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ABSTRACT 

The Dirichlet problem for the non-linear elliptic partial differential 

pnnnt.i nn 

a(x,y,u(x,y))u)xx + c(x,y,u(x,y))u,  - ?(x,y,u(x,y))u = 0 

na     c+nr^-iorl T+"     nc    QC cnrnor}     +1134"     +1-10    nnoff l f1! pn + c     Q-yo     afri r*f lif    nnci+iifo    o-nr) 

Lipschitz in the argument u(x,y).  It is then proved that the solution may be 

uniformly approximated by the solution to the associated difference equation 

provided that a certain ineaualitv. relating bounds on the coefficients, is 



mi--?—      -_        _-U..J-f „       .3 -i -P-C1 „—. ~ —      ™ —4- T~^ J      -Ps^^.      ,-,      v^/\v>      "1  -i  v-\ .-»r* -*.      ^"11-1-^4--$^      T-\ o-v. 4- n  n 1 1T11S   paper    bUUUies    a.   mneiciicc   uicoiiuu.   iur   a,   uuu-nucai    ciinii/ii.   pen uxaj. 

differential equation of the form 

a(x,y,u(x,y))u,  + c(x,y,u(x,y))u,  - /(x,y,u(x,y))u » 0      (l) 

where (x,y) belongs to the open unit square ti,  u(x,y) = 0(x,y) for (x,y) on 

the boundary,, $0.,   of 0,  and a, c, y  are Lipschitz functions of the arguments 

x,y, and u(x,y). The constant K will denote the maximum of the Lipschitz 

constants associated with a.,   c and 7. 

We shall assume that there exist positive constanos i\    anu. m SUCH uuSu o 

K    ~>  afx-v-ufx-v)) •> m ■> 0. 

K^ > c(x,y,u(x,y)) > m > 0, 
\j — s= 

and 

V -^        ~tv      -,r      ■,,{■>,      T-'N   \      -^       ™     ~>        n 
"O     —      '   VA'J'   >LA,'A>J'   >   >      d.     1U     ^       W" 

Place a square grid on fi.  The lattice points are expressible in the form 

(mh,nh) with m and n running through a set of integers and with h denoting the 

m<=«h S17.P.  T.et P. = ('■sc.vl he a lattice noint.  The neighbors of P.. denoted „ .^        v..,„ , __ ^       ... ___ w      -  -1,  .-._ ._ 

by P.  (v = 1, ... , h),   are the points of the form (x+h,y), (x-h,y), (x,y+h), 

(x,y-h).  Let Q    consist of those lattice points for which all of their neigh- 

bors are in 0..  Let 3fi. denote the boundary of £L .  We place a lexicographic — ------ -h -   - n    - - - 
order on the points of jl and denote these points by P. , ... ,   P„.  The points 

of 2Q    are denoted by P  , ... , P^.  For a function f(x,y), defined on Q  , 

we denote by f, the value of f at P..  For any M-dimensional vector |, the 

^-iir-;^-t--i4-Tr      1    I   S   !    1       si £-\v\ /-\ 4- a t~<      4-\i t?\     ■mn "vr       It        I       ^\~v*    m QV      It "P r>-v*     t       o     ^mrif nv     /~\-v»     Q     mof ■yi v 
l^LLCLU UJ. UJ 5 U.C11U UCD        L/llC     UIOU-L.       I   9  •    j        *~'-1-       lUCfcA       I   5   •     •   j        -1- ^J-       5      «•      v ^*- "-»WJ.       v-»J.       CA     lliO, ux  -L-rt. • 

i   1    i,j  1J 

In 51 a maximum principle is proved following the methods in Bers  [lj. 

Existence and uniqueness of a solution of the difference equation associated 

with (l) is proved in § 2  under a certain assumption governing the domain of 

dependence of the coefficients a, b and 7 upon the solution function U\x,y/. 

In $3  convergence of the solution of the difference equation to the solution 

of the differential equation is proved.  The condition imposed on the coeffi- 
^. -S   .-.v-,4-  ~ nr-^nnw^iv!^       4-V, <^        A Z^TYIO A   -r*        /-N -P        A  ^T-*/=I^ A r^-r, m± -,'    ^        -*, Qm /-N T T Q A        -T  v^      <J   li        KIT       ^^-PTV^TV^^-       *-, 

new sequence of problems which satisfy the condition and which converge to the 

orginal problem. 

He applies these methods to equations whose leading coefficient does not 
depend on the solution. 
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§1.  A Maximum Principle 

T Q+, t   — (t    \   >ie> «"""■ M.fnnmnnpnt. vpnt.nr.  A difference ODerator over .Q. 
"""   5   \sk/ J r - -*■       --— "ft 

corresponding to (l), is ([2], p. 190) 

T    r»    .   IT   i   _   i~~^  1      o! a      _L  ~   "m     _i_   Q   /"TT       J.  TT     ^   J.  /O   fix       j.  Ti     ^ r _   -v   TT        M    l ^ 

^h16!'   uiJ  "  ll       l"  "v"i T "i;ui T "iv"ll   '   "13'   *   ^iv"i2   '   vlk'J   "   'iwi     v^' 

where the arguments of the coefficients a.,c, and 7 are (x.,y.,|.). 

ik 
Let the matrix L(^) = (i (0) ~e defined such that the (i^k)-th entry is 

the coefficient of U, when L, [L: U. ] is evaluated at the i-th point of the 
k      hLbi  1 

mesh.  The matrix - L(|) is monotone ([3]> P» 4-5) and hence its determinant, 

Ap+.(T.(t)\ .   is nnn-7.ero. 

We now state the maximum principle. 

Theo^eir i ■  T.pf. rT = (11 TI .TI    TI )  be anv M-comr>onent vector.  Then 
——    ' —               v   1''  N'"N+1' '~W " ■*■  """ 

 .     I IT    I       ^   n        „,„„     IT      re      .     TT    1      I       1     ™m-o-     I     TT I (-\     0\ 
IUOX    |ui|   <.  o1  m^A    lij

hL5iJ    ^j    I    T •"%*■   I    uj    I \±"-J 

where i = 1, ...,N, j = N+i,...,M, and C is a constant independent of | and U. 

L,Je,; iU - o . n--i"  i" 

2 
Tf RsPfnxrlxhv thpn 

* , 
11.   .     V      2*    U. (1.3) v"i   -   ~i'   '   "    'i     '   J  "i ^       BjL       "iv 

v = x 

in 1H X 

> . _   =  \.. _ = a. 
'"11       "13      "I 

QIUCC   A,.       p-   u^ k—xj • • • f *+ /    ouii   vy      ^. / ^a       s.      •*■       f 
lv i    Ls       B<     i 

T   v   =   1 * T 

I    «r niRx Til  _ II. . ) for II.  ->  0 

i      'S 
I ^ !_ /TT TT ^ -£» „  TT ^     f\ 
L<^ nun 1 u..,..., u. 1 ; iui' u.   ^u 

—                   ll                 14 1   — 

The equality in (1.4) holds only if U  = Ü., , for i = 1,2,3, and 7.Ü. = 0. 



Hence, 

min (O, min U) < U. < max (0, max U) (1-5) 

(1.6) 

aa an, h h 

for i = 1,..., N. 

Consider the case, 

Lh[li; Ui] = ki        i = 1,..., N. 

U. = v. j = N  + 1,..., M. 
J   J 

Using the definition of L we have that 

N M 

y LIS(I)US = k. + y    alJ^)vj (i = i>--> N)    (J-T) 
s = I j =~Tf + l 

where a(0 = (a (0) is defined in the following way: a    (?) is the coeffi- 

cient of the jth boundary point when we consider L [£_.; U. ]. Note that a(%) 

is rectangular, singular and the arguments are the coefficients a(x,y,?), 

c(x,y,?), and /(x,y,?) evaluated at interior points of the mesh. 

Letting U - (l^,..., UN) , K = (k^,..., i^) and v = (vK+1,... ,vM)
x, 

where the superscript T denotes the transpose, gives 

L(|)U = K + a(|)v . 

Since L  (|) exists, we have 

u= L
_1

(0 K - L'\Oo(Oy 

or, for i = i,..., N, 

N M        N 

. = y Gis(i)ks + y    (Y rföa'^))^ , TT 

s = l        j =Ti + l £ = i (1.8) 

where G(|) = L_J"(|). 



If 

N 

1   V5/ 

i =  i 

then 

max lul < C,(fi) max |L^[|; U] | + C0(|)^max |u| 
■ ■ -  j.--  ^  ■ u-- -  df k0h 

(1-9) 

where 

r.  (tl 

N 

max  V   lGiS(E)l 

M 

C?(|)=max    )      jpJU) 

j^N + 1 
i«. . 

In order to prove that Cp(|) < 1, it will be shown thatp"~(|) and 

V"1 ii,   .   _  .,„,-,„ 
\ p~wU)  lie in tne interval  [u,   ij  ior any g. 

j = V+ I" 

Let U be a solution of the equation 

T re • it l = n i = !-,,,,,   N, 

witn 

r = fi   (Kronecker &)    .1 = N + 1 M. 

Then U. -f'-'d) and by (1.5) 

0 < U. < 1 
— 1 — 

i = 1,..., N. 



~-£»  -l-l_ , Let U be a solution or urie equation 

L- TP . : U. 1 = 0 
ht3i' ~iJ 

i  w 
— ? • * •}  ■" 

i+.Vi 

V. = 1 
J 

.1 = N + 1. 
- ?   -   '   '  7 

Ms 

Then 

and by (1.5) 

u. = 

M 
.1.1, 

j = N + 1 

n *- TT ^-n ^ -x ^> .  "N, J- • 

We will now obtain a bound for C,(|). 

Let 

V(x,y) = e 
mc 

r,_    .. -1 
wnere a = (K + l)m 

1/2 
and fi is assumed to lie in the strip 0 < x < 1. 

Then 

a 
u < v < e 

anri 

Kit*'»  V,] > eax[2a..a2 - 7, 1 > 1. 
11  J.    x  — 1       ■ 1 - — 

,1S 
Observing that G  (g) < 0. since -Lf?) is monotone. (,.R,   g-r- 

N 

V 
L 

s = 1 

r *.      _   Tr  T 

M 

j = N + 1 

Q 



Hence, for all | 

N max V 

^   '   • -" - nun i^TJi v j - hL 
S = x uh 

$2.     Existence and Uniqueness 

It has been shown that any solution U of the equation 

Lh[|.; TLJ = 0 (2.1) 

must satisfy the inequality 

max | u.  < max | v . | \ d. c.) 
i   1 ~  j   J 

where i = 1,..., N, v. - 0(P.), and j = N + 1,..., M. By [1] there exists a 

unique solution U to (2.1) for any given |. Hence to every M-vector | there 

corresponds a unique solution U. The dependence of U on | will be denoted by 

U = *(|) . (2.3) 

The relation $ is a function satisfying (2.2).  By (1.8) the function <j> is 

continuous and, by Theorem 1, can be restricted to the N-dimensional sphere of 

radius max ' "*r ' - 
' """" j* ' 'j' ' 

We are seeking a fixed-point solution of (2.1) i.e. solutions U for which 

U = $(U).  Application of Brouwer's Fixed-point Theorem ([k],  p. 357) assures 

the existence of at least one such fixed-point of (2.3). 

Before proceeding with a uniqueness proof the following assumption con- 

cerning our differential equation will be made:  Condition A. There exists a 

set n1 such that fi1 and its closure are proper subsets of Q  and in 0 - Q1 the 

coefficients a,  b and 7 do not depend on the function u. 

Theorem 2:  Let a(x,y,u), b(x,y5u) and 7(x^y,u) be Lipschitz functions of their 

arguments (x,y,u).  Let h be so small that K„ satisfies ?OKpm  < (5N C ) 

where Kg = max {KQ, K ), and C = max £ |[ a ||J || v ||}. Then there exists 

at most one fixed-point solution. 

10 



Proof: Assume there are two fixed-point solutions, say V and W.  Then (1.8) 

gives 

|v. - w.| . |*(v) - *(w) 

M        N 

j=W+i  i = 1 

M       N 

< ||a||-||v||    V      V  | GU(V) - 0ii(W) 

j =T+l  i = l 

where the last inequality follows in virtue of Condition A. 

Since G is the inverse of the matrix L, one has 

GiS(V) = LSi(V) •  [detfKV)]]"1 

where L ^V) is the (s,i) - cofactor of L(V). 

Then 

|G  (VJ " G  (W)| " I det[L(V)j 7 det[L(w)]   I 

< m"*"   ■   (lOKg)" ( |LSi(V) - LÖX(W)| + |det[L(V)] - det[L(W)] | }  , 

by virtue of ([5], p. 70) 

N 
|detrL(e)ll >  TI   y.(t)  > mN -     -_ i = 1    . x.,, ._ 

IdettL(l)] j < (lOKo)N 

for any |.  Now L (|) consists of sums and sums of products of Li"nschitz 

|LSl(V) - LSl(W)| < (N - 1)5N" V1! IV " W| I  • (2.6) 

11 



Similarly, 

Iji-ifT/TiM j-4.fr ^.iM     I     ^   MC-"V" I  I IT T.T I  I / o   r, 's 

Substituting (2.5), (2.6) and (2.7) into (2.1+) yields 

JV. - Wj < (M - N - l)N5C^(50K2m
=2)Nj |V - WJ | . (2.8) 

If N is chosen sufficiently large, then the coefficient of ||V - W|| in (2.8) 

remains less than one and we have the contradiction 

||v - w|| < ||v - w||. 

Remark:  This proof shows that the mapping $ is a Lipschitz function with 

Lipschitz constant less than 1. 

$ 3.    Convergence 

Theorem 3:     If the hypotheses of Theorem 2 are satisfied, the fixed-point 

solution of the difference enuatlon ^1«1' converges uniform!"' to the solution 

of the partial differential equation (1). 

Proof: Assume the solution u is completely known.  Let WViJ; be the solution 

of the difference equation 

„ n    W(P) ^ ~ n    U(P) _ -v U(P) _ n t*  i\ 
1 h,xx 1     1 h,yy 111 ' 

witn 

a = a(x- -v. .  W^"1) ) 

<~ .  — v- V A. , J . ,     n .        /   , 
1 11    1 

„(D-1) v 
7i = nxi>yi> wi~  ' >    > 

\(V= u.  ,  j = N + 1, , M, and 
J    J 
1 ~\ 

urj= u.  ; 

here D,   U., etc. are used to denote the coefficients of a., etc. in (l.l) 
h,xx i' 1 ' 

12 



From  (3.1)  and  (1.8) we have 

|w(p) _ W(P-I)|  =  1       V r-iiJ       w   _i—»iJ 

_(p-l)  _ „(p-2) < C,   •   I|WV^     '   - W 

where C, = 5N C (50KJI" ) and P1J   corresponds to the n-th equation in 5     0^0       1 (       ^ 
\ — — / 

(3-l)- From [1] we conclude that 

||w(p) -W^M ^cf1  • €(h) (3.3) 

where e(h) -» 0 as h -»0.  Hence, the sequence J W^ 1 is a Cauchy sequence and 
(h) *■    J 

has a limit which we call Vv '. This limit is a fixed-point solution of our 

difference equation. 

Repeated application of (3«3) yields 

I |w<p) -w(o)|| <c.(P) . e(h) (3.M 

where C, (p) =    >   C^.  By hypothesis we have that C. (v>)  is unifnrmlv 
H /     j 4^ '  '"  "  " " 

j  = 1 

bounded in p and consequently we obtain the sought inequality 

Mv(h) - U|| <C • €(h) (3.5) 

where C = lim C, (p) 
p—>oo  ^ 

§ k.    Removal of Condition A 

In |2 a condition governing the domain of non-linearity of the coefficients 

was introduced.  Here it shall be shown how this condition may be removed. 

Let fie = {(1 - s)x,(l - e)y:   (x,y) efi} with e > 0. Then fie and its closure 

are proper subsets of n.  Let fi  be extended, in a continuously differentiable 

way, into the exterior of Q. 

13 



Let a new problem be posed as follows: 

Find a solution, over Q,   of the equation 

ae(x,y,u)uYY + c
fe(x,y,u)u  - 7fc(x,y,u)u = 0 , (k.l) 

■—"■ JJ 

with u = *4(x,y) for (x,y) c3fi-  Here 

a(x,y,u(^-^ , T-^-T)) for (x,y) en
€ 

//  x        y  v \ „   /   \     _e 
Lalxj,^^     , ± 

r_     ))  ror ^x,yj £S2 - ir 

and cfc, 7fe are defined analogously. 

Clearly a',  c~,  and 7 are Lipschitz functions of their arguments (x,y,u) 

and as e -»0 these coefficients converge uniformly to a(x,y,u), c(x,y,u) and 

y(x.y.u). respectively.  Hence the solutions to (U.l) will converge uniformly 
-*- ~       4-1 ~ -."1  ,,-r--!   ~~       ^.-P       (  ~\        1    \       « r~       _ ^    C\       I   t £~\       T> 1   CO       *~.-r*A        Mil       -r^ ^("^7  *1 
OU    one    buiui/iuji   ui     ^ -L • A. /    ao    6    —» w    V.L'-'J    f •    -O^-   cu_iu.    L ** J    P •    S7 I ^ • 

From §5 there is a uniform approximation, IT, to the differential equation 
 j.-^- o._  ..£/.. ,.\   ,•   „ correspuiiaxng   ou  u  \x-,y)   x.c. 

JU*   - uG|  < k(e,h) 

where h is the mesh size, e > h, k(e,h) -> 0 as In 0 and IT is the solution 

of the e-difference equation.  Also, for the solution u of (l.l), 

|ue - u| < lU) 

where i(e) -»0. Hence, 

I TT€ „I      ,   1./.    i,^     ,     n( _ \ I U      -    uj   ^  iv\eJn;    T   i\tj    . 

The following is therefore proved: 

ineorem   m      ±1    one   nypuoneöeü   ui    incui'uii  c   eu.-c   MUbiicu,    J.J.   e   <?   ii   emu.   S   —» w, 

then there  exists  a solution of  the difference equation which converges 

uniformlv to the solution of the differential equation. 

..■ 'sk* 40UA v J ■   f* L    £1 tJUjd/l^U 
GREGOtik TSJ McALLISTER 
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