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PREFACE 

Part of the Project RAND research program consists 

of basic supporting studies In mathematics. The 

mathematical research presented here concerns control 

theory and In particular the relation between optimal 

policies for control over a finite and Infinite time 

Interval. 
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SUMMARY 

The purpose of this paper is to describe some 

general problems concerning the asymptotic behavior of 

control processes as the time—interval becomes infinite, 

to present some partial results in the general case, and 

to provide a detailed analysis of a one-dimensional 

control process. 
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ASYMPTOTIC CONTROL THEORY 

by 
1 2 Richard Bellman and Richard Bucy 

1.  INTRODUCTION. 

In recent years the mathematical theory of control 

has received an increasing amount of attention. New 

theories have been developed and older theories have been 

refined and extended [1,2,3*^*5*61. 

In this paper, we wish to initiate discussion of a 

problem in the calculus of variations which has not had 

the attention due it in the classical literature. The 

problem is concerned with the asymptotic behavior of the 

solution of a variational problem as the time interval 

becomes infinite. From the standpoint of control theory, 

and more generally from the standpoint of dynamic program- 

ming, this is a very natural type of behavior to study. 

In many significant cases, the "steady—state" policy is 

simpler conceptually, analytically and computationally. 

We shall consider the minimization of the functional 

(1.1)    J(u) = ?/  (u2 + L(x))dt 

This research is sponsored by the United States Air Force 
under Project RAND—Contract No. AF 49(638)-700. 

(l) RAND Corporation, Santa Monica, California. 

(2)  Consultant RAND Corporation, currently at RIAS, 
Baltimore, Maryland. 
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over all functions u where 

(1.2) x » f(x) + u, x(0) = c. 

Let V(c,T) « mln J(u). For finite and sufficiently 
u 

small T the classical calculus of variations, or 

dynamic programming applies, under certain reasonable 

assumptions on L and f.  We shall be Interested, 

however. In the following questions: 

(1) When does the problem for Infinite T make 

sense? 

(2) When it does, are the optimal motions and 

policies for finite T the limits of the 

corresponding optimal motions and policies 

for finite T? 

(3) What Is the effect of using steady—state 

optimal policy for the finite problem? 

This Is an example of what we mean by asymptotic control 

theory. 
2  1 4 For example. If f = 0 and L = x + 73- x  the 

problem Is that of minimizing the functional 

_ m 

(1.3) J(u) -j      [i2 + x2 +|x4ldt 
0 

over all C  curves for which x(0) - c. The Euler 

equation Is 

(1.4) x - x - x3 = 0, 
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subject to the two-point boundary conditions 

(1.5) x(0) - c, x(T) - 0. 

Establishing the existence and uniqueness of 

solutions of (l.H) and determining the asymptotic 

behavior as T -* oo  Is analogous to the classical 

problem of Polncare—lyapunov [ 5^ * but materially more 

difficult because of the two-point boundary—value 

condition. 

We shall first, using quite general arguments, show 

that V(T,c) Is monotone Increasing as a function of T, 

and unlfomly bounded under mild restrictions concerning 

L(x). Taking advantage of the fact that the Euler 

equation possesses a first integral, we can analyze the 

behavior of the solution in detail as T -♦ oo. 

This analysis shows that the formal asymptotic 

series obtained from the partial differential equation 

(1.6)    V™ - min [i (u2 + L(x)) + Vv(ax + u)], 1   u  ^ x 

an equation derived from dynamic programming considerations 

which yields the Hamilton—Jacobi equation relevant to the 

variatlonal problem when f(x) ■» ax([ll and [l2l), is an 

actual asymptotic series for V(c,T). This corresponds 

to the result easily derived in the case where the 

Integrand in (1.1) is merely quadratic in x and u. 
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In the concluding section, we shall mention some 

open and apparently quite difficult questions In connection 

with asymptotic behavior and give some references to 

analogous results obtained for dynamic programming 

processes by Kaiman and Bucy [ 6], Beckwlth ij],  Iglehart 

[ 8] , Prelmer 19I, and Bellman [ lol. 

2.  MONOTONICITY AND BOUNDEDNESS. 

Let us introduce the function 

(2.1)    V(c,T) » mln J(u), 
u 

(with the assumption that f(x) = ax). Let x(t,T)1 

u(t,T) represent the functions that furnish the minimum 

of J(u) under the assumption that L(x) Is a nonnegative 

entire function of x. In most processes of Interest 

L(x) Is a polynomial In x. 

Since 

T 
(2.2)     V(c,T + A) » J   + J 

0 T 

U  0    1 

%  V(c,T) +f 
T+A 

T 

we see that V(c,T)  Is monotone Increasing In T. 

To show uniform boundedness In T,  for fixed c, 

let us choose an appropriate control policy, say 

1 



(2.3) u « 0     when a < 0, 

u = — 2ax when a > 0, 

u = — x   when a = 0. 

In each case, we see that u = ce    with b positive. 

Hence, 

(2.4) J(u) «J  [0(e~2bt) + Hce**)]^. 
0 

Under the assxanptlon that L(x) » 0(x) as x -» 0, the 

integral is uniformly bounded as T -♦ oo . 

Having established boundedness and monotonicity as 

T -♦ a>, we can assert convergence, 

(2.5) V(c,T) -» V(c) 

as T -► oo. 

It is not settled, however, whether or not the 

states X(t,T) and the policies u(t,T) converge as 

T -» oo . The foregoing argument extends to quite general 

situations, but leaves unanswered the interesting and 

important questions concerning the convergence of 

policies. 

3.  DETAILED ANALYSIS. 

We will be interested in an explicit solution to 

the partial differential equation 



(3.1) V
T * I L(c) + acVc - | Vc2 

subject to the boundary conditions 

(3.2) V(T,c)|Tss0 =0,   a < 0, 

V(T,c)|T=0 - ac
2, a > 0. 

As Is well known ([l2]) existence of a sufficiently 

smooth solution to (3*1) Is a sufficient condition for 

the varlatlonal problem (1.1) to have a solution. The 

equation of (3.1) Is (1.6) with the minimization carried 

out. 

It will be assumed that L satisfies the following 

conditions: 

(3.3) (1) L Is even, and positive, 

(2) L and L  are continuous and Increasing 

for positive x, 

(3) L(x) - 0(|x|) as |x| -0, 

(4) L Is analytic. 

Now the Cauchy—Kowalewskl theorem Implies (3*1) has a 

unique local analytic solution ([ill). 

With the aim of solving (3.1) we Introduce the 

function y(c,T) which corresponds physically to the 

final state of the controlled system along an optimal 

trajectory Initiating at (c,0)  and ending at (y,T). 

The following lemma shows that y Is well defined for 
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2   4 c > 0. The case c < 0 Is similar. When L(c)=c +c, 

y will be defined by an elliptical Integral of the first 

kind. 

Lemma 1.  Suppose c > 0, and assvime conditions (3.3) 

are fulfilled, then for every K, oo > K > 0, there 

exists a unique 0 < y ^ c such that 

(3.4)    I(y) =/ ^ K. 

y  >/a2x2 + L(x) - L(y) 

Proof. Since It Is clearly continuous« elementary 

bovindlng of I(y) shows It takes on all finite positive 

values as y ranges over (0,c] . To show uniqueness 

assume for some finite positive K that there exist 

y1 and yg, y1 > 0 > y2 > 0 where both satisfy (3.4), 

then 

(3.5)   / dx 

y!  ^a2x2 + L(x) - L(y1) 

-/ 
dx 

y2  ya
2x2 + L(x) - L(y2) 

But (3.5) Implies 
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(3.6) / 
c-A dx 

y2        ^a2(x + A)2 + L(x + A) - Liy^ 

I 
c—A dx 

^a2x2 + L(x) - L(Z) 

where    A = y^, — y« > 0.     It suffices to show (3.7)  to 

contradict  (3«6): 

(3.7) 2a2xA + a2A2 > L(x) - L(x + A) + L(y1) - L(y2). 

Consider the right-hand side of (3.7) for x > y^ The 

mean value theorem gives 

L(x + A) - L(x) = Lx((p)A ^ Lx(y1)A, 

<P e (x,x + A), 

L(y1) - L(y2) = Lx(e)A ^ Lx(y1)A, 

6 € (y2,y1), 

and for these x (3.7) Is satisfied. Then for 

y2 < x < y1 

L(x + A) - L(y1) = Lx(ö)(x - y2) ^ Lx(y1)(x - y2), 

L(x) - L(y2) = Lx(7)(x - y2) ^ Lx(x)(x - y2) 

^ Lx^yl^x ~ y2^ 

and (3.7) Is satisfied for all x e (y2,c — A). 
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A closer examination of the previous lemma shows 

I(y) decreases strictly as y Increases through (0,c] 

and hence ö/Sy l(y) < 0.  Defining y(c,T) as that 

value of y which satisfies 

(3.8)   /C      g 
y  \la2x2 + L(x) - L(y) 

- T, 

It Is easy to see by the Implicit function theorem that 

y Is C  In c and T on (0,cl x [o,oo).  Further, 

y Is analytic! The following lemma characterizes the 

behavior of y as T tends to Infinity. 

Lemma 2. Under the assumptions (3«3) and a ^ 0, 

y defined by (3.8) tends exponentially to zero as T -> oo 

Proof. 

0<T./ dx 

y  \la2x2 + L(x) - L(y) 

^ T C _dx. ^ ^_ in £ 
'I      lalx  |a|   y 

or 

- a T 0 g y ^ ce 

Now we will characterize the solution of (3.1) 

subject to (3.2). 
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*   Theorem 1. Equation (3.1) has the following analytic 

solutions In the regions c > 0 and c < 0 under 

assumptions (3.3). For a < 0 

(3.9) V(T,c) 

J ~ a« + N/a2e2+L(0-L(y)dC + T ^i-, c > 0, 
y 

0, c « 0 

/ C a« - Vaii4ii+L(€)-L(y)de + T Hft,  c < 0, 

Mille for a > 0 

f "  a4 + \la2e2+L(4)-L(y)d4 + T ^- + ay2, c > 0, 

(3.10) V(T,c) » < 0, c = 0, 

c 
/ ' a4 - \/a2e2+L($)-L(y)de + T ^- + ay2, c < 0, 

where y satisfies 

f 
y  Va2«2 + L(T) -L(y) 

-/ 
d§ 

y  \ia242 + L(0 - L(y) 

■ T for c > 0, 

T,  c < 0, 

*Replacing &i    and (ai)2    by f(0 and f(4)2 

with f continuous and ay  by 2 /y f(0<U, provides 
0       12 

a solution to the equation VT « L + Vxf (x) - J ^ 
which is local unless y is defined for all T.  Further 
Haar's uniqueness theorem (I13I) is applicable and implies 
(3.9) for c > 0 is the unique C  solution of (3.1). 
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and    y    Is the same sign as    c.    Further, 

(3.11)        V(oo,c) - lim    V(T,c) - /      a| + ^a2^2 + L{i)di, c > 0, 
1-400 

V(oo,c) - 11m    V fT,c)  = ac + ^c2 + L(c), c  > 0, 
T-too 

and the corresponding formulae for    c < 0    and    c = 0. 

Finally,  the optimum control law Is 

(3.12) u0(t)  = - ax(t) - sgn x(t)   ^^(t)2 + L(x(t)) - L(y) 

Proof.  (3.9) and (3.10) follow from Lemma 1 and 

direct substitution.  (3.11) follows since for fixed c, 

V (c,T)  are monotone in T and uniformly bounded while 

the explicit form follows from Lemma 2, (3.3) (3) and the 

dominated convergence theorem.  (3.12) is Just the 

principle of optimallty. 

Corollary 1. Under the previous assumptions, the 

value of the T—infinite case V(oo,c)  satisfies 

* L + Vcac - I Vc
2 - 0 

Just (3.1) with VT = 0. 

4.  ASYMPTOTIC BEHAVIOR. 

As mentioned above, the principle of optimallty 

yields the partial differential equation 

(4.1)    VT - I 
L(c) + acVc - I vc2- 
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■" ■ '■ ■ '■■ ■" i 

It does not seem possible to obtain the asymptotic 

behavior of V, even fomally, by means of a series 

of the form 

(4.2) V = V0(c) + V^cT) + •••, 

without some additional Information concerning the 

analytic structure of V,, e.g., 

(4.3) V1(c,T) = V1(c)u1(T). 

Here Vr.(c) = 11m V(c,T). u      T-K» 
We can, however, obtain an Interesting bound for 

V(c,oo)— V(c,T) in the following fashion. Consider 

the expression 

(4.4) V(c,oo) - rain /  [x2 + u2 + L(x)]dt. 
u %> 0 

Let u(t,T), x(t,T) denote the minimizing set of 

functions for the interval [O,T]. Then, it is clear 

that 

(4.5) V(C,QO) ^ J  [u(t,T)2 + x(t,T)2 + L(x(t,T))]dt 
0 

+J   [ ••• ]dt. 

vrtiere In the second integral our choice of u and x 

are constrained only by the condition x(T) = x(T,T). 

Write x(T,T) » x(c,T), the state of the system at 
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tlme T starting in state c at time 0 associated 

with the finite varlatlonal process over [O,T]. Then 

(^•5) yields the Inequality 

(4.6)    V(c,oo) ^ V(c,T) + V(x(c,T),oo). 

Hence, we can obtain an estimate of the difference 

between V(c,co ) and V(c,T) If we obtain an estimate 

for x(c,T) as T -► oo . 

Observe that the estimate for V(c,oo) Is readily 

obtained by using a convenient approximate policy of the 

type described In Sec. 2. 

The estimate for x(c,T) Is not readily obtained 

In general.  Let us Indicate how elementary arguments 

yield the result for the problem of minimizing 

(4.7)    J(x) -J,T [x2 + x2 + x4] dt 

where x(0) = c. 

It is clear from the form of the integrand that if 

c > 0, then x is monotone decreasing. For, if as 

indicated below, x reached a turning point and started 

to Increase, we could replace it by the dotted curve, 

obtaining obviously a smaller value of the integral: 
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The Euler equation Is 

(^.8) x — x — 2x:i  « 0,  x(0) - c, x(T) m  o. 

If x decreases monotonically, the limit raust be zero 

as T -» oo. From the Polncare-Iyapunov theorem, we know 

that all solutions of (4.8) which approach zero as 

t -» oo have an asymptotic expansion of the form 

c^e ^ + Cge"^ " + •••. Using this information in 

conjunction with the preceding results, we readily 

obtain an asymptotic series for V(c,T) as T -♦ oo. 

5.  FURTHER PROBLEMS. 

The technique we have used here to obtain the 

asymptotic behavior of the state variables and the control 

variable is quite special and does not extend to the 

multidimensional case, to control processes with 

constraints, to more general control processes Involving 

distributed parameters, to general stochastic control 
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precesses, or to adaptive control processes.  Some 

partial results can be derived, but on the whole there 

appears to be a need for a development of some new 

techniques. 

We feel that it is worthwhile in one case at least 

to show that the expected results actually hold. 

For asymptotic results in dynamic programming for 

processes of quite different nature, see [7*8,9,10]. 
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