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1. Introduction and summarye.

In 1907 P. and T. Ehrenfest [1] used a simple urn scheme
as a pedagogic device to elucidate some apparent paradoxes in
thermodynamic theory. Their model undergoes fluctuations
intuitively related to fluctuations about equilibrium of certain
thermodynzmic systems. In view of the aiscord among physicists
[6] we merely mention the word "entropy" and shall not try to
force an analogy.

The original khrenfest scheme was defined as follows. 2N
balls are divided initially in an arbitrary manner between twvo
urns, 1 and <, the balls being numbered from 1 to 2N. 4in integer
between 1 and 2N is selected at random, each such integer having
probability 1/2N, and the ball with the number selected is
transferred from one urn to the other. The process is repeated
any number of times. If n, and n, are the numbers of balls in
urns 1 and < respectively before a transfer, it is clear that
the probability is n,;/(2N) that the trancfer is from urn 1 to
urn 2 and n,/(2N) that it is in the contrary cirection.

Let x'(n) be the number of bells in urn 1 after n transfers,
and let L;k be the smallest integer m such thet x'(m) = k, given
that x'(v) = j. If k = j we call L;k the recurrence time for
the state k. If k ¥ j, we call Lsk the first—passage time from
j to k. The distribution of x'(n), «<nown classically, was
derived by Kac [5] as an example of the use of matrix methods.
Kac then found the mean and variance of L;k, attributing some of

his methods to Uhlenbeck. Friedman [4] found the moment—
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generating function for x'(n) (for the Whrepfest and more

general models) by solving a differenc rential equation.
\Mhorsiia cw‘r‘zz—L

<

a modified scheméawith a continuous time parameter, which was

he b s bal T ol el fale M.WL/W Ak m,,,,g,fvaogr

apparently first suggested by A. J. F. Siegert 83+ In this
scheme there are two urns and 2N balls initially divided between
them arbitrarily. Each ball acts, independently of all the
others, as follows: there is a probability of % dt + o(dt) that
the ball changes urns between t and t + dt, and a probability of
1 - (% at + o(dt)) that the ball remains in place between t and

t ¢+ dt. Standard reasoning then shows that the total probability

of a change Ly some ball between t and t + dt is Ndt + o(dt)e

~

M—emﬁm—ts—ﬂz&&, shen a transfer occurs, it

is readily seen thet the probabilities that it is from urn 1 to

urn 2 or from urn 2 to urn 1, respectively, depend on the relative
number of balls in the two urns exactly as for the original
Ehrenfest sodel._ Thus we see that the present scheme is essen—
tially the ori’gi&shrenfest scheme where the drawings are made
at random times. AS we shall see, the time—continuous scheme is
easier to handle analytically.

Let x(t) be the number of balls in urn 1 at time t; we shall
sometimes speax of this number as the state of the system. Then
x(t) is a random function which can take integer values from O to
2N; x(t) executes a random walk — with & "restoring force" —

about the equilibrium value N. It is clear that the random walk
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is a Markov process.

Let ij, j # k, be the first—passage time from state j to
state k; that is, ij is the infimum of t such that x(t) = k,
given that x(0) = j. Let L, be the recurrence time for the
state k; that is, L. is the infimum of t such that x(t) = k
and x(T) # k for 0 < T < t, given that x(0) = k. We shall
discuss the probability distrioutions of ij and ka.

The probability distribution of LJk depends of course on
the size of the model (i.e., the number N). When it is necessary

to emphasize this dependence we shall sometimes employ the

(N)

.notation ij in place of ij.

de shall use the notation P(A) for the probability of the
event A; P(A]B) for the conditional probability of i, given B;
E(X) for the meam, or expected value, of the random variable X.
8y the distribution of a random variable X we mean the function
(of say u) given by P(& g u). The statement that a secuence of
distributions converges to & distribution F(u) will mean
convergence at all continuity points of F(u).

.Tnere are two limiting situations in which the distribution
of ij is of interest.

(a) Consider & simple thermodynamic system such as an ideal
gas in a container. Let us think of the container as consisting
of two halves which, however, are not separated by a partition.
Suppose that initially the molecules are spread in a rather
uniform manner through the two halves of the container. according

to classical kinetic theory, if we wait long enocugh a time will
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come, in general, when all the molecules are in one half of the
container. Such events, where the fraction of molecules in one
half of the container is appreciably different from %, are
evidently enormously rare if the number of molecules is large.
Correspondxngly we should like to show that the random variable
L

Nk
large with hizh probability when N is large. Now the mean of

, where |k — N| is of the order of magnitude of N, is very

LNk is extremely large when N is large. However, as Kac has
observed, the standard deviation is of the same order of magnitude
as the mean. Thus we cannot conclude from the values of the first
two mouients that LNk is large with high probability. We shall
show, however, that tiie gistribution of Ly, /E(Ly) converges to

1 -—e Y as N —o provided k/N remzins less than some fixed

number A, < 1. (Theorem 1.)

The situation with respect to L, .., where again k/N < ),
is somewhat different. If k/N is appreciably different from O,
‘'a very short recurrence time is not improbable. The distribution
of ka/E(ka) has for large N a "lump" of probability of magnitude
k/N concentrated near O, the remainder of the distribution being
exponential. (Theorem 2.)

(b) In the theory ol the Brownian motion and elsewhere in
physics anc statistics an important role is played by the

stationary Gaussian Markov process z(t) which we scale so that

Efz(t)] = 0O, E[z(c)]z -% ’

This process is defined by the requirement that the joint distri-

bution of z(t,), **°*, z(tm) for any distinct numbers t,, *:*, Yy
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is Gaussian znd dependent only on the differences t; — tj and

that the autocorrelation function is given by
-t
E[z(s)a(t + s)] = % e ! '.
If N is large the z(t) process, under the conditional hypothesis
that-z(0) has an appropriate value, is approximated by the
process

zN(t) = ﬂ%ﬁ.—_&

in & sense described in section 6. (It should be remembered
that x(t) depends on N.) By considering the distribution of
Lyy where (k = N) /W8 —>-£5 <0, N —> w, we obtain in
Theorem 3 the Laplace transform of the distribution of L, the
first time at which z(t) =[Tes go. given z(0) = 8. This result
is not new, having been obtained by Siegert [1Q] and by Darling
(unpubiished). However, the present method of derivation seems
instructive.

Results similar to those given under (a) and (b) are
obtained for the random variable L;k, the first time |x(t) — N| =

N — k, given x(u) = N.
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2. JThe mathematical model.

Suppose that there are initially j balls in urn 1 and

h

2N = j in urn 2. aissociate with the it ball a random function

th ball is in

xi(t) defined as follows: xi(t) is 1 if the i
urn 1 at time t, and O otherwise. From the elementary theory
of Markov processes (see, for example, kolmogorov, [7]), we

have

-—t
(1) P(x;(t) = x;(0)) = 18—,

—t

P(xg(t) =1 = x,(0) = 15—,

We may define the generating function of xi(t) by
P(;i(t) = O) + sP(;i(t) = 1).
Then the generating function of xi(t) is, from (1),

g {1 — e—t)s

%1oe

or

%[1 —e v+ (1+eYs

according as xi(O) is O or 1. GSince the quantities xi(t),
i=1, ¢ce, 2N, are independent, the generating function for

x(t) = 2 x,(t) is
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2 = = 3
) % lx t) x]x V) J,S

)

2N j 2N—
[1—e_¢‘¢(1+e_t')s]J[1+e—t‘0(1—e—t)s] :

oL

=

- :-O'wljk(-t.)sk
where we have introduced the notation ij(t) for PEk(t)=k[x(u)=j].
Formula (2) was given by Siegert [9], [11].
Because of the simple nature of the process under considera-—
tion it is easy to show that ij and ka are (measurable) random
variables with absolutely continuous uistributions. Ve omit the

proof. e let ijtu) be the probatility density of ij,

u
(3) ‘fo Pic(yldy = P(Ly s u).

vefine
(5) m, =1/ [(N - Q] k < N.

It is convenient to notice that as N > o

@ w - D= @ (o) L «so,

where we have put A = k/N, and ()(%)is independent of A
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The quantities ij, N etce, depend on the size of the

model; when it is necessary to emphasize this dependence we

anatl srite LN qih)

Jk) , etc.
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3. Distrivution of ij’ j ¥ k.

In this section we consider the distribution of the iirst—
passage time from state j Lo state k for large N, where 1j— k|
is of uhe order of magnituae of N. as far as the limiting
aistriobutions are concerned, we can restrict ourselves without

loss of generality to consideration of LNk’ k < N. For example,

if j > N > k then we can write

Lig = byn * L -

The first—passage time from j to N, representing novement towards
equilibrium, is negligible relative to LNk and uoes not affect

the asymptotic result. On tLe other hand if N > j > k, we hLave
Lye = bk~ L

end it is not difficult to show that LNj is negligible compared
with LNk'

Ii the lirst passage to the state k occurs at time 1% the
prooability thet the state at t,ime t is again k is qkk(t -T.

wWe have thererore
t
(7) <ilt) = J”u P Myl =TT, 37 k.

Formula (7) is the continuous counterpart of a formula long used
for discrete processes and recently exploited vy Feller [2].

Taking Laplace transforms of poth sides of (7) we have
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@® - @ i
(8)° ka( e 7" at -J; Qg lele dc/L[; G le)e % at,

ke(es) > O.

Since the quantities ij(t) are polynomials in e’

, s we observe
from (2!, the numerator and denominator in (&) each has a simple
pole at ¢ = O and their quotient is therefore analytic in the
circle le] < 1.

o (N) (N)
For simplicity denote LNk by Lk .

Theorem 1. The distribution function of Lk / {5) converges to

1-eY, uzv, as N —> o, provided k/N g ); < 1, the convergence

being uniform in k and u.

The proof will bring out the fact that likewise

(9) ((“))/()-—-)1 N—>o, k/NSA .
Theorem 1 will follow from

Lemma 1. (o is complex.) Let

@ -au/m
b o) = [Ty tle T

Let {%(N)} ég & sequence of nonnegative integers such- that
k(N)/N —> Ao § Ay <1 as N —> o. Then (the convergence being

bounded and uniform proviced |o| < €g < 1)
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(10) lim ¢, (o) = T8 le] < 1.

(N
The function ¢k )(—6) is the "moment—generating function"
of the random variable L}((N)/mi((m. Lemma 1 then implies, it
is well known, that
o (N) -u
(11) lim P[L(N) m <uf=1-—e
N=>o k(N)// k(N) =
uniformly for u > O provided k(N)/N —> Ao. Lemma 1 also implies,

since we have convergence in a complex neighborhood of ¢ = O, that
N> \ K(N) k(N)

. (N) (N)
so that (11) is still true if we replace M (N) by E<Lk(N))‘
Now if Theorem 1 were not true then an & > 0 and a sequence

{L(N)}, h(N)/N < Ay, would exist such that for infinitely many N

>€ .

e (N) (N)
ogu ||~ ° S WA

Extracting a convergent subsecuence from {h(N)/N}, we are led to

a contradiction of (11).

The proof of Lemma 1, which is somewhat indirect, proceeds
(N
as follows. We can obtain an expression for dk‘)(oi by

)

N
substituting a/mi for e in (¢), obtaining

. (N) @ -ot/m, @ -ot/m,
(12) 4, (o -U[:) dukltle dt /Jc; Qi lt)e dt = J,/Jz .
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We can obtain an asymptotic estimate of J, as we shall see later.
However, a direct estimate of J, appears difficult to obtain. We
shall therefore resort to another expression for ﬁLN)(d? which is
easier to estimate. Having estimates for ﬂkN (6) and for J,, we
can then get an estimate J,, which will be necessary for Theorem 2.
Since a direct proof of Lemsa 1 is easy if all terms in the
sequence {k(N)} are O we can suppose k > 0. If O <k <N we have,

from elementary reasoning, the important relation

(13) Iyo = Iy * by *

On account of the Markovian nature of the process, LNk and Lko
are independent random variables and the Laplace transform of the
distribution of their sum is the product of the Laplace transforms

of their inuiviuual cistributions. Therefore, using (8) and (13)

we have
—sL , —sL —sL
(14) B(e “°> - Efe Nk)E(e “0),
or
e
N @ -6t /m No't'e t
(15) 4{ )@ -J; Py ltle < dv = ‘Jum e -
L/; Pko(t)e de
—6t/m @ N dt./m
fm'%uu(t)e kK dv (1-e %) e K at
= - 2 k 2N—k —ot )
X T 4t th—e-") (1469 e dt
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The advantage of (15) over (12) is that QkO(t) is a simpler
function than ukk(c).
The numerator of the last fraction in (15) is %B(Nﬂ, %a'/mk).

The denominator, on substituting e * =y, becomes

(16) I -J:n ¥ e g2y T o
We now nave to estimete I as N —> o under the hypothesis
k/N —> )0 < 1. (we shall write simply k for k(N).) We shall
restrict o to the circumference of a circle, say o] = % 5
since it is clearly sufficient to prove Lemma 1 for such a circle.
write
nk

I =
Jo

1
- [‘ = Iy * Iz, U< £E<1-As1.
vt

Making use of (¢) and the fact that (1 - y)k(1 + y)"m—K increases
to a maximum at y = 1 — k/N ana then decreases, 1 — k/N being
larger than £ for sufficiently large N, we have

£

1/N% 3
(17) Il - J; = ‘ﬂ/Na
N: i (O/m )1

m
_s(1 ey
=—§[1+o(1)3+b/1/uz(1 k(e )2y dy

neo()] + Of1- ©%(1+ €2¥7 10g ]

[ ]
9 |

m ;
'-dlf- ':_1-'0(1)3 + olm,)

. 1
where o ) is independent of & for el =% .
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To estimate I, we distinguish the cases Ag > 0 and Ag = O.
If do > O, then I, can be estimated using the method of Laplace;

see [8],1I,p. 77. We obtain then, setting k/N = A, (see (6)) ’

N
(48) 1. = [)}(2—)\)2-/\] /H%%:—_A;Q. [1+0(1)] = m [ +o(1)] .

Going back to (15), we have (1U) from (17) and (15), since
1 1 B
753(N*1, ?CT,/mk) il g+ 0(1)J .

This coupletes the proof of Lemma 1 for the case Ao > 0. If

Ao = O, the integral I, can be estimated by making & change of
the variable of integration which shows the integral to be
asympioticully ecuivalent to a Beta function. Ve need not enter

into aetails.
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L. Distribution of ka.

Theorem 2. assume A= k/N § A; <1, and put
FA(u) =)+ (1 - A)[! - e_(1—m“], ux0.

Then for every b > 0

1i ]p(x“” L) o ) o
N>w bsucw | \ KK feLly)) s u) - Ry

=0

uniformly in k.

As in the case of Theorem 1, it is sufficient to prove that

the Laplace transform of the distribution of Nqﬁ“’Lﬁﬁ) approaches
, 2
Ao + (1 =Xg) /(1 + 6= A)

provided k/N = A —> Ag < 1. (We know from the general theory of

Markov processes that
1 (N) | (N)
h.ka 1 /(Ngk ) .

See Feller, [3], p. 325.)

The relation which replaces (7) when j = k is
t
p - a— Nt ! _
(19) Gi(t) = @ »Jz) PPyt ~TaT,

the term ‘-Nt. in (19) being the probability that the system remains

in state k the entire time from 0 to t. From (19),

1
|
=y —G’kat L.

—6Q, N
(20) fompkk(t.)e %N dt = 1 —
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If we equate the right side of (8), with j = N and & replaced
by ONQ,, to the right side of (15) with 6‘/mk replaced by
GNQR, we obtain

® —oNQ t © —oNQ, t
(/; qu(t.)e dt/J; iltle dt

- " (ongm, ) = glN) (,—ET).

or

@ -uﬂgkt @ ﬂUNQk (N) )

- 1, /6 (+25)-

To estimate Ij, which is the numerator of (12) with & replaced

by /(1 — A), we need a pair of lemmas.

Lemma <. Given ¢ > 0, let

N) (N)
(t) -
ty(€) = sup {t: max oy TR & | 2Er .
Ogrs2n Q
Then
(22) ty(€) = Ollog N), N — .

Proot. From (2), QNr(t) is the coefficient of s¥ in

~e N N
(1 — e ?%) (1 + 38 + 8°) //ZZN

-2t

where z = z(t) = 2(1 + e—et)/(1 - e ). Since for large N the
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root of' the equation
-2t N
(1—-e“%) =1-§, 0< § <1, § fixed,

is approximately t ~e % log N, it suffices to prove Lemma 2 for

the quantities

ty(€) v IC(N)(“ " C(ml > “
= su :  max
N P OrsaN cguy 2 EJ )
where we have set

N
(23) (1 + zs + sz) = > ciN)(b)sr,

(N) _ _(N) = »2N,(N)
r cp o) = 2%7q.
Suppose £ > 0 is given. Choose an arbitrary O > 1, Let

€) < € be a positive number and define
k) Egor = &1+ 18T, M=, 2, 00,

Note that {?N} is a bounded increasing sequence. We select &,
small enough so that €y < €, all N. WNow define a sequence
Ty gt. g as follows: T, = t7(&); tTy,, for N3 1 is the

maximum of E& and the positive root of
(25) Lra(e) — 2J(1 + €0/ &y = 1/N*
3L '/ En :

(Note that z(t) is monotone decreasing.) It is then clear from

(25) that
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(26) Ty~ 3%lgN, N—>o.

We now wish to show inductively thet

rel¥ () - c{N)
(27) s m)’ lsEN for t 2%y, N=1,2, ",

Clearly (<7) holds for N = 1, since €, < € and t, = tT.

Suppose that (<7) is true for a general N. From (23),

(28) el () = Moy v zeMie) « My,

cﬁm’,) = cLN) + Zc(N, + ciﬁ%

Using (27), (28), and the fact that c(N)/'c(N") % y we have

for t 2 t“ :

[l () = () Vi
(29) = c“‘"'% < CN[1 . %|z(t) - 2| <_Z§"“> .
r

From the definition of &y it is then clear that (27) holds with
N replaced by N+ 1. Then t > t, implies that the left side of
(27) is less than £. Using (26) now completes the proof of

Lemma 2.

Lemma 3. Assume k/N S Ay < 1. Then
2,
max q(ﬁ)(t) < e-BU—A’) K/5 .

Ostsw

Lemma 3 is an immediate consequence of a result of S. Bernstein
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on sums of independent random variavles; see Uspensky, [12],
p. 205. To apply Bernstein's result, we consider the 2N balls
as cénsisting of N pairs, each pair having initially one ball
in urn 1 &and one in urn 2, letting Uspensky's rancom variable

h

be the number of balls from the i® pair in urn 1, minus 1,

at time t. Now

e&i’(t) o P(

N N
X, -k—@ <P< X, k—@
.Eg; - EE; 13
and the applicability of Bernstein's result is obvious.

We now return to the proof of Theorem 2. 7o estimate the
integral I, defined in (21) write

@ -ﬂﬁgkt

(30) L= [ (i(®) = )e dt + 1/(Ne) .
Write the integral on the rizht side of (30) as

cN(E) @ .

+ = I' + I
L- ch(E) P

for an arbitrary €& > 0, where tN(E) is defined in Lemma 2.

Using Leuwnas 2 and 3 we have

" ~'(D -ﬁiekt
(31) 13] < euk(j e dt < £/(Ne)
tN(E)
-
' - =3(1=A ) N/5
T3] = Qllog N e .

Thus 13 ~ 1/(Ne). Putting this estimate in (21) and recalling
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from Theorem 1 that

42—+ /7]

we get the desired result from (20).
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5. Intuitive interpretation.

Theorem 1 means intuitively that if we take m, as our time
unit, the attainment of the state k is an occurrence of the
"chance" type; that is, the probability of attéining k during a.
given time interval is almost independent of the past history
of the process. This interpretation suggests that Theorem 1
should be true for more genercl types of processes with a central
tendency.

Theorem 2 seems to mean that if the initial state is k
there is & probabiiity A of returning to k vefore leaving its
imnediate neighborhood; there is & probability 1 — A of getting
completely away from the neighborhood before the first return;
iz, this czse the first return has the aistribution of first

passage times given in Theorem 1.
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6. Application to stationary Gaussian Markov processes.

In Theorems 1 and 2 we considered rare or macroscopic

fluctuations of x(t). But if N is large x(t) will for the most
part deviate little from its mean value N, and to consider the

ordinary fluctuations of x(t) we consider
z2,(t) = (x(t) = v) WE .

Let t,, *°°, L be & Iixed set of nonnegative numbers. The
jeint distribution of zN(t,), e e zN(tm), given z,(0) = 0,
approaches as N —> o the joint aistritution of z(t;), ***, z(t ),
given z(J) = 0, where z(t) is the stationary Gaussian Markov
process with
Efz{¢)] =0, &f[a(s)z(s+t)] = % e—ltl :

Define the random variable L to be the smallest value of t
for which z(t) = - gb < 0, given z(0) = 0. It is intuitively
clear that the cdistribution of L is given by the limiting distri-

bution of LNk as N —> o provided we let
(32) (k = N) /WK —> =2, .

a rigorous proof of this stutement is not difficult but we omit it.

To find the liuiting Laplace transform for the distribution
of Ly, under the hypothesis of (32) we consider (15) with o > 0
in place of o‘/mk, and let k = & —Z4/N. The substitution

e’ - y /A/B puts the denominator in the form
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~4/F NeE/R o

1
; N Ne N
(33) 72 JO +‘/N¢ (1—y/a/N) (1+y/NR) y dy

where OL is an arbitrary number between O and % . IfO0<Ky< Na'

N+EWN _

2 S
e v *ZEY[‘I + O<N 2*30—)] g

. oc 2
L/\ —> d[ e y dy .
0 0

The second integrual inside the bracket in (33) goes to U as

N—
(1—y /#/K) M'r(u y/ 4%)

Hence

N ——99).

ihe numerator of (15), with o in place of o/my, is
%B(N*ﬂ, o /2)N7%
#e thus have

Theorezx 3. The Laplace traunsform of the districution of L is

given by
<
o -y +25.y o1
(34) % [lo/2) /J“o e Ty ay.

Formula (34) was obtzined by Jiegert ana by warling through
direct consiaeration of the z(t) process. It is interesting to
notice that the present procedure utilizes (13) which has no

counterpart ior the z(t) process.
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7. Two—sided "limits.

xe N2k, be the first time [x(t) — K] = N -k,

given x(U) = N. Let L* ve the first time lz(t)]| = &g > 0,

Let L

ziven z(u) = 0. arguments similar to those used for Theorems 1

and 3 give the following two results.

ltheorem 1a. Under the conaitions of Ineorem 1 the limiting

* 0
distrivution of LNk/mk is 1 - e Zu, u > 0.

t

s 5 s i * . '
Lfheorem 3a. Llhe distribution of L° has the Laplace transiorm

i

@ _ 2 e
‘;‘r'(d’/f.i)/ju_ eV P cosh (2Egy) dy .
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