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EQUIVALENCE OF INFORMATION PATTERNS
AND ESSENTI ALLY DET:hMINATE GAMES

Norman Dalkey

Summary: :\& ( A necessary and sufficient condition

is derived for the equivalence of information patterns

in general games. (2}’LCalling a general game essenti-— e
ally determinate if it has an equilibriwa point in pure
strategies for évery possible pay—off function, a
necessary and sufticient condition for essential determin—
ateness is derived in terms of the information pattern.
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EQUIVALENCE OF INFORMATION PATTHERNS
AND ESSENTIALLY DETERMINATE GaMsd

Norman Dalkey

Introduction

In the first sections (1—5) we examine the equivalence
of games in extensive form, using the model proposed by Kuhn
( 1 ). There are several kinds of equivalence that might
be explored, derending in part on what one considers reasonable
methods of play. e are concerned with equivalence with respect
to mixed strategies. A quite different notion of equivalence
would be needed, for example, if the play were limited to be-—
havior strategies.!

The notion of equivalence we evolve is only distantly
related to the idea of strategic equivalence introduced by von
Neumann and Morgenstern- { 5 p 245-248). They are concerned
mainly with variations in the payoff function which leave a
solution invariant; we shall be concerned with variations in the
structure of a game in extensive form which leave the major
strategic properties of the game invariant irrespective of the
pay—off function?,

A complete treatment of equivalence under variations in
the structure of a game in extensive form is not given, but only
equivalence under variations in the pattern of information.
Roughly speaking two information patterns for the same player
are equivalent if they differ 2t a given position in the game
only in the knowledge which that player has of his own previous

moves.

'* e¢f., Kuhn (1)

2 The mode of approach is quite similar to thit of Krental,
Quine, McKinsey ( 2 ), and our results may be considered
as-an extension to general games of thelr results for two—
person, zero—sum games.
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In the later sections, these results are applied to
furnish a necessary and sufficient condition for a general g ame
to have an equilibrium point in pure strategies independently of
the particular pay—off function or of the particular probability

‘distributions assigned to chance moves. e cnll such games

essentially determinate, since the question whether or not they
will have an equilibrium point in pure strategies is completely

determined by the information pattern alone,

The condition, which we have labelled effectively éerfect
information, is that at anv move a player know all preceding moves

of his opoonents, and know at least as much as his opponents knew
when they made those moves. In the special case that there are no
chance moves, this condition is simply that the game be equivalent
with respect to information to a game of perfect information.!

2. Games in Extensive Form

We shall follow rather closely the definition of games in
extensive form given by Kuhn, with some minor notational modifi-
cations,

Definition 1. A general n—person game | in extensive

form is defined by
P1. A game tree, K, which is an ordered set of positions

bBeaggl®o. .} .
P2. An information pattern U = {‘l_;o,‘g{, . yh} where each
gh.= {U,V,...} partitions a subset of K.

P3. An n—component, real vector function
h = (hy(w), ha{w),...,h (w)) defined on a designated
subset W of K.
P4. A set function p(¥,U), defined on UEfgi,
V= 1,2,...,m(U), O <pl/,U) <1.
When we wish to indicate the dependency\of [ on these
entities, we shall write: . APy 220 o

U

' von Neumann and Morgenstern first proved that perfect infor—

mation is a sufficient condition for a two—person sero sym - - -° -
game to have a saddlepoint in pure strategiesi(see 5, Sec. 154!

Kuhn extended this result to equilibrium points In purd —
strategies for general games. Shapley ( 4 ) gdve a necessary
and sufficient condition for a saddlepoint in pure stratepies
for a restricted class of two—person zero sum g:mes which is
similar to the condition for reneral rmes we give below,
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F =T (KW,h,p) .

Hather than axiomatize this set of primitives, we shall
follow Kuhn in giving them a geometriczl interpretation.

K is a finite tree, embedded in an oriented Euclidean
plane, with a distinguished vertex U . The set W of end
points of K are called plays, the remaining vertices moves.
(We shall sometimes call both plays and moves by the common
name positions.) The unique unicursal path leading from O to
a play w will also be calied a play, and represented by w .

The m positions immediately succeedinz a position x areé
indexed by positive integers 1y'--1,2,...,m where m depends on

X. x,, will designate the =2 ’th position immediately following

x. m{x) designates the total number of possible choices (alternatives
at x. The rank of x in K, i.e., the number of positions which
preceed x, will be designated by r(x). D(x) (descendants of x)

will represent the set of 21l positions that follow x, and D(w/,x)

the set which follow by the <’th alternative.

-The information pattern ‘U first partitions the moves of
K into n+1 exclusive subsets, and then further subdivides each
of these subsets into informaztion sets. j;; i P; are those

b

positions where plaver i "“has the move". P = {PO,P,,...,Pn}
is called the plaver partition. it each XEUEEa, player 1 is
informed that he is at one of the positions in Ui, For each
information set U, the number of alternatives is tl.e same for
all positions in U, hence we cun write m(U), the tot2l number
of alternatives available at any position in U. Information
sets are further restricted by the rule that no information set
intersects the same play more than once.

The set <y is reserved for the "chance player", i.e.,
every x £Po 1is a chance move. Wwe allow UE®), to contain
more than one move; this furnishes a convenient way of identify—
ing the probability distributions at cdifferent chance moves.
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p(2/,U) 1is assicned so that for U¢%o, p(+/,U) = 1 for
m{U
every » . For Utly, O < p(/,U} < 1,1/ 1 p(?/,U) = 1. Hence

for chance moves, p(/,U) assigns a probability distribution
over the m possibilities. e set p/,x) = p(s/,U), xeU,

h is the pay—of f function. To each play w it assigns
an n—tuple of real numbers dgtermining how much each player
is to receive at that point.

We shall call a pair (Kfl) a game structure, and correspond-
ingly (K/U) will be called ghe structure of [ (K, h,p). U, will
be called the information pattern for player i.

Definition 2. A pure strategy for player 1 is a function
"i(U) which maps each Utl, onto a positive integer

¥ < m(U). (We shall sometimes also use /°i, ﬁ} to denote
pure strategies)., We define the choice at a position x
of a strategy mn, as ni(x) = ni(U) where x gU. :

It is clear that a game structure (K,ll) completely ..
determines the set of all possible pure strategies (as well
as mixed and behavior strategies) for each personal player.

Note that our definition specifies strategies for the
chance player as well as for the personal players. A chance
strategy corresponds to von Neumann and lMorgenstern's
"umpire's choice." ( § p.&1).

Let n" = (no,n,,nz,...,nn) designate an n+1—tuple of
strategies, one for each player, and n = (ﬂ,,ﬁz,...,ﬂn)
an n—tuple of strategies, one for éach personal player. It is
clear that each Tl determines a unique play w , which we will
designate by w(n*). Let n*(U) - ni(U) where uegi and
.ﬁi is contained in n . We define ﬂjn*) recursively.,

Definition 3. w(w*) is the set of positions such that
1. O€ w(m )
* % *
2. xt w(m ) implies x,¢ w(m ) where n (x) = ¢
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w{n*) 1is the final member of ﬁ(n*). In case xew(nk), nx

is said to realize x. More generally, if T 1is an m-tuple

of strategies m < n+1, ® 1is said to realize x 1if there is

some 7* containing W and xew(m*),
An immediate consequence of definition 3 is -
Lemma 1: w(n*x) = w(@*) if and only if for every xeg(n*),

n#(x) = P#(x), or, equivalently, if and only if for every U

that intersects w(n*), nx(U) = P¥(U).,

Let n*[pi designate the n-tuple which results when /2

\

is substituted for =, in n¥; i.e., if =¥ = (no,n,,...,ni,...,nn;

) e

Theorem 1: w(n*//-"j) = w(n*/ffj) implies

w(n%x) = w(n*/fa) = w(n*/qg) = w(n*/k&/ﬁ})

Proof: 1If no Uﬁgi int ersects ﬂ(n*/Pi)’ then by definition

then n*/ﬂi= (ﬂg,ﬂ;,...,/oi,.--, nn

- w(n*/ﬁ&) is independent of f;, and hence w(n*) is independ-

ent of mg; thus w(n*/ﬁ}) = w(n*). Similarly w(n*/ﬁg) = w(n*/TS/f;).
If U?gi intersects ﬁ(n*/ﬁa), then by hypothesis and lemma 1,
n*/fg(U) = n*/T&(U), i.e., ng(U) = A(U). If no quj intersects
E(n?ﬁ}), then w(n*/f}) is ind ependent of ’7}. If WQSJ inter—
sects w(n#/T)), then mnx/F(V) = r#/T,(V), i.e., n (V) =f|“j(V).
Since for U, k + 1, k + 3, nx(U) = nx/m (U) = n*/-’TS(U), the
ecualities follow by lemma 1.

Theorem 1 plays no role in the subsequent development. How—

ever, it illustrates a form of structural relationship among

plays and strategies which is lost by a transformation to the

normal form of a.game, ° ' 8
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In the same way that an n+l-tu»le n* of strategies defines a
single play, an n-tuple of stratezies m defines a subtree K{n),
where each branch point is a chance move. The end points of K(=n)
are designated 5y W(n) = {w] there is a my such that w = w(mg,m)f

Lemma 2. W(n) = W(2) 1if and only if w(mg,n) = w(ng,~) for

every Tg.

Proof: Sufficiency is immediate., Necessity: Assume W(n) =
- W(”) but for some mng, w(ng,n}¥ wing, ). Then there is some
’7“5 such that w(ng,n) = w(//;,,d). But then by lemma 1, for every
U1y that intersects .gch,/0>,'73(U) = ng(U), and for every other
U that intersects ﬂCTE,/’), n(l) = ~(U). ‘whence w(ng,n)

E(“o’/g): a contradiction.

Definition 4. Let W designa.e the subplay extending from

O to x, then for x ¥ 0,p(x) =TT plz,v), p(0) =1,
}”Z&C

Definition 5. The expected pay-off H(m) for an n-tuple of

pure strategies n  is defined as

H(n) = 3 p(w)h(w)
wewW(m)
In case w contains no chance moves, p(w) = 1; otherwise
p(w) is the »nroduct of the probabilities of those alternatives at
chance moves in w which lead to further members of w. DNote that

p(w) depends only on p(2/,U),U€lLy and is independent of the strat-

epies of personal players; however, the relation holds

wew (1)
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3. The Reduced Normal Form of a Game

1
A list of pure strategies for each personal player of [~ and
a specification of the expected pay-off H(n) for each n-tuple
of pure strategies is called by von MNeumann and Morgenstern the

normal form of {ﬁ. Wwhen H(n) 1is expressed in matrix notation

28 an n—-dimensional array it is called the pay-off matrix ofr1 ®
In the transformation of games from extensive to normal form
a certain kind of redundancy often appears, namely ‘luplications
in the pay-off matrix of rows or columns ("hyper-rows" in the case
of n-verson games,) #e shall show below that this redundadcy is
generally the result of superfluous information on the part of one
or more »nlayers., It is clear that a player loses no strategic
advantages if duplications are deleted. This motivates the defin-

ition of a reduced normal form of a ganre. Je fir st make precise

the notion of duplication by defining an ecuivalence relation for
sirategies,

Definition 6. =, = 2. if and only if H(n) = H(nﬂpi) for

5 oo every 7n containing M.
Lemma 3. = 1is an equivalence relation (transitive, sym-
metrical and reflexive).

Proof: Immediate from the definition.

Let Sy called an equivalence strategy,designate an equiv-

alence class of pure stritepgies for players i, and Si the set

of all such eouivalence classes. The cartesian product S =
5)XS.X...X5  ~ denotes the set of all n-tuples of eouivalence strateczies,
Let s = (s,,sz,...,sn) denote a member of S, Let L(s) = }(n)

where mné€s,




:
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Definition 7. The reduced normal form of a qmne(ﬂ is a list

Si of eouivalence strategies for each versonal player i, and a
function H(s) assignins an n-tuple of real numbers to each n-tuple
of ecuivalence strategies. C :

H(s), when expressed 2s an n-dimensional array, corresponds
to a pay-off maﬁrix where revititions of hyper-rows h:ave been

deleted.

L. Zouivalence of Games

Under the presumntion that mixed strateries are to be allowed,
211 strategical considerations with respect to a g=ame r1ure.summed
up in the reduced normal form. This leads us to consider two‘dif—
ferent cames as being ecuivalent if their reduced normal forms are

identical except for possible permutations of the 1lists of strategies,

== ‘ol
Definition 8. | is eouivalent to ["* -- in symbols, | = [M=-
if and only if there is a one-one correspondence between Si and Ji
for each i%to, such that under this correspondence l(s) = H'(s'),

Lemma L. = 1is an equivalence relation for games.
Proof: Immediate from the definition (since the one-one cor-
respondences and eaquality of pay-off are ecuivalence relations).

5. Lkouivalence of Infarmation Patterns

Definitions6 and 8 characterize a2 kind of equivalence which
is not very profound in the sense that it depends on the pay-off
functions and the particular probability distributions 2t chance
moves., A more revealing analysis is afforded if we deal with

ecuivalences (to be cal led essential ecouivalences) that hold ir-

resvecti ve of the pay-off and probabilities at chance moves.
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Consider two game structures (K U), (K',U') where K = K' '
and Up =‘Upo's For convenience, we shall say that p is identical
with p' when plz,U) = p'(z,U') for every U€lU,. This identifi-
cation seems reasonable in light of the fact that for any U#’L_Lo,
p{zs,U) = 1 for every »/., With this convention in mind, we define.

Definition 9. Let (K;’_I_L), (K',‘I_y) be two game structures

where K =K', Ug =Uy'. (KU) is said to be esse'ntially equival ent

to (K'JW') -- in symbols, (7§ =~ (k') -- if and only if

i (KsU,h,p) =17 K'ﬂ_;',h,p) for every h and p for which
F(K,"u kPl 5 r'(:( ,h,p) are games,

Lemma 5. = 1is an ecuivalence relation for game structures,

Proof: From definition 9 and lemma 4.

'Eheoremz (K7W = (K7W')  implies Py = Py' for every 1,‘ -

Proof: The theorem states that the moves asbignod to & given
player by 'lk must be assigned to the correSponding player by “U'.
The theorem holds by assumption (dofinition 9) for Po, Po'. Suppo

e LR B T i

i':[-' P,' for some -i. Then there is an xeP such that xeP'k,kéJ..
e may assume that there are at least two alternr.tlves at x {(other-
wise x 1is a trivial move and can be eliminated). Let xEUe’I_gi and
erz:‘LL'k. Let h ©be as follows:

1) hd(w) =0 for all w and for all j#i

2) hi(w) O .for all w such that x,f__v! and xzi_v_v.

3) .hi(w) =1 for all w such that xew

L) hi(w) ==1 for all w such that xzew
With this h it is immediately clear that we can never have
Hy(n)>0, H, (P)<O where n, = /- Let m* and A ' be strategies

for player k in (KJ/') such that nk'(V) = 1 and fk'(V) = 2,

g
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and both m' and Ve realize . Let / be any n-tuple of

X
strategies that realizes x. H-L{’Tl/nk')> © Hl(p////ok')< 0, hence

e there is no ecuivalence strategy in r\(K “U,h,p) corresponding to
the si' in P(K&L',h,p) containing //-;.

Theorem 2 assures that there is no loss of generality in
specializing to the case P = P', For the next step, we specialize
even further, and consider the case of s fixed (bu‘t'arbitrary) in-
formation pattern'_L_L—’lLi for 'all players but one, and examine the
effect of varying ‘lki. In this uncomplicated case it 1s conven-
ient to overlook the fact that we are dealing with two different
game structures, and identify all the components, except the in-
formation pattern and strategies for the player i. With this
convention it becomes meaningful to write, for example, n//oi',
where 7 is an n-tuple of strategies originally defined for (Kjl)
and /Oi’ is a strategy for player i in (K'JW'). This con'vent,ivon
has the virtue that it saves most of the labor of trivial proofs
of one-—one correspondences.

Definition 10, Let (K,‘B), (K,'I_L') be two game structures where

Uy =WU;"'s A pure strategy ny for player 1 in (K/4) is

said to be essentially ecuivalent to a pure strategy ni' for

player i in (K,“4') -- in symbols ni': ny' == when H(m) = H(n/n'.l)
for every n containing L and every h and p {for which
P(K&L,h,P),P(K,‘l_L',h,p) are games,

Lemma 6. Let (KW and (K{i') be as in definition 10, Then
(KW ¥ (KW') if and only if for every pure strategy ny for player
i in (KW0) there is a strategy ny' for players i in (KJW') such

that ni':ni' and vice versa.
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Proof: Sufficiency. If /j = /aj,j#i, in [ (K y,h,p) then
"/V‘j = ,aj in F(K,‘_l_k',h,p). For, assume the contrary, then H(n) =
H(n/,oj) for every n containing (/vj, but for some n' containing
{rj,ll(n')#H(n'/,Oj). Let
in n'. By hypothesis there is a ny such that H(n) = H(n/ni')

be the strategy of the i'th player

for every n cont-ining U

But by hypothesis H(n'/mn;) = l{(n'/ni //‘73.), since n' contains

In particular 'li(n'/ni) = H(n').

T.
= j
and lj = loj.. But also by hypothesis H(n'/ni/fj) = H(n’/ni/ﬂj/ni‘)

= H(n'/Pj). Whence H{(mn') = H(n'//"j), which is a contradiction.

Similarly, ’1‘3 =4 in M (kuh,p)  implies ’/"jE P. in 7 (K ,h,p).

J
“#hence, the equivalence strategies Sj in /_'(K,'g,h,p) for J#i
corresvond one-for-one with the equivalence strategies SJ.' in

" (e B @) We define a correspondence s; # s,' by the rule:
if ni€s; then g '€s;’ where ni"-‘-‘ni. Clearly, if Pi = n.i, then
for every F;’l'/oi, P, = ni', whence the correspondence is one-one,
The eaquality H(s) = H(s') for this set of correspondences follows
'immediately from the definition of = for strategies,
Necessity. Suppose that there is a ny in (KJW) such that
there is no ni' in (K ,'_L_L') for which niﬁ'ni'. Then there is
some h and P and some 7 containing n; such that H(n) ¥
}I(n/ni'), This violates the assumption that (K™ (KU').
Theorem 3. Let (KW, (KfU') be two game structures with
'I_L-’l_.h ="(_I,'-’I_.Li'. The following are necessary and sufficient copdit.ions

for ni’zf’i, where m, is a strategy for player i in (K{Wl) and

#; 1s a strategy for player 1 in (kyuw').
1) Ww(n) =‘.'J(n/,oi) for every n containing s

2) w(nx) = w(ﬂ*/ﬂi) for every mnx containing e
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Proof: (i) 1) implies n{zfg. This is immediate, since

456 8 W)= W(nﬂoi) then H(n) = H(n/ﬁi) for every n.

(i) n{:/? implies 2). Suppose there is some m¥* containing
m; such that w(n*)#’w(n*ﬂﬁi). Then there is no qv* such that
w(T;/fg) = w(n*), otherwise, by definition 3, qv;ﬁfg(x) = nx(x)
for every xeﬂ(n*) and hence, by definition 3 again w(T;//E)
= w(n*/f}) = w(n*)., Let p be arbitrary and set hi(w) = 0 for
every w# w(n%), and set hi(w(n*)) =1, Then Hi(n).> C for
some = containing m,, whereas Hi(n//a) = Ok

(iii) 2) implies 1). Immediate.

Definition 11. A set of positions B(not necessarily an

.information set) is said to be realizable by U if there is a

n* containing ny and B intersects ﬂ(n*). Let ueui be an
information set and B a subset of U. B 1is said to be isolated

in U when, for every n,, if B is realizable by Ty then

i
U-B 1is not realizable by Mo -

Lemma 7., Let Uw designate the set of positions which follow
any move in U by choice of the »/'th alternative. B is isolated
in U?Qi if and only if for every x£B, yeU-B, there is a VFui
such that xeVy/,yeVm and w#7,

Proof: Suificiency. Consider any U and assume ni realizes
some Xx€B simd yeU-B. By hypothesis, there is a Vi'};i such that
xeVo, yEVn, w7, But if n; realizes x, then ni(V) = 2 by definition
3, whereas if n, realizes y, then ni(V) =M, which contradicts
the definition of strategy. i -

Necessiﬁi. Assume that for some xEB{yéU-B, for every Vggi

such that xeVy,y€Vn then 2/ =M, Let ny, realize x and /?i
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realize y, e construct a ‘Ti

so that for every VE'L_,Ll such

s ; 7 i

that w_ intersects V,/i(V) = n; (V) and for every VWU such
that Wy int ersects VF(V) = Fi(V). Then Jldi realizes both x
and y, hence B 1is not isolated in U.

Definition 12. a) Let (K,‘I_U, (K;'(_L') be two gam.e structures,

= » I3 [ . .'
where Pi = Pi',’gi is said to be an immediate inflation of '_L_Ll

when there is a VEU;' and U,,U,€y such that '}_&-{U,,UZ} ="
—{V} and U;,U, are isolated in V.

b) 'l_,\i is an inflation of ’u{ when there is a finite sequence

v.1,v.2,...,0,0 L

i =i
an immediate inflation of J

such that U, =, L and u; ! ="_\£i‘ and *V
‘1 ,J=1, 2,...,1-1.

c) U is completely inflated when there is no ‘Xi such that

‘Vi is an inflation of 'l_li.

d) ’gi is a complete inflation of "(_Li' if ’LLL is an inflation

of 'B:.' and 'Bi is completely inflated,

e) Y4 is an inflation (complete inflation) of “U' when "gl
is an inflation (complete inflation) of ’LLi' for every {i.

Thecrem 4. Let (KW, (KJW') be two game structures where
‘E—@_Li="(_L"_1_Li', and ’gi is an immediate inflation of ’l_ki', then
(KW = (KW). |

Proof: Let VE‘l_Li', U,,UZE"(_._Li be the sets required by Definition
12a ., Let mn,;' ©be any strategy for player i in (KAl'). Let n
be the strategy in (K¢W) such that for every V'¥V, ni(ﬂ = ni'(V')
and n,(Uy) = ny(Uz) = ny'(V), then niﬁ'ni'; for, let n* contain
n;, then w(n#) = w(n*/ng') by lemma 1, and hence n~n.' by
theorem 3. Consider any U in (KW . If ny does not realize

V, then there is a n;', n,'(U) = n,(U) for U#V, and by lemma 1
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n.nl. If n; realizes V, then, since U; and U, are isolated
-1 il Y m, can realize either U, or U,, but not both. Let it re-
alize U; and let n/(U) = ﬁi(U) for every U¥V, and n/(U,) =
n;(V). Since, by lemma 1, n,' does not realize U, ni':’ni.
Whence, the theorem follows by lemma 6. '

Corollary 4a. If (KJU), (K;jU') are identical game structures

except that '_I_& is an inflation of "l_Ji' for some i, then (K;U)
ey

Proof: Theorem 4 and lemma 5,

Corollary 4b. If (K7W, (KSW') are game structures such
that for every 1 either 7L ='Lkl' or ‘I_Li is an inflation of '
or qU' is an inflation of 7, then (KW < (K/W).

Proof: By reveated applications of corollary La.

Gt i ok Rl
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Theorem 5: If (K;W) = (K/AU') where U-U; =W-U', and
both A and U' are completely inflated, then ’Bi =1'e (Two
equivalent complei;ely inflated information patterns are identical.)
Proof: Let (k) , (K;‘LL') be as in the hypothesis, and
a.ssume '}_Li +’gi'. There is no loss of generality in assuming that
there is a WU,' and Uy,U£LYy such that both U; and U
intersect V. Consider any strategy =n,;' 1in (K4') . ny' can-
not, realize both V AU, and V nUy, for suppose it did; then there
is a mny; in (K;U4) such that ni’:ni',’ hence n realizes both :
UpnV  and UpnV. We define a /, such that for every U'€lU;, U' # U,
and U' % U,, A (U") = n, (V') and /oi(U,) ¥ /7 (Uz). Now A
realizes both U;”nV and UznV, and there is no /‘_fi' in  (K7W')
such that &' = A since there is some n* containing Pi
such that w(n*)eV,, and another #* containing A such that
w(n*)€Vn . Since U; and U, are any Uely that intersect V,
each is isolated in V, which contradicts the assumption that ’31'
'is completely inflated. .

Corocllary 5a: An information pattern 1‘1 for player 1 has

a unique complete inflation.

Proof: Immediate from Theorems 4 and 5.

Theorem 6: (K ) <~ (K,A') where 'L_L-’gi = 'l_L'-’[_Li' if and omnly
if the complete inflation of "_E_Li is identical with the complete
inflation of 7,°'. '

Proof: Corollary 5a assures that the unique complete inflations
of 31 and Bi' exist. Sufficiency follows from theorem 4, :

necessity from theorem 5,
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Corollary 6a: (K1) = (K') (where Uo = Up') if and

only if the complete inflation of fgj is identical with the
complete inflation of 'Llj' for every J.

Proof: Theorem 6 and corollary kLb.

Ranark: The rather tedious route whereby we arrive at Theorem
6 and corollary 6a can be bypassed intuitively by the following
heuristic discussion., Theorem L, which is not used directly in
the proof, indicates that inflation is essentially a process of
adding to a player's information at a given move, some further
knowledge about his own previous moves (where this additional
information has no implications for previous moves of other players.):
But if a player is proceeding according to a preformulated pure
strategy, and has complete information about the structure of the
came, then at any move where it is his turn to play, his strategy
will tell him what previous moves he has made. Hence, information
solely about his own previous moves is superfluous. Presumably,
a player's memory of a strategy will be equally complete whether
it results from a direct choice (pure strategy in the strict sense)
or from a prior selection of a pure strategy by some chance device'
(mixed strategy). However, it is clear that if the player is using
behavior strategies — i.e. mixes by some chance selection at each
of his moves — there is no guarantee that he will remember all
previous selections. This is true particularly where a player is
represented by a team of persons, each assigned to di fferent infor-
mation sets. For this reason — as is readily verifiable — theorem

6 does not hold for behavior strategies.
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6, Deflation

So far our emphasis has been or ti.e inflation of information

patterns. However, from the. praat&c,l poxnb of v;iy —_— 1. e.,

from the point of view of silgtifying gemes -- inflation is not

as interesting as its converse, deflation.
To illustrate the order of reduction in size of pay-off
matrices by deflation, in tic-tac-toe the first player has

1031’OOO pure strategies (if we ignore the effect of

roughly
the stop-rule and assume that each play of the game results in
completely filling the open sauares.) In essentially reduced

O127 pure strategies., Although

form, the first player has only

this second figure is still ridiculously large, it is clear that

a tremendous reduction in size of the game is achieved. The

pleasant feature is that this reduction can be carried out by

operations directly on the game structure, without first construcu-

ing a cosmic sized matrix and then eliminating duplications.
Unfortunately, we cannot assert that every information

pattern has a unique complete deflation., Consider the game r“

illustrated below. The ellipses represent information sets for

the indicated players,
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As it stands 4% 1is inflated; player 1 at his second
move knows which first move he made. 1In faet, Gy is apn du=

flation of L', W™ in [7' and " respectively.

h

e TR T Y
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Botn 'u; and U are completely deflated. It is easy to verify

that in this case there remains a certain amount of redundancy in-
the information pattern, in the sense that in both | '' and [ ™
there are two or more strategies that are essentially equivalent.

8. Essentially Determinate Games

In the preceeding sections we were guided by a more or less
intuitive notion of eouivalence, based on the présumption that the
normal form of a game completely exhausts the strategic possibilities.
It would be desirable to base our investigations on a set of rules
for playing a game in a rational fashion. Unfortunately at present
the rules for rational play can be considered as being in a satis-
factory state only for one-person and two-person zero-sum games.
There is, however, a form of weak solution for generzl games that
has been suggested by Nash ( 3 ) which at least can be used for
exploring some of the properties of informmation patterns, and which,
in the zero-sum two-person case reduces to the accepted mini-max
rule., This is the notion of equilibrium point., Since we have de-
fined only pure strategies above, we limit ourselves to equilib-
rium points in pure strategies.

Definition 13: A pure strategy n-tuple n is an equilibrium

point if and only if H(n) > Hi(népi) for every i and every /43

Definition 14: (Kf) 1is said to be essentially determinate

if ("(KfU,h,p) has an equilibrium point in pure strategies for
every h and p for which rﬂ(K:Q,h,p) is a game,
Lemma 8, 1If (KW « \K/W') then (K/W) 1is essentially

determinate if and only if (K{g') is essentially determinate,

Proof: 1Immediate from the definiﬁions of ™~ and essentially

determinate,




-

. such- that UEU,, W, k$i, if UV then VG%‘E,for some . .
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Kuhn has shown ( 1 ) that a sufficient condition for a game
structure (K,/l) to be essentially determinate is that (KW

have perfect information., !

Definition 15: (K,U) 1is said to have perfect information

if every information set U 1is a unit set,

It is clear that no essential modification results 1f we
restrict the information sets in definition 15 to personal in-
formation sets,

It is easy to find examples of games which are essentially
determinate and which do not have perfect information. 1In fact,
any one-person game is essentially determinate irrespective of the
nature of the information pattern (see 1emma_10 below). Hence,
perfect information is not a necessary condition for essential
determinateness, |

Let U<V mean there is a play w which intersects both U
and V and the intersection of U and w preceeds the intersec-
tion of V and w. We shall also use the notation occasionally

x<U, which means there is a play w containing x that intersects

U, and x preceedes t.he 1nt.eracction o{ 3, T e -
g 2R T, hipfas - <X g bt B . k E o PR PRI 1D SRS PP
4 Defintvion 16: Lx;g) is said to havé effectiv, ;ég;fdgij

information when, for every pair of personal information sets U, V

v
g T XK A T
N
&

E-3 ks

1

Strictly speaking, he proved something slightly different
from this; but the step to showing essential determinateness is
trivial, amounting, in fact, only tc pointing out that both h
and p can be chosen arbitrarily,
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Note that the definition says nothing about the relation of
information sets of the same player, nor about the relation of
personal information sets to chance moves. In intuitive language,
a player is said to have effectively perfect information if at any
move where it is his "turn" he "remembers" every previous move of
each of his personal opponants and knows at least as much as the
opponents knew when they made those moves,

Lemma 9: Every one-person game has effectively complete
recall,

| Proof: Immediate from the definition.

Lemma 10: Every one~person game is essentially determinate,

Proof: Since H(n)(= Hi(ni)) is a function of only one
variable over a finite domain, it admits a simple maximum.

We first show that a game with effectively perfect information
can be decomposed into a directed set of subgames (ordered by
inclusion), each of which can be examined for equilibrium points
independéntly of all succeeding subgames. The notion of subgame
involved is somewhat wider than the direct application of defin-
ition 1. '

Definition 17: Let B be a set of positions (not necessarily

an information set) and D(B) the set of all positions that follow
any position in B, i.e. D(B) = {y| there is an x&B and y&,D(x)}.
Analogously, D(s,B) 1is the set of positions that follow B via
the </th alternative, i.e. D(s,B) = {}l there is an x€B and
yED(-y,xB. We will write x<U to mean x<U or x&U. By the
greatest lower bound (g.l.b.) of B is meant the x of higﬁest

rank that is contained in every w ‘that intersects B. V<B means
V<B or V intersects B.
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A. A set of positions B 1is said to define 2 subgaue

lq|B when :
1) For every personal information set - V<B, B€Vyp for
some </ ,
2) For every personal information set V>B, VCD(B)vB.
B. A pure strategy for a player i in I_'B is a function,
niB, that maps every VE‘{_Ll, V>B, onto an integer »<m(V). We

shall also use the expression niB

u limited to PB (I T niB is the strategy for player i In

Mg such that 2,2 (V) = n (0, B, ®Y.) . : ~
N B a el i —— 'devrw:méw“"‘“‘
. WinP) = {ulé& D(B) and for every peréonal T T T

N
& e S S PN

to designate the strategy

b
Iy

y>B,yew implies y= Ew where
Y Ry aBigp - »3 TR R R T A B

D. Let p(B) =3 _ ply). For x>B, pg(x) = ﬁ& e

yeB :

E. H(n®) =3~  pylwih(w)

WEW (")

A rough justification for calling I—'B a subgame is the
following (a more precise justification is found in lemmas 11 - 13
below): Definition 17 A2 states that B isolates a certain portion
of K, namely BUD(B); no personal information set overlaps BUD(B)
and the rest of K. 17 A1 assures that one and only one set of
choices on all personall information sets V<B will realize a
position in BUD(B). Thus, given a n which realizes B, the

3 selection of a strategy within I_E; can be made independently of
M

the remaining part of . DNote that {0} defines a subgame

[—{0}, namely, [ ' itself,




The significant elements for a subgame rg, namely strategies
and expected pay-off, are defined in a manner quite analogous to
those for a complete game, with g.l.b. B replacing O, We can-
not, however, simply define a subtree, say KB’ which begins at

g.l.b. B and let K with its information pattern define a

B
sdbgame structure, since %n the first place, there may be many
personal information sets between g.l.b. B and B which overlap
Ky and the rest of K, and secondly, Ky may be much more exten-
sive than the part of K which is isolated from B onward.
Lemma 1ll: If B defines a subgané, then for x,yeé, g.l.b.
{x,y} is a chance move, or B 1is a unit set.
~ Prouf: Suppose B is not a unit set and x,yeB. Then
g.1l.b. {k,j}; B, But g.l.b. {x,y} cannot belong to a personal
iqformatién set by definition 17 A1. wWhence g.l.b. {x,y} 1is a
chance move,
Lemma 12: If B defines a subgame rg, then for every n
% that realizes B, L(n) = p(B) H(nB) + T(n) where T(n) 4is inde-
pmdmt of =B, . ' ; s | ‘

B e
..

il -

Proof: If n realizes B, then W(nB) = W(n)aD(B). Thue

4 H(n) = 35— p(w)h(w) + T(n) where

f. w&W(nB)

| T(n) = 5— P(w)h(w) , whence
wEW(n)-W(nB)

H(n) = p(B) 3~ Pg(w)h(w) + T(n)
weN(n”™)

= p(B) H (nB) + T(n)
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If wei(n) - W(nB), then w does not intersect B, and
hence, bv definition 17 A2, does not intersect any personal V>B.

Whence, if n and ,< are identical for all persomal WEB,

T(n} = T(~). i ' S
Lemma 13: n is an equilibrium point for [ if and only ., -

St nb is an equilibrium point for every ré which is a sub-

came of r: and for which K(n) intersects B,

Proof: Sufficiency is immediate sinrce [T is a subgame of

it self., Necessity. If nB is not an equilibrium point of fg,
B B B . 38

there is an 1 and a £~ such that H, (= Ifi ) > Hy(n"). Let

fﬁ be identical with n; except b o r;, where it is identical

with £,B. Then by lemma 12 ,(n'/4) > H,(n), and n is not

an equilibrium point in [,

P L

| . 3 T fF
Definition 18: If U and V are personal info

5

sets, U 1is saicd to be connected with V when there is

a sequence of personal information sets Ul, U2, ,,, , U

1

such that U = U', V = U~ and for each 1 there is a w

that intersects UY and Ui”, and Uid:Ui:;l, I ¢U§,

for any =

Lemma 14: Connected is an equivalence relation.

Y

Proof: a) Trénsitivity.- If U 1is connected with V

and V 1is connected with V', then there is a sequence
UM U2 riaaion o Ul connecting U and V and another seqguence

R Rt |

connecting V and V'. The sequence
1 /

U8 & s o Uy W2 .06 v ois a sequence of the reouired
sort connrecting U and V',
b) Symmetry. Immediate from the definition.

¢) Reflexivity. Immediate.
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Definition 19: Denote the set of equivalence classes

of information sets under connected by @ - @,, Ca ...} .
Let 2_C = {x! there is a UEC and xEUJv , then
B(C) = £x|er C and there is no y&2_C, y<x:} i.e., B(C)
consists of the minimal points of ) —aiCt

Lemma 15: If CEC® then B(C) defines a subgame.

Proof: (1) Let U be any personal information set,

U> B(C), i.e., there is some w that intersects U and B(C).

_Let w intersect B(C) in V. If Udc Vy, for some -y,

then UEC, and hence every w that intersects U intersects
B(C). If U&V, for some - then again every w that

intersects U interseets B(C)* & g M ¢ ‘% B 8

(2) Let U be any personal .'mfomatjon set, U< B( ‘;’;
U&C, since B(C). is minimal. There is a w that intersects
U and intersects B(C) in say x&VeC, hence Vcly- for some
2 , otherwise UEC. Let V' be any other information set in C.
By definition V and V' are connected by a sequence
vi, v, ..., v, v =V, vt = V% e have shown that VicU,
for some > VI Assume that VJCU;/. There is a Wo that intersects
Vj and Vj”, and every w that intersects Vj intersects U; hence,
Wo intersects U and VJ+1. Now U¢V'j+1 for any 7 , since
U< B(C); whence if VI*!et U, for some w , UEC. Thus VJ“ku,1
for some n > and ?\=vsince, by assumption, wg follows the

2/ 'th alternative at U. Therefore there is a = such that for

e e e

:_‘;‘&E;:"
Definition 20: An iivalenge class C 1is said to

cover an equivalence class C' when B(C)<B(C') and there

is no C"™ such that B(C)<B(C")<B{(C').




P

Lemma 16: If C covers

U>B(C), and for every VEC, 1

V_and B(C'), B(C')&=Vy for some Sm. e

B : o

L

Proof: Lemma 15,
Lemma 16 says in effect
preceeds another equivalence

a subgame of (E(C).

Lemma 17:
the same equivalence class.
Proof: Suppose C and

every w that intersects B

B(C ). Since B(C) and B(C')
have either B(C) < B(C') or B(C') < B(C).,

P~255
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Y .3~ VI S S g

C', then for every UEC',

f there is a w that intersects

that if an equivalence class C

class C', then B(C') defines

Two different equivalence classes cannot cover

C' both cover (C",
(C") intersects both B(C') and
are not identical, we must

In which case

either C or C' does not cover C",

If the first position O of (K, W)

is a personal move,

the C containing O defines the entire game rf. If O02Ppy,

it is possible that no C d
case it is convenient to ext
{o}eC.
by Cge
Theorem 6: (¢ is a tre
a distinguished vertex, Cge.
Proof: Let > denote
i.e., C>C' if and only if

such that C.= Gy, C' = Cp

etermines the entire game. 1In this

end the definition of  so that

In either case, we designate the C containing O

e under the relation covers with

the proper ancestral of covers,
there is a sequence C,;, Co, <.,

and “1 covers C1w1° — is

f.ranutivo by dof‘inition uﬂ
of the ordering relation on
Finally, if C,»> C, C,» C,
by lemma 17, ’

.-y-u”i-ﬁ;i”p;‘ th: 'Z’Jc}-"if‘i{' y :‘«f 3 ﬁj‘

K. Co> C for every C+Co.
then either C,)» C, or C,)» C,

By lemma 16

» Cpy

“*
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Lemma 18: If (K, U) has effectively perfect information
and CEC then CCUy for some s

Proof: Let VEC, V&‘I_Li, be any information set in C.

Consider any UéC. U is connected with V by a sequence

’ h
U" Uz’ LK N J ’.U

. But if Uja’LLi, then Ui”e_‘gi since, by
assumption, if Uiné’_l_Li, then either
UicU"l:;',1 or Ui”CUj:y , and Ui”(. €.
Lemmg 18 shows that in the tree , the transition frem
a set of subgames to a covering subgame involves only one player.
Theorem 7: A necessary and sufficient condition that
(K, ) be essentially determinate is that the complete in-
flation of (K, U) have effectively perfect information,
Proof: Sufficiency. The restriction to the complete
inflation of (K,“W) 1is required only for necessity. Hence,

assume that (K, 4U) has effectively perfect information. We show

Sufficiency by eéxhibiting, for any +h and p;-a sts o =
n-tuple n which is an equilibrium poi@ By a min‘in’ %

CEC  we mean one for which there is no C' suck that C&C'.
It is clear that a minimal C defines a one-person subgame.
To simplify notation, rather than writing rB(C) and nB(C)
we will write [; and nC,

C

(1) For each minimal C,?tc (= ’—‘i where Cc.lli) is

s0 chosen that ..
Hy (R7) > B (R°/ 47)
(2) For any ¢, °(V) = % (V) for VEC', CEC',
ﬁC(U), UEC, is chosen so that

H(F0) > B (357 /%), ceu
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where /oj_C(V) - EC'(V) for VEC', C& C'.
To show that any @i constructed according to the above re-
cursive rule is an equilibrium point, let /‘:’L be any strategy
for player 1, and let /"i‘, <2, ... be a sequence of
strategies for player i constructed as follows: (a) /oi‘ = /oi’
(b) B3 is identical with 4% except for the C -- which
we shall call e of highest rank which intersects K('ﬁ_//’ij)
and for which F;_'j(V) + ?ii(V) for some VéCj. Note that CJ.C’_(_Li.
(In case there are two or more C of equal rank of the specified -
kind, let Cj be any.one of these.) (c) For VZB(Cj)’ /t;.j+1(V)=7ti(V).
Now by lemma 12 and the definition of

1y (7 A3 >n, (7/49)
Since there are only a finite number of C's which intersect
K(n/ﬁ'i) and the step from ﬂij to /‘;J” requires a reduction
in rank (or at most a finite number of steps before a reduction
in rank), the sequence /°ij must conclude with a /"if such that
K(R/ﬂil) = K(%), whence H,(%/”Q%) = Hi('r'?) and therefore
Hy (R) > Hy(7/R).
; Necessitx: Assume that (K, ’_l_L'), the complete inflation
i i of (K,'LU does not have effectively perfect information. Let
xocﬁﬂ_l,; be the personal position of lowest rank for which there is
zeD(x), zeVe‘}_L&, i % 3, ¥v& ﬁ’, for any « (if t.her.e are several
positions of the same minimzl rank with this property, let x, be a
any one of these ); and let gié_l_Ll'(, K # 1, be the position of

lowest rank in D(xg) such that Vd‘._ﬁy for any -#. Since
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ch()hxo) for some n, there is a yaV such that vé D(n, xq).
For simplicity we relabel the persons and alternatives so that
I'J'CPh VCPz, xaD(1, xo). We distinguish three principal cases:
e E L, e S e {x,y} -
Let ﬁ= D(x) v D(y) and let m = max [r(x,), r(y,)].
Define h(w) as follows, where 2z 1is the highest ranking

intersection of w with w, or ﬂy:

(a) weW :
1. 2:Pg: hi(w) = 0 for every 1.
; ; .
2. z & Py, z< {xo}: hi(w) = ; :
3. Z2i§% Py, * >§co}: hi(w) =% for every i % 1,

for every 1 .

hy (w) "'%f-;-; for z & P, otherwise h;(w) = ﬁ-ﬁ-} -

(b) weWw,

[ e L S e hi(w)-r'ﬁ'z_) 3

2N =TS S L2

m ' +1
i) 5] P '

weD (x;) Fi6 =T
weD(y1) b 1571
weD(yz) el B




With h as defined, no 7n 1is an equilibrium point.

There are two possibilities:

A. K(n)ad = 6.
Let EéUEg& be the highest ranking intersection of

K(n) with w_ or wy; and let ﬁk be identical

Pt 17 with e except ¢ &(U) whare,

o s g rtea . e e o S
s :" LT Then Hk(n/flk) >» r(iz.,, > r(z) - ( {
L. B. R(n)AW ¢ . 5 :

The pay-off to any player is independent of choices
made above 'V; hence there are essentially four cases,
depending on 7, (U) and nz(ff); these are summed up

in the matrices

Hy(n) ' Hp (m)
(V) n, (V)
g (ﬁ) 1 V 2 njj 1 2
1 m m+1 1 m+1 m
2 m+1 m 2 m m+1

For any pailr of chnices =, (U) 5 na(\-/) , there is a choice

by one of the players that increases his pay-off,
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Case I1I. xgo % g.l.b. {x,x} , U intersects W

g.1.b. {x,ﬂ 5150, otherwise x5 would not be the minimal
position for which eftfectively perfect information later fails.
Let YoeU be the lowest ranking position in ﬁy ~such that U
intersects w, and '\7¢-y_ for any ==#. Because of the minimality
condition on V, UeUj. Let W, z, and m be as in Case I, and

set t = r(xy) - rlyg). Define h(w) as ir Case I for (a) 1,2

and (b) 1. - | "o .
(a)3. z &Py, 2 >{x : hy(w) = St for every 4 ¢ 1, . 2
zeﬁx: h)(w) = 2 m;1;t |
for z & p,
A | _ 2 m+i-t
zeln._y. hy(w) = (3
hy(w) = g—{—:—} for zep,
(b)2. h](W) ha(w)
WED(X]) gmzxj 2!;‘{;,
weD(x5) __(__)_2g+)1(—t -—(—)—gmx
1=
weD(y,) 2?;*)' L _'(—rgmy
2m 2m+1
VED (%) T LS2




The proof that no n  is an eouilibrium point proceeds as
ir Case I except that a more complicated set of subcases must
be examined.

A. K(n)aW = 6., Let Z be as in Case IA.

1. Z<g.l.b. {x,j} : Argument as in Case IA.
2. %> g.l.b. {;,x} . Let 2z%eU* and z¥%UY be
the highest ranking intersections of K(n) with
respectively. There are twb sub-

w. and w

-X Y

sub-cases, .
(1) Either U™zY or UY4z* : Assume UX42ZY.
Let Ux&fg; and let /} be identical with Ty
except that fi(Ux) = 4, where Z:E Wy *
Then

Hy(n/2)) > r(z3) + r(z¥) > r(2¥) + r(2¥) = Hy(n)

a similar argument holds in case UY ¢ z* .,
(11) U¥< 2¥Y and UY < z*. 1In this case both
Ux, v¥e ’U.,} , otherwise the minimality conditions
on U and V are violated. Let %, be identical
with n; except that for every Ué‘lg ’
x>U> zx, ﬂi(U) = y where x£D(2,U). Then
Hy (n/3y) > 2m+r(yg) > r(zx) + r(zy) = Hy(m) '
The central inequality holds since r(zY) - r(yo) <m
and r(zx) < m,
B. K(n)a¥ % &
At most one of x and y 1is in K(n)., Let ot denote the

one that is in K(n) and ,3 denote the other. Then o,
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Xgor yo respectively, and z"°& U E‘Ed denot es the

‘highest rankinge intersection of K(n) with .ﬂ@ . etc-that

Zﬂ:iggﬂ'- Let w

o rerresent any w&K(n)nG'.
z@<{ﬁ§. Uﬂ does not imtersect wy because of the
minimality condition onely. Let /% be identical with
',@ == wbh o rrﬂ
n; except that /oi(L ) = /where 20g W, . Then
6) A
2

Hi (n/@) > pleb)hy (wo) + r(z]) > pletjhylwe) + x(27) = lHy(n)

r7,3 = ﬂ

o
There are four possibilities, depending on "the choices

at f, U, and Y. The appafent eight resulting from

two choices at each of three information sets is re-
duced by the fact that either T = U or else four of

the possibilities give K(n)nf = & and are treated above.

Label the choices at U so that xe€D(1,U), yeD(2,U).

t
U,.§€15, because of the minimality condition on V, -

the control of player 1 and we have the subematrices

Hyin)
n(V)
n(C) n(u) : &
1 1 2m+r(yg) 2m+1+r(xg)
2 2 2m+1+r(yg) | 2m+r(xg)
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Hz(n)
n{?}
r(T) n(U) o 2
1 1 2m+1+4r(yo) 2m+r(yg)
2 2 2m+r(xg) 2m+1+r(xg)

For any one of the four possibilities, one of the players
can choose a strategy which will increase his pay-off,
Note that no essential modification is needed in the

preceeding proof if we relax the minimality condition on xq,

recuiring merely that it is the lowest ranking position for

which effectively perfect information later fails and belongs

to an information set which intersects both Wy and v_vy.

Case III. Xxp % g.l.b. {x,y} , U does not intersect W

y
There is no loss of generality in assuming that for every

U ¢11<', , 1f U intersects w

and W, then'{.x,y}c,'Uv for some
2 .« This assumf)tion is justified by the following:
1., There is a z&V - D(U), such that for every ua'g;,uﬁ,
that intersects W and !y' {x,z}c U,, for some =2,

For assume that for every =z'&€V, z' & D(F), there is 2

t
UEU,, {x,z} ¢’U'1/ for any . By the minimality




Let
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condition on x,U < xg. Whence, by the minimality
cond ition on xo, U< U, for some =, and hence
b(U)C U, for some = . But then, for every
z"€D(T)n V, and every z'e V—D(TJ-), there is a

Ue'_l_JQ' such that z" Uy, 2'€ Uy ,1/+Y\ o Thus .

by Lemma 7 D(U)nV 4is isolated in V, contrary to
the hypothesis that ‘L' is completely inflated. We
can take the 2z thus proved to exist to be y,

There is no U ¢'_(_1(',U“LL,' U'll; such that U intersects
w, and Wy and {x,y}. <t U, for any = by the

minimality conditions on x; and x.

- There is no U&'l_L,', U < x5 such that - U intersects

W, and Wy and {x,y} ¢ U_, for any 2, by the mini~

mality condition on xq.

If there is a U&’g,‘, U> x5 and U intersects Wos ﬁy’
{x,y} ¢ U, , then we have essentially Case II as
noted at the end of the proof for that section.

m and 2z be as in the previous cases. Let W = WuD(2,xo).

Define an h as follows:

(a)

wé,'.‘_l
z€ Pg: hy(w) = O for every 1

z &P, 2z }{X&: hy(w) = 5{%—

P
z2 & Py, 2 >{x(§: hi(w) = ;

hy(w) =727 for 2 & P,

Z
z

for 1 # 1,

Ny N

hi(w) = for ze P,

r
p




(b) weW

% hy (w) ha(w)
+1 m

G U ¢ Hen)
m+2

) EE) T

2 m+2 m_

REE e pUxT Ze)

e D(y) der T
m m+1

e vipe PyT POT

ii; W = [D(2,xo);;D(x)1r)D(y). We consider two cases.,
AN

K(ﬂ)ﬂ‘-‘\(* = @
The argument is the same as in Case II A 1, 2(i).
B. K{(n)nW*x % &

Here there are four cases, depending on the choice

at U and V: summed up in the matrices
Hy(n) Ha(n)
s (V) na(V)
Ruked : € ny () 1 2
1 2m Zm+2 1 2m+2 2m+1
2 2m+1 2m+1 2 21 2m+1




e L

and for any pair of choices, there is another choice open

to one of the players which increases his payoff,

mhb '

P
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