UNCLASSIFIED

w 4228253

DEFENSE DOCUMENTATION CENTER

FOR
SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION. ALEXANDRIA, VIRGINIA

UNCLASSIFIED




NOTICE: Wwhen government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S,
Government thereby incurs no responsibility, nor any
obligation vhatsocever; and the fact that the Govermn-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded dby implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.




.
b i ! - \ il 3




@ 789 29°

OSWDIES IN FUNCTIONAL EQUATIONS \

OCCURRING IN DECISION PROGESSES

' T. E. Harris,
Richard Bellman
Harold N. Shapiro ,

P-382 \/
| 18 March 1953 |
- | )

s>
AV || (D

1700 MAIN e SANTA MONICA « CALIFORNIA

63 pp




PREFACE

As an outgrowth of thé study of certain decision
. making models, one is led to consider various functional
equations.' These functional'equations have an interest of
their own, and a study of their solutions is important in
connection with the aforementioned decision processes. In
this collection of three papers, a fairly complete discussion
is given for certain problems arising in connection with the
Bales decision making model as treated by Householder (“The
Binomial Decision Maker" (umpub)). Since this work is being
continued by a group under k. 1. Flood, with respect to
various different fusion models, iﬁ is hoped that the methods
. developed herein will be of some assistance in this direction.
In the first paper, T. L. iarris analyzes the relevant
"Markov" process associated with the Bales model, proves the
existence and continuity of the "1imit distribution", and
derives a functional equation for this distribution.
The second paper by R. sellman considers general
- functional equations of the type occurring in the liarris paper
and studies questions of existence and uniqueness of continuous-
- 2 solutions. Various other properties of the solutions are also
considered.
The last paper by H. N. Shapiro focuses its attention

on the "one—dimensional case", that is, on the functional {
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equation
£(x) = xf(a+(1=«ix) + (1=x)E(Tx).

Among other things, the question of ?alchlating the solution
is considered, and the behavior of tﬁe solution as a function
of the parameters (e ,< ) is discusged.

That these papers have been allowed to remain over—
lapping in content, at some points, is due to a sincere effort

to achieve some measure of coherency in each individual paper,

while preserving the overall connection.between them.
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Summary: In these three papers certain
problems are considered which arise from

a study of the Bales decision making model.
The larkov process associated with this
model is considered and existence and
continuity, as well as a functional
equation, are obtained for the linit
distribution. Generalizations of tnis
functional equation are discussed and a

detailed treatment is given for the one—

dimensional case.FR\

I. A PROBABILITY NODEL FOR A
DECISION MAKING PROCESS

T. E. Harris

The following problem in probability arises in the

decision making and learning models suggested by Bales,

Householder, Bush, iosteller, Flood, and others (see Flood's

RM—&53 for some background materiall.

) (0) zgo; 0.

0)
= (21 ’ (

Let g(o , zg ) be a vector with z; "2 o,

Sz, = 1. Let iy, i =1,2,3, be three "Markov" matrices; i.e.

— i

each Ai has non—negative elements and the sum of the elements
in each row is 1. One of the three matrices aj is selected by
chance, ng) being the probability that Aj is selected and a
new vector g(l) is defined by

{1 . 40l

= £

where B is that one of the Ay which is selected. Next one of
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the Ai is selected again, this time with probubilities given

by the components of 3(1)

3(1), In general, at the kth stage the matrix is selected

y and the matrix is multiplied by

in accordance with tke components of g(k’, and is then pre—

multiplied by E(k) to give E(k+1).

In the model which we are considering the A; have the

form

/,' \ /

. [1 O 0 [ 1=fz f2 O \ 1 0
o) 1 T

f *) N b o o

where0<o<,'/3,/3<1.

In order to have a generic name for the Ai we shall let
B; be that one of the Ay which is chosen first, B, the one
chosen next, and so on. we notice that Ay has the eigenvector
(1,0,9) corresponding to the eigenvalué 1 ard that A, has the
eigenvector (0,1,0) corresponding to the eigenvalue 1. In both
these cases tlese eigenvalues are simple and the other eigen—

values are less than 1 in magnitude.

we shall say that a sequence By,B.,... concludes (4,)
if all the Bi’ for i greater than some integer, are equal to
Ay; a similar definition holds for conclusion (Ao)e A

sequence concludes if it concludes (A;) or concludes (A,).

Theorem 1. For any g(o) ¥ (0,0,1) the sequence By, By,...

concludes with probtability 1. Let m(% ) be the probability

that the sequence concludes (4,), if +(0) = %, Then, for




Y ¥(0,0,1), m( %) is a continuous function of ¥ which is O

T ———— T ———— S ————————— -

when Y= (0,1,0) and 1 when & = (1,0,0;. Also O<m( Y )<1

for } not equal (1,0,0), (0,1,0) or (0,0,1); and n( %)

satisfies the funetional equation

(1) n(¥) = 2ym(8ay) + zm(§A) + zam( Y)
l."ﬁ_e.r_g - (21922923)'
The proof of Theorem 1 is quite similar to that of

analogous classical theorems about random walks, requiring in

addition only elementary matrix theory. The general type of

argument required is set forth in Chapters 15 and 16 of Feller's

book, "Introduction to Probability Theory".
It should be roticed that certain other forms of the
matrices Ai give rise to an essentially different kind of

behavior, where the vector g(“) has a limiting distribution,

as n >, which is independent of éo. This case will not be
considered here.

Proof of Theorem 1. 1If g(o) = (1,0,0} it is clear that

the sequernce iBiK concludes (A;) and that g(i) = E(O) for

all 1. similarly if 390 = (0,1,0) or (0,0,1) then tli’ a 3(0)
for all i and all the Bi = A, or Aj respectively. In what
follows we exclude these trivial cases.

¥or convenience we shall refer to a vector § = (2;,22,23)

as a probability vector if z;, z,, 23 >0 and 2z; + z, + z3 = 1,




It follows fron elementary matrix theory (in the present
case it is also easily seen directly) that there exist

constants ¢ and d, ¢ > 0, 0 <d <1, such that for any prob—

abil{ty vector
(2)  }€(1,0,0) =%aT| < ed®, n=0,1,2,.0.,
(3)  [(0,1,0) — ¥AD| < ed”, n=0,1,2,...,

where ¢ and d are independent of % . (By the "absolute

value" of a vector we mean the sum of the absolute values
of its components.)

Suppose then that (0 = (Z$OJ'Z£O)’ZSO)) is given with
z§°) # 1. Notice that an application of A, increases 2z,

A, increases 2z,, and both decrease z;. Let N be an inteper

(0) (0) (0)
1 2

such that cd' < 1. Now either z or z must be > %(1-23 )

suppose that z\9! is. Then the probability that
By = By = ¢e0s = BN = iy 1is greater than [j%(1—zg0))]N . JSince
from (2), zgl) is greater than 1 - cdi, the probability that

[0 4] N
Bi = Ay for all 1 > N is then greater than =« (1_ch#r) > 0,
: r=1 '
(0)

A sinmilar argument applies if 2z, 2%(1—z;(,0)) . Thus for any
initial g(o) # (0,0,1), the probability is greater than

1 A
[5(1—z§°))]N %1 (1=cd™*T) that all the By from the very
r= "

beginning will be identical and equal to Ay, or all equal to A,.

From this we see that conclusion must occur. lor suppose an

unbroken sequernce is not obtained at tle beginning. Then at
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the time the first break occurs, we will lave the same situation

as initially except that the vector S(O)twill have changed
to some vector E(k) . However, since zgk) < zgo) we will
have the same lower bound as before for the probability that
an unbroken sequence will be obtained immediately, and so on.
Thus there are an unlimited number of opportunities for an
unbroken sequence to begin, all having a probability greater
than a fixed positive number, and hence conclusion occurs with
probability 1.

It is clear from the type of argument used above that
m( Y ) is positive if 3§ ¥ (0,1,0) or (0,0,1).

To show continuity of n(& ) it is convenient to define
the function m( ¥) as the probability that By = Ay for all

i, if E is the initial vector. Clearly,

(4) m(3) = B gr)
r=0

2(r) = (zsr), Lri o (r)

s
where A A T

Because of the simple form of A; it is convenient to write

wo( ¥ ) explicitly as

[s8}

(5) Wo( 3 ) = 2y w [1“22(1-°<)r - 23(1"(9 )I‘] .
r=1 :

It is clear from (5) that m_( %) is a continuous function of

g , as & ranges over all probability vectors, since the

infinite product converges uniformly.




To show that w( %) is continuous for ¥ ¥ (0,0,1), one

first shows that if f(n, ) is the probability that conclusion
has 1ot begun on or before the nth step, the initial vector
being & , then f(n, §)— 0 uniformly in %, as n—> ®, provided

| ¥ — (0,0,1)] is greater than some fixed positive number.

The argument for this step is simple and details will be omitted

here. Thus if we write
g ] "
(&) =m g ) + m (%)

where ng( ¢ ) is the probability that the sequence (Bj) concludes

th Step or later, we

Ay but that conclusion begins at the n
know that ﬂ;(§ ) —> 0 uniformly as n— o. The quantity n;(; ),
the probability that conclusion (A;) begins befo}e n, can be
written explicitly as a finite sum of continuous functions.
For example,

ma( %) = (Z) + zpm (% 4z) + zam (%) .
Continuity of m(% ) now follows.

The functional equation (1) is obtained by merely examining

the possibilities for the first step of the process.




II. ON A CERTAIN CLASS OF FUNCTIONAL EJUATIONS

Richard Bellman

%1. Introduction.

In this paper, the main objective is to discuss the exist—

ence and uniqueness of continuous solutions of the functional

equation
N

(1.1) £(X) == x

£(T,.X)
1=1 1=

i

i _. o o0 T8 x >/O =
where X (x4, ’XN—1)’ 1 7Y ;i% X4 1, and Ti is an

inhomogeneous lirear transformation of the form

N—1 N—1
® S | S 1)
(1.2) Tk = =1 aiﬁ) Xg P Cyprene 7= au£1.5 57 °i,n—1)'

subject to some addit ional conditions which will be given below.
The orne dimensional case I = 2, and the two dimensional
case N = 3 will be discussed in detail. The general case

presents no features not already present in the case N = 3, and

may be treated in an entirely analagous fashion.

§2. The One Dimensional Case.

In the one dimensional case the functional équation (1.1)

assumes the form




(241) fx) = xf(c +ex) + (1—x)f(03+chx).

se impose the boundary conditions f(0) = O, f(1) = 1, and focus
our attention on the interval O £ x & 1. a8 for the trans—

formations T;(x) = ¢3 *+ czx, T_.(x) = c3 + c,x we assume

(2.2) 0 £ Ty{x) €1 and 0 £ Ty(x) £ 1 for 0 £x <1,

(2.3) lim Tsn)(x) = 1 for 0 £ x K1,
n— o

(2.4) lim Tgn’(x) =0 for 0 £ x <1,
n—y @ '

where Tsm, Tén) denote the n®P iterates of the transformanions’

T:, T, respectively. The assumption (2.3) implies that
T‘” = 1, i,e, c; *+ c; = 1. Since T;(0) « ¢;, O s ¢; &1,

we have

Ty(x) = % + (1=%)x where O £xs 1.
Similarly, (2.4) implies that

T,(x) =c¢x where 0 £ T L 1.

Finally, the functional equation takes the form

(2.5) £f(x) = xf[x + (1=«)x] + (1=x)f(T %),

(a) Existence and Continuity.

To obtain a solution by iteration we define
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fo(x) = x

fivq(x) = x £ (¢ + (1—)x) + (1=xIf (e xi, n =0,1,2,..., .

n+1
It is clear that for each n, fn(O) =0, £f.(1) = 1. Further—

nore,

£1(x) = x[x +(1=%)x]+ @ x(1=)
= x‘:x(1—o(—ﬁ") + A +G'J .

Then, 1f & + T 31, £,(x) > £ (x) = x; whereas if X + & < 1,

£f1({x) £ £ {x) = x. By induction it follows that
12f ., 2f(x)20 ifx +0¢ 21,

0§ f . (x) g (x) €1 ifx + T L1,

n+1

Thus in any case the sequence fn(x) converges as n— ® for

all x in < 0,1 >, The limit f(x) of this sequence is clearly

a solution of the functional equation (2.5),

That the above solution f(x) is continuous will now be
demonstrated by showing that |[f}(x)]| is uniformly bounded.

We have

(2.6) f;1+1 (x)=(1—-% )x fr'x(a( +(1—°<)x)+r(1—x)f;x(Q"x)+fn(°<+1—o()x)—fn(cx) .

Letting u_ = max |[f'(x)]|, (2.6) implies
RS N

u Sgecu + 1,

n+1 n

where ¢ = max(d, 1—=% ). This in turn yields




since u, * 1.
Hence the sequence &n(xﬂ is equicontinuous, and
consequently possesses auniformly convergent subsequence }

which converges to a continuous function. Oince this function

must be f(x) we have that f(x) is continuous.

(b) Monotonicity.
Let us now demonstrate that f(x} is monotone in x,

which is to be expected from the original probabilistic deriv— .

ation of the previous paper. e have from (2.6), since

A + (1—=KX)x 2 aox for 0 < x <1, that if fﬁ(x) > 0, then
f *1(x) >0, i.e. if fn(x) is monotone increasing so is
fn+1(X)' Since fo(x) = x is monotone increasing, we conclude

that all fn(x) are monotone increasing, and hence their limit,

f(x), is also monotone increasing.

(c) Convexity.
Next we consider the convexity (or concavity) of
f(x) and show that it is concave for X + T £ 1. That it is
convex for & + T > 1 then follows from (2.4) of paper IiI,

on page 28 . ‘e have

n..,1(x) = 2(1—=<)f'(o<+(1—=«)x) + (1= )% £7 (% + (1= )x)

+G‘(1—x)f;'1(¢x) - 2¢fx'1(<r)_c)
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and for X + 0 <1, fg(x) > 0 implies fn*:(X) =2 0. Since
fg(x) = 0, it follows that f;(x) > 0 for all n. Thus all of

the fn(x) are concave, and consequently the same is true of
their limit f(x).

(d) Analyticity.

The next question we shall consider briefly is that

of the analytic continuation of f(xj. First it will be shown
that for X + G £ 1, f(x) is absolutely monotonic in the
interval < 0,1 >, i,e. that

(2.7) f(k)(x) 20, K ™ Up1y7p0009 o

Via the résult of paper III referred to above it suffices to

consider the case X + 0T g1,

We first prove the analogue of (2.7) for each element

of the sequence {fn(x)} . Vie have

(2.81 £ 90 = s(1-0** T 1 0 o (- x) (1)K e k) (o g
¢ Geen) (1=e)* £ (ea (1= s)x = (ke 1)ee (KD (gx)

It is clear that fék)(x) 2 O. Assume that the result has been

established for n = 0,1,...,N; and all k, It then follows

first that

8 (er (1= o)x) 3 1K) (),

and then from (2.8) that fuif)(x) > O which completes t he

induction.




Now since fék)(x) > 0 for all x in < 0,1 >, it follows

that (—1)k fﬁk) (e X) > 0 for 0 £ x £ . Therefore fn(e-x)

is completely monotone in (O,») and by the Bernstein—widder

Theorem

(2.9) f (e

@
where d & >0 and S d —g#t) = 1, since fn(1) = 1 for all n.
)

Using lielly's Theorem we may choose & subsequence of

the cxn(t) which converge to a function o (t) and thus

' @

(2.10) flex) = lim g (67 = [ e*au(t),

or
® ot

(2.11) fix) = | x‘d«(t), O0sxsT,
(o]

@
| where dx(t) > O, L dex (t) = 1.
o s Ry e e s e

Lo e

A

J:" e T ! 3 - . Pog iy PR y ', G i . .? J(_V”" .
« v+ This.then estabffshes the absoluth M%‘&icﬁayjéﬁlﬂ§ p e bV
and using (2.10) or (2.11) it is easy to see that f(e 2) as

©
defined by XO e 2% dx (t) 4s analytic for Re(z) > O.

Finally, we note, it 1is not difficult to see how the
functional equation may be used ab initio to show that f(z)

may be continued to an entire function of z.

(e) Uniqueness,

Finally, we turn to the demonstration of the unique-—
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ness of the continuous solution to (2.5). Let f(x), ﬂo(x)
be two continuous solutions of (2.5) which are O at x = 0

and 1 at x = 1. Then
(2.12) £lx)= lx)=x el + (1= x)= gl +1=)x)fs (10 {e lexi-glox)]

Let x_ be a point at which £ — LP assume its maximum absolute
value. Then from (2.12),  +(1=)x_  and @ x  must also be

such points. Thus for any integer k > O,

lf(crkx ) - (P(Q‘kx )| is this maximum absolute value. Letting
k —®, and using the continuity at 0 it follows, tha;. ;ku..._,..me

iy
e
m' ot

maximum must be zero. Consequently fix) = g(g)‘ 1!1![0 35

‘.\.._,

PR

and the desired uniqueness is proved.

§3. The Two Dimensional Case.

We consider the linear homogeneous functional equation
(3.1) £xy,xz) = £(X) = x;£(T,X) + x20(TX) + x3£(T3X),

where x; + xz *+ x3 = 1, x4 2 0, and Ti is a linear inhomogen—

eous transformation which takes the point z into a transformed

point X; given by

e N a”(i)x’ R a1£i)x2’

(3.2)
N N N

and has the further properties:




(3.3) (a) If X €D, then T, X €D.
(b) lim Tin) Y- Py» where T(n) denotes
n-—» ®

the nth iterate of Ti’ Py is the point (511] 521, 55 ),

( 6ij is the Kronecker delta symbol), and P is any point in
the domain, D: x; + x, + x3 = 1, Xy 2 0.

These are analogous to the conditions which we imposed’
in the one dimensional case. We shall not give the cannonical

forms of Ty since we use only the properties (a) and (b). It

follows from (b) that p; is a fixed—point of Ty.
we are interested in solutions of (3.1) satisfying the
boundary conditions

(3.4) - fi(pj) = 813

It will be shown that there exists a unique, continuous
solution of (3.1) satisfying (3.4). The proof will be given
for £,, since the proofs for the other components of f(X)
are exactly similar.

We employ the method of successive approximations. It
is essential, however, that we choose a useful first approx—

imation. Such an approximation is given by a solution of

(3.5) &lxy,x2) = x; glT\P), glp)) = 1, glpa) = O, glps) = O .

We obtain the solution by iteration,




.
e ——

. (>2] .
(3.6) gxiyxe) = T (m (nlpy

where (T,(n)P)x' denotes the x; components of T,(n)P and
(T,(O)P)xlue xy). It is necessary to show that this infinite
product converges, and we shall also, in the process, show that

g(xy,x2) is continuous.

-

Let us rnow employ a small amount of vector—matrix

notation.

(307) P =

' ' / '
X3 1 cy ) ap, 812
y Py =

Then, since »; is a fixed point of T; we have

AT I

(3.€) 45; (TaP=py, = ¢ + 4P — p; = ¢ + AP — (c+Ap,)
Ay “‘?;"f““...._ihx |
A Dl
= A(i p]) .

From this we obtain
2 2 '
(3-9) T] P-p] = A(T]P-p]) = A (P-'p]),

and, gererally,

o~

azy az2




Since, according to 3(b), -lim T P = p,, we must have
n n—w
1im A" = 0, which means that the characteristic roots of A
Nnew—y @
are less than one in absolute value. If A has distinct
characteristic roots, we have

N o

7
o)\z) ’

(3.11) A= T

while, if not, we have, in general,

(3.12) A=T ( ) T .
1N
In the first case,
4 A7 O
(3.13) At = T 1( ) T,
0 N
while in the second case,
4 N o
(3.14) A= )T
-on
n?\] )\]
In both cases we see that
(3.15) TV P = py + O(AZ), 0< W <1,

for some Az,

n
n
where O( W,) represents a vector where components are 0 Az)

as n—yw. Hence, uniformly for P €D,

n

(3.16) (TPl = 1+ 0(N%) .
2 n

Consequently, —H; (T, P)x1 converges uniformly and represents
n .

a continuous function, g{(P). Since Typ; = P1, glp;)= 1, and




clearly g(p,) = g(ps) = 0.

we now consider the successive approximations given by

(3.17) £,

fn+1 B X3 fn(T;P) + X, fn(T.eP) + X3 fn(T3P)

f (P) >0, for all

Tt follows immediately that 1 > f£,(P) o

>
P€ D, and thence, inductively, that 1 > fn+1(P) > fn(P) > 0,
Hence fn(P) converges, to f(P), say, for all PED. To show
that f(P) is continuous we proceed as in the previous section,
That each f_(F) satisfies the prescribed boundary conditions

is elear.

ve have
£ S (T,P) ax >f (TyP) 2xJ
(3.18) .B__E"J. = x, n ', {_.,x, n " D X2
ax, aX) ax, r)X2 ax,
3f_(TP) ax, Of (T.P) dx,
+ X, T + xp T
Xz X3 X2 X1
S£_(T5P) 3x, Of (T3P) dx,
X, o x; dx, 9 x,
+ £ (T,P) = £_(T3P)
Let
of
(3.19) up = max |§3 |

o fy
n* mgx ]-g;z—]

<
]

B
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Then from (3.18) we obtain

] ]

<a;' un'.’azlv +1’

(3.20) Ugq § n

and similarly

| ]

(3.21) v Sajz u *agz v+l

nu+1

The vector (un,vn) is majorized by the vector solution of

(3.22) a = A' a_ + c,

n+1 n

where ¢ = (1,0). The solution of (3.22) is given by
(3.23) a, = c+ .(A'}+ i_a'z + .. ‘A'r_‘)a.‘> .

1 i .

A Y ’
ISR Sy SRS - G Sob- R PO S O S S R v N DR D
S e T

- 7 e . x < n m 4 L A a .
Since the characteristic roots of A' are the same as A which

- LR e ) - oy oy ey S O

serre P . K g . L3 .
.

‘ o " A ,-—qk_}.t— - ‘s Sl

o - =

we know to be less ‘than 1 in -absolute value, it follows that
ag is uniformly bounded by ¢ + (I—ﬂ)_ﬂao. Hence u  and v,
are bounded uniformly. Thus the sequence fn is equi-
continuous in D and permits the extraction of a uniformly
convergent subsequence converging to a continuous function,

which must be £{P). The proof of the uniqueness of this

solution is as before.




III. ON THE FUNCTIONAL EQUATION:

. flx) = x £l +(1=ct)x) + (1—=x)f(wx)

Harold N. Shapiro

at. Introduction.

In this paper a détailed investigation will be carried
out for the functional equation of the title., <Cince it
would take up a distressingly large amount of space Lo
describe, in this introduction, all of the material contained
in this note, we will content ourselves with a list of a few
of the highlights.

(1) A necessary and suffiéient condition that for an
initial approximation fo(x), fo(O) = 0, f°(1) = 1, we have
that the method of successive approximations converges uniformly
to the continuous solution of the functional eguation, is that

f (x) be bounded in < 0,1 > and contlnuous at x =0 and x = 1,

{2) If f (x) has finite right hand derivative nunbers }

at'; = 0, dand flnlte left hand derlvatlve numbers at X = 1
then the successive approximants fn(x) converge uniformly to
the coutinuous solution at a rate which is O(cn), 0 <c <1y
(provided ¢ # 1, « ¥ 0).

(3) 1If f(« W)(x) denotes the solution to the functional
H
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equation for the parameter values (=, ), then as

(,5 ) — (0,1) a necessary and suf'ficient condition that

f(q’q_)(xl—nc is that
C=1-ok + o{?) .
«t the conclusion of the paper, the reneralization
of many of the results to functional equations of the form
f(x) = p(x)£(a(x)) + (1=p(x)f(H{x)),

will be considered.

§ 2. Uniqueness Theorems.

In this section we shall undertake an analysis and
extension of the uniqueness theorem for the solution of the
functional equation in question. As for notation, we will

write

L“(X) = o+ (.1-0()x,
so that the functional equation 1is
(2.1) f(x) =x f(Lq(x)) + (1=xJ)f(axi.

Theprem: If f(x) is any function continuous in < 0,1 >,

(no boundary conditions) such that (2.1) is satisfied, then

max_ [£(x)] = max{[[£CO)],ifC1I1} .
Ogxst

The proof is precisely as in the proof of the uniqueness
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theorem in paper 1I. The uniqueness theorem is an immediate

corollary of the above, since if £(0) = f(1) = O then it
vields f(x) ® 0. This also ylelds immediately in the case
£(0). = 0, £(1) = 1 that [f(x)| £ 1, (which is also obvious
directly).

The above theofem represents a simple extraction of the
content of the uniqueness theorem of paper 1I. However, we

now will extend this theorem as follows:

Theorem: Let f(x) be a function bounded in < 0,1 >,
continuous at x = O and x = 1 such that (2.1) holds. Then

(2.2) IIE]] = Osup1 [£f(x)|=max ([£(0),(f(1)]) .

SO D

Proof: Choose a sequernce of eii > 0 such that €i~» O.
For each €, choose x; = xi( 61) such that lf(xi)] > |ifil- éi'
we then have two alternatives.

Case (1). There is a subsequence of the - which
converges to O or 1, (i.e. U or 1 are limit points). buppose

then x,—> 0. From [f{x; YP > gl — eil we get upon
1

i
l o . .
letting 1—> @, [£(0)| > {|f[], whence [£(O)] = [[£]] .

Similarly, if xil-——> 1, (€01 = ||£]].

Cag 2). The sequence Xy stays away from O and 1,
i.e. there is a & > 0 such that Ss X4 1 = S for all
sufficiently large i (we may assume this for all i). Then

from
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f(xi) - xif(L(xi) + (1-xi)f(<l"xi)
| we conclude that
| | &
, (2.3) £l ) | 2 HIEH = 5
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Iterating this procedure yields for each k
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(1~xi)(1—“'xi)°“(1-u' xy)

Letting k—> @ we obtain

-

1£(1) > |1£]] - ! [] &
(3) 2 L - = . Jiao 8
j-O (x;) sl (1= )Y (1 5)}
’ . . €; €
[£(0)] = Lifl] — = 3 > fl] - =
5!16(1—0- xi) ;’r_ra%—wjn—cg)}
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Finally, letting i—> » we get [£(1)| = |Ifl]| and
[£(0)] > i|f|| whence

[(£01) | = I£0) | = {If1]y

Corollary: If f(0) = £(1) =0, f(x) bounded in < 0,1 > and
satisfying (2.1), then f(x) = 0.

Corollary: If £(0) =0, £(1) =1, f(xJ) bounded in < 0,1 >
and satisfying (2.1}, then if it is continuous at O and at 1,
it is unique. Consequently, of course, it has to be the
unique continuous solution.

Thus we see that we've extended the uniqueness theoren
in that there is at most oue solution among the bounded
functions continuous only at x = O and x = 1. Another very
brief proof of the above theorem will be given later, which
depends on other ideas.

At this point we might note an amusing consequence of
the uniqueness theorem., Taking X =1, and € fixed <1,

tte functional equation assumes the form

f(x) = x + (1=xif(0 x}.
Since
x + ox(1—=x) + T (1=x) (1= x) + *eo
and

1 - %(1—0‘ix)
i=0

are clearly both continuous solutions of this functional




equation,

they must be identical in O £ x €1; i.e.

@x

T x) = 1 —x — ex(1=x) = 2x(1=x) (1= x)= =°

(1—- ot

Since it is easy to show that both sides of this equality
represent entire functions, this equality holds for all x.
In conclusion, we shall derive a very simple but
illuminating consequence of the uniqueness theorem. writing
f(x) = f&dwcﬁ(x' for the unique continuous solution of (2.1)

(x ¢ 0, ¢ ¥ 1),

easily verified that 1 = f(1—c‘1—q)(1-X) satisfies (2.1) and
b

which satisfies f(0) = 0, £f(1) =1, it is

the requisite bourndary conditions. Thus via the uniqueness
theoren . |
(2.4) f(“,G_)(x, = 1 = f(1_¢,1_°()(1—9()-

For o =0, 0¥ 1,

x = 0) (0 for x ¥ 1
fulx) =

1 for x = 1

it is easily seen that (requiring continuity at

o Mt‘_\.,‘ ,.1_ ﬂ

is the unique solution of (2.1). Also for T = 1, ¥ 0,
* O for x = O
£f(x) =

3 _'?)" § .‘4 g TS “ R 1 for x:t O ",m,,,.,—_-,,(.r

; 2 ; o M f " % o oy TR 1 : 4 ii.t.,,“.. = et .-LL.A.T’
[;‘T"“‘ T e T e dm bt IR RIS Ty rimgleadier .‘:-’ f.'.:‘"';._ . 7-:«?:::-- e o T ] 'wwlm e
! : : ¥ e s A R D e T Pl o o - % PR R o
- . -~ 4 PO R ~ FENINEE, TR S £ % " e - £ 3

is the unique solution of (2.1) continuous at x = 1. Thus

(2.4) is verified in these cases also, and in fact for all

cases with the exception of (X,9) = (0,1)

The effect of the transformation (A ,T)— (1-0, 1=X)




ie to interchange the triangles (A+ 0 1, 0 £ 1, 0 £0K 1)
and (X+9> 1, 0ExXg1, 00 1). Thus (2.4) gives us a tool
for carrying over results proved for X + T 1 or A +0 > 1

to the other hslf of the parameter square.

§3. Initial Approximation for which the Iteration Scheme

Converges Uniformly.

In this and ensuing sections we cors ider the linear

operator A = 1\(0( ) defined via
’

/\‘ﬁ”' XLQ(LO,\(X)) + (1—=x) (?(G'X)

where LP(x) is any function defired in < 0,1>. Thus (2.1)
may be written as Nf = f.

For a piven f_(x) defined and bounded in < 0,1>, with
£(0) = O, f°(1) = 1, as initial approximation, the method of

successive approximations dictates that we form

A(n)fo = £ (x)

th

(where A(n) is the n iterate of /\) and examine whether or

not f_(x) converges to a solution of Nf = f. The problem

we propose to solve here is that of determining those fo(x)
for which A(n)fo converges to f( (x) uniformly in x,

’ .
oOog€Lx<< 1.

#e shall first prove a lemma, which is called here
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"The Principal Lemma", simply to highlight the fact that

most of the results of the paper, from this point on, depend
on this lemma.
The Principal Lemma.

f (x)=—x

o~ T for « +G —1 ¥ 0, o 0,0 ¥ 1.

(3.1) 2 AV fx(1-x)} =
i=0 :

x(1—x)/°(2 for X +0 =1 = 0, A¥ O.
Proof: Taking fo(x) = x in the iteration scheme we have

(3.2) Ax —x = (X+T—1) x(1=x) .

This in turn implies for k 2> 1

(3.3) Ay o A e (e AR 0]

$umming this for k = 1,...,n ylelds

n=1
(3.4) Al - x = (e 1§ . j\fi){xﬁ—q)z .

Now /\(n)x converges to f(‘,< <‘_}(x) as n—» ® (see paper II)
’
so that for % +T -1 # 0,

f&iiil:f, ,‘Ef: /\(i){x(1_x)} .

A+ —1 o

which is the desired result.
-For oK +@—1 = 0, we argue as follows:
Alx(1=x)] = x L{x)(1-L0x)) + (=) T x(1=x]
= x(1-x) [(1—o<)L(x) +r—0'2x-_\

= (1—-%2) x(1—=x) .
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Thus
(3.50 A {x(=x)} - (1—o®) ¥ T (1=), k= 1,...

so that
% /\(k) ix(‘]—x)} = x(1—x) g(1—°‘2)k - xd“l —x!

which completes the proof of the lemma.

Remarks:
(1) In the case o + & =1, ¥ O, it is clear from

(3.5) that for 0 € x < 1

AN x(1=)} 20, k=1,

Then since Ef: /\(k)tx(1—x)§ < :%5 is a uniformly bounded
(in < 0,1 > gggies of positive terms it 1is uniformly
convergent in < 0,1 > (via Dini's Theoren).

(2) Similarly, for X + T —1 ¢ 0, X #0, T ¥ 1 we

see from (3.2) and (3.3) that

A(k)ix“—x)} >0, Osx<1, k=0,1,2,...
Thus since
1

S A(i)ixﬁ"x)} € [7e =1

i=0

we have as in (1) that
o A [0

converges uniformly in x, O € x € 1.
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(3) From the above remarks and (3.4) and (3.2) it is
clear that j\(n)x converges uniformly to r(w,cﬁ(X) for
4 #0, T ¥ 1.

(L) As a corollary of remarks (2), (3) it follows that

in all cases with the exception of (% = 0 or T = 1),
J\(k)x(1—x) goes uniformly to zero, 0 € x & 1, as k— m,
This simple fact is the key to the proofs of several of the

theorems which follow.

e next prove a lemma which is more particularly
related to the proof of the thearem of this section.
Lemma. If fo(x) hac finite right hand derivative numbers
at x = O, and finite left hand derivative numbers at x = 1,
fo(O) =0, £ (1) =1, and is bounded in < 0,1 >, tren for

K F 0, CF1, /\(H)fo converges uniformly to f@x ¢)(x).
’

Proof: The hypottesis that £ (x) is bounded

(£,(0) = 0), and has finite risht hand derivative numbers
. £ (x)
at x = O implies that h(x) = =2

is bounded in < 0,1 >,

MNext since

£,(1)=£ (x)  h(1)=h(x)x  n(1)=h(x)

1 —x - 1 —x = 1 —x + hix)

~ bl1)-hix) 1 for x~1,

1 ~- X

the finiteness of the derivative numbers of fo(x) at x = 1




imply the same thing for h(x), and simce h(x) is bounded

in < 0,1 > we obtain that

< 1-h(x)
glx) 1=—x
is bounded in < 0,1 >, Combining the above substitutions
we. have’ '
(3.0) fox) = x = x(1—x)g(x)
or
(3.7) x — f_(x) = x(1=x)g(x) .

Since g(x) is bounded in < 0,1 > (3.7) yields for an

apprcpriate constant c,

(3.€) |x - fo(x)l s ¢ x(1—=x) .

Apg;lying: A(k) to both sides of (3.8) it follows t,hat}

- ———d

IA(k)x - /\(k)fo(x)l < c A(k)x(1—x)

Then since A(k)x(1—'x) gbes uniformly to zero as k-— ,
and A(k)x goes uniformly to f(q <:,)(x) it follows that
’

A(k)fo goes uniformly to f(o"a-)(x) .

Theorem: For a function fo(x), fo(O) = 0, fo(1) =1,

bounded in < 0,1 > ,X ¥ 0, O ¥ 1, 2 necessary and sufficient
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, Wwe please such that

condition that A(k)fo converge uniformly to f(, ,,.)(x)
———

is that f _(x) be continuous at x = 0 and at x = 1.

Proof: we first consider the necessity. Suppose
that f_(x) is not continuous at x = U, and has at this
point a saltus S, > 0. We then have a sequernce of points

xi——>0 suchk that

lim lfo(xi)] 2 s,.

Now Afo = x £ (L(x) + (1—x)f°(°’x), S0 that

X

lim ]Afolx = —a‘:ﬁ— - i—.’;m |f°(xi)| 7 s,
i

Hence the saltus s, of Afo at x = 0 is > S,+ (ntinuing
this argument we have that the saltus Sy of A(~l\()f°_at x*0
is also 2 Sge [iow since A(k)fo converges uniformly to

f(d’r), for sufficient large k,
(k) o _ . %o
A fo f(o(,cr)l*”\ L
for all x, 0 £ x £ 1; whence
(3.9) AR 2w e k)
3’ A ol T ’ (1’0-)(x } .

But we can find a point x = X, as close to the origin as

]

. kfr
PSS
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and since

s
lf(«.r)(xo)I < _f—

U — -

for x sufficiently close to O, (3.9) ylelds a contradiction

an analogous agreement works for x = 1. This completes the
proof of the necessity.

We next proceed to the sufficiency. Letting f_(x)
be any function satisfying the hypothesis of the theoren,
and given any € > 0, we first show that we can find an
£5(x), £5(0) = 0, £3(1) = 1, bounded in < 0,1 >, finite

derivative numbers at x = O and x = 1, such that
(3.10) £,(x) = £5(x)| < €/2, O<x<1.

Since fo(x) is continuous at x = 0, we can find a S >0
(S <'%) such that for 0 < x < & , ]fo(x)] < €/2, Define
£%(x) = 0. for0<x<8

Define fZ(x) analogously in a suitable neighborhood
1 — 8 <«x<<1of x=1 agd in §< x <1 - §" define
fz(x) = fo(x). It then foilows that fz(x) has finite
derivative numbers at x = O and x = 1, is bounded,

£:(0) = 0, £711) = 1, and (3.10) is satisfied.
Next operate on (3.,10) with /\(k) so that we get
1 fék)fo ~ /\(k)le < €2, 0<x<1.

This in turn gives




' (k), _ € (k) onr
| . (311) IATET < g+ TAT 80 o) (x)], 0 S x5 1
However, by the lemma above,
(k)o* _ ‘
IAY ey = £ o) (x) ] <§,0exs1
for sufficiently'large k. Consequently,
k ' .
j/\( )fo - f(“’o.)(x)] <€, O0gx<g1,
and the proof of the sufficiency is completed.
The above theorem yields a very simple proof of the
second corollary on page 27. For if f(x), £(0) = O,
f(1) = 1 is bounded in < 0,1 >, continuous at O, and 1, then
by the above theorem A( )f converges uniformly to f(u )

Thus if Af = f, /\(k)f = f(x) and consequently
f(x) = f(q,r)(X)‘

& 4. Calculating the Solution.

At this point, we pause in the general development, and
give a small application of the result of the preceding
section to the problem of the numerical calculation of the
sol.}zt,ion. .

It has already been -observed that (forok ¥ U, O ¥ 1)
for the sequence A(k)x

x€hxs A% <0 AR ¢ Al o £, ) (X) Tore+d> 1,
’ -

and

x> Ax > A% 5.0 Al 5 Al

— T

X Beso f(e(,c‘)(") forA+0g 1.

S T
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Thus i in the case & + T > 1 we provide an fo(x) such

that /\ﬁk)f converges in a monotone decreasing fashion to

f(d c)(X)' and for & + G' <1 an.f (x) which ¢onverges to

f@x ¢1(x) in a monotone 1ncreas‘np fashion, then the "computer"
will have an effective procedure for approximating to the
solution f(“ ¢)(x) with a known degree of error. In the

-dpjvial approximants Falxd e

TN
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(4o1) ) = L i
Lot f (x) =
° 1 -0 L_(1x) for & + T >1.
i=0 ‘
Then .

E

(13) £olx) > Ay 3 eee > A e 2 AR e s e )

for A + T 2 1.

Furthermore, j\(k)fo converges uniformly to f ., cﬂ(X)'
converges L,

Proof: We need only consider the case « + G £ 1, the

case @ + @ > 1 then following as a consequence of (2.4) Since
in this cacse

£ (x) = Tl () = T == =02 (1)
i=0 i=1 .

e i . e Y AR e . .




is clearly continuous at x = C,1, and bounded in < 0,1 >;

iy the theorem of the preceding section A(k)fo converges

uniformiy to £ d’)(")‘ In order to establish (4.2 we need
’

only verify that £,(x) € AL . but this is clear since

~

AL, = xfo(L(x) + (1=xIf (¢ x) = £ (x) + (1=x)f (T x) .

5. The Geometric Convergence Theorem.

Apart from the computational method suggested above it is
desirable to have an estimate for the rate of convergence of
the successive approximants in terms of the parameters «,0 .
For reasons which will become clear shortly attention is
focused on A(k)x, and in order to shed some light on the
problem we shal% first obtain a partial result. Ve restrict
ourselves nofé( g;i @ > 1 and observe that

a8t
i,_;lﬂ‘:n - x = x(1—=x) (X +T —1)
0 < A(?‘)x - Ax = (@+6=1)x{1—x) {_(1—o<)L(x)+ T (1-0x)
= (o+T—1)x(1—x) i[ﬁ-—«)d«- I+ [(1-) 2—c2}x}
< x(1=x) (ot + T =1) (1= Yot + T,

driting 1 — T = (1=« )*+0", this yields

(5.1) os‘j\(k)x— /\(k—”x\< (°\+G'—1)(1—'t)k_1

Then since




. f(q,r)(X) - Aln) o Z{A(k”)x - /\(n)x}

k=n

if " <1 we obtain from (5.1)

(5.2) If (o) () = AlPxj ¢ L25221) (o gyn

By using (2.4) we have ir the case & + ¢ £ 1 the result
| . (5.2) with

Tr (1-0)° - (1—x=0),
This result provides what we might call "geometric convergence"

for the parameter values (& y T ) lying in the interior of the

shaded region of the parareter space as pictured below:

a-

. —

Vo7,

The above discussion leads one to prove that we have
this kind of "geometric convergence" for any point (o¢ , )
of the parameter scuare, X ¥ 0, 0" # 1, This is in fact
true and is established in the following theorem. Ve first,

however, establish a lemma which will be needed in the proof.

S
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Lemma: For 0 g ¢ <1,
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(5.3) lim 13%- /\(k)x} - L)

x=0

. 1 "Proof: lYor any (.?(x), such that (.[;._((_J) = 0, (9(1) = 1,
| q} differentiable,

ALP = x tP(L(x) + (1=x, ‘-F(G'X)
{7 Ao = g 7o)

Setting (P(x) - A(k“”x we get

(5.4) {a)%— A(k)x} <=0 = (AR )+ {-d-i—-l\(k—”x}x_o .

D A N §°3
driting Uy {dx N x}

{5.4) may be written as

(5.5) U = Vg YT U .

This in turn implies

. 2 k=2

Now clearly v,— f(& ) as k—> o, whence it easily follows

from (5.6)., since 0 € & < 1, that

uk—>—{-£-55__~) as k — o,
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Theorem: For (& ,G) any parameter values, o£ ¥ 0, 0 # 1,

there exists constants K = K(o¢,07), A = »(,0),
0 €A <1 guch that

(5.7) 'A(n)x—f(o‘o.)(x)l KA (x(1=), n = 0,1,2,..., 0 < x < 1.

Proof: To begin with we re%“rict ourselveb to tie . CaS8. s

= +‘G“ > 1. _+e introduce a w Eosithg lihn;r dperat.or

e
s PR

Gy = 1 CPx) = (1= =dL(x) @ (x) + T (1=Tx) ¢ (T x)

and let (Po(x) = 1in O € x £ 1. Next it will be shown that
(5.9) A1) = x(=i r Pl g
Since the result is clearly true for n = O, we proceed by

inducticn, assuming (5.9) for n. Then

/\__(“”)x(1—-x) - xL(x)(1—L(x))(F’(n)L{DO"(L(X» +0"x(1—x)(1—¢'x;(f‘(n)‘~fo)(0'x)

- x(1=) [(1-«>L(x>(r‘“>cpo;(L(x))+cr(1—o-x>(r‘“>cpo>(cx)}
= x(1=x/ F(n”)LPo

which completes the induction, and the proof of (5.9).
Next we demonstrate that for each n, [ (n) ('Po is a

monotone decreasing function of x for O < x < 1. This is

trivial for n = O, and we again proceed by induction. It




. clearly suffices to show that if (f(x) is moriotone decreasing
and differentiable in < 0,1 > then I—'QP inherits these prop—

erties. With regard to the differentiability this is clear.

With recard.to the monotoricity,

TG = (1-e)2Lix) @ (Lhx) + T2(1=Tx) @' (%)
+ (1= 2 @ (L(x)o? @(ox) ]
and since _(_P'(x) $ O, ard @ > 1—of it follows that this is also

£ 0 in < 0,1 >,
Fron the fact that r'(k)(_Po is monotone decreasing we have

clearly
(5.10) g e max PR = r e

Osxs1

o

Next combining (3.3) and (5.9) we obtain for O & x & 1

(k+1) (ki |
(5.11) L e 3o (e T 1) T

Letting x—» 0, (5.11) in turn yields

d - +
{a;(_/\(k 1)x} =0 g-_di_/\(k)x} =0 = (X +G —=1) r(k)L?olxso

Finally, letting k—r®, applying the lemma, and recalling our

assumption & + 8 > 1, we get

A

e R




From (5.10) this implies

(5.12) 1m K Poli =0 .

K—>m
Thus there exists a smallest positive integer ko such that
\ (k)
(5.13) /O- i1 r LP°|| <1,
Combining (5.13} with (5.9) we obtain

(k)
Ao x(1—x) € Px(1—x)

(k_J
operating repeatedly with A O on this yields

: (k_m)
(50140 AT x(1) & Px(1=x); m = 0,1,2,3,...

On the other hand, letting f? = Ozzzk {ll[ﬂ(k)(?oll’ 1}
o

we have from (5.9)

[\ﬂk)x(1—x) S;f?x11—x); k=1,...,k_— 1.
o
k
Operating on both sides of this repeatedly with A © we get

(5.15) /\(kom+k)

x(1=x) gﬁf fy(1=), k = Tyeaayky = 1.

Since the progressions kom + k, k = 0,1,...,k°—1 include all
integers (5.14) and (5.15) imply that for all n » O

a

k
(5.16) AMx1=) < @1 L= L (g -5

From (3.1) it follows that

f(q’o.)(x) - A(n)x = (R +T—1) kZ-n_A(k)x“_-X)’




—L b=

and using (5.16) this gives

£, ) = AMx) <

AT e A VL
Thus the thearem is proved in this case with g = "";“ i
! o

nd A 1 /k ; : G
and - ,0 o . Via (2.,4), for =« + <1, (5.7) then
follows with

f—A G

- /i,

K =

y and >\-/5 1/}:0

where [—“ and T(o are deterninred analogously from the operator

R R (1= J1=(1=25] G (1= 1x)

Finally, for £ + O = 1, X ¥0,G0 ¥ 1, the result is true
with any K and A ; and the proof of (5.7) is complete in all
cases,

The above theorem can now be extended easily to
Theorem: Let f (x) be any bounded function such that
£,(0) = Q, £,(1) =1, where fo(x) has finite derivative
numbers at x = 0,1. Then for & ¥ 0, G # 1, there exist

constants K = K(O\,G_,fo)7\= Aot yG), O0< A< 1, such that

(17 [N — e K A (10

Proof: For such fo(x) we have from (3.1}




e i | | .

If,(x) = x| & ¢ x(1=x)
so that operating with 1\(n) we obtain using (5.16)

1/\‘“’1‘0— A ¢ e ANy < cp(f’”‘o)“ x(1=x), 0 £ x <1 .
Combining this with the previous theorem yields

N Lo, | s (e +K) A x(1x)

s
and (5.17) follows with K = cﬁ* K and A = A,

It is interestirsg to note that A = A is independent
of fo(x) and depends only on (o ,G" ). dilso, we might remark
in vassing tnat the finiteress of the derivative nunbers at
x = U,1 1s necessary in the sense that this is a consequence

of (5.17) with n = O,

§ 6. DBehavior of the folution as a Function of the Parameters
A, a .

In this section an investigation will be carried out

concerning the variation of f@x’y)(X) as a function of (e ,0),
(a). We begin with a consideration of the question of the
continuity of f@x,fj(X) as a function of ;G at those points
of the parameter square on the lines X = 0, and G = 1,
excluding the point (0,1). We shall refer to these lines as
the "critical boundary". If we could assert on the basis of

some obvious remark that for a fixed & > O,




! ....,T..e‘ontinuit.y’ waﬁpn at ope er~d po;ntl - B o
ol LM‘ For of §' 0, l‘jb f(‘tli’" has a unifomt;:‘d d A7 Seapdoty

“‘? L8 t,he-‘miqup soluticm of

_1‘6_

(6.1) q._]j.f{l_ {f(q,f)(X) - f(O(’G')(C.x)} = ()

Then the proofs of the following theorems could be contracted
cousiderably. liowever, since the proofs are simple, their
slightly devious route is not too distressing.

First we recall that for

1 for = = 1

O for x ¥ 1
X =0, TF1, £f,(x) =

"1 for x = 1
X0, T =1, £(x) =
O far x ¥ 1

Fifsubjeck to ‘suitabfa ¥ T

!z‘.u s Py

£

_,,,‘_ - .A~r—<-.‘1.—=-?7—;.—w.—.f“*’-‘=-’ L 7 ek o T r-—m-_f *‘ 'w Lt 7.‘ » s-‘

]
s

difference quotient in J & »x &£ 1; and in fact a bound is

1
min (e [ 1—=0G)

Proof: This result is inherent in the proof of the
existence theorem given in paper Il since L ie

min(« ,1—07)
obtained as a uniform bound for all the difference quotients

of all the /\(n)x. From this the result is immediate.

Lemma: For fixedot , and x, & > 0 f x) is a -
—————— ’ ’ ’ (O( , & )( non
decreasi:g function of 0~ . 4ilso for fixed G and x, T < 1,

£ ¢)(x) is a nor—decreasing function of X,
9




Proof: The second statement follows from the first via
(2s4). Thus consider & > 0, fixed. Then for ¢' > G, we
have

(6.2) A(u,g_)f(d’ﬁ_l) = fi,d(x) - _(1—x){f(d’crv)(c-x)—f(d,qz)(rx)} .
Since f(d 6.’)(x) is a monotone increasing function this yields
’
Ny T (a,0) S Loy (X)

Operating repeatedly with A(u &) this yields
]

(k)
A(,( o) Tla,o) S T oy ()
H
for every integer K > 1. Since f‘(d’d)(x) is continuous,
letting K—> o,
(k)
A(o(,r) T« &) f(d,ﬁ')(’”

and the lemma follows.

Theorem: If T—> 1 —and & > K >0, (x fixed), then

(6.3)° f(u,c.)(x)—-?f*(x)

Also, if  —0+ and T K1 —-X , X >0 fixed, then

(6.4) f(“,r}(x)-—-—» Felx) .

Proof: we consider first the case where & > 0 is fixed,

and we let 0 —> 1— , From the lemma, lim f, (x) exists
1 ()

for each x, O £ x & 1, and we define




._.1*8_

(6.5) Gq(x) = lim f (x) .
T—> 11—

(c(,d')

Clearly Gg(O) = O, and G, (1) = 1.
We now break up the proof into several steps.

1.) S:E)m1— G“(S x) = G (x) .

Since Gd(x) is clearly a non—decreasing function of x,
we have O € Gglx) — Gu(Sx). Thus assuming 1) to be false
for some x ¥ 0, we have a sequence of Si——»1— and an € > O

such that
Galx) > Gl éix) + € .

Then Guxlx) > sup Gl Syx) +E€
i
> sup G_(S.x) + 3
WP et Cd 2

Thus for all O sufficiently close to 1 (we fix omne such C—

4

for the following argument), we have

so that

£l o) (X) > G (84x) € for all i.

From this last inequality we get that for all i, and all

g <1,
(6.6) f(o(,d‘)(X) > f(ot,G"‘)(SiX) + % .

Now applying our estimate for the difference quotients of
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f(d’s'_)(x) we get

> f ] ’ & R
- (""r)()’) min{x ,1—-6G)

Inserting this in (6.6) yields

(1~ S3) :
min(et ,1—0 ).

(6.7) f(O(,G-)(X) > f(“,c-')(X) + %—

for all i, and all ¢ .

b

Take 6 = 1 — (1— 31)2 in (6.7). Then for i sufficiently
large, 1 — T < X , and T > G so that (6.7) together with

the lemma, preceding the theorem, implies

\ e 19
f(d,@)(x' > f(d,ﬁ!)(X) + 2~ 1__0_}
L
> fiot,e) (X) § - =92

I.¢
(1-3,)° >3

for all sufficiently large i. But this is clearly false for
i large enough, since gi-——> 1= . This completes the proof

of 1).

2) 0__l_j‘.‘t>n1_ f(“,ﬁ-)(d‘ x) exists and is > G (x).




The existence of the limit follows from the fact that
for ¢ > G

Alternately, the existence of this limit also follows from
(6.8) f(o{,U’)(X) = X f(“’c.)(Lo((X)) + (1-x)f(°k’¢)('€’x)

since the limits of the other terms exist as O —> 1— .
Given any 5, 0<8< 1, for ¢ > & we have
P q) (T %) 28, & )(8x) .

Letting C—>1— we get

G—ET— £, ) (Tx) 2 G (&x) .

Next letting S—-—> 1— and applying 1), it follows that

1 TR 20,00
3) G (x) = £ (x) for o > 0.
Starting with (6.8), letting G —- 1— and using 2) we
get
G (x) > x GO((LQ((x)) + (1=x)G, (x)
or

x Gy(x) P x G (L (x)). '

Then for x ¥ O we have

1 > Gulx) 2 G, (Ly(x))




which in turn gives

1 ;GJx)zcauékNxH 2 (L8 ()

f(ot,c‘
for any fixed §°, 0 < <1, and all integers k > 1. Finally,

126 (x) > lim f(“’w)(Lgy)(x))

= 1\ = 5
k——’a) f(o"r)‘ ‘ 1

Thus for all x ¥ 0, G, (x) = 1. Since we've already noted that

G (0) = O, we see that Gy x) = f*(x).

L) The above section 3) proves the theorem if T —> 1—

with o€ fixed. Now suppose G —»>1— and & > A > 0, & not
necessarily fixed. Ve note that for O fixed, & > ¥ ,
oty 1) 2 £ ) ()
so that for x # O
*
1 > 1in X lim f x) > lim f (x) = G (x)=f =1 ,
G__)m_ (o) ¢ ) 2 __T (g\’q-)( ) /r_,;n_ (K,G")( K( ) (x)
o ¥ K > M

Thus it follows that for x # 0, as T—s» 1-—

f(o(’c.)(x)-—ﬂ.

Since for x = 0, f(o( )(O) = 0—0, the proof of this part of

the theorem is completed.

The second assertion concerning & — 0+ as T £ 1— X

follows from the first part by means of (2.4).




(b) A Lipschitz condition in (4,6 ); uniform continuity

off the critical boundary.

In this section we shall derive a "Lipschitz condition"
for f(“,q-)(x) as a function of (o¢ ,G¢"), uniformly in x. From
this will follow information concerning the continuity of
f(o( <J..)(x), as a function of (o/ ,0 ), uniformly in x.

11 it =  su x and denote b
We will write H(P(x)‘] O<xp ILP( )|; an y
@a the parameter square, excluding the lines X = 0, T = 1,

Theorem: For (=« ,G67), (°<',<Ti) in xf;

B <7l MR (o LA R e R L St

? S wnere o . & Ty **‘*‘““*ﬁ.. =i
> . . e . 3 ; 4
h - wiil & \‘ A

E . A = Ala,T,x0) = {minu-r. aax (4,60 ] [edn [1-67 wir fo “)]P}

'“.\S,'.e;,.cr) = i.m.n[om— min{c, cr;‘ o0 [#, }— max (T, o-ulj}

' )
N o) ™ Foyer) = (1) if(«,ci)‘”’ T fu (TR

and using our estimate for the difference quotient, we get

. . T=T
(6.10) 05 Af(y ) = £, ) ST

Operating repeatedly with /L on (0.10) gives for k > 1

(6.11) o AlRlg ) - A(k_”f(o(,cr/) £ =T Al (1)

i o

x(1=x}; ¢y = min(ex ,1=T

4

)

—-*d—-'-r‘v—rv e iy e ;.,é_‘ et st s
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Sunming (6.11) over k = 1,...,n, and letting n-—x, we have,

since [\(n)f(o(’c:)——g f(o(,r) ,

[}
(6.12) 0 € £ o) (%) = £ ¢)(x) § G_-clc—’a)—j\(i)xﬁ—x) :

Combining (3.1) with (6.12)

Yo =1 ’

(6.13) ng(d\,(\-)—f(o(,d')

ifA+0 =1 #0

, if oA +G—1 =0

¥inally, removing the assumption G C\' from (6.13) we get in

all cases: o~ & (x)—x

. , BLEGE
(6.14) If(o(’u-)(x) - f(u,o_)] .Lf_a;E
, if o~ + o —
where .
dy = min[a, 1= min(0,5")]
and

* 4
O = max(G ,a ).

Suppose then that T 26"', and ® +0 —1 = O, Then from
(6.13)

P (ol RS B B e ok 1
(62150 [lx = £ ¢)il s 5 <2 " min(e, 1= ' 32

From this we conclude that for 1 — X > G

: C 1—A— T
(6.16) i = gy | s ==L

On the other hand for 1 — X £ G, we have via (2.4) and (6.16),

, ifok +T =1 ¥ 0

=0




since 1 = (1=0) > 1 — K,

' [ 1— - T
(6.17) RS YL CON T X = fieq, 1-a) <l (1_5—)31

From (0.10) and (6.17) we see thiat we have in all cases

(6.18) I 1=x=T)

Lix = £ oy (XIS {min(e 1~ )] 3

. . %
Inserting this back in (6.14) we have for ok + O =1 ¥ 0

1 " Q-'—G.’J 1
(6.19)  [if 1o oy (x) = £ oy (x) ]| LS : :
(<,7) (>,7) 9 fmin(e 1= ™)} 3
From the second part of (6.14) it is clear that (6.19) holds
as is for ok + o ¥ ~ 4 = 0 also.

Next, using (6.19) and (2.4) we have

(6200 (o) () =20 G I = (1210 gt yog () = £ (1= 1) (X) ]|

<’Ld—d] " 1
AN d2

{min (-, o<*)7(3

where

[4 /
dy = min[1—0-, max(O(,d)]
** = pin(x, <) .

Finally, from (6.19) and (6.20) we have

l]f(q,q-)()()— f(b(l,é) (X) ]] S f(o(,G‘) (X)_f(D(I,Q',")(X)]

< ]q‘—(.\"] ——l + X —at’ L
= {d] {min(% ,1— 0—*)}3} ‘{dz {min(1—rl) ;)}3}

TS (o ) F (o) £ 1

¢




. which is the result stated in the theorenm.

From the above theorem we can now deduce the following:

| o Corollary: VFor any $ , 0 < 8 < 1, however small; if
(&, ),(x’,0") belong to the closed region g% A Ssd& 1,

—

0 Vg 1= ; then (6.9) may be replaced by
4
. ) ' ’ I M
Qe - R x> - -Q
(6.21) Hf(u,q-) P,y 1 s Kind o + |T H
where K = K(S) is independent of (ot ,C ), (o\',ﬁ") .
Proof: In order to obtain the above from the theorem
simply requ&res the observation that for (& ,T ) and (x',5 )
in Jg we have
A g é-l’ and B g 5-1* .
Thus (6.21) follows, with K(§ ) = 8§74,

From (06.21) we see that in any Jg , f.‘(d,r)(x) is a
continuous functicn of (A ,6 ) uniformly in x. From this in
turn it follows that at any point (K, G S, 7 0,

F 1, f(‘x'G_)(x) is a continuous function of (X , 6 )

uniformly in x.

’

6(c). Bbehavior of the solution as (o G 1= (0,1).

The point (X ,d) = (0,1) of the parameter square,
henceforth referred to as the point P, has the property that

at this point the functional equation degenerates to the

identity f(x) = f(x,, It is thus of some interest to study
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what happens to f(q'q_)(x) as («x ,0 ) approaches P. Gince
this point is the intersection of three lines along which
we have, respoectively, the discontinuous solutions f*, and
fx anrd the continuous solution x, one might suspect that the
behavior of f(«’¢j(x) in the neighborhood of P is rather
chaotic and depends upon the mode of approach to P. That

this is so will be revealed in the following discussion.

From the theorem of section 6(a) we first obtain the
following:

Theorem: There exists a "stolz-like" neighborhood of P

T bordering O = 1, such that as
(A,5)—>P, (x,0) in this
neighborhood, f(d\ G-)(x)—> f*(x).

’
Also, there exists such a neighbor—

hood of P bordering o = O guch that
! X as (¢ ,6)—» P in this neighborhood

f(d'o_)(x)-—a,»f*(x) .

Proof: As usual we need only prove the first assert—
ion, the second following from it via an application of (2.4

For each & > 0, choose @ = 0 (&) such that

This can be done since lim f( c,_)(CX) = 1., How if"
T 1— '




(ot ,6)—» P inside the region bounded by T = O (e<) and
T = 1, we clearly have f(“ 0‘)(0)_> 0, and for any given
]

x ¥ 0, ¥ > for & sufficiently small, so that
! >f(m,cr)(X) 2 f(e&,O')(o‘) zf(x,c(ﬂ))(d) 21 =%

Thus in the limit, since x =0, £ r) (x)— 1.
- ]
@ith rerard to the possibility of f(o ¢){(Xx)—rx as
]
(%x,T )—»P, it is an easy consequence of (6.9) that this
is so if the mode of approach is such that
T= 1 — A + 0(043). liowever, by utilizing the method
which led to (6.3) in a sharper form, we obtain the following
more complete result:

TlLeorem: A necessary and sufficient condition that as

(A,0T )— P we have

(6.23) (X)—-)X,

.f(cx Kol

is that the mode of approach is such that

(6.24) T = 1 -+ of k%),

Proof: Since substituting (1—0,1—x) for (o ,07) in
(6.24) gives
1= =T + o(1—0)*
which is precisely the same as (6.24) for (x ,§ )—>P, we
see that it suffices to prove the whole theorem under the
assumption that '

(6.25) glef) = X +06— 1




is greater than zero.

sufficiency; i.e. assume gt ) = 0(0(2). we recall

from (3.4) that
[+ )
i
(6.26) flug)(x) = x = (X2T=1) 2 A (1=x)]

also via the calculation preceding (5.1), siunce ot +0 > 1,

S >1 -, and we have
’ (€.27) AxO=)] € x(1=) [(1-x)x+a).

Now note that (1—m X)X+ 0 = 1 — (ﬁz—g(d\)) so that

AxO=0] < x01=) [1I=( =g ))].

Then
AL =0T € x(1=) [-(x 2g(=)]2,

and since g(oX ) = o(°<2), o(2~g(°() > 0 for «K sufficiently

small. Thus suaming over i, yields

®
(6.28) Z/\(i)ExU-x)]g—}-y—:-}l .
i=0 K=g (%)

Inserting (6.28) in (©.26) we obtain

6.2 0 < f < —elx) 1 < T;ELSLL_—
e S foo I S 2 ,—x»)\ —g (=)

But as o —» C, -:-?gi‘(i)_)-.—ko since g(eX) = 0(0(2). Thus

——r

(6.29) yields that f(d @)(x)——-;x uniformly in x.
’




Necessity; i.e. assume f(g r)(x)-—;x for any one fixed
]
¥ ¥ 0,1, e have since =X +T > 1

ANAx(1—=x) = x(1=x) ]_—(1—9()“+0"] + [(1—0&)2 _0.2],(}
J
> x(1=x) [(1—x)x+a + (1—)2 —c?]
so that
(6.30) AN x(1=)] 2 x01=x) [(—sOx +T s (1— )2 =2},
since (1-X) X + T4 (1-e)2 = T2 = 1 — glo) = (x = g(w ))?

it is clear that for sufficiently small « , and G close to 1,

since g(a )—>0, this quantity lies between O and 1. Thus
sumiring (6.30) over i yields

2 (1) x (1=x)
£e31) A (1—=x) y e
03 P 0= > = (e )2

Furthermore, since g(xX ) = T + &X —1 < 2,
- XA —p(X) < &K, so that

(X —p(x))° < =?

' and (£.31) implies

x(1—x)

. (6.32) }L@: [\(i)x(1-—'x) > —

i=0 (Hg(x)

g e T

- Combining (6.32) with (6.20) results in

(6.33) £ oy (%) = x 2 —RLL

X(1—X) = Oo
o +g(o\.) =

e e e T e




T

Thus if for fixed x ¥ 0,1, f(“" <‘.)(x) - x—>0 as (x ,0)—»P,
9

then
(X : 1
’5( L - = — 0
g ) ;o =2
g(d’

whence g(cX) = o uz). This completes the proof of the theorem.

The following corollary may be extracted from the proof
of tre tleorem.

Corollary: If «? > g{x) >0 for & >0, then for
r= 1 - K + g(°()

—%E——)—— x(1=x) 2 f(x ) (x) = x }_gﬁ_g‘_i__ x(1—x) .
ok —g (X ) ’ otrg (e )
Corollary: If f(q,q..)(x)-—-—v x, as (o ,T)—>P, for any one
particular x ¥ 0,1, then f(“’r)(x)-——?x uniformly in x for all
x in < 0,1 > . —

From the first corollary we see that if we take as our

mode of approach to P the curve A eiven by:

H: ©=1- FARKL, 0<A<1
where A is fixed. In this case g(xX ) = X %% and the

corollary yields

A

(6.34)  x + 125 x(1x). 2

f(ﬂow )A(X) ;X * -1-%-5\ X(1")()




where (O(,Q-))‘ denotes a point on ‘; ). Now we can choose

1 > 7\, SAy, > e >)\n > ¢ee—»0 such that the intervals

A A
(3= ii y 73 ;"i) are mutually disjoint. Then for all x # 0,1,
and i # J
i J
Iv. fact

1,0 w7 Tyl (x> 655> 0
J

uniformly for all (X ,G)= on r>‘ and (ot ,0 ) 3, on
1 i J

r)\., and all x bounded away from O and 1. Thus along the
di.f%erent r}'i we cannot get the same limit function (if the
1init exists) as & —> 0. - In any event the above indicates

the variety of possible.outcomes as one approaches P from within
the varameter square and observes the behavior of f(“’o,_)(x).

In fact one might venture the conjecture that civen any
monotone tunction h(x) such that h(0) = 0, h(1) =1, there

exists a éequence (Oki, \Ti)—-> Péuch that

f(xi’o_i)()()"—)h()()o

% 7. Generalizations.

In conclusion a few remarks will be added concerning
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some slightly more general function equat iﬁprxs.i"or which an

analysis analogous to the .above may be carried out.

fiyst of All, if we let K(xj be any cort inuous function

L e bl Ll T e Sl L R

0 <X x(x) < 1

for 0 & x<s 1, ana «(x) a continuous function such that
0 T(ix) €1 =W for 0 < x g1, then tle existence and )
uniquerniess thneorenrn £0€S through for tie continuous solution p
of

fix) = xf[ok(x) + (1—0((:»:)):&:} + (1—x) f[(r(x)x], ‘
such that £{0) = G, £(1) = 1. wore senerally, if p(x) is ;

- . . N “ e I Ry . - -
any coutinuous function such that O & plxi & 1, p(0) = U, iy

p(1) = 1 analogous theorens rold for

(7.1) fix) = pi{x) f[o((x) + {1—0((y;)3x3 + (1=pix) £{o (x)x).

Finally, if H{x)} and G{x) are continuous, H{O) = 0, G(1) = 1,
| . .

and ce\rtair conditions are piaced o0 their behavior so tonat

H{x) miy »Deifninic‘::ea by a functist of the form x e (x}, and | \
0 . L peememmmm Emem e . L. T A 2]

L e S - |

Gix) by o (x) + (1= {x)lx, tue results for (7.1)

may te carried over to

(7.2) flx) = plxIf(a(x)) + (—plxl LG




