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PKüFACE 

HS an outgrowth of the study of certain decision 

making models, one is led to consider various functional 

equations.  These functional equations have an interest of 

their own. and a study of their solutions is important in 

connection with the aforementioned decision processes.  In 

this collection of three papers, a fairly complete discussion 

is given for certain problems arising in connection with the ^ 

Bales decision making model as treated by Householder ("The 

Binomial Decision Maker"! unpubj).  Since this work is being 

continued by a group under M. M. Flood, with respect to 

various different fusion models, it is hoped that the methods 

developed herein will be of some assistance in this direction. 

In the first paper, T. E. Harris analyzes the relevant 

"Markov" process associated with the Bales model, proves the 

existence and continuity of the "limit distribution", and 

derives a functional equation for this distribution. 

The second paper by H. Bellman considers general 

functional equations of the type occurring in the Harris paper 

and studies questions of existence and uniqueness of continuous 

solutions. Various other properties of the solutions are also 

considered. 

The last  paper by H.   N.   Shapiro  focuses  its attention 

on  the "one-dimensional  case",  that  is,   on  the   functional 

- 
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equat ion 

fix)   ■ xf(«K+(1-'Kix}   ♦   (1-x)f(<rxJ. 

Among other things,   the question  of  oalculating the  solution 

is  considered,   and the   behavior of the  solution as  a function 

of the   parameters   (o<,c-)   is discussed. 

That  these papers  have been  allowed to   remain over- 

lapping in  content,   at  some  points,   is due to  a  sincere  effort 

to achieve some measure  of  coherency in   each  individual  paper, 

while preserving the  overall connection  between  thera. 
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Summary:  In these three papers gertain 
problems are considered which arise from 
a study of the Bales decision making model 
The Markov process associated with this 
model is considered and existence and 
continuity, as well as a functional 
equation, are obtained for the lirait 
distribution.  Generalizations of tnis 
functional equation are discussed and a 
detailed treatment is given for the one- 
dirnensional case. 

\ 

I.  A PROBABILITY MODEL FÜR A 

DECISION MAKING PROCESS 

T. E, Harris 

The  following problem in  probability arises in the 

decision making and learning models  suggested by Bales, 

Householder,   Bush,  Mosteller,   Flood,  and  others   (see Flood's 

RM—B53  for some  background material). 

Let    i(U)   -   (z1
(0],   40j,   4°^   be a vector  with z[0)* 0   , 

T z.   -  1.     Let A.,   i  -  1,2,3,   be three "Markov"  matrices;   i.e. 

each  A.   has  non-negative  elements  and  the   sum  of  the   elements 

in  each row is  1.     One  of the three  matrices ^  is selected by 

chance,   z| 

new vector 

^0)   being the probability that  Ai is  selected and a 
(1) is defined by 

.(1) -     ^B 

where B is that one of the k±  which is selected. Next one of 
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the Ai is selected again, this time with probabilities given 

by the components of VU,   and the matrix is multiplied by 

'S  r  In general, at the k  stage the matrix is selected 

in accordance with the components of ^ki,  and is then pre- 

multiplied by l(k) to give  |(k+1). 

In the model which we are considering the Ai have the 

form      / „ \ 
I i  o   o \ i x-.f>z   r2   o "■' _  , . 1  0  Ü 

ky   -   \*    M-*       0   . A2 -  0   1   0     ^ J 
/      \ 0   (T  1i-^ ?   o      ^1'   '     1„ r    ,:.■ »X   l   o 

where 0 < =< , f3 , f> < 1, 

In order to have a generic name for the A. we shall let 

B, be that one of the A^^ which is chosen first, B2 the one 

chosen next, and so on. We notice that A, has the eigenvector 

(1,0,0) corresponding to the eigenvalue 1 and that A2  has the 

eigenvector (0,1,0) corresponding to the eigenvalue 1.  In both 

these cases these eigenvalues are simple and the other eigen- 

values are less than 1 in magnitude. 

\.:e  shall say that a sequence B,,^,... concludes (A^ ) 

if all the B^ for i greater than some integer, are equal to 

A|;  a similar definition holds for conclusion (A^).  A 

sequence concludes if it concludes (A,) or concludes (A..). 

Theorem 1. For any. V0) / (0,0,1) the sequence B, , B2,... 

concludes with probability 1. Let rr( t ) be the probability 

that the sequence concludes (A,), if    ^(0) = ^,  Then for 
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i /(O»0»1). TT(^)isa continuous function of "^ which is 0 

when  i» (0,1,0) and 1 when  i - (1 ,0,0;.  Alao 0<n( i )<1 

for ^ not equal (1,0,0), (0,1,0) or (0,0,1); and TT( | ) 

satisfies the functional equation 

(1 )  TT( \ ) - z1n( t A, > + z^fT( ^ k,,)   + Z3TT( ^ ) 

where  1- (z,,z2,Z3;. 

The proof of Theorem 1   is quite similar to that   of 

analogous  classical  theorems  about random  walks,   requiring in 

addition  only  elementary matrix theory.     The general   type  of 

argument required   is set  forth in  Chapters  15 and 16   of Feller's 

book,   "Introduction to  Probability Theory". 

It  should be  noticed that   certain  other forms of the 

matrices Ai giye  rise to an essentially  different  kind  of 

behavior,   where the vector    Vn;   has a   limiting distribution, 

as  n—>»,   which  is   independent   of    ^  .     This  case will not be 
considered  here. 

Proof of Theorem 1 .     If    ^ü)   "   (1,0,0j   it  is clear that 

the sequence     \BA    concludes   (A])   and that     V1'   -    \^   '   for 

all  i.     Similarly  if    |(ÜJ   =   (0,1,0)   or  (0,0,1)  then     ^i;   -  |(0) 

for all i  and all  the B.   ■ Aj  or A3  respectively.     In   what 

follows we exclude  these  trivial   cases. 

For convenience we shall refer to  a vector     ^ ■   Ui,«2,«3) 

as a   probability vector  if  z, ,   z,,,,   Z3 > 0 and  Zj   +  za   + Z3  ■=  1 . 



-ß- 

It follows from  elementary matrix theory   (in the  present 

case  it  is  also easily seen directly;   that there exist 

constants  c and d,   c>ü,  0<d<1,   such that  for any prob- 

ability vector 

(2) i(1,Ü,ü)  -\AVi   < cdn, n  - Ü,1,2  

(3) |(0,1,Ü)  - USj  < Cd11, n  - 0,1,2,..., 

where   c  and  d are   independent  of    \   .     (By the   "absolute 

value"   of a  vector we mean the  sura  of the   absolute  values 

of  its   components.) 

Suppose then that     \i0i   .   ( z}0 j , zp^ , ziÜh   is  given with 

23       /  !•     Notice  that an application  of A,   increases  Zj, 

A2   increases   z^,   and  both  decrease  Z3.     Let N  be an   integer 

such that   cdN  < ^     riow either  z}0)   or zj,0'  must be ^ ^t1-2!    ) J 

suppose that  zi0)   is-    Then the probability that 

B,   • 83  ■  •••  " Bkj  " A]   is greater than   [|r(1-Z3     )J     .     Since 

from  (2),   z\       is greater than  1  — cd1,  the  probability that 
00 

B    - A,   for all i > N   is   then greater than    n  (1-cd    r)   > Ü. 
1 r-1 

A  sinilar argument applies  if  z|   '  ^^(1-zJ   ')   .     Thus   for any 

initial    fc/0'  /  (0,0,1), the   probability  is greater than 

[l(1-zi0))]N      n     (1-cdN',,r)  that all the   B^ from the   very 

beginning  will be   identical and equal  to Aj ,   or all  equal to  A^. 

Froin this we  see that   conclusion must  occur.     For  suppose an 

unbroken  sequence   is  not   obtained at   the   beginning.     Then at 
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the time  the  first  break  occurs,   we will  have the   same  situation 

as   initially except that the vector   V    - will have   changed 

to   some  vector     V       •     However,   since  z^   '  ^ Z3       we will 

have  the  same  lower bound  as before  for the  probability that 

an  unbroken sequence will  be obtained  immediately,   and  so on. 

Thus there are an unlimited number  of opportunities for an 

unbroken  sequence to begin,  all having a   probability greater 

than a  fixed  positive number,   and   hence  conclusion   occurs with 

probability  1. 

It  is  clear from the type  of argument  used above that 

TT( 1 )   is  positive if    i /   (0,1,0)   or  (0,0,1 }. 

To show  continuity  of  TT( ^ )   it   is  convenient  to define 

the  function n0( X, j     as the   probability   that   B.   - H,   for all 

i,   if   £   is tie   initial  vector.     Clearly, 

(4) TT  ( I ) o 
00 
TT 

r-0 

(r) 

where 
(D   =   (Jr)     Ar) (a .   22 4r); I AT 

Because  of the  simple form of A,   it  is  convenient to  write 

ff   ( *>)   explicitly as 

(5) TT  ( £ )  -   z,     n    ll~zt>{1-o<)r - 23(1-6 )r]    . 
0 r-1  L ' 

It   is  clear from   (5)   that rr  ( t,)   is a   continuous function of 

1 ,   as    I   ranges  over all  probability  vectors,   since the 

infinite  product   converges  uniformly. 
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To show that TT( ^ ) is continuous for 1 i  (0,0,1), one 

first shows that if f(n, \)   is the probability that conclusion 

has not begun on or before the n  step, the initial vector 

being | , then f(n, \)-->V  uniformly in ^ , as n-J><», provided 

j 1 — (0,0,1)| is greater than some fixed positive number. 

The argument for this step is simple and details will be omitted 

here.  Thus if we write 

nU) - TT^U ) ♦ rr^U) 

where rr" ( ^ )   is the   probability that the   sequence   (B^)   concludes n 
ky   but  that  conclusion  begins  at  the  n       step  or later,  we 

know that  n  ( ^ ) —> 0 uniformly as n —> c».     The  quantity "«( ^ )| 

the  probability that  conclusion   (Aj)   begins  before n,   can be 

written explicitly  as a finite  sum of continuous functions. 

For example, 

n2( \ )   » nro( *; )   +   z2no( i A.j)   +   Z3no( ^ )   . 

Continuity   of rr( ^ )   now follows. 

The  functional equation  (1)   is  obtained  by merely examining 

the possibilities for the   first  step of the process. 
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II.     ON   A  CERTAIN   CLASS  OF  FUNCTIONAL  EQUATIONS 

KLchard Bellman 

^1.     Infroductlon. 

In this paper,   the main  objective  is  to discuss the exist- 

ence and  uniqueness  of continuous  solutions  of the  functional 

equation 

(1.1) 

N 

f(I)   -IE-  x.f(T.I) 
i»1     1 

where X •   (x, ,... .XJJ^ ), xi ^ 0.      Jl-, ^ - 1,  and ^ la an 

inhomogeneoua  linear transformation of the form 

N-1 N-1 (1) 
(1.2) T.X  =   {^Z^   3Cj  +   ci1»---'^- aN-1 J  Xj   +   ^.N-l^ 

subject to some additional conditions which will be given below. 

The one dimensional case N - 2, and the two dimensional 

case N - 3 will be discussed in detail.  The general case 

presents no features not already present in the case N - 3, and 

may be treated in an entirely analagous fashion. 

C 2.  The One Dimensional Case. 

In the one dimensional case the functional Equation (l.i) 

assumes the form 
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(2,1) f(x)   - xfic^c^i  *   (1-oc)f(c3+c4x). 

..e   impose the boundary  conditions   f(0)   - 0,   f(1J   ■   1,   and  focus 

our attention  on the  interval  0^x^-1.     HS for the  trans- 

formations T,(xj   '   c-,  *   c^x,   Ti(x)   »  C3 +   c^x we  assume 

(2.2) Ü $: T, (x)  ^ 1   and 0 ^ T2(x) ^1 for Ü ^ x ^ 1 » 

(2.3) lim    Tin)(x)   -  1 for 0 ^ x ^ 1, 
n —^ 00 

(2.4) lim    Tin)(x)   -0 for 0 «: x ^ 1, 
n —> 00 

where  T|n',   T^n'   denote the r\       iterates  of the  transformations 
Ti i   Ti;   respectively.     The assumption   (2.3)   implies that 

Tp^   =   1,   i.e.   c,   +   c^  -  1.     Since  T^O)   .   Ci.O^c,-^!, 

we   tiave 

T, (x)   =   *<   +   (1-c^)x    where 0 ^«(^ 1 . 

Similarly,   (2.4)   implies   that 

Ta(x)   »Ox   where 0 ^ «r ^ 1 . 

Finally,   the functional  equation takes the  form 

(2.5) f(x)  - xf O +  (1-<)x]  +  (i-x)f(cr x; 

(a)     Existence  and  Continuity. 

To   obtain  a  solution  by  iteration we  define 
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f0(x)   - x 

f^Jx) n+1(x)   - x fn(oC +   (1-oOx)  ♦   (1-xJfn(crx;,     n - 0,1,2,..., 

It   is  clear that for  each n,   fn(0)   - 0,   fn(1)   -  1.     Further- 

more, 

f^x)   = X[<K +(1-»<>)x]4   (rx(l-x) 

■x[x(1-o(-<r)+o<   +<r]   , 

Then,   if  «<   + cr ^ 1,  f, (x) ^ fo(x)   - x;  whereas if o<   * <r  ^ 11 

f^ix) ^ f0(x)   • x.     By  induction  it  follows that 

1  ^ fn+1 M  > fn(x)  ^0     if o<   +  cr   ^ 1   , 

o ^ fn+1(x) ^ fn(x) ^i    if o<   + <r <$; i. 

Thus   in  any  case the sequence  fn(x)   converges  as  n—^oo for 

all x in < 0,1  >.     The limit f(x)   of this   sequence  is   clearly 

a  solution  of the functional equation   (205). 

That the  above solution  f(x)   is   continuous will  now be 

demonstrated  by showing that   |fn(x)j   is uniformly  bounded. 

We   hav e 

(2.6)     f^^xl-d-^ )x  r (o<+(i-0<)x) + (r(i-x)fifi((rx) + fn(«< + 1-o()x)-f   (CTx) 

Letting u    <r    max     lf'(x)j,     (2.6)   implies 
n       O^x^l       n N 

u ^.^   ^ c  u    +   1   , n+1  N n ' 

where  c  - max(<rt   1-«<).     This  in turn yields 
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. 1 

since u " 1 • 

Hence the sequence ^n(x)) is equicontinuous, and 

consequently possesses aoiniformly convergent subsequence | 

which converges to a continuous function.  Sine« this function 

must be f(x) we have that f(xi   is continuous. 

(b) Monotonicity. 

Let us now demonstrate that f(xJ is monotone in x, 

which is to be expected from the original probabilistic deriv— j 

ation of the previous paper,  «e have from (2.6), since 

«K + (1-*;x ^ crx for 0 <. x ^ 1, that if f^(xJ > 0, then 

f (x)  ^ Ü. i.e. if f (x) is monotone increasing so is 
n*1   ^ '        n 

f   (x).  Since f (x) - x is monotone increasing, we conclude 
n+1 0 

that all f (x) are monotone increasing, and hence their limit, 

f(x), is also monotone increasing. 

(c) Convexity. 

Next we consider the convexity (or concavity) of 

f(x) and show that it is concave for * ♦ «T" ^ 1.  That it is 

convex for <* + CT ^ 1 then follows from (2.4) of paper III, 

on "page 20 . We have 

r^u) -  2(i-°0f]^ + (i-o0x) ♦ (i-co2x fj^d-^Ox) 
♦ a-(1-x)f^(Q-x) -2<rf^(<rx) 



^^^ 

-15- 

and for «^   +0"   ^1,   fJJ{x)  ^ 0 implies fn+i(x)  ^ Ü.     Since 

f"(x)   - 0,   it follows that f"(x)  > 0  for all n.     Thus all of 

the fn(x)  are concave,   and consequently the same is true of 

their limit  f(x). 

(d)     Analvticitv. 

The  next question we  shall  consider briefly  is that 

of the analytic  continuation of f(x;.     First  it will  be  shown 

that  for  o<   ♦ <r ^ 1,   f{x)   is absolutely monotonic  in the 

interval < 0,1   >,   i.e.  that 

(2.7) f(k)(x)  > 0f     k - 0,1,^,...,   , 

Via the result  of paper III  referred to above  it  suffices to 

consider the  case 0<   +0"   ^ 1, 

We first   prove the analogue  of   (2.7)   for each element 

of  the  sequence   \fn(x){   .     V»e  have 

(2.8)    fni
k)(x)  .x(1-k)k*1  fn^)(o,+(^o<)x) +   n-v^t^Urx] 

* (k+i)(i-*\)k f^^ + d-oOx - (k+i)<rkf^k)(a-x) 

(k) It   is  clear that f^  ' (x)  ^0.     Assume that the result  has  been 

established for n - 0,1,...,N;  and all k,     It then  follows 

first that 

:     fiSk)(^+(l-"<)x)  > f^tcrx), 

and then from (2.Ö) that fN;
k)(x) ^0 which completes the 

induction. 
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Now since f^{x)  ^0  for  all x  in «^ 0,1  >,   it follows 

that   (-l)k  r^   (e"^)  > 0 for 0 < x 4. «.     Therefore  f^«"*) 

is  completely nonotone  in  (0,OD)   and by the  Üernstein-Widder 

Theorem 

(2.9) 1 '- 

SOD 

d -^(t)   -  1 ,  since fn( D   "  1  for all n, 
o 

Using nelly's Theorem we  may choose a subsequence of 

the   ^n^)   which converge to  a  function   o( (t)   and thus 

(2.10) f(e-x)  -    lim    fn(«"a)  -      f0' e"xtdo<(t)  , n —> 00    " 0 n 

or 

(2.11) f(x)   =     f    xtdc»C(t),       0 ^ x ^ 1 
Jo 

where dcK(t)  ^ 0, do^t)   -  1. 
•    >     -.p    >   f-     * •.   V ■ .     ■      .      % )|tO -4 lat    ' -^  ■ r 

, '- This then establishes the absolut* mohotohiclty of f|3 

and using (2.10) or (2.11) it is easy to see that f(e~z) as 

defined by [     e~zt do< (t) is analytic for Re(z) > 0. 
00 

Finally, we note, it is not difficult to see how the 

functional equation may be used ab initio to show that f(z) 

may be continued to an entire function of z. 

(e)  Uniqueness. 

Finally, we turn to the demonstration of the unique— 
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ness  of the  continuoua  solution to   (2.5).     Let f (x) ,    (j)(xi 

be two  continuous  solutions of  (2.5)  which are 0 at x - 0 

and   1   at x -  1.       Thai 

k 

(2.12)     f(x;-'f(x)-xff(^+(1-^)x)-Cf(^+1-^)x)}+(1-^)[fkx)-^x)] 

Let x    be a point  at which f - ^   assume  its maximum absolute 

value.     Then from  (2.12),    «* +(1-o<)x0 and CT xo must also be 

such  points.     Thus for any integer Je > Ü, 

|f(a-kx   )  -   cp(crkx   )1   is this maximum absolute value.     Letting 

k—x»,   and  using tte   continuity at 0  it   follows. tha^^J^U-  

maximum must   be   zero.     Consequently f(x}   - g(^^ iiX| t0!. i (^ i   ^| 

and the  desired uniqueness  is  proved. 

g 3,     The Two  Dimensional Case. 

We consider the  linear homogeneous  functional  equation 

(3.1) f(x1>xa)   -  f(X;   - x1f(f1I)  + x2f(T2X)  * X3f(T3X}, 

where x,   + x^  +  X3  -  1,  xi ^ 0,   and Ti  is a  linear  inhomogen- 

eous transformation which takes the  point X into a  transformed 

point Xi given  by 

f     (i) (i)   .   -   (^v    +  a   (i)v I   x|x'   -  c}      + a^     x,  + a12    x2, 

(3.2) I   A^   -  c(i)  +   a  i^x    +  a   (i)x x2       -  C2      ♦   a2l     x,   +  a22    x^3 

and  has the further  properties: 
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(3.3) (a)      If X£D, then T^CD. 

(b)      lira  T|n) I - p.,  where T(n) denotes 

the n  iterate of T±,   p^^  is the point iS^^t S 2.t  S^±), 

( (5^. is the Kronecker delta symbol), and P is any point in 

the domain, D: x, + x,. + X3 - 1, x. ^ 0. 

These are analogous to the conditions which we imposed 

in the one dimensional case,  we shall not give the cannonical 

forms of Ti since we use only the properties (a) and (b).  It 

follows from (b) that pi is a fixed-point of l^» 

.«e are interested in solutions of (3.1) satisfying the 

boundary conditions 

(3.4) fi^Pj^   "    ^ij 

It  will  be   shown that  there exists  a unique,   continuous 

solution of   (3.1)   satisfying   (3.4).     The  proof will  be given 

for f,,   since the proofs for  the other  components   of f(X) 

are exactly similar. 

We  employ the method   of  successive  approximations.     It 

is  essential,   however,  that we  choose a  useful first  approx- 

imation.     Such an approximation is  given by a solution  of 

(3.5) g(x1,x2)   - x,   gft,?),  g(p1)  -  1,   g(p2;  - 0,  g(p3}   - 0  . 

We  obtain the solution by  iteration. 
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(3.6; 
00 

n-0 'xi   ' 

where   (T/n'P)x    denotes the x,   components  of T, ^P and 

(Ti        p)v   -» x, .     It  is necessary to  show that this  infinite 

product   converges,   and  we  shall also,   in the  process,   show that 

g(xi,X2)   is   continuous, i 

I   ;-•.. 

1 Let  us  now employ a  small  amount  of vectoi—matrix 

notation. 

(3.7)       P 
/x, 

Xii 
Pi 

0 
A 

an 
» 

a*ii 

12 

aü2 

Then,   sinco  pj   is  a fixed point  of T,   we have 

(3.6)       ■^■|iT|firP|i  -  c +   AP - p,   •  c +   AP -  (c+Ap,) 
TT*- 

From this we obtain 

A(P-p,) . 

(3.9)      T? P-p, - A{T1P~p1) = A2(P-p])f 

and, generally. 

(3.10) T? P - P) + An(P-p1) 
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Since, according to 3(b),    lim    T? P - p,,  we must have 
n —♦ » 

lim An - 0,    which means   th»t the  characteristic roots of A 

are  less than one  in absolute  value.     If A lias distinct 

characteristic roots,   we have 

(3.11) T  1( N     )  T  , 
0    X2 

while,   if  not,  we have,   in  general, 

-1,   *'       0 

(3.12) A - T   '( )   T   . 

In  the first   case, 

(3.13) An  -  T"1 ( ,-1 ,  ^       0 

0 ^ 

while  in  the  second   case, 

Än       0 
(3.U) An = T~1(    ^    ,    )  T. 

nA]     ^t 

In   both  canes we see that 

(3.15) TV P =  P,  +  0( Xg),     0 <   Xa < 1, 

for some    X2» 

where 0{ >^ / represents a vector where components are 0( A2) 

as n—>CB.  Hence, uniformly for P€D, 

(3.16)       (T^x, "     1 + 0(>") * 
00 

Consequently,   "JT (T,nP)   converges uniformly and represents 

a continuous function, g(P).  Since Tip, - PT , g(p1)= 1, and 
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clearly g(p2)   - g(p^)   - 0. 

..e  now consider the successive approximations  given  by 

(3.17) f0 - g 

fn+1   " x'   fnfTiP)  + x2  fn(
T^p)   + *3 fn(T3P) 

It   follows   immediately  that   1   ^ f,(P)   ^ f   (P)   ^ 0,   for  all 

P€ D,   and  thence,   inductively,  that  1   > f       (P)  > f   (p)  ^ o. 

Hence  fn(P)   converges,   to f(P),   say,   for  all  P6D.     To  show 

that   f(P)   is  continuous we proceed as   in  the   previous   section 

That  each  f^P)   satisfies the prescribed  boundary  conditions 

is  clear. 

We  have 

^fn{T2p)ax; arcTa?)   ^X2 
x2 X, X2 X, 

^fn(T3P)^x;      öf (T3P) ÖX2 +   x     n        +  x. n 

*   fn(T,P) - fn(T3P) 

Let 

(3.19) u    -  max   j-r-11 

n        p     ' 5x7 P 

^fn 
p   ■ "5x7 v    = max   i-Tc-r n p '   ÖX: 
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Then from (3.1^) we obtain 

(3.20) un+1 $ «,I un + a21 vn ♦ 1 

and similarly 

(3.21) Vl ^ a 1 2 U_   ♦   apy   v,    +   1. n n 

The vector  (un,vn)   is majorized by the vector  solution of 

(3.22) V1 A' an ♦ c, 

- 
■ 

where c - (1,0).  The solution of (3-22) is given by 

(3.23) a - c + (A' + A'2 + ••• A»n)a  v u 

fsss^—vr^ ■ .,' -.•  * 
Since the characteristic roots of A' are the same as A which 

we know to be less than 1 in absolute value, it follows that 

a is "uniformly bounded by c ♦ (I-A^a . Hence un and vn 
n 
are bounded uniformly.  Thus the sequence fn is equi- 

continuous in D and permits, the extraction of a uniformly 

convergent subsequence converging to a continuous function, 

which must be f(P).  The proof of the uniqueness of this 

solution is as before. 

-»»---'•" «" I" 
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III.  ON THE FUNCTIONAL EQUATION: 

f(x) - x f(e<.+(1-o()x) + (l-x)f(T-x) 

Harold N. Shapiro 

^1 .  Tni-.rnduction. 

In this paper a detailed investigation will be carried 

out for the functional equation of the title.  Since it 

would take up a distressingly large amount of space to 

describe, in this introduction, all of the material contained 

in this note, we will content ourselves with a list of a few 

of the highlights. 

(1)  A necessary and sufficient condition that for an 

initial approximation f0(x), fo(0) = 0, f0(1) - 1. we have 

that the method of successive approximations converges uniformly 

to the continuous solution of the functional equation, is that 

fo(x).'be bounded ln"< 0,1 > and continuous at x = 0 and x = 1. 

/ (2) Jf f (x) has finite right hand derivative numbers J 

at x » 0. and  finite left hand derivative numbers at x - 1, 

then the successive approximants fn(x) converge uniformly to  - 

the continuous solution at a rate which is 0(cn),  0 < c < 1; 

(provided CT / 1 , <* / 0). 

(3)  if f.   ,(x) denotes the solution to the functional 
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equation  for the  parameter values   (oc,<r),   then as 

(o^,cr) —> (0,1)   a necessary  and  sufficient   condition that 

f (o< <r) (*' ~~>x is  that 

2 
(T «   1   — o^    +   o(o<    )    . 

At the conclusion of the paper, the reneralization 

of many of the results to functional equations of the form 

f(x) = p{x)f(a(x)) + (l-p(x)f(H(x)), 

will be considered, 

S 2.  Uniqueness Theorems. 

In this section we shall undertake an analysis and 

extension of the uniqueness theorem for the solution of the 

functional equation in question.  As for notation, we will 

writ e 

L^(x) - oC + (1-o<)x, 

r-o that the  functional equation   is 

(2.1) f(x)   - x  f(Lo((x))   +   (1-x)f(crx>. 

Theorem;     If f(x)   is  any function  continuous  in < 0,1  >, 

(no boundary  conditions)   such  that   (2.1J   is satisfied,   then 

max     |f(x)|   - max[|f(0)|,jf(1)|l  . 
0^x^.1 L J 

The proof is precisely as in the proof of the uniqueness 
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theorem in paper II.  The uniqueness theorem is an immediate 

corollary of the above, since if f(0) - f(l) ■ 0 then it 

yields f(x) a 0,  This also yields immediately in the case 

f(ü) - 0, f(1) - 1 that if(x)i <: 1, (which is also obvious 

directly). 

The above theorem represents a simple extraction of the 

content of the uniqueness theorem of paper II.  However, we 

now will extend this theorem as follows: 

Theorem;  Let f(x) bs a function bounded in < 0,1 >, 

continuous a£ x = Ü and x ■ 1 such that (2,1) holds.  Then 

(2.2)        llfll - sup |f(x)|- max (|f(0)|,|f(1)|) . 

Proof;  Choose a sequence of C^ > 0  such that ^--> 0« 

For each ^ choose xi = xi( £.±)   such that |f(xi)| > ||fj|- ^ 

».e then have two alternatives. 

Case (1j.  There is a subsequence of the x. which 

converges to 0 or 1, (i.e. Q or 1 are limit points),  suppose 

then x,—>0.  From |f(x. )j > ||fii - £H  we ge^ uPon 
il 1    .   _     I 

letting 1—>«>, |f(0)1 > jlflj, whence |f(0) | - ||fj| . 

Similarly, if xi—> -l ,   |f(1)| - |jf|l. 

Case (2).  The sequence xi stays away from 0 and 1, 

i.e. there is a S > 0 such that o^. xi ^ 1 - o for all 

sufficiently large i (we may assume this for all i).  Then 

from 
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f(xi)   - xif(L(xiJ  +   {1-xi)f(<rxi) 

we   conclude   that 

(2.3) 

and 

jfUUi))! ^ ||f|| -j-* 

ifCcrx^i ^ ||f|| - ^   j • 

Iteratir-.g this procedure yields for each k ^ 1 

IfCL^^Xj,))! > j|fli - 
xiL(xi)L^

;(xi)---L
VK^"(xi) 

and 

If^x^l ^ ilfil - 

(2)(v ^...1.(^1) 

€. 

(l-xJd-TxJ-'d-T^ ^J 

Letting k—-»OD we obtain 

|f(1)   >   llfjl  - 
JTQ       uiJ 

^ ilfii - ^0[M1-^)^(1-S)} 

rf(o)i ^ ijfii -——^-— >iifii - 

f^v^-S)] 
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Finally, letting l-> » we get |f(l)j ^ ||f|l and 

|f(Ü)i > jjf|j whence 

jf(i)| - |f(o)| - ilfil, 

Corollary:  If f(0) - f(l) - 0. f(x) bounded in < 0,1 > and 

satisfying (2.1), then f{x) a 0. 

Corollary:  If f(0) - 0, f(l) - 1, f(x) bounded in < 0,1 > 

and satisfying (2.1), then if it is continuous at 0 and at 1, 

it is unique.  Consequently, of course, it has to be the 

unique continuous solution. 

Thus we see that we've extended the uniqueness theorem 

in that there is at most one   solution among the bounded 

functions continuous only at x = 0 and x - 1 .  Another very 

brief proof of the above theorem will be given later, which 

depends on other ideas. 

At this point we might note an amusing consequence of 

the uniqueness theorem.  Taking *< - 1, and <r  fixed < 1, 

the functional equation assumes the form 

f(x) - x + (l-TOf(crx). 

Since 

x + <rx(1-x) + T2x(1-Tc)(1-<rx) + ••• 

and 

1 - TTd-^x) 
i-0 

are clearly both continuous solutions of this functional 
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equation,   they muet be   identicel  in U $ x $ 1;   i.e. 

-S-  M-a-ix) - i - x - <rx(i-x) -  r2x(i-xUi-rx)  
i-0 

Sin« it   is  easy to show that both  sides of this equality 

represent   entire  functions,  this  equality holds for all x. 

In conclusion, we  shall derive a very simple but 

illuminating consequence of the uniqueness theorem,     -riting 

1(x)   .  f .(x)   for the unique   continuous solution of  (2.1) 

whichS.tl8fi.8f(0).0,   f(1)-1.    (^0.    ^^)."18 

,   -   r .(1-x) satisfies (2.1) and 
easily verified that 1 - f (i-cr,!-«)v ' 

„^■h^nc:  Thus via the uniqueness the requisite boundary conditions.  inuu 

theorem 

(2.4) f(o<,<r)(xi 
1 -f^-r^-oo^-**' 

For ^. 0, (T/ 1. it is easily seen that (requiring continuity at 

ü) 
f*(x) 

'0 for x y 1 

1 for x - 1 

is the unique solution of (2.1).  Also for CT - 1, o< / 0, 

[arr* 

f*(x) 
t0  for x - 0 

Mt 
—•    "■ •... 

--r » 

* . ... tfl 

is the unique solution of (2,1) continuous at x - 1. Thus 

(2.4),is verified in these cases also, and in fact for all 

cases with the  exception  of  («X , CT )   -   (0,1). 

The  effect  of the  transformation   (^ »S* )•-* O-^i   "»-^ ) 
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is  to  interchariRe   the  triangles   (<*+<'% 1,  0 ^cs«. 1,  U ^.0";$. 1) 

and   (eK + <r> 1,  0 ^«(^ 1,  Ü $-CT^ 1).     Thus   (2.4)  gives  us a  tool 

for carryitip over results  proved for   «* + ci-^ 1   oro<.+<r^ 1 

to  the  other  half  of the  parameter square. 

§3.     Initial  Approximation  for which the   Iteration Scheme 

Converges Uniformly. 

In  this and ensuing sections we  consider the  linear 

operator A  " -A /        \   defined via 

A^-xCML^Un + (i-x)ü)(crx) 

where (p(x) is any function defined in <0,1>.  Thus (2.1) 

may be written as Af " f. 

For a riven f (x) defined and bounded in < 0,1>, with 

f(0) - 0, f (1) » 1, as initial approximation, the method of 

successive approximations dictates that we form 

A(n,fo " fn(x) 

(where   A^   is the nth iterate  of A )   and  examine  whether  or 

not  f   (x)   converges to   a solution of  Af ■ f.     The  problem 

we  propose to   solve here  is  that  of  determining those  f0(x) 

for which   A^f0  converges to  f^ j^U)   uniformly in x, 

0 < x < 1 . 

Ue shall first prove a lemma, which is called here 

; 



^■^ 

-30- 

"The Principal Lemma", simply to highlight the fact that 

most of the results of the paper, from this point on, depend 

on this lemma. 

The Principal Lemma. 

(x)-x 

(3.1)   ^IlA(i)fx(1-x)] 
i-0 L 

\f^,Ti-(-i"^      for o^+CT-i  / o, o<^ü,cr/1 

xd-x)/ 2       for oC+CT-l   - ü,   «A/0, 

Proof;     Taking f  (x)   - x  in the iteration  scheme we have 

(3.2) Ax - x  "   (o< + cr-1)   x(1-x)   . 

This  in turn  implies  for k ^ 1 

(3.3) A(k)x - A(lrr1)x  -   (o(^-1)   A^^^xd-x)}   . 

Summing  this for k -   1,...,n  yields 

n-1 

(3.4) A{n)x - x - (-<+^-i; ZlA1^^^-^)]     • 

Now   A*  converges to f^  ^(x)   as n—>• oo  (see  paper II) 

so that   for   «,  + ö--!   / o, 

$f^   .^lA^'lxd-.)]   . 

which is the desired result. 

•For o^ + cr—i = ü, we argue as follows:  x 

A(x(1-x)] = X L(x)(1-L(x)) + (l-rja-x(1-5-x) 

- x(i-x) [d—<)L(x) +«r-cr2x] 

- (1-o(2) x(1-x) . 
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Thus 

(3.5)   A(kJ U(1-x)] - (1-o<2)k 'xd-rx),  k - 1,... 

^;AW1X(1„}.X(^) ö,-^.^ 
so that 

k-0 

which completes the proof of the lemma. 

Remarks: 

(1)     In  the   case   o<   + <r"   ■  1 f o( / 0,   it  is   clear from 

(3.5)   that  for 0 < x ^. 1 

(k) Alk,[x(1-^)]   ^0,       k -   1,... 

Then since 5Z"  A^k'(x(1-x)\ ^-77 is a uniformly bounded 
k-0      L     3   ^^ 

(in < 0,1 > series of positive terms it is uniformly 

convergent in < 0,1 > (via Dial's Theorem), 

(2)  Similarly, for «^ + ^ - 1 / 0, CK / 0, 0~ ^ 1 we 

see from (3.2) and (3.3) that 

A(k)[x(1-x)] ^0, 0 ^ x < 1, k - 0,1,2,... 

Thus since 

SA'1)i]I(1^<T^=n' 
we have as in (1) that 

converges uniformly in x, 0 ^ x ^. 1 . 
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(3) Fror, the above remarks and (3»4) and (3»2) it is 

clear that A  x converges uniformly to f^ o-)^ for 

oc / o, cr / i. 

(4) As a corollary of remarks (2), (3) it follows that 

in all cases with the exception of ( * • 0 or 0" - 1), 

A^x(l-x) goes uniformly to zero, 0 ^ x ^ 1, as k—» «. 

This simple fact is the key to the proofs of several of the 

theorems which follow. 

V,e next prove a lemma which is more particularly 

related to the proof of the theorem of this section. 

Lemma.   If f (x) has finite right hand derivative numbers 

at x • 0, and finite left hand derivative numbers at x - 1, 

f(u)-0, f(1)-1, and is bounded in < 0,1 >, then for 

o< ^ 0, (T / 1, y\  f0 converges uniformly to f^ ^ U). 

Proof:   The hypothesis that f0(x) is bounded 

(f (0) - 0). and has finite ri^ht hand derivative numbers 
0                       ,f (x) " 

at x - Ö implies that h(x) • -2  is bounded in < 0,1 >. 

Next since 

fJl)-fJx)   h(1)-h(x)x  h(l)-h(x) 
0 1 -;     - ~T^ r^r- * ^x) 

^ h(1)-h(x) + 1 for x_1 
1 — x ' 

the finiteness of the derivative numbers of f0(x) at x " 1 
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V 

imply the same thing   for h(x),   and since  h(x^   is bounded 

in  < 0,1  > we obtain that 

si*>-^ 

is   bounded  in < 0,1   >.     Combining  the  above substitutions 

we  have / 

(3.6) fo(xi   " x "" x(1-x)g(x) 

or 

(3.7) x - f0(x)   - x(1-x)g(x)   . 

Since g(x)   is  bounded  in < 0,1  >  (3.7)  yields  for  an 

appropriate  constant   c, 

(3.6) jx - f0(x)l ^ c x(1-x)   . 

Applying  A^ to both sides of (3.*>) it follows that, 

 1 

IA(k)x - A{k)f0U) 1 < c A(k)x(i-x; . 

Then  since   A(k)x(1-x;   goes  uniformly to   zero  as  k —*  oo, 

and   A(k)x  goes  uniformly to  f^ f)^   it  f0110^ that 

A^ f    Soes  uniformly to f^(r)(x)   . 

Theorem;       For a  function  f0(x),   f0(0)   -  0,   f0(1)   -  1, 

bounded  in<0,1>,<X/0,  Cr/1,a necessary äüÄ suffici<?Irt 
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condition that A  f« converge uniformly to f/^ ^»(x) 
O —— \p( 9 (T/ 

is  that  f0(x)   be  continuous at x ■ 0 and at x ■  1. 

Proof:       V.'e first  consider the  necessity.     Suppose 

that f0(x)   is not   continuous  at  x -  0,   and  has at  this 

point a   saltus  so > ü.     We then have a sequence of points 

x^—> 0  such that 

^ if0(xi)i ;* v 

Now Af0 - x  f0(L(x)   +   (1-x)fo(«-x)>     so that 

lirr.   j Afjx  - i- - Um   |f0(xi) j > So 

Hence the  saltus  s1   of  Af    at x  = 0  is ^ s   .      Continuing 

this argument   we  have that the saltus  s,   of   A-    f    at x * 0 
K '  O" 

is also ^ so.  Now since  A  f- converges uniformly to 

f/^ JJ-J , for sufficient large k, 

A(k)f0-fu.^Ulj<%- 

for all x, 0 ^ x ^ 1;  whence 

(3-9)        1 A(k)f0l <1t-  lf(<(r)^)l • 

But we can find a point x = xo as close to the origin a.« 

, we please such that 

iA(k'f0|x.x >^- 
O 
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and  since 

for x    sufficiently  close to 0,   (3.9)  yields a contradiction o 
an analogous agreement  works  for x ■  1.     This  completes the 

proof  of the necessity. 

ive next   proceed to  the sufficiency.     Letting f0(x) 

be any  function  satisfying   the  hypothesis  of the theorem, 

and given  any    6 > 0,   we  first   show that we can find an 

f*(x)f   f^O)   - 0,   f*(1 J   -  1,   bounded  in < 0,1   >,   finite 

derivative numbers  at x =  0 and x ■   1,   such that 

(3.10) |f0(x) - f*(x)i   <   €/2,       0 ^ x ^ 1   . 

Since  f   (x)   is   continuous at x  - 0,   we   can  find  a <5    > 0 

(S < 4;   such   that   for 0 ^ x ^ S ,      lfo(x) '  <    ^^  Define 

f*(x)   - 0-     for 0 < x ^ S 

Define f (x) analogously in a suitable neighborhood 

1 - 6' ^ x ^ 1 of x - 1 and in S < x < 1 - 81 define 

f*(x) = f (x).  It then follows that f0(x) has finite 

derivative numbers at x ■■ 0 and x ■ 1 , is bounded, 

f*(0) = 0, f*t1) - 1, and (3.10) is satisfied. 

Next operate on (3.10) with /V       so that we get 

I A(k)f " A(k)f*| < £/2 ,  O^x^l. 

This in turn g^ves 

\ 
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I 

(3.11)     lA(k)f0-f{^|r)(x)j <|+  lA^fJ-f^^U)!, 0<x^1 

However,   by the lemma above, 

lA(k)f* - f(«f(r)(
xH  <f , O^x« 1 

for sufficiently large k.     Consequently, 

lA(k)f0 - t{o(tr)i*)\ <£>    0 <x < 1, 

and the proof of the sufficiency is  completed. 

The above  theorem yields a  very   simple  proof of the 

second  corollary on page 2?.     For if  f(x),   f(ü)   « Ü, 

f(1J   ■  1   is  bounded in < 0,1   >,   continuous  at  0,   and   1,   then 

by  the  above  theorem   A*   'f  converges   uniformly  to  f/        ,. 

Thus   if    Af »  f,    A^k'f »  f(x)   and   consequently 

§ 4.     Calculating  the Solution. 

At this point,   we pause  in   the  general  development,   and 

give  a  small  application of the result  of  the  preceding 

section to   the  problem of the  numerical   calculation  of the 

solution. 

It  lias  already been observed that   (forc?<»/ 0,  0" /  1) 

for  the  sequence   .A    'x 

x<:Ax«   A(2)x <...*.   A(k)x -s;   A(k+1jx«... ̂  f{oc <r)(xi foroOO i, 

and 

> A* >   Al2)x >...> A(k)x ^  A(k+1)x >...^ f(oC T){x)  for^ + CTs; 1. 
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Thus if in the case <*   ♦ ^    ^ 1   we provide an f0(x)   such 

that ASk^€    converges  in a monotone  decreasing fashion to 

fw t)M'* and for« ♦ T < 1   an f0(x)  which converges to | 

f,    -.v{x)   in a monotone  increasing fashion,  then the "computer" 

will  have an effective procedure for approximating to the 

solution f/^ <r)(x)  with a  known degree  of error.     In the 

i       T-/   -      follwing theorem w« provide «mgk'initial approximftnts/^U^. 

'-• ■•■^■^w•,* *■'—L ytie'jffwfrA-y^^i"'*r g'.- ^ f'4r-iet^-    ^ 

I U-1) fo(x)  "      l'-^L^^I-a)     ffiroC  *r  >1   . 
i-0 

Then: 
I 

(W)      f0(x) ^A^0^ ••• ^ A(k)f0^  A(k+1)fo^--^ f(o<fT)(x) 

for «»< + <r.'< 1 

ma 
(4.3)       f0(x) ^ Afo ^... > A(k)f0^ A(k+1)f0> •'• >fU,<r)(x) 

for ok + cr ^ 1 . 

Furthermore.      A      fo  converges  uniformly to f^^-jU). 

Proof;     We need only  consider the   case  cX   -tr (T 4 1,  the 

case oi + CT   ^ 1   then  following as a  consequence  of   (2.4)     Since 

in this   case 

f   (x)   --TTlJ^U)   - -TT  [l-d-^)^!^)] 
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is   clearly  continuous at x - 0,1,   and  bounded  in < 0,1  >; 
(k) By the theorem of the   preceding section  Ax     f0 converges 

uniformly to f^ <r)(x).     In order to establish   (4.2y we need 

only verify that f0(x) •$. A^o»     üut thi8 is clear since 

v 

Af0 - xf0(L(x)  ♦  (1-x)f0(<rx)  - f0(x>  ♦  (1-oc)f0lcrx)   . 

^5.     The  Geometric Convergence Theorem» 

Apart from the  computational method suggested above  it  is 

desirable to have  an  estimate for the rate of  convergence  of 

the  successive  approximants   in terms  of the  parameters   o(,cr. 

For  reasons which will  become clear shortly attention  is 

focused  on A^k'x,  and  in order to  shed some  light   on the 

problem    we  shall  first  obtain  a partial  result.     We restrict 

ourselves ;trf>"C*  *i <r   ^ 1  and observe  that 
r-"S>^  ,,    ^ 

)^$&/m~ x - x(1-x)(* + <r-1) 

o^:  A12** - Ax - (o(+<r-i)x(i-x) [(i-*<)L(x)+<r (i-rx) 

=   (oU<r-i)x(1-xJ ^[(1-^)o(+crj+ [(l-cx)2-^^] 

<; x(i-x)(<7<. + <r-i) [(i-<* )^+a"]. 

writing  1  - T:   -   (1-o<)^ + 0~,  this yields 

(5.D Q^ A(k)x -   A^-I)x<.  (^^-Dd-'C)1'"1    • 

Then since 

I 
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03 

(x)  -  A<n) 
k»n L J 

if X < 1   we  obtain from   (5,1) 

(5-2) 'fU.<r)'''- A(n)xi<ti°'^-1l (1-r)" 

by  using   (2.4;  we  have  in   the case  oC   ♦  (T ^ 1   the  result 

(5.2)   with 

X f  d-o-)2 - (l-ot-tT). 

This result provides what we nipht call "geometric convergence" 

for the parameter values (o<fvr) lying in the interior of the 

shaded region of the parameter space as pictured below: 

1 «H 

The above discussion  leads   one to prove that  we  have 

this  kind   of "geometric   convergence"  for  any point   {o(,T) 

of the  parameter square,   <*  / o,   CT / 1.     This   is   in   fact 

true  and  is established  in  the following  theorem.     We first, 

however,   establish  a  lemma which will  be  needed  in the proof. 

Lemma:       For 0 ^. CT  < t, 
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(5.3;      11« \£- A{k)*]        -T^. 

£ Proof;  Kor any (ß (x) , such that (0(0) « ü, (D(i; » 1, 

(I> differentiable , 

AiP   »x   ip{L(xi   ♦   (1-xy tf)((rxJ 

[df A(f]x.ü" T^^ * ^r(ü} 

letting   (p(x)   »  A x    we get 

(5.4.   [af-A^x] x.0 - (A'^'x^W) .r^A^'x],., . 

■v'ritii ■C uk -   (   d A(ki 
0 

. 
vk -   [i A (k-1) x(o< '] 

(5.4) may be wr it ten a s 

(5.5) uk - vk-1   ♦ OT   u^     . 

This  in turn   implies 

(5.6) uk = vk_1   + er vk_2 +   T*2vlc_3 +   ...  + «T k"'2v,   . 

Now  clearly vk—►ft«* j   as k—><»,   whence  it  easily follows 

from   (5.6),   since 0 <- or s. 1 ,   that 

u, •—»   f-^J       as  k—► öD, K 1- cr 
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N y 

; 

Theorem;       For   (^ , (T )  any parameter values.   o<   / 0,   (T / l , 

there  exists   constants  K-K(o<,cr)f   \    ■   >\(o<,C~), 

0 ^ X <v 1   such  that 

(5.7)     j A(n)x - f(Ä ^(x) j  ^ K An(x{1-x),   n  -  0,1,2,...,  0 < x ^ 1. 

Proof:     To  begin with we restrict  oursel^ea to U»   casa tf^ 

^   +   u     > 1.     ..e   introduce  :  «few positiv« linear operator v\   '   • 
%i     : ».,   ^- > - , * i^ -   ip' _ - A        ..          .•_--.    .  _.-—titJi •^4> 

/defined byj      ^ 

(5.0)*       '       p^(x) - (i-o<)L(x;cf (x; + a-(i-Tx) (f (o-x; 

and let ^(x) s 1 in 0 ^ x < 1.  Next it will be shown that 

(n). (n) (5.9) Avn/x(1-x) - x(1-x) nr'; Cf  , 

Since the result is clearly true for n *= 0, we proceed by 

induction, assuming (5.9) for n.  Then 

A(n+1)x(l-^)  - xL(x)(l-L(x))(r(n)C()0/(L(x)) +<rx(i-xj(l-rx;(r(n)(|0)(crx) 

- x(1—x) {i-o()L(x)(r(n)cp0J(L(x))+cr(iHrx)(r(n)^0)((rx)] 

- xd-x) r(n+1)q)0 

which completes  the   induction,   and  the   proof  of   (5.9). 

Next  we demonstrate that   for each n,    V        ^P     is a 

monotone  decreasing  function  of x for 0 -^ x •$. 1 .     This   is 

trivial  for n  =  0,   and  we  again  proceed  by  induction.     It 
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clearly suffices to show that if ^(x) is monotone decreasing 

and differentiable in < 0,1 > then P^f inherits these prop- 

erties. With regard to the differentiability this is clear. 

With regard.to the monotonicity, 

^ r^ - (1-o02L(x) Cf'(L(x)) ♦0-2(1-!rx) (^(O-x) 

and  sinc'e    (p'(x)   ^ 0,   arri C" > 1-«^ it   follows that this  is  also 

4 0  in  < 0,1   >. 

From the  fact that   P        CP0  is monotone  decreasing we  have 

clearly 

(5.io)      iir(k)^oii -max r(k)lfo - r(kitfo'x.o • 

Next combining (3.3) and (5.9; we obtaiü for 0 ^ x -^ 1 

(5#11) ^(k+1l^-A(k^ . (o<+ CT-DM-X)   r^> (f0. 

Letting x—^ 0,   (5.11)   in  turn yields 

Finally,   letting  k—)co}   applying  the lemma,   and recalling  our 

assumption  &   + C""   > 1 ,   we  get 

lim     (n(k) (T)   I       ) 
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From  (5.10)   this  implies 

(5.12) lim       i| r(k) (p0li   - 0   . 

Thus there exists a smallest positive integer k such that 

(5.i3) Z3- ii r ko tf>0ii < 1. 

Combining   (5.13)   with   (5.9)   we  obtain 

A     0 x(1-xJ < /«»xd-x) 
(k ; 

operating repeatedly v;ith   TV on this  yields 

Wk ra) 
(5.Hi        A    0    x(1-xj  ^ yOmx(1-x);     m » 0,1,2,3,... 

the other hand,   letting ß   «    max      f j j r^k^ Cp   jj,   l( On 

we  have  from   (5.9) 

A(k)x(l-ix)  ^ i^x(l-x);     k  -  1,...,k0 - 1. 
k 

Operating on  both sides  of this  repeatedly with   A 0 we get 
» 

/c   i c , A (k m+k) 
15.15J J\     o x(1-x;  ^^rax(1-oc),     k =   1,...,ko - 1. 

Since the progressions  km +  k,   k ■ 0,1,,,.,k —1   include all 

integers   (5.14)   and   (5.15)   imply that for all n ^ 0 

(5.16) A{n)x(1^) ^  ^'^xd-x)   .     (^'-4) 

From   (3.1)   it  follows  that 
CO 

f(c< a-)^) -   A{n)^ " (^+(r-l) IlA(k)x(i-x), 
• k-n 



-44- 

and using  (5.16)  this gives 

-   A(n), 
tt{*,T)ix)  "   A      X'  « 

(cA+cr-D 

Thus the theorem is  proved in this   case with^R- «^^-i^ " 

Vw ,"'o1/k« and   h . f>  /*0 .      via   (2.4), for'«   ♦ T   < 1,   (5.7) then 

follows  with 

K  * 

1-^ ^ 
,   and    \ » P - Vk. 

where ^ and      k0 are  determined analogously from the   operator 

Tcj) -  cr[(i-r)*<rx](j>(xJ + d-^J [I-(I-«)X](XJ((I-*)X) . 

Finally, for o< + CT - ! , <x / o, CT / 1 , the result is true 

with any K and >\ ; and the proof of (5.7) is complete in all 

cases. 

The above theorem  can  now be extended  easily to 

Theorem:       Let  f0(x)   be  arvy bounded  function  such  that 

fo(0)   -  0,   fo(l)   -  1,   where f0(x)   has  finite  derivative. 

Hummers  at  x  = 0,1.     Then for   <* / 0,   (T / 1,   there exist 

constant3    K -  K(^,^,f0)*-M*,(n,     0^A<1>   suchthat 

(5.17) 1^4n)f    - fK(r)(x)i ^ K   ^^d-^^^O.V 
»=-« 

k ^ 
r^n^^m".:^ 

Proof:  For such f0(x) we have from (3.1; 
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lf0(x) - x| «: c xd-rx) 

so that  operating with A^      we obtain using   (5.16; 

iA(n}f0-A
(n,xj   ^  cA(n)x(1-xy  4 t/S{f^ko)n x(1-x).  0«x^1   . I 

Cor:.bininf; this with the previous tieorem yields 

and (5.17) follow» with K = c A + K and A = A . 

It is interestir. r to note that A   B  A    is  independent 

of f0{x) and depends only on (o<fCr).  nlco, we might remark 

in passing tnat the finitei.ess of the derivative numbers at 

x = 0,1 is nocesKary in the sense that this is a consequence 

of (5.17) with n - Ü. 

§ 6.  Behavior of the Joiution as a Function of the Parameters 

o<, cr. 
In this section an  investigation will   be   carried  out 

concerning the variation  of f^ G-AX)   as a  function  of   (o<fCr), 

(a)     We  begin  with  a   consideration  of the  question of the 

continuity  of f/^ g-^x)   as  a function  of  o^QT  at   those  points 

of the   parameter square  on   the lines   ^   = 0,   and   CT* =  1 , 

excluding the  point   (Ü,l).     ive shall  refer to  these  lines as 

the  "critical  boundary".     If we  could'assert  on   the  basis  of 

some  obvious   remark that  for a  fixed  o<   > 0, 
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(6.1) i^-   [f(«,n(x) -f(«.r)<^x)] 0 

Then the  proofs of the following theorems could   be  contracted 

considerably.     However,   since the proofs are simple, their 

slightly devious route  is not too distressing. 

First we recall  that  for 

<y   - ü,    <r / 1,   f.(x) 

cx / 0,   <r- - 1,   f*{x)   - 
r 1   for x -  1 

0  for  x ^  1 

* Y1   io   tho-ynique  soluti m --r---^--tfr^^t^.»- ^ » - *-" TS»"- 

ition of/Wl|flf " 1 »(subject to suitabjä   ^      ,- ' 

v   ■ ■ -       ■■*• k    t-    T   -   ■♦■ 4»   «P *>• —' - .. »-^---^fc 1 *   — 
..-~. "Z öi>ntin.ulty ang.i^nlJTp'n  at  one  end point) • 

iernm^i     For  <*'fO,   »" J 0,  f(# r^)   hag a unifoÄly  txAled 
i -.   .- 

difference  quotient   in  J ^ x ^  1;   ani   in fact a  bound  ia 

 1  
min   (<* ,1-0- ; 

Proof;   This result is inherent in the proof of the 
1 

is existence theorem given  in  paper  II  since — 
min(<x ,1- 0") 

obtained  as  a uniform bound for  all the  difference  quotients 

of all the   A.     x.     From  this   the  result   is  immediate. 

Lemma:     For   f ixed cX  ,   and x,   <*   > 0;   f,^    Q. Ax)   is a non- 

decreasi;)g   function  of   ö~ .     /ilso   for  fixed  G~ and  x,   CT" < 1 , 

f(o< (rj(x^   is a  non—decreasing  function  of o< , 

' 
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Proof:       The second statement   follows  from the first  via 

(2.4).     Thus   consider   «  > o,   fixed.     Then for   (j-!  > CT",  we 

have 

(6-2}    AU.(r)f(oc.c') - U*,*')^ ~ ^kb^rxi-t^ic-x)] 

Since f(o,)0-')(x} is a monotone increasing function this yields 

AU,r)f(*f(r) ^ 
f(o,(rVx) • 

Operating repeatedly with A^ (r)  this yields 

A   (k) 

for  every  integer K ^ 1.       i;ince f^/^x)   is  continuous, 

letting  K—^ooj 

A(o<,r/   f(«(>(r/)—^ f(o(ftr^x^ 

and  the  lemma  follows. 

Theory:       If  CT—>   i   _ and  o<   ^ K > 0,   {* fixed;,   then 

{6-3) f(o(,cr)(x)—>f*(x) 

Also,   i_fa-_>o+     andCT^i-x,    x>0 fixed,  then 

(6.4) ti*,*-)^-***^   • 

Proof:     >Ve consider  first   the   case wtere  o«.   > o  is fixed 

and  we let  <r > 1-  .     From  the lemma,       lim       f.        v(x)   exiot^ 
<s-—>-\_     {<*,<?-} i*'   exists 

for eacii x, 0 ^ x ^ 1, and we define 
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(6.5) ^x)  '     A1?- W)(X)   • 
Clearly 0^(0)   - 0,   and 0^(1)   -  1   . 

We now break  up the proof into several steps. 

1) lim      G   (5 x)   - Ü   (x)   . 

Since G^Cx)   is  clearly a  non-decreasing function of x, 

we have 0 ^ G^x)  - G^(Sx).     Thus assuming  1)  to be false 

for some x / 0,  we  have a sequence  of    S±—*• 1- and an € > 0 

such that 
G*{x)  > G^l (Sjx)   ♦ C     . 

Then GÄ(x)  > sup G^c^x)   +£ 

> sup G^C SJLX)   + -j     . 

Thus for all   ^~ sufficiently  close to   1   (we  fix  one  such   C- 

for the following argument),   we  have 

f(o(>cr)(x) > 8JP Gc<(<gix; + I 

f(os.C-)^)  >Ge4(<Six)   +|    for all i. 

so that 

From this last inequality we get that for all i, and all 

or' < i, 

(6-^       fU,cr)(x) >  f(oc,<r')^ix) +l • 

Now applying our estimate for the difference quotients of 
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f{otth
{x)  v'e ßet 

f(oc,r)^i^  - W)(x) " [£U,r>{x) - W)(<Six)} 
1-cS. 

^^l    '   min(o< ,1-0-') 

Inserting this in (6.6) yields 

for all i, and all cr'. 
1 

Take cr' - 1 - (i-<Si)
2 in (6.7).  Then for i sufficiently 

large, 1 — 3" < ^ , and CT > CT so that (6.7) together with 

the lemma, preceding the theorem, implies 

6  1- ^i f (o<,(r)<x) > f{*/)U)  + 2 " 1^ CT' 
1 

or 

(i-ii)
5>| 

for all  sufficiently large  i.     But  this  is   clearly false  for 

i  large  enough,   since    o.—■> 1— .     This  completes the   proof 

of  1). 
* 

2) lim       fle. g-^Cx)   exists  and is ^ G.(x). 
(T—>1-     ^.a J .       -    ^v 
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The existence  of the limit follows from  the fact that 

for <r' ^ CT" 

fU.o-';(<r'xj ^ffo(/)(Tx) ^W)^-*; . 

Alternately,  the existence of this  limit also follows   from 

(6.0) f(«,(r)<*) " x fU,<r)<IuW)+  (l-*)^^^)^-^) 

since  the  lirnitK   of the   other  terras   exist  as   <r^—^> 1—  . 

CJiver. any  S ,  0 < 8 < 1,   for G"  ^. d     we have 

Letting  G"—■> 1—    we get 

lim    f /        A<rx)  >. G   (S x)   . 
(r-.>i-    u»{r) oC 

Next letting  o-—>1—    and  applying  1),   it follows that 

lira     f /     _N (crx)  >. G   (x) . 

3) G   (x)   -  f   (x)     for  o<   > Ü. 
9C 

get 

or 

Starting with  (608),   letting   CT—>• 1— and using 2)   we 

G.(x)  ^x Gw(L.(x))+   (1-xjG   (x) 
c<x  o<: 

x  G^lxl^xG^lL^x) ) . 

Then f or x / 0 we have 

1   > G^{x)   ^ G^(L^(x)) 
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which  in turn gives 

for any fixed S~ ,   0 < cr^ 1,   and all  integers  k ^. 1.     Finally, 

Thus  for all x / 0,   ^(x)   -   1.     Since  we've  already  noted  that 

G^(0)   « o,   we  see that  G^x)   - f*(x). 

4) The above section 3) proves the theorem if CT—■> 1 — 

with o< fixed. Now suppose CT—•> 1— and <7< ^, X > Ü, ex: not 

necessarily fixed.     We  note that  for  CT fixed,   ^   > K   , 

so that for x  ^ 0 

Thus  it follows that  for x  ^ 0,   as   T2~+. i—  y 

Since  for x  - 0,   f^cj-^ü)   -  0—>0,   the  proof of  this part   of 

the theorem  is  completed. 

The  second   assertion   concerning  o^—■> ü+ as   0~ ^ 1—X 

follows from the  first  part  by means  of   (2.4). 
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(b)     A Lipschitz  condition  in   ( o^, CT );   uniform  continuity 

off the  critical   boundary. 

In  this  section we  ahall derive a  "Lipschitz  condition11 

for f(« (r)^x^   as a   function  of  {<* t<r)t   uniformly in x. i-rom 

this  will follow  information   concerning the  continuity  of 
f(o( <r)^x^>   as a  function  of  (o/,<r),   uniformly  in x. 

We will  write   j ] Cp(x) j j   -    sup     jcp{x)j;  and denote by 
^ • O$öC$:I      • 

^   the  parameter square,   excluding  the  lines   OC » o,   CT" »  1. 

Theorem;       For   (c*,cr),   («'^cr)   in   tf ; 

nin[l-rf   :nax(<* *jj   [oir [1--C7 mix |o(po()]J-*l    1 

• »■    .> * ■■ 

 1 -i- 

■« .  .,. .. 

and  using  our  estimate  for   the  difference quotient,  we  get 

(6.10)     0$ Af^)   - f^j ^2^x(l-x);     c,   - min(o<,1-<r)   . 

Operating repeatedly with A on   (6.10)   gives for  k ^ 1 

(6.1,)    os^t^-A^t^s^^U,-*)  . 
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Sucunlng   (6.11;   over k  ■  1,...,n,   and letting  n—>ocf  we have, 

since   A(n)fK(r')-*
f(<*,<r)' 

00 

(6.12J 0^f^>(r){x) - t{ocff)ix) ^i^2l'^ A(i,x(1 

Combining;   (3.1)  with   (6.12; . 

-x)   . 

cr-G- (6.13) ü^f(ekt(r) -f^j ^--^p i 

(xy—x 
j";V-r . if^+T-i / o 

i ot2 
,     if ov   + G~-1   « ü 

rinally,   removing   the assumption Cf ^^~    from   (6.13;   we get  in 

all  cases: f^«-*(x) cs.cr —x 

(6.14)     If(cx>(r)(x) - f(w,cr')l (x) - f/Mfl-M ^ l£z£l 
«^   ■     -      ,     if c + cr -1  ^ 0 

eK  +C" 

,     if Os +cr ~i   - o 

where 
m in|oC,   1- rnin( (r,Q-')] 

and 

CT   - max (CT, a-'). 

Suppose  then that CT   ^ CT" ,   and   ex   + U    —1=0.     Then from 

(6.13) 

(6.15)  iix - f„.^iu< ^zsl. ^ . ■ ^j^X-i  • ^ 
CÄ2 

From  this we   conclude   that for  1  — ^   >. CT 

(6.16) N-W)"*1-*^1 

On the  other  hand  for   1   — c<   ^ CP,   we  have  via   (2.4)   and   (6.16), 
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since  1   - (1-ö~)  ^ i   - ^, 

(6-,7) .   i i* -f(«.*-)(*)ii - n x-f,_f)W(x)ii ^i i=^J ■ 

From (b.löj   and   (6.1?) we see that we have  in all  cases 

(6-16) ||x-f(       jUlli^-J-t^Q— 
' [min(o< ,1-<r)] •' 

Inserting this back  in  (6.U)   we  have for o<   + cr*—i   f Q 

' 1 [min(^ ,1-a-   )}^ 

Fron,  the   second  part  of  (6.14J   it  is  clear that   (6.19J   holds 
as  is  for c<   + CT* _ 1   . Q aiso# 

Next,  using   (6.19)   and  (2.4i   we  have 

(6.20)     llf^jCx) -f(<<rj,x)n   .   (^„^^(x)  -f,,^.,^^!, 

d2      i^no-o-; TTp 
where 

1-G~,   max( c< , o<)] 

05     - min(o< ,o(')   . 

Finally,   from  (6.19)   and   (6.20)   we  have 

f'^(X)-V»(x)|Uf(,>r),x)-*(o(,/)(x)|M|f(o(>^Krf(x)|| 

^ kr-G- 

L^F^^^pj* K~rt,'^Wi-<^)pi 
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which is the result atated in the theorem. 

From the above theorem we can now deduce the following: 

Corollary;  For any 8 ,   0 <d < 1, however small; if 

(o* ,T ),(<*',<r') belong to the closed region ^ : S ^t*^ 1, 
0 ^^-Ss 1—  ; then (-6.9) may be replaced by 

(6.21)    llf^^) - V,«-')ll ^ K [i^-^'l + I^T-O-'l] 

where K - K( O ) is independent of (o( , (T ), (c^', CT) 

Proof:   In order to obtain the above from the theorem 

simply requires the observation that for (oCf(r) and (o«;',cr) 

in vfc   we have 

A <. £"4 and B ^ S"4 . 

Thus (6.21; follows, with K(S ) = S""4 . 

From (0.21) we see that in any X , f(^G-)(xj is a 

continuous function of (a ,(r ) uniformly in x.  From this in 

turn it follows that at any point ( <* , c-j o<  ^0. 
o        o o ' 

Q~0  /  
1 »   ^(^ (r)(x^   is a   continuous  function  of   (o< , IT) 

uniformly  in  x. 

6(c).     behavior  of the solution as   (C* f(T"; -H> (0,1 J . 

The  point   (« , CT)   =   (0,1)   of the parameter square, 

henceforth  referred to as the  point  P,   has  the   property that 

at  this  point  the  functional  equation degenerates to the 

identity  f(x)   ■  f(x/.     It is  thus  of some  interest to   study 
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what  happens to f/    ^p)^   a8   (*< »^)   approaches P.     ^ince 

this point  is the  intersection of three lines along  which 
* 

we   have,   respectively,   the  discontinuous solutions f   , and 

fjj,  and the  continuous   solution x,   one mi^ht  suspect that the 

behavior of f»^ cr)(x)   in ^h*   neighborhood   of  P is rather 

chaotic and  depends  upon the r;ode of  approach to   P.     That 

this  is  so will be  revealed  in   the  following discussion. 
From the   theoren of section 6(a)   we  first  obtain the 

following: 

Theorem;  There exists a ^stolz—like" neighborhood of P 

,j- bordering: «T ■ 1, such that as 

(*>,cr)—»P, (c*,cr) in this 
$ 

neighborhood, f/^crjlx)—>f (x). 

Also, there exists such a neighbor- 

hood of P bordering oC = 0 sjicis that 

as (o< , G" )—> P in this neighborhood 

1 

JL 
<*. 

f(o<,cr)(x)-^f«(x)  * 

Proof;       As  usual   we need  only  prove the first  assert- 

ion,   the  second   following from it   via  an application   of   (2.4^. 

For  each   o< > 0,   choose   0~  -  CT (<* )   such that 

(6.22) f(ovr(*))(ö<) ^ 1 -^   . 

Tills  can  be  done  since       lim     f*     «.\(oO   "  1.     Now if 
cr->i-    W^t 
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{oi i^T")—>P  insiae the   region  b'junded  by   0"   » CT" (CK )   and 

^" »   1,   v;e   clearly  have  f/^ ^.N (0)—> 0,   a;:d  for any piven 
x  / '^»   x ^ «<   for o^    sufficiently  snail,   so that 

Thus   in the limit,   since   ex—?0,   f/^  g.jlx)—»1. 

with regard to the possibility   of f/^ r)^—'^x as 

( «»CT )—>?,   it  is   an  easy  consequence  of   (6,9)   that this 

is  so   if   the mode   of approach  is  such  that 

CT"   1   — o<.   +  0(o<^).     however,   by utilizing the  method 

which  led to   (6.9)   in  a  sharper form,  we  obtain   the  following 

more   complete  result: 

Theorem:     A  necessary  and  sufficient   condition that as 

( oC , (T ) —> P we   have 

(6.23) («,<r} (x)—>. x. 

is that  the  mode  of approach  is  such   that 

(6.24) <r =   1  -o< +  o( o^2) . 

Proof:   Since substituting (1-0-fi-oO for (cx.,0-) in 

(6.24) gives 

1-«^ »cr + o(i- cr)2 

which  is  precisely the same  as   (6.24)   for  (o<,<rj—>?t    -we 

see that  it   suffices to   prove  the   whole   theorem  under   the 

assumption that 

(6.2,5) g(o0  =  «X  +(r- i 
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iö  greater than  zero. 

Sufficiency;     i.e.   assume g(o< i   - o(oC    }.     We  recall 

from   (3»4)   that 
CO 

(6.26; fKg-)(x) " x " t^*0*-^ ^ Ali)[x(i-x)] 

also via  the   calculation  preceding   ($.1^,   since   ol   ♦ (T > 1, 

CT > 1  — c/> ,   and we have 

(6.27) /\lx(l~x)] ^ xil-x)   Ql-oO^+O-]. 

Now note  that   (i-tx)o( + 0" -  1   - ( oC2-g(o^ ) )   so that 

yV[x{1-x)] « x(l-rjc)   [l-( o<.2-g(o< ))]. 

/V(i) [x(1-x)] 4 x(1-oc)    [l-(»(2-g(»<)]i, 
Then 

and since g(o< )   =  o{o<   i t   o<Ä-g{o< J   > 0 for o(    sufficiently 

snail.     Thus   summing over i,   yields 

(6.28)      Z:A
(II
IX(I^)I< ^ T^ • 

i-o ^ -gC^ J 

Inserting (6.26) in (6.26; we obtain 

(6.29)    0 ^ f,   .(x)-^ ^  j^ ; x(1-x) ^ J(^? . 

But as c^-^C,   SC^) .'—»0 since g(o<) « o(cK2).  Thus 
o^-g(ok) 

(6.29)   yields that  f^ cr)(x)—^x uniformly in x. 



-59- 

Necessity;     i.e.  assume  f/^ (j-j^—^x for any or;e  fixed 

y.  fOfl,     .«e   have  since   o< + CT > 1 

Ax(l-x)   -   x(1-x) /f{1-o<)o< + 3-]   +   [(I-*.)2      r
2lx] 

so t hat 

(6.30)      A(i)[x(i-«)] ^ x(i-x)   [(i-=<)^+<r+  (i-o<)2-o-2]1    . 

Since   (l-o<) o<   +^r+   d-ö*)2-^2»   !   -^(^j   _(0<_g(^))2 

it   is   clear that   for sufficiently  small o< ,   and    G~ close to  1, 

since  g(o( )—>ü,   this  quantity lies   between  0 and   1,     Thus 

sununing   (6,30)   over i  yields 

CO 

(6.31) TZ   A{i)[x(1-^)]  >  2d1Z2Ü  
i-0 g(o< )+(0r -g(o<  )) 

Furthermore,   since  gC^KJ   ■   ^   +0(—1   <2CK, 

_CJC<OI   _g(0<;   <c<,   so that 

(«<-g(«* ))2 <  o<.2 

2     * 

and   (6.31 )   implies 

(6.32) SÜt   A(i)x(1-^)   ^ x(l-oc)      t 
i-0 oC+g(cx ) 

üonibining   (6.32J   with   (6.26)   results   in 

(6.33) fU,<r)^ X   >; —^^ '        x(1-x)  XO. 
«+g(^) 
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* 

Thus  if for fixed x / 0,1,   f(o(^)(x)  - x->ü as   (* ,S-)_^P, 

then 

s^) 1 

-2+^)     i + iftrr 
o, 

whence  g(o< )   - o( «><2)-     This completes the   proof of the theore 

The following  corollary may be extracted from the proof 

of   the  theorem. 

Corollary;     If   of2 > g(oO   > 0  for c<   > 0,   then for 

C-=    1     -r   OC      +    g(o<   ) 

one 
Corollary:  If f(o<,crV

x^x' a8 (^^)-^P. for ^ 

particular x ^ 0,1', then f ^^ (x)-^ x uniformly in x for all 

x in < 0,1 > • 

From the   first   corollary we  see that  if we  take  as  our 

mode of approach to P the   curve   ^    given  by: 

r  .    Q-.-,-,*   +>\o<2,    0<>\<1 

where   A   is  fixed.     In this  case g(o< )   -   X *     and the 

corollary yields 

(6.34)   x* ^xd-xi^f^^U) ^x+^x(i-^) 
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«Here   (o<,^   denotes  a  point on f^ ).     How we  can  choose 

1>X    >>i-, >,,'>X     > •••—>0  such that the   intervals 

X     Xi ( i   a {   )  are mutually disjoint.  Then for all x / 0,1, 
'1—A.    '    1+   A. 

a; nd 1 / j 

f(oCfr)x 
lx)   ^ ^^.O^ (x)   . 'X. 

i 

In   fact 

ifU.T)>si
(x) "f(oc,r)>.(x)| >   5., >0 

ü 

uniformly for all   (o<', CT)-^     on     f^    and   (ol ,0" ) s on 

P^ ,   and all x  bounded away from  0 and  1.     Thus  along the 

different    fx    we  cannot get the  same  limit  function   (if the 
Ai 

limit  exists)   as oC—>0.     In any event  the  above  indicates 

the variety  of  possible • out comes  as  one approaches P  from within 

the  parameter square and observes the  behavior of f(^>r)^* 

In  fact  one  night  venture the  conjecture that  f:iven  any 

monotone  function  h(x)   such  that  h(U)   =0,   h(1)   -  1,   there 

exists a  sequence   ( o^, C^)—>P.such that 

'^     _^(x)—>h(x). 

7.  Generalizations. 

In conclusion a few remarks will be added concerning 



Jl-'1 ---  

—Ö2- 

iorae  slightly i;iore   genera 
il  function  equatipns ..for  which an 

v  be  carried  out. 
analysis  analogous  to   the «nbove maj 

First of all,   if we,let   <x(x)   be  any  continuous  function 

such that 

0   < X ^r   «X (x)   ^   1 

for 0 ^ x ^ 1 ,   an.    cr(x)   a   continuous  function  ouch that 

0^<rU).<1-M    for  O^x^t,   then  tte   existence and 

^o  t-^nn^b  for tie    continuous   solution uniqueness  theorem  roes  througn ior 

of 

fU)   -  xfOix)   +   (l-^(x)ix]   +   d-x)   f[cr(x)x], 

such that f(ü) - 0, fd) « 1.  -ore generally, if p(x) is 

any"continuous function such that 0 ^ p(x) 4 1. p(0) = Ü. 

:üld  for p(l)   «   1   analogous   theorems 

(7.1)      f(xi   =   p(x)   f[^x)   +   11-C.U))XJ   +   (1-p(x))f(-(x)x). 

and   G(x)   are   continuous,   H(0)   =  U,   G(1^ =   1, 
Finally, if H(x) an 

and certain conditi 

H(x)   raiy -oe^inickea   by  a  i.nct^^of  the   xo- 

and  certain   conditions  are   placed^o 
their   behavior  so that 

x jr-(x).,- and 

tue  results   for   (7.1 G(x)   by   ex (x)   +   (1-« U) Jx, 

rnay be   carried  over  to 

(7.2) fix)   -   p(x)f(G(x))   *   (1-p(x))f(H(xi). 

  ^^^^^ ^^^^^^^^^^^^^^^^^^ 


