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ERRATA SHEET 

for 28G-3 

The authors have detected the following errors in 28G-3 (L.Jones, F. Schweppe 
"A Random Acceleration Model for Filtering Polynomial-Like Signals, " 
25 October 1963). #Kindly insert this page into your copy of that report. 

Page 1 Equation (1.1) should read 

x(nT+T) = x(nT)+ x(nT)T+x(nT) 

Page 4 Equation (2.6) should read 

T 

i=l 

Page 5 The first line of Eq. (2.13) should read 

O'-I 

^ R(H ¡¿"^ )' 

k=/3 

i < a + l, j <of + l 

Library and Publications 
M.I.T. Lincoln Laboratory 
P. 0. Box 73 
Lexington, Mass. 02173 

14 November 1963 
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ABSTRACT 

Random type models for filtering discrete time, polynomial-like signals from 

noise are discussed. The particular model analyzed is a second-degree polynomial 

with the acceleration (second derivative) considered to be a random process. The 

optimum filter corresponding to this model is derived. Results include curves of 

filter frequency response, estimate variance, and filter impulse response for various 

choices of the system parameters. Some of the factors that affect the choice of a 

model for polynomial-like signals are discussed. 



1. INTRODUCTION 

There are many applications in which it is necessary to filter polynomial-like 

signals from the presence of additive random noise. The term, polynomial-like, 

refers to the class of signals that have the general appearance of a low degree polynomial 

in time although the exact form of the signals is not known. For example, in radar 

tracking of space vehicles, the true slant range (or angle or cartesian position) is often 

a smooth time function with the appearance of a low degree polynomial in time over a 

sufficiently short period of time. A standard filter design procedure for such signals 

models the signal as a fixed-degree polynomial observed in the presence of additive 

noise. The filter is then designed to provide minimum variance, unbiased estimates 

of the state of the signal at some desired time. This report introduces an alternate 

type of model for the same class of problems wherein the signal is assumed to be a 

particular stochastic process. 

The explicit signal model analyzed assumes a discrete time signal, x, of the 

form of a second-degree polynomial in time 

x(nT+T) = x(nT) + x(nT) nT + x (nT) (1.1) 

with the acceleration being changed by a zero mean, random process u 

x (nT) = x (nT-T) + bu (nT). (1.2) 

Time is represented by nT where n = 0,1,2.and T is the sampling period. 

Henceforth, the model of Eqs. (1.1) and (1.2) is referred to as the random acceleration 

model. The case, b - 0, represents the standard model for a fixed,second-degree 

polynomials. 

The filter for the random acceleration model is derived in Sec. 2 to provide 

minimum variance, unbiased estimates of the state of the signal at some specified time. 

The performance characteristics of the optimum filter for the random acceleration 

model are presented in Sec. 3 along with those of the fixed polynomial model for the 

case of a second-degree polynomial. There are many references which consider 
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different degrees of fixed polynomials. See for example, Refs. 1 through 6. (The 

last two of these references are to the statistical theory of linear regression of which 

the standard polynomial model is a very special case. ) Section 4 discusses some of 

the factors that determine the applicability of the random type model. 

2. DERIVATION OF THE OPTIMAL FILTERS 

The random acceleration model and the criteria of filter optimality are explicitly 

defined and the filter derived. State variable techniques are used to represent the model. 

First let us define discrete white noise. The random process y(n) is discrete 

white noise if 

E[y(n)y(m)] =ô 
nm 

E[y(n)] =0 

where E denotes the expected value and ô is the Kronecker delta. 
nm 

The model of the signal is a second-degree polynomial, which in state variable 

representation requires three states (here chosen to be position, velocity, and 

acceleration). The model is defined 

X(nT) = ^X(nT-T) + Bu(nT) (2.1) 

where nT denotes the particular sample time with T the sampling period. Henceforth, 

the period is assumed unity, and the model is 

X(n) = ^X(n-l) + Bu(n) 

X(n) : 3-vector (the state) 1 1 1/2 

(/) : 3x3 constant state transition matrix = 0 1 1 

B : 3-vector coefficient of u(n) = 

u(n) : discrete white, noise 

R = 3x3 covariance matrix of B u(n) 

= E[Bu(n)u'(n)B'] =BB' 

where prime denotes transposition. Thus, the model of the signal has the form of a 

0 

0 

b 

0 0 1 

(2.1)' 
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linear system driven by discrete white noise. Define 

z(n) = HX(n) + cv(n) 

z(n) : measured quantity 

H : 1 X 3 vector = [1 0 0] 

c : coefficient of measurement noise (2.2) 

v(n) : discrete white noise 

Q = variance of measurement noise, cv(n) 
2 

= c 

The random processes, u(n) and v(n) are uncorrelated; that is, 

E[u(n)v(m)] = 0 all n and m. 

This completes the definition of the model and the form of the measurements. The 

parameter of great interest is b. As mentioned in the Introduction, the case b = 0 

is the standard second-degree polynomial model and comparison of the two models is 

carried out for various b values. 

The filter to be designed is to be a linear, weighted sum of the last r measure¬ 

ments, designed to yield minimum variance, unbiased estimates of the state of the 

system. The estimate X(n- or) is defined as 

T 

(2.3) 

the time at which the estimate is desired; that is, o; is -1 for prediction one time 

step ahead, 0 for smoothing, and (r-l)/2 for midpoint estimation. 

Substituting Eqs. (2.1) and (2.2) into (2.3) yields 
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X(n-a) = ^ W.H0“1+O!+1X(n-a) 

i=l 

a a 

^ W. ^ H£’1+kBu(n + 1-k) 

i=l k=i 

i-1 

^ W. ^ H0 i+kBu<n+l-k) 

i=a+2 k=a+l 

+ ^W.cv(n+l-i) 

i=l 

(2.4) 

Considering X(n*a)t0 1)6 an unknown vector» an unbiased estimate requires that 

E[ft(n-a)] = X(n-a) = ^ W.H0 i+ +1X(n*a) . 

i=l 

For this to apply for all n, the constraint equation F has the form 

T 

\ W.H»'Í+W+1-¿=0 

i=l 

(2.6) 

where F is a 3 x 3 matrix. Define the matrix 

M = (KJ.) , i = 1,..., T 

where M. is the 
—i 

.th row of a r x 3 matrix, and 

M. 
— i 

= H£ 
-i+a+l 

(2.7) 

(2.8) 
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Then the constraint equation becomes 

F=WM-2=0 (2.9) 

The covariance matrix of the errors is 

2(n) = 2 = E{[^n-a) - X(n-a)] [^n-a)-X(n-a)]'} (2.10) 

2 
for all n. 2 is constant with respect to time because 0 ,b , H, and Q are constants. 

2 _ 
It is a function of r, b , and Q, decreasing with r. Theoretical results, see Ref. 7 

indicate that for the case b ^ 0# 2 approaches a constant as r — « . Substituting 

Eq. (2.4) into (2.10) and taking expectations, gives 

S»WNW'. (2.11) 

The N matrix has the form 

N a (ny) i = 1,... ,r 

j — 1, . . . , T 
(2.12) 

a 

-j-HCx/ 

k=/3 

V 
0 

0 

k^a+l 

i < a + l, j < Qf + 1 

I < Of + 1, j > 0! + l 

i > o¡ +1, j < or + l + 

i=jsa + l 

i >0!+!, j >o; + l 

(2.13) 

i = j 
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where ß is the larger of i and j, y is the smaller of i and j, and N is symmetric 

and nonsingular. 

The estimates are to have minimum variance in each of the components of the 

state, position, velocity, and acceleration. This means that the diagonal terms of 2 

are to be minimum. The minimization, subject to the constraint of unbiased estimation 

(see the Appendix) yields 

2= (M'N’W1 (2.14) 

W = 2M'N"1 (2.15) 

where the 2 of Eq. (2.14) is a minimum and the weights of Eq. (2.15) form the 

desired optimal filter. 

The filter transfer function G(f ) is (see Ref. 8) 

G(7)= ^W.e'j2*flH°'+1)l <2'16> 

i=l 

where 7 = fT is normalized frequency and W. is the ith column of the W matrix. 

As in all discrete time systems, the magnitude of the frequency response is a periodic, 

even function of frequency. Therefore, |G(f)| plotted over the range 0 s f «0.5 

furnishes knowledge of the entire spectrum. 

3. RESULTS 

Curves of frequency response, variance, and filter weights are presented. 

These are solutions to Eqs. (2.14), (2.15), and (2.16) for vartoas values for b ,Q,t, 

and a. Three values of Q are considered: ■! for Prediction filters, 0 for Smoothing 

fUters, and (r-l)/2 for Midpoint filters. Filter length ia r. Variances are normalized with 

respect to the variance Q of measurement noise. Families of curves ate parameterized 
2 

by the ratio b /Q = p. 

Figures 1,2, and 3 illustrate the manner in which the variances in position, 

velocity, and acceleration vary with filter length. The Smoothing filter was chosen for 
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representation here, but the Midpoint and Prediction filters have similarly shaped 
2 

families of curves. With b = 0 (p = 0), the variances approach zero as filter length 
2 

increases to infinity- With b ^ 0, the variances approach a constant value (g function 
2 

of p = b /Q and a) as r increases. This illustrates the theoretical resulta for 
2 

b 0 that £ approaches a constant as r increases. From these curva« the conclusion 

can be drawn that for p = 0.001, the filter changes hut «lightly «s t iacra«««« beycftd 

15. For larger p, the corresponding r is «mailer 

Frequency respenses (magnitude of transfer function), of Smoothiftf aftd Midpoint 

filters are prenented it Figures 4 and 9. Filter lestgth is 29; hoareaer, «Kept for the 

case p = 0, these curven are valid for all t — 15 to a very good approximation. The 
2 I 

tea pons es for t> - Ofp = 0) have rippten at High frequent ien An h Humases, 

ehe response# nmooth out hut inciensa m magnitude 

Figure« 6, 7, and 9 show how the normalised variant«« vary with ß fot the 

three types of filters Filter length was chosen as hut again it in «aie to consider 

these curves valid for t ^ 15. HKuase the logarithmic scale prevents «hewing the 

point p = 0, the variance value if written on each curve The ofcviuue cohclusion here 

is that the Midpoint filter yields the smallest errors. 

Referring now to hq (2 3) it in seen that the filtern are groupa of weights W, 

which are parameterized by i = 1,..., r The larger i values correspond to the older 

measurements, with i = 1 corresponding to the mont current measurement Figures 

9 and 10 are curves of Smoothing weights to estimate position and velocity versus i. 

Although shown as a month curves they are valid only at discrete values of i. Filter 

length is 19. These curves are actually 'he impulse response of the filter. As p 

increases; the Smoothing fitter de-emphasizes the older data, that ia, the weights 

approach aero as i approaches t For the Midpoint filter« (not shown) the weights 

approach zero at i decrease* to 1 and incrcaees to t, with greatest emphasis on 

the data about the Midpoint of the filter Therefore, since the filtere are forming 

estimations based on fet« derived from an assumed random acceleration model, the 

values nearest to the point being estimated ate considered the most valuable. For 
2 

p =s 0 (b = 0) this isn't true, because the model is entirely deterministic. 
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4. DISCUSSION 

The random acceleration model has been presented as an alternate to the approach 

of modeling the signal as a fixed degree polynomial. Thus, the two models must be 

compared. 

It fheeWi be first emphasized that the explicit random acceleration model analyzed 

here ia oftLy aft etatnpie otf a broad class of models for polynomial-like signals. Fox 

example, Astead of faftdooi accciefatkm, a random third derivative could be assumed. 

Alternately, the vMte boite of Me random acceleration could be replaced by a first 

order Markov prodees. Tisis, flsich of the followiag discuseion applies to this broad 

class of faftdaflitfpe modele rather than to just the results explicitly given in this 

report. 

The model of a fixed degree polynomial is easy to analyze and easy to mechanize. 

The raftdomtype model ia computationally more difficult to analyze but this is not a 

severe limitation. However, the actual mechanization of the two different types of 

filter» are equivalent with the random type model having a poetibie advantage if a 

recurs*vt formulation in amploycd. • The filters for both types of models are derived 

under the tt*» mathematical criteria, minimum variance and unbiased estimates. 

Both designs can be extended to tnchide correlated measurement noise if desired. 

That, the important question is: "Which model best represents the signal in 

the sense of providing more accurate estimates?" If an exact model for the signal for 

all time were available, a simple answer would be possible. However, by definition, we 

are dealing with a polynomial-like signal, that is, one whose explicit form is not known 

but which has the general appearance of a polynomial in timefln some cases, the random 

type model is a representation oí the physical process generating the signal. For 

example, a re-entry space vehicle experiences random accelerations due to atmospheric 

drag variations. However, such criteria for the choice of model are often not available 

and other factors must be considered. 

* References 7 and 9 discuss recursive formulations. The advantage occurs fox the 
case when t is large enough to make 2 independent of t. Then the filter can b® 
mechanized as a growing memory filter. 

t The fact that the random acceleration model satisfies this criteria was verified by 
Monte Carlo trials. 
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Figures 4 «nd 5 illustrate the fact that the frequency response corresponding 

to « fixed polynomial filter (p = 0) has higti frequency ripples. The spectrum of the 

signal is, of court«, ** exactly toot«, hut it is often very öhfficuk to associate such 

high frequency »chariot with toy too** or expected physical characteristic of the 

signal*. theft ripples Oft** indicate a poeeifcie heeic fault in the fixed polynomial 

modal, the random tccrleritio* model emoothe out end ct* remore these ripples 

If the itxte of * signal i* to he eptimeted at a certain time xmUf the exact form 

of the sign*! la uncertain, it ia intuitively reaaooahie to weigh xtoet heavily the 

observation* taken at timet dose to the time of eatimetiot. Figure 9 tHuefrafftr the 

relative behavior of the weight* for the two type* of model. 

Figurei é, 7 and 8 ahow that the fixed polynomiel model pros idee much emaUer 

variance# ia the eftimatee However, these variancea are calculated under the 

assumjawa the signal it of the actual form ueed «* the model and ««m ate sot 

necessarily indicative of the actual performance of the filter. 

The random acceleration model require* the apecificatian at the value of 
2 2 

P = b /Q. Ii moet problema b ia not known and often neither ia Q. tv fact that 

the fixed polynomial filter ia independent of bote 1>J and Q j* « definite advantage from 

an operational point of view. However, the polynomial filter is strongly dependent on 

the filter memory, r, while foj many cases, the random acceleration model ia not. 

Id addition, the degree of the polynomial to be used is altes a difficult decisice. Thus, 

the filters foe beth modela have parameters that are often difficult to set. 

In problems where Q is unknown and is to he estimated, the polynomial model 

has computational advantage« This ia alao true when the state of the signal is to be • 

estimated over some range of time rsfher than at just one time point. Such problems 

are an extension of the filter desip problem explicitly considered in this report but 

they are often of importance. 

The preceding paragraphs have listed certain of the relevant features of a 

random type and fixed polynomial model. However, there are other alternates to the 

fixed polynomial and all of these have relative advantages and disadvantages. Reference 

10 discusses filters designed to fit a predetermined frequency response, with no attempt 

at minimizing the variance. Reference 11 compares such filters to minimum variance 
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filters, assuming a fixed degree polynomial signal and a random signal. Reference 12 

proTides a statistical design for what engineers would call an adaptive filter. An n1^ 

degree polyAotnial is tMe basic assumption, but the enact degree used by the filter is 

computed and adjusted using ttie data itself. Reference 13 uses an exponential type 0( 

wei^Miig. 

TV failoaiiftg cofeclusiofts oft tbe cftofce of model are thus drawn. Since we are 

ceftcetftad with «iguala of afttattaift character, there is no "beat" model and the choice 

Ultimately dapaatfs oft the designer'a "tsel" for particular nature at the actual problem 

Peisf coftaidered- tVo, the fafidom typo ot modal, as illustrated py the random 

aeeaietattot feaulti of thia repart, la hot the correct modal for ail polynomial-like 

signala. Hoorn »et, d'a many potential adtaata#»» definitely faquir e de consideration. 

Axmoa 

fn order to arrive at the teevUa pteaeoted i* Sac. 2 a «lightly more basic 

approach ia used- TV optimal filter it derived for each of the three states of X 

separately, then comtened in one concise matrix form. TV estimare is defined as 

T 

i ^n-<r) = / w . z(«^l-i) , v = 1,2,3 (A. 1) 
V ¿j \n 

i = l 

m, 

where x is rhe estimate of the v' state of X and the w ,'s are individual weights 
V -vi 

in the 3 X t W matrix. The F equation (constraint of unbiased estimation) has the 

form 

F 
■«-v I 

i=l 

-i + a+l 
w H0 - H 

vi — —v 
(A. 2) 

= W M-H = 0 
-v- -v 

(A. 2)' 

where F is a 1 x 3 row vector, the H 's are 
-v -v 

H = [ 1 0 0] , H2 = [0 1 0], H3=[0 0 1], 
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and W is a 1 X r row vector of weirfits. In Sec. 2, W. was the i column of the 
—V th -i 

W matrix; here, is the v row of the same matrix. 

The criteria of optimality for the filter are minimum variance in each state and 

unbiased estimates. The minimization occurs only on the diagonal of 2. ’Each of the 

three diagonal terms has the form 

<r^ = E j[x^(n-a) - H^X(n-a)] (x^(n-a)-H^n-a)]'J (A. 3) 

= E[D D'] + E[S S'] + E[T T'] 
—v—v -v-v V V 

D 
-V 

cv(n+ 1 - i) 

a a 

S = ) w . / H 0 i+^B u(nfl-k) 
-V Li V\ Lu-- 

i= 1 k = i 

a i - 1 

= ^ w^. ^ H0 u(nf 1-k) 

i=o&2 k=a+l 

(A. 3)' 

The first term of <r is obviously 
vv 

E cv(n+l-i) v(nfl-i) cw 
VI 

(A. 4) 

= W c2 W' = W QW' 
—v —v —v —V 

because of the independence of the v process. The second and third terms are not 

quite so obvious. First, write out a few terms in the summation of the second term 
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ff -1 
Sy = Wyj HB u(n) + Wyj HflBu (n-1) + • • • + B u(n+l-of) 

(X 2 
+ w -HBu(n-l)+••• +w _H0 Bu(n+1-Q!) 

v2~~ V ~ (A.5) 

+ • • • + Wya HB u(irfl -oí) 

then rearrange and take expected values, 

6(¾¾} = Iw^H] R(wvlH)' + (w^HÍ + v^HJ R[+ ' 

(A. 6) 

+ • • • + ...+ R|■ ' + »„a S' 

= W N.W -v-l-v 

N j = j jj) í ~ 1» • • • » T, j 

a-1 

■ly= ‘ 

k»/3 

0 

H0 
-j+kN if i < a + 1, j < or + 1 

if i ^ a + 1, j — of + 1 

where ß is the larger of i and j. Likewise for the third term in <r 

(A. 7) 

vv 

T, " "„,a+2Üî'12tt<”-a> + \.a+3âS’22u(n-“) 

• 1 -T i Q* t 1 
+ w OH0 u(n-a-l) + * • • + w H0 B u(n-oi) 

v, oh-3— - v, t— - 
(A. 8) 

+ • • • + w H0 u(itf2-a) 
v,t-- — 

Regrouping and taking expected values, 
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-T+a+l. -rWr+L, 
EfívlJ = [\,a+2tl2 ^ Tü* I 

+ [\,a+3!íí' 1+- + \,.Ht’7*“'2J THi-^V 

+ -- + IW Hí’^RIw H*"1)' 
1 V, T-- - V'T-Z" 

(A. 9) 

= W N.W' 
-y -2 -V 

N2 - ^n2ij^ i = 1, ...» T, j 1» • • • » T 

/ 

0 if i « a + l, j « a + 1 

k=a+l 

R if i >a + 1, j >a + 1 

> 

) (A. 10) 

/ 

where y is the smaller of i and j. The three terms are put together readily 

2 
a = w Qw' + w N,w' + w N.w' 

vv v V v-1 1/ V—2 1/ 
(A. 11) 

= W NW' 
-V —V 

where N is the same matrix defined in Eq. (2. 13). 
— 2 
In the following minimization of cr^, the diagonal terms in 2 , the choice of 

Q and the symmetry inherent in the formulation has caused the minimization of the 

entire 2 matrix. Using three 3-vector Lagrangian multipliers, define 

L 
-V 

a2 + 2 F \ 
VV —V V 

(A. 12) 

13 



Defining a matrix of partial derivatives on as being 

Then 

3L 

8L V 

3L 
—i 

aw 

! aL 
_v_ 
3w 

VT 

, 9L 1 V 
2 aw 

NW' + MX -v-v 0 

(A. 13) 

(A. 14) 

Eliminating X^ between Eqs. (A. 2)' and (A. 14) yields 

W = H (M'N ¡M)^M'N 1 = H ZM'N'1 (A. 15) 

a2 = H (M' N ¡M) 1 H' = H 2 H' 
vv -v — - — -v -v-V 

It is obvious that the vector is serving to pick out a particular row of weights and 

a particular element in the diagonal of . Therefore, the complete covariance matrix 

2 and weight matrix W are those given in Eqs. (2.14) and (2.15). 

The preceding proof is self contained. However, the theory available in the 

literature can be used to obtain the same answers. One example is the theory of Ref. 7 
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or Ref. 9 which is directly applicable to the model of Eq. (2.1) and (2.2). Another 

example is to consider r observations, z(l),... ,z(t) as elements of a single 1 x r 

column vector observation, Z. Let X(t-oi) denote the column vector state of the signal 

which is to be estimated from the r observations. Then, algebraic manipulations 

gives, 

Z = MX(t-qí) + W 

where M is a 3 by r matrix of Eq. (2.7) and W is a zero mean, r-dimensional 

random vector with covariance matrix N. The formulas for linear regression 

analysis of Refs. 5 and 6 then give Eqs. (2.14) and (2.15) directly. 
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Fig. 1 Normalized variance in position versus filter length, 
smoothing filters. 



Fig. 2 Normalized variance in velocity versus filter length, 

smoothing filters. 



Fig. 3 Normalized variance in acceleration versus filter 
length, smoothing filters. 
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Fig. 4 Smoothing filter transfer function magnitude versus 

normalized frequency, r = 25. 
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Fig. 5 Midpoint, position filter transfer function magnitude 
versus normalized frequency, T = 25. 
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Fig. 6 Normalized variance in position versus p T = 25, prediction, 

smoothing, and midpoint filters. 



Fig. 7 Normalized variance in velocity versus p r = 25, prediction, 
smoothing, and midpoint filters. 



Fig. 8 Normalized variance in acceleration versus p T = 25, 
prediction, smoothing, and midpoint filters. 



Fig. 9 Smoothing position filter versus i r = 25. 
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Fig. 10 Smoothing velocity filter versus i r =25. 
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