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SUMMARY

N

The simplex method of solution of & linear prosram first
transforms the original system to an equlvalent system of m
equations 1in canonical form by an elimination of m of tle n
unknowns. If the right choice of m variables 1s made, then by
equating the remaining variables to zero, an optimal golution
is obtalned to the original problem. If not, the method
produces an "Thproved“kset of m variables and a correspondin;

canonical form. The procedure is iterated until an optimum

solution 1s obtained.

W
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tuk STMPLEX MET..OD

I. ALGEBRA OF THE SIMPLEX METHOD

e e i e e ————— - —— - _—

Introduction

"Simplex" igs a mathematical term mearinz a k—dimensional
"triangle"; 1.e., 1t is the generalization of tie word triangle
for two dimensions or of a tetrahedron for three dimensions.

The term "simplex method" 1s derived from one of several geome—
tric interpretations of the technique in which tnis figure plays
a role. in this lecture its mathematical characteristics will
be developed. 1t will be srown that, except possibly for a
member of a class of cases called "degenerate," the simplex
algorithm will produce 1n a finite number of iterations a solution
(1f one exists) whicl minimizes a linear form in nor-negative
varisbles subject to & system of linear equations. The excepted
class, which 1is important from the viewpoint of theory (rather
than practice) will not be considered rere. iowever the rule of
random choice given for resolving the degenerate case can be
shown to lead to an optimal solution in a finite number of iter-
ations with probability one.

The chief feature of the method is that it calls for elimi-
nation of variables from the equations in a manner quite analo~
gous te ordinary (Caussian) elimination for solving a simultaneous
system involvinz m equations In m unknowns. After an elimination,
using some selected set of m variables, a solution is obtained

by setting all remeinins varisbles equal to zero. 1If this
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golution 1s feaslile 1t can be used as a starting solution for
the standard simplex algorithm. The next step is a test to
determine whether it 1s a minimum solutiorn. If not, a new
variable 18 chosen to be eliminated and one of those variables
previously selected 18 dropped {rom the seliected set. This will
give rige to a new 'easiile solution wiose cost z 18 lower than
the previous solution (in the rase of dereneracy referred to
earlier, 1t may have the same cost). e procedure may te
iterated and 1t can te shown that in a flnite numter of 3teps
an optimal solutlor can e o' tained (1f ore exists). Since 1t
18 recessary to have an initial solution ttat is leasitle, the
procedure is divided 1nto two p~ases: In phase 1 a starting

feasirle solution {if 1t exists) 1s obtained for prase IT.

The Protlem

Find values of Xys Koy ooep Xy satisfying the simultaneous

[

gvatem of equations

X, + A+ o Ay X o= b
211% T 3y0%s 1n%n 1
P ~ o=l Yo
(1) 81Xy F 8ppXsy e A X =
L. b ST PR e 3 = }“
A R] t Ane*o + At M
and the inequalitieg
(2) x, >0 (1 =1, 2, ..., n)

J

wrich minimize the l1inear form




(3) C1Xy + CoXy + ..uoC X = 2,

where hij’ by s c, are constarts (i =1, 2, ..., m; S =1,2, ..., n)

and z denotes the value of the form being minimized,

The Canonical Form

Let us suppose that 1t has been determined that a =tarting
feasible solution can be obtained using some known set of m of
the n variables, By relaheling the subscripts the selected
variables can be arranged to be (xl, Xoy «oe xm). The first
step 1g to eliminate X4 from tre cost form &nd from all but one
of the equations (1). By relabeling the subscripts deslynating
the different equations the equation in whieh x, has not been
eliminated can be arranged to be the first. The second step 1s
to°try to eliminate Xy from the modified cost form, the first
equation, and all but ore of the modified set of equations
1 =2, ..., m. 1If possible, this iives rise to a secord set of
modified equations and a cost form in which X, appears onl: in
the first equation and, by relabeling, X5 appears only in the
second equation. By continuing the elimination in thig manner,
if poseible, for variables Xgs oo X {n turn, the final modifted

gystem has the "canonical" form

a (Y e .« 0o 0 a 4" ¢ v e + a X .B
5 Y eimel Xmar t t gy 81n%n = 01
) — - — - .‘:.
b s 0 0 2} + LI a =
(*) X2 et el F LIRS Y 34np%n T 0o
X 4+ 8 . + +a x, + a = b
m ¥ B, me1¥met Bagy ‘mn"n m
c c b + C. X =2 -
Cm+1 Xt 1 ! + CJ xj ®n’n %0
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where ;1J' EJ, 51 are the modified values of 834 ¢y b, due to
the eliminations and 2, is some constant. (Problem: Prove the
values of 51J are independent of the order of elimination.)

In certain cases it 1s not possible to perform the elimi-
nation in the manner prescribed and achieve the canonical form.
This would be the case if there are:

(a) redundant equations;

(b) 1nconsistent equations;
and may be the case for

(¢) an arbitrary cnuvice of the set of m variables.

Since methods we shall discuss for solving the L.P. problen
depend on standard methods for solving & system of linear equa-
tions, an appendix has been added to the end of this Section
for review of properties of such systems.

A set of m variables is called a "basic set" If it is

possible to use them to reduce the system of equations to the

canonical form. There are three ways usually employed for deter-

mining whether a ziven set of variables is a basic set:

(a) Showinz the determinant of the coefficients of the

selected varlables 1s non-vanishing;

(b) Showing a set of values of the selected variables can

be determined (necessarily unique) whatever be the values of the

right-hand side;

(¢) Trying to carry out the eliminations 1in the manner

.prescribed.
Problem: Show that if either (a) or (b) or (¢) is true the
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other two are true aleo. rrove necessity of uniqueness in (b).

The Initial Basic Feasible Zolution and Test for Cptimality

The standard simplex met!iod works only with basic solutions
which are feasible. By a "basic solution" is meant a solution
of the constraint equations (1) obtained by equating all non-basic

variables to zero.* 1In the canonical form the basic solution 1is

obviouvs-—namely

(5) x].:bl’ x2=b2' co ey, Xm=bm

with a cost

(6) Z = &
"1t 1s a basic feasible solution if the values of the basic varlables

are non-negative:

(7) by 20, by > Gy wvny b >0

In canonical form i1t i3 aleo easy t0 determine whether a
basic feasible sclution is optimal. tiret we Introduce some
terminclogy. Wwe shall use th: term "cost factor" to denote the
coefficlents ¢, In the cost or obfective form }3). we shall use
the term "relative cost factor" to denote the coeff’ent EJ of the
. in the cost or objective form of the cancnical system.

J
It 13 relative because 1t depends on the choice of the baslc set

variable x

k 3

*A varlant of this procedure can be developed in which
non-basic variables are egquated %o constant values other than
Zero.
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of variables. In particular, the relative cost factors of the

basic variables are always zero.

Theorem 1:
A basic feasible solution is a minimal feasible gsolution

with total cost Z, if all relative cost factors are non—-negative:

(8) ¢, 20 (J=1,2, ..., n).

Theorem 2:
Given a minimal basic feasible solution with relative cost

factors EJ > 0, then any other feasible solution (not necessarily

basic) with the property that X, = O for all EJ > 0 1s also a

minimal solution; moreover one with the property that at least

one x, > O for some EJ > 0 can not be a minimal solution.

J

Corollary:
A basic feasible solution is the unique minimal feasible

solution if all EJ > 0 for non-basic variables.

Referring to the cenonical form 1t is nbvious that if the coef-
ficients of the cost form are all positive or zero, the smallest
value cf the left-hand side is zero for non-negative xJ. Thus,

the smallest value of -z, is zero and hence

Min z = zo

and the solution is optimal. Problem: Prove the other theorems.

Improving a Non—-Optimal Basic Feasible Solution

On the other hand, if at least one relative cost 1a negative,
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it 18 possitle to construct a new hasic feasible solution with

a total cost lower than z = z_. (There 18 exception to tliis

statement for certain "derenerate" cases that we shall discuss

later.) Indeed we can obtain a lower cost solution by increasing

the value of cne of' the non=baslic variatles Xy and adjlusting the

values of the baslc variables accordinsly where Xg 13 any

variable whose relative,cost factor Cq is negatlive. In

particular the index s can e cio8en 8u:ch that

(9) Cg = Min T, < 0

The latter 1s the rule for choice of 5 followed in practical
computational work because if a8 heen found trat 1t usually
leads to fewer lterations of the algorithm.

Using the canonical form, let us construct a solution in
which Xq takes on some poslitive value, the valuez of all other

non-tasic variahles are st1l1l zero, and the values of the hasic

variailes are adjusted to take care of the increase in Xgt

1]
o
i

i
>

(10)

x =5 a .

- X
m m ams 3

The total cost associated with this soluticon 1s

/ \ e -
110.1) z = 2 + Co¥g

It 18 clear, since 3% hag heen chosen negative, tiat the larger

the wvalve of Xg the smaller will te the value of z. The only
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thing that prevents setting Xg infinitely large 18 the possibility
that the value of one of the basic variables in (10) willl become
negative. Indeed the following theorem 18 clear.

Theorem 3:

If for some s, all coefficlents of X in the canonical system

are negative (or zero), includinz its relative cost factor, then

a class of feasible solutions can be constructed such that

Z —> —00a8 X —> +00.
On the other hand, if at least one Eis i1s positive, 1t will

not be possible to increase the value of Xg indefinitely, because

beyond the ratio 31/513, the value of x, will be negative. If

Eis is positive for several 1, then the smallest of such ratios,

whose subacript will be dencted by 1 = r, will determine the
largest value of x  possible such that all values of x, 1in (10)

remain non-nezative. Let x; = mex x_ possible; then

b b
(11) xg ==L = min 5o
frs %1570 84

where r, in case of a tie, may be crosen as the one with the
smallest index or at random from among those tled.

Theorem 4:

If in a basic feasible solution the values of all basic

variables are strictly positive and if for some s, the relative

cost factor is nezative and at least one other coefficient Eia

of Xg in the canonical system is positive, then a new basic

gsoluticn can be constructed with lower total cost z.
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Indeed it follows from the assumption that all gi > 0, that

*
the value of x = x  determined by (11) 1s strictly poattive.

Consider the feasible solution

"

X, = by - & X >0 (1=1,2, ..., m

(12) Xg = x; =b /ars (x; > 0)
XJ=O (J=m+lr ’n)

(J # 8)

The total cost of such & solution 1is
(13) z =z, + cXx Cz_.

There remains only to show that such e solution is a new baslc

feasible solution. It 1s clear from the definition of the index

1 = r that
- - |
(14) X, =b, -8 X =0
and that we are tryin; to show that x,, X, ..., X, (excluding

xr) and x_ constitute a rew basic aet of m variables. To prove
this we aimply observe that atnce irs > 0, we may use the r—th
equation of (4) and irs as "pivot element" to eliminate the
variable X, from the other eguations and the minimizin: form.
It is clear that we have again reduced our system to canonical
form.

This ability to obtain a new canonical form from tne

previous one by means of a single additional elimination consti- .

tutes the key to the computational efficienc; of the simplex

method.
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Iteratlve Procedure

The new baslc feasible solution can now be tested for opti-
mality. If not optimal then one may choose by criterion (9) a
new variable Xq to inceressze and proceed {0 construct either:
(a) a class of solutions in which z - —®as x, > ‘o (1f
all Eis < 0) or (b) a new basic feasible soluticn in which the
cost z 18 lower than the previous one (providing the values of
the basic variables for the latter are strictly positive; other—
wise the new value of % may be equal to the previous value of z).
"

The simplex algoritim consiste of iterating the above "eycle

again and again, terminating only wnen there hae been constructed:

(a) & elags of feasible solutioms in which 3z = —®; or

(b) an optimel baeic fesastdla solution.

If on each eycie the value of 8 A¢creasee & non-gero amount,

then the entire procesd will terminate in o firite number of

cyclea. The resson for ¢hie 1s thers sfe only a finlte number
of ways to crocse 8 set of m basle veriablee out of n variables.
If the algorithm were to caontinue Indeftnttely, 1t eould only

do #o by repeating the same basic sst of variahles-—-hence tne

same coet t.

Degonoracy

A basic solutiom is sa2d to be "degenerate" if at least
one of the values of the basic variables 18 zero. I[n this
cese 1t 18 clear by (11) that 1f for some ais > 0, it happens

that the corresponding value Ei of the bazlc variable 1s zero,
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then ro increase in x, 1s posaible (that will maintaln the values
of the basic varlables non-nezative). It follows also that there
1s no decrease In z for that iteration. 7n this case one can no
longer arjue that the procedure will terminate in a finite number
of iterations because with no chanice in the value of z, 1t is
conceivable that the same basic set of variables may reoccur, say,
after k iterations. Hence if one were to continue with the same
selection of s and r for each iteration as before, the same basic
set would reoccur after 2k iterations and again after 3k iterations
etc., i{ndefinttely. IP thie happens it is referred to as "cyclin:"
in the simplex algzoritha. Theoreticel exemples of cyclin: have
been Constructed.
The hizh fregquency of occuerence of de:eneracy in practice
te a curious phenpnenon, faor de:erefacy can happen only wien
the valyes e‘ or the original eight—nand stde in (1) bear a
special relgtion to the coefficiente Of the basic variables.
Thte i Cles? ailnce the process of reduction to canonical form
depende only an the cosffictents gnd gg& on the right-hand side;
shc final vagiues ;1 are weiphted sume of the oririnal bi's where
the weighte depsnd only &n the coeffielents. If the b1 were
selected ot randam it would e something of e miracle if Ei
should vantsh.
One way to place the entire theory on a rigorous foundation,
ia to give precise rules for slightly altering the values of the

b, 80 as to avoid dezeneracy and thereby the possibility of

1
cycling. However, discussion of thls technique will be post—

poned to later. In practical applications the phencmenon of
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cycling hag never been observed in spite of the fact that dege-

nerate basic solutions ere frequently encountered. For this

reason it is recommended that the algerithm be applied without

any speclal rules to resolve the case of degeneracy.

Appendix: GSystems of Linear Equations

Equivalent Systems: Since the simplex method for solving

the linear programming problem depends on standard met:ods for
solving a sgystem of linear equations (which of course is a
special case), we shall review properties of such systems.

Suppose that we ave & system cf m equaticns in n unknowns
(1). A solution of the i—-th equaticn ig a set of numbers

1
(xi, x;. e o xn) such that
| § . ]
(15) 8 K ¢ 88, ¢ e ag K =D

A solution ¢f the svsten (1) %¢ a set of numbers which 1s a

solution of every equation of the evstem.

Suppose there %2 antther system of equations

(16) OO P TP P e T b,
2517 + 855%; + 8%, = by
amlxl + amE'x:? ¥ 000 A Imnxn = bm

The two systems (1) and (1) are salled equivalent 1f every
solution of each is a sclution cf the other.

The process of solving a system of equations is that cf
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finding an equivalent s,stem of simplect form.
Let us consider system (1). Let ks Kp» -, k_ be any

numbers and let
(17) 8, %) + 85Xy 4 ... 4B, X = bl

be a linear equation formed by a linear comtination of equations

from (1), 1.e., formed by multiplying the first equation by kyo

the second by k2, etc. and summing the products. We are assuming

(18)

Consider & modificd pystem of equations in which all equations

are the same as (1) emcept the f—th equation 1s replaced by (17),

{1.e.,
__'__1’1::12‘2 + . ’_“_1_nin_- b1
12111 + a‘2x2 R ‘Enln = b‘
(19) B T W P N S

Clearly every solution of (1) ie a solution of system (19).
Conversely let xi, xé, ey xg be any solution of (19). It 1s
evidently the solution of every equation of (1) except possibly
the 4~th equatioﬁ. But the substitution of (18) into the i-th

equation of (19) reduces to

(20) kﬂ(&ﬂlxi + aﬁgxé + ook aemx% - hg) = 0,
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so 1f k, # 0 1t 18 also true that the {—th equation of (1) 1s
satisfied.

Theorem:

If in a system of equations (1) the f{~th equation 1s replaced

by the sum of equations of tne £,8tem after multiplication by

the numbers k,, k2, cevy Ko, Where k, / C, then the new aystem

is equivalent to the given syctem.

All methode of solving a system of equations employ the above

principle.

Elementary Cperatione: 7There sre two kinds of elementary

operations which can be performed upon the equations of s
pystem to yield an equivalent o ctem.

Type I: Replace any equation

’ e o 0 ’ ‘1"‘ = b1

0 g% ¢ 8% n

k(a“x1 + Ak, b b a!nxn) = kb,

where k #§ C.

Type II: Replace any equation

a“x1 + a12x2 ¢ ... ¢ ainxn = b1
by

T T LTI k(allxl Foeeo ¢ aznxn) = b, + kbﬁ
where 1 £ £.

Equivalent Triangular and Canonical m x m Jystems: A system

of m equationas in m unknowns is trangular if it has the form
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a“x1 = bl
(21) 851Xy + 855X, = b,
831x1 + a32x2 + ajjx} - b3
an1% t amex2 LACETRI K S SR bm’

where the coefficients along the diagonal are non-vanishing,

(22) an/O, {wil1,2, ..., m

It is also called triangular if by rearrangement of the order

of the equations, and relabeling of the variables, it can be

written in tnis form.

Not every system of m equations in m unknowns 18 equivalent

to a triangular system. This 1s the case, as we shall see, If
Also, if the

the original system contalns a redundant equation.
original system has no solution, i.e., is inconsistent, then it
could not be equivalent to a triangular system, since solutions

for the latter can be readily obtained. PFor example, the first

equation ylelds the value X, = bt/all' When this value 18 substi—

tuted into the equations 1 = 2, ., m the values of the remaining

variables can be obtained by eolving a triangular system in m - |

equations in m - 1 unknowns. Accordingly, the problem can be

solved by the process of successive substitutions. Thils process

1s really the same as a sequence of elementary operations, 1l.e.,
multiplyipg the first equation by —ail/'a11 and adding to the

i-th equation replaces the latter by an equatilon in which the

variable Xy is eliminated, 1 = 2, 3, ..., m. In a similar manner
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X, may be eliminated from all but t'.e second equation. Ti.is

ylelds tne simplest form of an equivalent system

|
er

X5 = U

xm = bm .

This 18 & special case of tie "canonical" form for linear program-
ming. In order to solve a system of m equations in m unknowna

1t 1s common practice to try first to "reduce” 1t to an equi-
valent triangular system b means of elementary operations and
tren by successive aubstitutions to canonical form (23). In
linear progfdhming t,pe work, however, it is more convenient to
reduce 1t 4irectly to canonieal form (*f possidle).

Reduction of m by n s stem to an equivalent canonical

gystem: A s;stem of x equations in n (m < n) unknowns is in

canonical form for linear programming if 1t can de written

|
o]

) X, + ‘1,m+11m+1 ¢ ...+ aljxj ¥ ... ¢ 1n¥n ™ by
(24 . V: sy -1
X, + .2,m+1‘m+1 ¢ ...+ 32113 $ooo b8, X = b2
X + 8 x + + 8 .X, - +3. X =01
m MM+ " mrl P amj g " o9 qmn*n = Pm

The standard procedure for reducin; (if possible) a general
system (1) of m equations in n unknowns to equivalent canonical
form will now be discussed.

Select any term By 4%y in syetem (1) such that 8y 4 # 0. Call

this the plvot element. Rearrange the order of the equations and
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the variables so that this pivot element becomes ay %,
The elementary operation of multiplying the first equation by
“811/811 and adding to the i-th equation, 1 =2, 3, ..., m,
Will eliminate X, from the remaining. HMultiply tle first
equation by l/a11
Let aiJ denote the coeffictenta in tiie new system. Con—
sider next the system in n—1 unknowns Xn» x}, vees X consisting
of the last m—1 equations and repeat the process of selecting &
pivot element, rearranging variables and equations so trat the
pivot element is aész. Multipl ing the second eguation by
—aia/éég and addinz to the 1-th equatinn for all i except 1 = 2
produces a system {n which has been eliminated from all
equatione but the secornd, and X, from all but the first.
Continue in this manner unti{l m vartablea are selected
for the elimination process or unti{l after selecting r varlables
it 13 not possible to find a pivot element among the remaining
m—r equations and n—r variablee. At this stagé tre original

system has been reduced to the e jiivalent system

+ ... + 8

1
o |

+ 8 F &. X
25| Br+1*re1 T Bipen®re2 1In"n 1
a +a 1 + ... +a,x =D
Xa Y Anni1Xpr1 ¥ Boran¥pe2 qon*n 7 o
a . bE X =D
r + arr+1xr+l * i arn n r
3 + =
v Xl t 0 xp =bpg
+C x_ = f
O X n m
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where the variables ir (25) are some rearrangement of the order
of the variables of t“e original s stem and tre equatlons in

(25) correspond to some rearrancement of the order of the

original equations. The number r is called tle rank of the

svatem.

The original svstem has »o solution, 1.e., is tnconglstent

unless

ﬂ b ._ k o .
(27) bryg * Ppyp oo 7 B =0

If relations (2f) hcld, tiis means that eac: of the m-r equations

of the original s stem correspondins to equations r+l, ..., m of

-the reduced s'stem, 3a redundant, {.e., Is equal to a linear

combination of other equationg of the s, stem. In this case
one can solve the s stem b c¢'oosing any values for Xnil?

ey K and then deternining values for X0 Xpp ey Koo

n
Only in the case where the original s stem i1s nelther

Xpr2?

inecongistent nor redundant can the g;stem be reduced to equi-
valent canonical form. lere the rank r = m. The set of m _
variables in the original system corresgponding to X3 Xy veny

X 1s called (es noted earlier) a baslc set of vartiables.

I11. THE SIMPLEX TABLEAU: AN EXAMPLE

The "simplex tableau” is a convenient wa, to present the
canonical system 1n detached coefficient form In which the
orizinal order of the varigbles and the equations 1s kept (instead

of rearranging trem each time). A simple example will suffice

to 1llustrate tré 1dea.
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Congider the problem of minimlzing z where

5x1 - 4x2 + 13x} - 2x, + x5 e 20
(27) - x5 + 5x3 - Xy 4 Xg = 8 (xJ > 0)

X, + 6x2 - 7x3 +ox, 4+ 5x5 = Z.

We assume we know that X, and Xg can be used as basic variables
and the basic solution will be feaslble. Accordingly we proceed
to use the term X, as pivot element in say, the second equation
(the circled element of (27)) to eliminate x, from the other

equations: this ylelds

x2 - 12x3 + 3x4 —@ = 20

(28) X =Xy + 5x3 - x, + Xg = 8

- 12x. + 2xy + Mxls 2-8 .

X, 3
Using the term —4x5 as pivot element in the first equation to

eliminate 15, yielde

- % X, + 3x3 - % X + x5 =5
(29) x, - % Xy + 2%y —-% X =3
8x2 - 24x3 + 5xy =z - 28,

which, of course, i& in canonical form except that we have not

bothered to rearrange the rows and columns. The corresponding

tableau is
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(30)
1st Basic Solution !l Variables
variable | Value X Xy X3oX X
| B
1 3
x ' ~& 7
> E ! 4 > I !
) 1
O
—z ' 28 f 24 s
A X ¥ X

where the coefficients of Xys Xn» x}, Xy x5 are shown 1in detached
coefficient form. The basic set of variables (xl, xq) 13 recorded
in the first column in the order corregponding to the position
of the 1 {n the column of coefficients of X and X:, respectively.
The s'mbol -z for tre negative c¢f tne total cost 1s recorded at
the bottom of this column. The constant terms (w:icr are alego
the values of the basic solution and the rercative total coet)
are recorded in the "value" column. it is helpful wher 1terating
the simplex algorithm to place check or x marks at the bottom of
the columns corresponding to the variables in the taslc set and
a star {n the column with the most negative relatlve cosi factor
(in this case 33 = 24,

It is also convenient to place a circle around that coefficlent
&, of x, which will be used az pivot element to obtaln the next

rs
improved basic solution. Tn this case 323 = 2 13 the pivot element
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bDecause Lie smallest of the positive ratios (ormed by dlvidin
the numbers b, in tre "value" column by tre coefficients L

that uppear in the "x " column occurs for the ratic

xg = be/aT,‘,3 =3/2 (1.e., 3/2 18 t'e smallest of the ratlos 5/3,

3/2). Ihls means trat x, will replace the basle varlacle t:at

appears on the¢ 3econd row, Xy In tre next cycle as a new -asic

variable. Indeed, eliminating x, from all but tre second equation,

3
ti.e next tatleau becomes
(31)
°nd Baslc Jariables
Soliutlon
Variables; Value X, x2 x3 xu x5
X 1/2 ~3/2 @ -3/8 1
x3 3/ 1,/2 ~3/8 1 ~-1/%
-z 3 12 =1 2
* X X

It will be noted that the relative cost factor for Xs 1s nera-
tive. The tasic solution 1s x4 = 3/2, Xg = 1/2 and X; = Xy = Xy = O,
The total cost is piven by -z = 3 or z = -&5. Since the solution

1s not optimal we again seek an 1mproved hasic solution. The
smallest positlive ratfo occurs thie time on row 1;, hence, 7/8

becomes the new pilvot element. Thus in the next tableau X

replaces x. as a basic variable.
4
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(22)
Zrd Pasic Colutlon varigble
Var \l
Jariable Value Xy x2 x3 X, x5
X5 4/7 ~12/7 | -1/7 8/7
Xy 12/7 - 1/1 1 -2/7 |3/7
-z 60/7 12/7 11/7 (8/7
X X

Since all relative cout factors ars nonnegative, <he solution

shown 1s minimal. The total cost is z = -£0/7

III. FINDING AN INITTAL BASIC FEASIBLE SOLJUTLION

Up to the present we have been azguming fthat a basic set
of variables could be specified wnict could be uged to perform
t! e necessar, initial eliminstions and reduce tnhe problem Co
canonical form. It has also been assumed tnat the assoclated
_ basic solution is fessihle.

It is true that man, problems encountered in practice often
have a starting solution readily at hand. Ior example, for the
important class called "transportation” problems one can con-
struct immediately a great variety of starting tasic solutions.
Economic modéls often contain storsge and slack activities which

permit an obvious starting solution In which notiing but these
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activitics tawe jlace. T DI o el Al S HRURNG 8 a on oway from
the optimumn colullcn bul at leact {t s un casy start. Usually,
1{ttle effort {5 required in these cases to reduce the problem
to canonical fornm.

On che ot er hand many probl - mr ercountored In practice
do nct provide any obvions start'nr hasic get of rarighles, n
fact, little or nothing may %¢ lnown (mathematicall, -=peaking)
gecut the preblem requliring solutlon:

(a) It may have redundancirs -- for example, the equation
balancing mone flow may “ave been ottalred from the cquations
balancinz material flows b, multipl.ins price by quant!ty and
summing.

(b) it may have inconsistencies due to outriziht clertcal

errors or tn use of inconsicstent data.

=

(¢) it may have impossible requirements considerins tie
resources avallable. Thua tt ma, be 3 problem in which resources
are known to he in short supply and the main question asked 1is
really whetiier a feasible solution exls*tas at all.

rom the above conglderations 1t 1& clear that a peneral
mathematical technique must be developed ue snlve linear pro-
gramming prohlems free of an, prior knowledge or 2ssumptions
about the e.stems heing solved. In fact, I there ave Iacon-

sistencies or redundancies trnese are important facts to be

discovered.

A simple device will he presented in this section whilch

uses the simplex al-orithm itself to provide (1f it exists) z
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starting basic feasible soluticn. 7his part of the process is
usually referred to as phase I. rhe second part of the process,
obtaining an optimal btagic feasible solution, is then referred
to as phase 1l. The device ras several important features that
should be noted:

(a) no assumptions are made rerarding the ortg'nal system;
it ma, be redundant, inconsistent, or not solvable in non-negative

numbers.

(b) ho eliminations are required to cbtain an inittal solu-
tion in canonical form for phase 1.
(¢) The end product of pnase : 1s a basic feasible solution

exists n canonica orm read’ to In ate phace Lo
(1f 1t exists) { 1cal f dr to Initiate ph 11

The procedure for phase | 1s as follows:

Step I: Arrange t!e origlnal syvstem of equations so that
all constant terms b, are positive (or zero) by chtanging, where
necessary, the slzns on both sides of an; of the equatlions.

Step II1: Augment the svatem to Include a basic set of

"artificial" variables Xoo1 2 G X020, wvny x> 0 50 that

(33) 811Ky * 8%, b e b A X+ X = b, (bi > U)
BopXp + 8pp%p * i B K, t R = by
8p1%y * BppXo o %y * Xnem = Py

and

(34) Xy >0 . (3§ = 1,2,...,mn+l,...,n+m).

Step I1I: Using the simplex algorithm, find a solution to

(33) and (34) wrich minimizes the sum of the artificial variables,
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denoted b w. e call t:is the "t{nfeasibtlity form"

3 + P Y N = ‘\
(3)) xrwl + xn+2 L xn+m

Step IV: [f Min w > C, tien no feasible solution exists
and the procedure 1s terminated. On the other nand, If Min w = C,
then all Xopq = 0 and tve baslic feasible colution constitutes
a feaslble solution to the ecriginal unaugmented svstem. Inittlate
phase Il of tre simplex algor!tim by

(a) droppingz from further consideration all non-basic
variables whose relative cost factors for form w are strictl;
positive.

(b) replacing the linear form w (as modified bv various
eliminations) by the linear form z, after firat eliminatin_ from
z all basic varlables. It is common computational practice to
perform the elimination of the basic variables from z on eact
cycle of phace I. 1In thls ease, Lhe modified “orm z may be
used immediately to initiate phase 1T.

Discusslon: While the procedure for phase [ !s almost self-

evident, 1t does deserve some discussion. it ‘s clear that if

there exists a feasible solution to the original system (1) and
(2), then this same solutlion also satisfies (33) and (34) with
the artificial varlables set equal to zero. Thus, w= C In
this case. From (35), the smallest possible value for w (since
it is the sum of non-negative variables) is zero. Hence, if
feasible solutlons exist, the minimum value of w will be w = U;
conversely, 1f a solution 1s obtalned for (33) and (34) with

= (0 and the values of xj

w =0, 1t 1s clear that all x_,
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for ; < n constitute a feasible solution to (1). It also follows
that 1f Min w > 0, then no feasible solutions to (1) exist.

It should he noted that whenever the original gystem contains
redundancies (and often when degenerate solutions occur), arti-

ficla) variables will appear asg part of the basic set of variables

in phase II. If they do appear it 1s necessary that their values

never exceed zero. This 1s accomplished in Step IVa where all

non~-baslc variables are dropped whose relative cost factors for

w (denoted by Hj) are positive, The justification for this
procedure is based on theorems 1 and 2. For clarity we snhall

. repeat the argument. The basic varlables at completion of phase I
will appear 1n the reduced form w with zero coefficlents; in

fact, the form of w after elimination of the basic variables

will be
(36) dyx; + aéxg e T XL =W =W (HJ'Z 0; wy = 0)

where aﬁ = 0 for basic variables and all Hﬁ > 0 because the
solution is optimal (theorem 1); also W, = Min w = 0 since

feasible solutions exist. All feasible sclutions to (1) are

feasible solutions to (33) with X,4q = O and w = 0. They

cannot contain an Xy > 0 with HJ > 0 because this implies w > 0;
hence, all such xJ may he dropped from further consideration.

If we drop them, then we confine our attention, as in phase II,

only to variables whose corresponding HJ = 0, By (36) solutions
involving only these variables have w = 0O, and consequently are

feasible for the original problem. Thus
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if ertificial variables recrm part of the basle sets of

variables in the various cycles of phase ![I, thelr values will

never exceced zero.

To illustrate, let us return aga'n to example (27). Since
the constant terms are all positive we auvgment tre s.stem with

the auxiliar; variables x, and X4 and consider for phase 1

- Iy i - = 2 S U
5%, Yo+ 10X5 = 2xy + Xg + Xg 20 (xJ > L)
(37) Xp = Xy ¥ 5x3 - X+ Xg +xy = 8
Xo Ky o= W (w = Min)

Eliminating the tasfc variables x, and x, from w b: addin: the
firet two equations and subtracting from w ields the starting
tableau 1-0 (below) for phase 1. .Applvingz iterativel— the
simplex alzorithm ylelds tableaux i-1, 1-2, and 1I-0 which 1s

the start of phase 11.

{” Pasic Solution | Variables ]
! Y A ] . B . ] '7 i ]
10 Symbol /alue | Xy x5 xs X) j x5 Xo o Xq
; = e
| X 2( A SR (N 2l |
X4 8 ’ ) | 45 -1 +1 il
— -28 || -6 5 =18 43 . =2 |
* DL
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X 1.54 39 | =31 {1 ] -.15 | .08[ .08
G X, .30 -.Q2 +.54 -.23 +.021 ~-.39 1
- - =31 || +.92 0 —.54 +.23  —.f1] 1.39 |1
X * X
X 1.5 .5 ~.375 |1  —.125 +.125  -.125
-2 | ) o
Xg 5 11-1.5 +.875 ! -.375 1 -.625  1.625|
0 i 1 1
X X
0 15 5 -.375 |1 | =125
s
L= X, NoR R +.875 -375 |1
#ptimal)
-z 8 12 1 2
X X

On the first iteration the value of w was reduced trom 28

to .31, on the next iteration w = O and a feasible basic solution

X, = 15, x3 = ,5 18 obtained for the original unaugmented Bystem.

Variables X and X have positive relative cost factors for w

and hence must be dropped for phase II.

Tableau II-0 is obtained

from I-2 by dropping columns associated with these variables, and

replacing the w row by a 2z row using the first two rows of I-2

to eliminate x3 and x5 from z. Because of the canonical form of
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I-2 this elimination is accomplisi.ed by multiplyinc the first
and second rows by the coefficients of xj and x. respectively
in form z and subtracting from z. By ;ood luck all relative

cost factors of form z are poslitive in 11-0; the starting fea-
sible solution for phase IT turns out also to be tlie optimal

solution (a happy accident) and therefore no furtrer iterations

are required.




