condensation jump in

a quiescent gas v, = O (vhen Q ~q =0and 7, = 7, = 7), the relations

(3.1), (3.2), and (3.3) can be written in the form

2
b
2. 27 ¢ -7
Py 7+l | a; Y Iy (3.16)

Py 7+1

w— T (3’17)
Pa 7-1+2(al/c)2 ’ ‘
v, a. \2

"‘3 =, ;_'%I 1l - ""'(1‘; . (3.18)

These formuilas are convenlent for evaluating the elements of a
Jump by means of the velocity of propagatica of the Jjump or by means of
the velocity of the particles of the gas behind the Jump \PY For a.better
illustration, the relations represented by the formulas (3.16), (3.17),

and (3.18) are sliown graphically by solid lines in Fig. 2.
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If the ratio va/a1 is assigned, then in order to determine the
ratio al/c it 1s sufficient to draw a straight line with a slope equal
to va/al through the origin of eccordinates on the lower graph. The
intersection of this straight line with the parsbola (3.18) determines
the ratio al/c.

We shall mow examine another case, when q, - q, £0 and 7, £ 7,, f
and the shock wave propagates in a quiescent medium Vl = 0 or a; = -1

In this case equations (3.9) and (3.10) asgume the form

2
a 2
71
z u, 2 . ‘ s 2 -q."
2 22 _1,1_2 . U% (3.20)
7oL 2 2 "y T2 2
2

When 312, Q) - U and ¢~ are constants in the 2z, u plane, these
equations are represented by parabolas located as shown in Fig. 3, 1f
G - L
- > . .
8, 1Yl

The equality sign corresponds to the case where the parsbolas inter-

l
f

sect at the point D. If the inequality (3.21) is not satisfied, then the

system (3.19) and (3.20) has two solutions - for one of them V, <0, and

for the other 1 > Vé > 0.

For the existence of two real dissimilar solutions of the equations

(3.19) and (3.20), the constants 8y, ¢, and g, - q, must satisfy the

relation
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2 2
.2 \2 7. = 1 a q, -
1e A Yoo 2, a2l Rt (3.22)
2 2 7y =1 2 2
71c 75 1l e ¢

The roots of equations (3.19) and (3.20) converge when in the
relation (3.22) the sign of the inequality 1s changed by the sign of

equelity; in this case we arrive at the equation

2 2
4 - 7y~ 7 2 7
<) . 202,2-1) L qu R =)+ = -0, (3.23)
%1 - ay 7.(r = 1 (7, -1 ) A

and for the roots of equations (3.19) and (3.20) we obtain at the

same time the expressions

It 1s obvious that the corresponding solution determines the point

located on the parabola
z, = (V, - 1)%, (3.25)

If the inequality (3.22) exists, then two solutions are obtained for
which the corresponding points M and N (Pig. 3) are located on different
sides of the parabola (3.25).

It 13 not difficult to satisfy oneself that if the ratio
(ql - qg)/al2 is assigned in such a way thgt the inequality (3.18) is
satisfied, then for different valuss of ca/al2 the corresponding points
M and N will be located on a certain third order curve, vwhile equation

(3.23) 1s satisfied in the points of the parabola (3.25), and the quantity

-
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ce/alQ attains an extremum. The largest root of equation (3.23)
corresponds to & minimum, and the smallest to a maximum of the ratio
2
1
If in reletion (3.21) there is the sign of equality, then equation

(3.23) has the fomm

co2 72 2
=5 - = =0 (3.26)
& N

It is obvious that in this case the velocity c, is equal to the
velocity of sound in & ges with the adiabatic coefficient 7o From

formueas (3.24) for the corresponding values of V, and z, we find

V2=0,andz2== 1.
4 21
|
3] ——
L ]
D
2= (v-1)?
w=0 Wl __u
u==1I u=0
Fig. 3

If in the relation (3.21) there is & sign of inequality, then the

equationg (3.24) have two roots c, and c, that eatisfy the inequality

cl < co < c2.
All the reasonings of this paragraph are epplicable to motions with

plane waves and to motion with ¢ylindrical and spherical symmetry.




4. Let us now consider the question of determining all the
solutiong wvhen m = 2, nm -2, s = 0, kw -3, and V= 3, Let us
assume

""1""‘% -5 ""‘122;"
r
where ) 2 and Py are certain selected values of presgure and density.

Equations (2.5) and (2.6) in the case under consideration assume

the form 2
dz _ . 2 2-(V-1)(9V- 1) , L,

3g-(V- 1)2 S22

1dln ) = 2-(v-1)° (k.2)

E B L]
dx v [32-(v- 1)°
Moreover, vhen V #1 and the last of equations (2.3) is integrated,

we obtain the following connection between P, R, and A:

7
P = R ;-l » (h‘j)

where B8 is & constant of integration.
Using the relation (4.3) and the designation yP/R = 2z, we can write

formulas (1.1) in the fomm

| 1
v %)_:’ p = pb (;‘:F > P = PP (g:-);;‘[ , (b.%)

In regions of continuous motion the quantity p/p7 of the various

fluld particles will be identical, since
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2 .
5 = =5 5y (4.5)
pl Dlﬂ

It is obvious that the abstract constant f is closely connected with
the value of entropy. If, at a certain point in the region of continuous
motion, preasure and density have the values Py and Py> then it 1is
obvious that in this region g = 1.

The solution expressed by formulas (4.4) depends on four arbitrary
constants. Two of them are plB and pla ; two othexrs will enter during
the integration of the differential equations (4.1) and (4.2).

The main difficulty lies in the integration of equation (4.1).

After the integration of thlis equation, the parameter A is determined
as & function of V from equation (4.2) by means of eimple quadrature,

Let us consider the behavior of the integral curves of equation
(¥.1) in the zV plane, This ejuation has five special points:

o(0,0), A(1,0), B(z*,V*), c(o,1), (o0, +),

vhile

2 i~ 2

3(y- 1 v -
3-! L]

F 4
(37- 1)
The points 0, A, and C are nodes and the points B and D are saddles,

The general form of the integral curves in the half-plane z > 0 is shawn

in Fig. b,
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In the points of the persbola z = (V- 1)(9V- 1), the integral
curves have tangents parallel to the V-axis; in the points of the
parabola z = %- (v- 1)2, they have tangents parallel to the g-axis.
Near the point O, the solutions of equatiens (l4.l) and (4.2)
have the form ]
2 '\A
Z = v+... v: + o e s 3 (h'6)
Ky J &, ,

vwhere k, > 0 and k, 2 O are arbitrary constents. A = ;12 t2/r2 = 0
corresponds to the point 0; consequently, the infinitely remote point
r = corresponds to the point O in the space of the motion of the
fluid.

At infinity for velocity, density, and pressure the values Vor
o and p o 8re determined by the formulas

N ,
S 8 K )ﬁ-"I g Xy
"’o"k"z’ (2';‘,‘0‘), Po = PP ;‘2‘5 » Py = PP ?7 . (&.7)
2

pronpl,po-pl,thenﬁ-l,kl-ka. .

In the g, V plane near the point 0, the integral curves have the
form of parabolas. As the velocity increases to infinity the corres-
ponding paraboles approach the V axis. If oy > 0, then the shifting
upvard along the right-hand branch of the parabola corresponds to the
approach from infinity to the center of aymmetry; 1if Yo < 0, then the
shifting upward along the left-hand branch of the parabola corresponds
to the approach from infinity to the center of symmetry.

Equations (4.1) and (%#.2) have an exact solution:

2 = 0, V= E—“‘ (h-a)
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The conditions of motion in which either p = C or p = o corras-
pornd to this solution.
Moreover, equations (4.1) and (4.2) have the solution

V.= 0, 3 = K\ . (%.9)

It is obvious that this solution corresponds to the state of rest

1 _ZI
v =0, p = plBk5 y-T P plpkjy- | (4.10)

Ir Py and p, are the density and pressure corresponding to the
state of rest, then 8 = 1, k3 = ],

The integrated straight line satisfies the state of rest. The
moving points of the fluid for which A = algtz/r2 = constant correspond
to the fixed pQints of this straight line.

It is not difficult to see that to the point z = 1, V = O there
corresponds & state of motion which propagates in the fluid with a
velocity equal tc the velocity of sound satisfying this state.

Indeed, from formulas (4,9) end (%.10) when z = 1 we obtain

2 p
ST = n 22
2 ‘1ik3 0"

When z < 1, the velocity of propagation of the corresponding states
in the quiescent fluid is greater than the velocity of sound, and vhen
z >1 1t is less than the velocity of sound.

Let us consider the behavior of the integral curves near the point
A for vhich z = 1, V = O. Near this point the equation of the first

aepproximation for equation (4.1) has the form

%% o 2l + $1+ 2)V . (k.11)
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The general integral of equation (4.11) is represented by the
formule
z-1 = CV + (1+ 7)V 1n ¥, {(4.12)

vhere C is a constant of integration.

It ie obvious that at the point A there is a node, and that the
integral curves converge to the point A, tangent to the z axis.

It is not 4ifficult to see that in the motion along the integral
curve, the point A is reached for a finite value of thas paraueter A,

since at the point A we have

%’ 0, %%ﬂ l. (,"'15)

The point A may correspond to a weak discontinuity. The &iabe
of rest, given by the straight line V = 0O, may transform continueusly
into motion determined by other integral curves converging in the point

A.
The special point B i3 a saddle. Through the point B pass two

integral curves with slopes

c B g e onf e sG] (.14)

During the motion to the point B along the integral curves corres-

ponding to the plus sign, the parameter A tends toward +00; during motion
to the point B along the integral curves corresponding to the minus sign,
the paremeter \ tends toward zero.

A special solution satisfies the point B:

1 2
2 2o ),— 2/ \2
vim 31 £+ Ppmpy bz 7 :;E 1 = Py Bz 7-1 -__-1‘1{ 7-I (k.15)
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The solution (4.15) is a particular case of the dependence of
the general solution on the one-dimensional constant which we examined
in paregraphs 1 and 2. Formulas (1.1) and (2.4) become formulas

(4.15) when

-1 2
k > ’ 8 = ;—:I . (hol6)

In the solution of (4.15), when t = 0, r7#0, we bave v = a0 ,
paaod, and p = 00; when t > 0, the infinite values are maintained only
when r = @; wvhen r = O, we have ve 0, p =0, p = Q.

Let us consider, finally, the special point C. Near the point
V=1, z= 0 for sufficiently small z >% (V-l)a, and the continuatien
of the integral curves to the right and left lead to the intersection
with the parabola 2z = %— (V-l)a. In the pointe of this parsbola we have
(dz/DV) =00; during further continuation the integral curves tend teward
the point C, remalning below the parabola ¢ = %{V-l)a. Consequently
the point C 18 a node.

It is not difficult to show that for all values of y > 1 the

following inequality exists:

1

1im 3 < %, , b1
e G:ﬁg— 3 (&.17)

From this it follows that the derivative d 1n A\/dV hae a
finite value whén V e 1l, Consequently, during the motion along
the integral curve we arrive at the point C with a finite value
of the parameter A. The point C may correspond to a stationary
discontinufty or to a boundary which is shifting together with

the fluid particles.




At the point C we have z = 9P/R = O, and from this and from
(k.3) 1t follows that for all solutiens different from z = 0, dur-
ing the approach to the point C pressure and density tend toward
zero,

Motion along the integral curve on the side of increase in
parameter A\ corresponds to a decrease in r. When 0 <r <dJ, we
have ® < A\ < 0.

By means of equation (4.2) it 1s easy to show the directions
of increase in parameter A along the integral curves. In Pig. &
these directions are shown by arrows.

On the parabola z = (V-l)z, the parsmeter A reaches a maximum
when ¥ <0 and V > 1 and a minimum vhen 0 <V < 1,

It 18 obvious that the continuous transition along the integral
curve through the pointe of this parabcla, ex;luding the points A
and C, is physically inadmissible, since it leads to non-singlevaluedness.

In the center of symmetry of the stream, r = 0 and A\ = @,

In the 2V plane, the motion of the fluid continues to the center

r = 0 along the integral straight line V « 0, z-9+00, satiefying

the state of rest; along the straight line z = 0, V=+ a0, for vhich
eithef‘the density is infinite or the pressure 18 equal to zero;

for the special solution (4.15), i.e., for the point B, and finally,
for the motion which satisfies the integral curves OB and DB, resting

on a special solution for the point B.

4 F 4
ﬂ.T
N,
~
S0 Ny
47
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=
4
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¥, -/’._\-__
r A\ o] & V]

Fig. 5 Fig.6
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At an infinitely remote point of the stream we have r = @ ,
A= 0, In the zlv plane only the special points O and B can corres-
pond to the infinitely remote poipt of the stmﬁn. For the point B,
the velocity is infinite at infinity. For solutions starting from
the point ¢, the velocity of the fluid at infinity can have any
value.
2. Based on the general analysis, given above, of the c;mditions
at the jumps and the behavior of the integral curves of equations
(4.1) and (4.2) in the z,V plane, 1t is not difficult to construct
solutions of the problems pointed out in Section 1 (page 2).

Problem 1°. The form of the integral ourve when v, <0 is

i
shown in Fig. 5. The initial data for the integral curve are determin-
ed by the values V) = Vg Py ® Ry and Py * P, by means of
Yormulas (4.7) and (4.8).

At the point Hl of the intersection of the parsbola
z = (1-V) (1+(7-l)V/2]with the integral curve, a strong jump arises,
beyond which the fluid is at rest (point la). The velocity of pro-
pagation of the jJump C, which is egqual to the veloeity o:x' growth of
the radius of the spherical nucleus with the stationary gas, is
determined by the value of the parsmeter A = )\Pl/(plce), satisfying
the polints Hl and Na.

If v, > 0, then the corresponding integral curves are represented

l

in Mg. 6. FPor sufficiently small values of vy

the type OA ere cbtained, the motion being continuous for all values

» integral curves of

of r. Near the center of symmetry aspherical nucleus of quiescent gas
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forms thet transforms by a weak discontinuity into metion, and the
point A corresponds to the weak discontinuity. At a certain initial
velocity vy = vl’, the integral curve QB is formed in the le plane.
The point B corresponds to the center of symmetry; in this case the
velocity of the gas will be equal to zero only et one point ~ the
center of symmetry. 1If vy >-vl’, then the integral curves converge
toward the point C, at which the parameter \ has & certein finite,
nonzero, constant value K*, and pressure and density become zero.
Consequently, at the initial velocities v, > vl* in the gas a vacuum

1l
is formed, expanding with constant velocity determined by the value

*

Problem 20. Let us designate by U the veloeity of & spherical
piston which 18 equal to the velocity of the gas particles on the

sphere S°5 the pressure inside this sphere is constant and equal to

»
p -

' We designate by Py and P, the density and pressure in the
quiescent fluid, In the zV plane a certain point of the straight

line V = 1 corresponde to the bounding sphere So. Integral curves,

' starting from points of the straight line V = 1, intersect the

parabola 2z = (V-l)a. Therefore, continuation of motion to the point

0, which corresponds to an infinitely remote point, is possible only

by & Jjump.
W
>
7 2Y z o
z=(l-V)(I+%V)/ 2= (V-1 :‘}
L]
! Da

V=
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Assuming that the motion of the fluid astarts from the state
of rest, it follows that on the external side of the Jjump Vl = Q,
zl;to, i.e., the corresponding point is located on the z-axis, whence
it follows that the point 52(22, Va) 15 detemined by the intersection

of the integral curve (Fig. 7) with the parabola

z = (1-V)(i + L2 V).
On the straight line V = 1, the point M* corresponds to the

sphere S° and the value

7P
=P > . %,
v P

Pa
so that ¢ > U.
2 2 » *

When ¢ -)o.l , the values z and A tend to infinity, and the
veloclty U tends to zero.

As a result of numerical calculetions, we have determined the

» »*
dependence of the ratlos U/c, o] /pl, P /p1 on the quantity al/c.
In P.g. 2 these dependencies are represented in the form of dashed
curves; corparison of the dashed curves with the s8clid curves gives
an increase in the ratios under consideration at the transition
from the jump to the piston (ephere So).

The exaemined motion may be continued inside the sphere SO.
During the continuation the ghare So may become g surface of
stationary discontinuity (only density is discontinuocus; velocity
and pressure are continuous). On the straight line V = 1, the integral

curve z = z(V) may have s point of discontinuity. The magnitude of
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discontinuity (location of the points M* and H') is determined by
the ratio of the denaities on the different sides of the sphere
So’ which nmay be given arbitrarily.

From the cond;tion of singleveluedness, it follows that from
the point M. it 1s possible to continue the integral curve to the

right (see Fig. 7) only to the point D, of the intersection with

1
the perabola z = (V—l)e. After the intersection of the integral
curve with the parebola z = 27(V~l)2/(7-1) at the point E, further
céntinuation of motion may be reeligzed by a jJump from & certain

point N, of the segment ED to the corresponding point 'h' From the

3
point Nh the integral curve nay be continued only when the conditions
of singlevaluedness %o the intersection of the parabolea z = (V-l)2
at the point D2 are sastisfied. According to the theorem of Tsemplen
no other Jumps can occur., The velocities of propagation c, U, c',
and U correspond to the points X, Ny W'y N, W, end D,. The
eorrectness of the inequelities ¢ > U > c' >-U' is obvious.
Consequently, the motion cen be continued inside SO, but this
continuation can be realized only up to a certain sphere 8, the

1
radius of which increagses according to the law r = U t. On the

surface of the sphere §, the density, pressure, and velocities of

the fluid (greater than U‘) are constent.

Problem 50. On the front of the spherical detonation we have
A= ala/cas constant. The point z, = ala/ca, V = 0 corresponds to
the external side of the Jump. The value of all the characteristics

on the internal side of the Jump will be determined when the follow-




ing are assigned: the density Py and pressure Py in the guiescent
mixture, the heat of reaction [ -9 that satisfies the inequality
(3.21), and the velocity of propagetion of the shock wave c. From
the conditions at thé Jump two solutions corresponding to the points
M and N (see Pig. 3) are obtained.

Continuation of motion from the point M 1s accomplished by the
integral curve MA (see Fig. 8). The point A corresponds to the
boundary of the expanding nucleus in which the gas - the product of

the chemical reaction accompanylng the detonation - is at rest.

My
Q W

Fig. 8

Continuation of motion from the point N is accomplished by
the integral curve NM . It is obvious that it is impossible to
continue this motion to the center of symmetry. Motions of such
character may be excited by mesns of the additional spherical
piston which we considered in Problem 2°.

The velocity of propagation of the detonation at a given value
}@ -9 is & minimum vhen the points M and N converge into a single

point Q locatéd on the parabola z = (V-l)e. In this criticel case




the motion can be continued either to the right at the point Nl*

or to the left to the point A. In the first case, pressures greater
than at the jump are obtained in the internsl region and on the
piston; in the second case, beyond the Jjump a rarefaction vnve\
arises in whieh the pressures diminish from the point Q w to the
point A.

Varioue authors paid much attention to the problem of determin-
ing the detonation velocity.6 We can point out that all hydrodynamic
ccnditions are setisfied 1f a Jump tekes place at the point M and
the motion continues along the integral curve MA.

Experimental data éhow that there is a regime of detonation
corresponding to a minimum velocity satisfying the point Q (see Pig.
8), with subsequent change of characteristics mlong the integral
curve GA. TFor substantiation of this fact, Zeldovich drew upon some
reasonings connected with the chemical mechanism of the reaction in
the shock-wave front.

It is obvious that at any rmoment each motion of the type under
considerstion 1s mechanicelly similar to any state, and, in particular,
to the state for the moment of time, as close as desired to the
initi{al moment of detonation at the center of symmetry. This circum-
stance can serve as a reason for the choice of velocity of detonation
from the data on the method of excitation in the center of symmetry.

If the detonation is initiated in the center by external pressure,

6Fbr exemple, see Zeldovich [&] and Grib Eﬂ.




T-57
2-3-56

then a point of type N must correspond to the jump. On the other
hend, the demand that the velocity of the products of reaction at
the center of symmetry should equal zero leeads to solutions in

which a point of type M corresponds to & jump. Simultaneous ful-
£illing of these two conditions can be satisfied only for points

of type Q and an integral curve of the type QA. These considerations
may be considered as a certain basis for the fact that in practice

8 regime of jumps corresponding to points of the type Q must be

obtained.
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