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A slot covered by a stratified plasma is assumed to radiate 
into a wide waveguide instead of free space.  The slot admittance 
approximates the free space admittance of the slot•for waveguide 
diameters exceeding 6 to 10 \.  For thick plasma layers the com- 
puted slot admittance checks with earlier admittance calculations 
for a laterally unbounded plasma.  When approximating a plasma 
profile of a typical hypersonic re-entry, a multi-layer plasma 
model in a wide waveguide appears to provide a more accurate slot 
admittance than a single layer approximation in a laterally un- 
bounded geometry. 

17.     INOfXINC,   ANNOTATION 

The admittance is obtained for a rectangular slot antenna 
covered by a stratified plasma approximating a typical re-entry, 
radiating into a wide rectangular waveguide instead of free space J 
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INTO STRATIFIED PLASMA 
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I.    INTRODUCTION 

The admittance of a waveguide or cavity backed slot which radiates into a 

homogeneous isotropic plasma or dielectric layer of a thickness that is larger 

than the wavelength has been recently computed by Gale.js [l].  This paper also 

I contains numerous references to earlier work on related problems.  The formulation 

[1] is rather involved and it is not suited for determining the admittance for 

thin or stratified plasma layers. 

In this latter problem it may be advantageous to invoke geometrical approxi- 

mations and to consider the admittance of a plasma or dielectric covered slot 

which radiates into a wide waveguide instead of free space.  Conn and Flesher [2] 

have discussed radiation from a coaxial line into a waveguide the walls of which 

are removed to infinity, and their results are in agreement with other analyses 

not employing such an artificial boundary [Levine and Papas, 3l•  The .waveguide 

boundary greatly simplifies the admittance calculations for a plasma or dielectric 

covered slot, if it is permissible to use a waveguide of finite diameter. 

Heuristic reasoning suggests that the fields in the vicinity of the slot should 

not be affected by the presence of the waveguide walls if the distance between 

the walls is large enough.  Hence, this method can be expected to yield realistic 

susceptances and also realistic estimates of losses in the plasma layer.  However, 

the radiation fields of the slot will be modified by the waveguide walls.  This 

* model is therefore not suitable for determining radiation patterns of the slot 

and criteria must be developed for establishing the validity of conductance esti- 

mates. Also a large number of terms is required in the field representations for 

large waveguide cross-sections, which makes this approach useful only if a high- 



speed computer is available for the numerical work. 

The specific problem to be considered in this paper is the admittance of 

a rectangular waveguide, excited in its principal mode which radiates into a 

wide waveguide containing layered isotropic plasma of arbitrary parameters. For 

the purposes of this paper the plasma is represented as a lossy dielectric of a 

relative dielectric constant less than unity.  This simple representation is 

valid only in low power applications.  The analytical formulation of the slot 

admittance can be considered as straight forward, and only the principal results 

of the development are summarized in Section II.  Convergence considerations and 

the numerical results' will be discussed in Section III, which contains also a 

detailed comparison with admittance calculations for a laterally unbounded plasma 

layer [1], 

II.    SLOT ADMITTANCE 

2.1  The general formulation 

The waveguide geometry under consideration is depicted in Figure 1. 

A small rectangular waveguide of cross-sectional area x.y. is joined symmetri- 

cally to a larger waveguide of area x y , by a symmetrical aperture of width 2e 

and length 2i .  The smaller guide is excited in the principal (TE ) mode, but the 

change of the waveguide cross-section and the dielectric discontinuities generate 

a large number of TE and TM modes which must be considered in the formulation of 

the slot admittance.  Such calculations have been carried out in Appendix A and 

the following stationary expression for the normalized slot admittance y is 
s 

derived: J 

J 

J 
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E    and E    refer to the aperture fields at  z  = 0 and  ,i   = i  or p. 
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The prime on the double summation (l) designates the omission of its n = 1, 

m = 0 term.  The reflection coefficients of the TE modes R and of the TM 
a 

modes R, depend on the dielectric structure of the larger waveguide. For 

stratified dielectric layers shown in Figure 2 the reflection coefficient R 

(d = a or b) in the region of z. , < z < z. is related to the reflection 
J+l -    -  J 

coefficient R,/ . ,\ of the region z. < z < z. . by the expressions 
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R . is derived by considering the scalar functions (5^) and (55) in two adjacent 

layers and by requiring the tangential field components (56), (57), (59) and 

(60) to be continuous across the interface.  The computations should start with 

j = 1 where R./. -.\  = R,  = 0 in (5) and (6). A series of computations gives 

then R,.,, RJ(_, R_ and finally R, as R or R in (2) and (3). 
dl  d2  dj dp    a    h   v      w/ 

This completes the formal specification of the slot admittance y in 

terms of the electric field components E and E in the aperture at z = 0, and 

it remains to find a compatible set of E and E r  for the aperture. 

In deriving the slot admittance the continuity of the tangential electric 

field components is assured by the definition of mode amplitudes following (65) 

and (66).     The continuity of the magnetic field components H and H is specified 
x    y 

by (68) and (69).  The above equations still apply to the derivation of y as E 
S      JC 

is made very small, and the amplitude of the TE and TM modes of the waveguide may 

f f p \2 f r p \2 
be selected in such a way that (  IE.)    is negligible relative to 1  / /E . 

\ J J   xj/      & J J   yj I 

in (l).  The admittance is now determined by specifying only a single electric 

field component E in the aperture, which is in line with earlier work on radia- 

tion from waveguide backed slots in absence of dielectric discontinuities 

(Lewin [h],   Stevenson [5], Watson [6]). E = 0 has been also used in computations 

for radiation across a dielectric discontinuity from an oil filled guide into 

free space, and the accuracy of such calculations have been checked experimentally 

(Figures k  and 5 of Cohen, Crowley and Levis [7])«  It may be noted that the 

continuity condition of H in (69) leads after multiplication with E and an 
y 0 x 

integration to the terms proportional ( / /E . j in (l).  The continuity of H is 

not required for deriving y with E =0, and it is possible that simple trial 
S X 

functions of the aperture fields which violate the condition of H continuity 

f r r  \2 y 
still lead to nearly correct results of y , if I / (E  ; is equal to zero in 

° 0   \J      "dy 



this approximation.* The problem of non-physical solutions is avoided if a 

neglect of ( / /E . ) is interpreted as E negligible, but non-zero in the 

cases where E = 0 is not a strict solution. The calculations of Section 2.2 

are based on (l) with E negligible relative to E . 

It is also possible to select reasonable trial functions with E ^ 0. 
x 

When specifying the aperture field component H as that of the principal wave- 

guide mode (H = H sin ßx.-.x') in a completely open smaller guide, E £ 0 if 

y variations are allowed for the E component.  In this particular case the 

E integrals of the slot admittance in (l) may be expressed in terms of E 
x y 

integrals, and a separate trial function is not required for the E component. 

This development, which is carried out in Appendix B, is summarized in 

Section 2.3. It is shown that the presence of the E component gives only a 

minor correction to the real part of y , but the net change of y remains to 
s s 

be determined by numerical computations. 

2.2  Slot Admittance with a Negligible E component. 

With E (x,y) negligible relative to E (x,y) the electric fields 
x y 

in the slot are assumed to be of the form 

Ey(x,y)  = AfA(x) + BfB(x) f(y) (7) 

where A and B are the undetermined amplitudes of the trial functions f (x) and 
A 

f_(x) and where f(y) is yet arbitrary. Substitution of (7) in (l) results 
B 

Such an approximate solution is obtained by assuming E = 0 in a plasma layer of 

infinite thickness, and an aperture of of 2d = x., 2e = y. when E = f(y) violates 

the condition of continuous H (See Appendix D). However, numerical calculations 

show that y is nearly the same in this case as for E = 0, E / f(y) and E / 0. 
s x   ' y x '     ' 

E = f(y) where H is continuous,  (see Figure 15). 

0 
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and where G. and G renresent the two double summations of (70). 
1     P 

Considering the ratio of (A/B) as a variable in (12), the requirement that y be 

stationary leads to 

dy 

^m = ° 
Equation (12) is solved for A/B 
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(13) 

Substituting (13) in (8) it follows that 

2 
Xiyi  rAA7BB " 7AB 

y. = z— ~ 
il 

A (HO 
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2 2 
A = F 7  - 2F F 7      +  F 1 
"     B 7AA    A B 7AB  *A 7BB (15) 

The slot admittance (lU)has been computed for the field distribution E (x,y) 

of (7) with "optimized" coefficients A and B. The trial functions f, (x) of (?) f4      \ i / 

-7- 



should satisfy the condition 

VF ± '> - O 

Suitable trial functions are [1,8] 

(16) 

fA(x) = sin A  k * - x - -s- (17) 

and 

fE(x) = 1 - cos ^ k U - x - —■ (18) 

The parameter k of the trial functions in (17) and (l8) may be made equal to 

k ., k , k or kept arbitrary. The y variation of E (x,y) is neglected and f(y) 

becomes 

f(y) 2e 

Evaluation of the integrals (lO) and (ll) results in 
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In the n and m summations n is restricted to odd and m to even integers. The 

computations are particularly simple when the width of the slot 2e is equal to 

the height of the small guide yj F of (23) contains only the m=o term in this 

case. 

The slot admittance can be also computed for the sinusoidal field distri- 

bution f.(x) of (17) with B = 0 in (7). This gives 

Xiyi 7JA 

's    7il   F2 

A 

(33) 
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2.3  Slot Admittance with a Non-Negligible E_ Component 

The discussion of this Section is restricted to small guides of 

y. = 2e and x. = 2£ with an assumed magnetic field distribution H = H sin ß  x' Ji i w x   o    xil 

in the aperture at z =0. The absence of higher order modes of H in the aperture 

establishes a relation between the amplitudes a  and b  of TE and TM modes 
nm    run 

following (52), (53) and (59). Applying this result to (65) and {.66)  ft  E. 

is related to 17 E . by JJ    yi 

XI 

fj  E JJ 

2   2 
ß .   -  kT 

= Xl  x n' E 
xi    ß .ß .  JJ yi 

xi yi 
(3*0 

I 
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f 
! 

for m f 0. Also the amplitudes of the TE  modes of the smaller guide are equal 

to zero and E exhibits the same x-variation as H but it may have a different 
y x        * 

y-variation. With the relative amplitudes of TE and TM modes determined, E of 

(56) can be also expressed in terms of (// E .). Hence // E  of (l) can be 

related to E . These calculations have; been carried out in the Appendix C. The 

integral // E  is computed as 

//», 
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where V is the potential across the slot and Q(w) is defined as 
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The integrals of E , E _, and D are expressed as 

n-1 
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0 for n f  1 

(39) 

D = - V x./2 
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The above integrals depend on the function Q(W) or on the E variation in 

the y direction. The static solution for the waveguide profile of Figure 1 with 

x » x.   ,   carried out in Appendix B, shows that in the vicinity of the waveguide 

edge at u = e - 5(6 -> o) the electric field component E is represented by 

E  = - V -T-2- 
y     o k 

'• 3ite 5 

1/3 
(hi) 

On the symmetry line of the guide at u = o it is 

Ey = - -|  0.833 

This field variation will be approximated by 

(te) 

v (u)  - A + B u2/g2  ( v i  l/3> 
(e - u ) 

(^3) 

Substituting (k-3)  in (36), Q(w) can be evaluated using the integrals (1.3.8) and 

(1.1.5) of Erdelyi [9]. A calculation shows that 

Q(w)  = A Q^w) + B QgCw) (kk) 
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where 

o^w) = 21/6 r(2/3) ^ i^ 
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%( 
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and J (w) is the Bessel function of first kind of order n and r(z) is the gamma 

function. The constants A and B are determined by requiring that E of (^3) is 

equal to (^l) near the edge and that the integral of E (u) across the aperture is 

equal to-V (or Q(w) = 1 for ß = o). It follows that 

21 r^\ 1/3 
A   -   1      r(7/6) 

h    ^r(2/3)    "     56      2* 
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B    = A+    2 
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With A and B determined as above, the E (o) of (k-3)  is 

E (o) 
y 

v_ 
2e 

O.852 U9) 

.1 

1 

which is close to the correct static value of (K2).    The slot admittance y may be 
s 

computed after substituting (3*0 to (ko)  into (l). The summations are extended 

over even integers m and odd integers n, except forthe primed summation where 

n = 1 because of (39)- 

The static solution for the slot in an infinitely thin screen gives 

2   2 _1/2 
E (u) = - (V /n)(e - u )    and Q(w) = J (w). This will give higher values of 

integrals than the more accurate forms (k3)  and (hk).    When ignoring the y varia- 

tion of E (x,y) in the aperture Q(w) becomes sin w/w and the integrals // E , 
y xp 

// E . and // E . are equal to zero according to (35), (39) and (3U). The slot 
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admittance computed from (l) using this particular form of Q(w) in (38) is 

the same as (33) in the limit of k ■+ ß .  . 

The error of y which results from the neglect of E in the aperture 

(E may be non-negligible for E (u) of (^3)) can be estimated by computing the 

ratio between terms proportional to // E . and // E  . 

Using the small argument approximations of sin w/w and of Q(w) of [kk), 

where w = ß e , it follows that 
yp ' 

// E     n[*2 - (k x )2] 
 ^    =     ig-1 X      0.032W- (50) 
(J  E 12 m 

yp 
2 

* 0.008n2 nm (  —  )   for w < 1 
Vyo / 

For y /y. > 30 , ff E / ff E  < 0.1 for nm < HkO.    This range of nm encompasses 
01        xp'   yp 

the more significant terms of (l) and the terms proportional to ( // E ) will 
xp 

cause only a minor change in y , as long as F(R) and G(R) remain of approximately s 

the same magnitude. 
0 p 

The ratio of the terms proportional to (//E .) and (//E .) in the primed 

summation of (l) is computed with the aid of (3M as 

k.2 - ß 2      (//E .f k.2 - ß . 2 
1    yi     xiy  w  1   xil / v 

ß . 2 - k.2   (//E J2       ß . 2 K
xil    1    J    yi xil 

For x > 0.6\ the above ratio is more than O.Mi-, and the terms proportional to 
p 

(//E .) are significant, particularly for larger values of x.. This summation 
XI 1 

is real and therefore contributes only to the imaginary part of y^ in (l) (7  is 

imaginary). 
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The presence of an E component will give only a minor correction to 

Re y j the change in Im y will depend on the ratio of the primed summations 
s s 

to the other summations and will be examined by numerical calculations. 

Ill    DISCUSSION 

The slot admittance y has been derived in Section 2.2 with a two term 
S 

trial function for the aperture field component E , which was assumed to exhibit 

no y-variations. E was neglected in these calculations. The numerical results 

shown in Figures 3 to 11 and 13 to Ik  are obtained using this formulation. The 

derivation of Section 2.3 assumes the principal mode H distribution in the slot 

and it allows y-variations of the E component. E £ 0 in this approach. The 
y x 

results obtained by using the two different formulations are compared in Table 1 

and in Figures 15 to 17. 

The numerical calculations will illustrate first the variations of the 

slot admittance when a slot radiates into an open waveguide of increasing size. 

Calculations were made for x /x. increasing in increments of 0.1 and y = x . 
o l •'o   o 

The slot admittance of Figure 3 exhibits systematic variations for smaller values 

of x /x., but the admittance points appear to be scattered with smaller deviations 
o  1 

for x /x. > 20, although there are several widely scattered points.  Also, there 

are deviations in both admittance components G and B, which is contrary to the 

elementary reasoning presented in Section I. Examination of (l4) shows that y 

may become infinite if H = °° in (2*0 to (27) which occurs in absence of plasma 
n 

(R = R = o) at the mode cut-off when 7 =7 -*  0. (With a plasma layer R , R f  0 

If 7 f 0 and 7 -» 0 , R and R -*  -1, but the ratios 7 /(l + R ) and (l + R, )/? 
0 "P £■       u _pQ, DJ) J 

infinite only if exp(27 z ) = + l). Considering the free space admittance, H =<* 

and also H remain finite. With a single plasms, layer and 7 -* 0, H may become 
n o     n 
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X / 2   2 
occurs for x = — Vn + m  where n = odd and m = even integers. These values 

of x are indicated by vertical lines in Figure 3 for the smaller values of 

x /x.. The above values of x correspond to the apparent discontinuity points 

of the slot admittance. The widely scattered admittance points for larger 

values of x /x. are also very close to these cut-off values of x . Although 
o i o 

the separation between the cut-off points of the modes is decreased for increas- 

ing values of x in Figure 3, one has to approach the cut-off point more closely 

to obtain a sizeable deviation from the mean of the calculated admittance figures. 

This accounts for the smaller number of widely scattered admittance points for 

x /x. large. The free space admittance of the present slot is y = O.63 - i 0.35 

following Lewin [h]  or y = O.65 - i O.38 following Galejs [l]. The waveguide 

model is therefore effective for obtaining an approximation to the free space 

slot admittance provided the ratio  of slot  length to the outer waveguide 

dimension exceeds 10. In order to exclude the widely scattered admittance points 

from consideration, the slot admittance is required to be a continuous, gradually 

changing function of the guide dimensions in the vicinity of the selected outer 

guide dimension. 

Examples of admittance calculations are shown for x /x. =10.5 and 19.5 

in Figures h  to 9 for a single layer plasma of relative dielectric constant 

£ /e , less tangent tan6 and thickness h = z . The slot admittance starts out 
P o ' p p 

with a free space admittance for h/x. much less than 1 and approximates the slot 

admittance of a semi-infinite plasma layer for h/\ much larger than 1. Although 

the admittance variation is relatively smooth for h/\ much less than 1, it 

becomes oscillatory for h/x larger than 1. For relatively thin layers of plasma 

the admittance is less dependent of guide dimensions, if the plasma layer provides 

a sharp discontinuity with respect to free space (e.g.,  £ /e « l). In this 
P 0 

case the guide admittance changes are determined principally by the effects of 
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the nearby plasma and free space interface, with guide walls being of only a 

minor significance. However, for thick plasma layers the plasma and air 

interface is at a distance comparable to the distance from slot to the guide 

walls and the admittance depends more on guide dimensions.  Also, there are 

oscillations of the admittance for h/\ larger than 1. The slot admittance for 

a semi-infinite homogeneous plasma of Galejs [l], which is indicated dashed in 

Figures k  to 9,  is approximately equal to the average of the oscillatory 

conductance curve for h and x /x. large. The admittance curves of Figures 8 and 9 

for x = y = 19.5 x appear to approximate the admittance of the semi-infinite 

plasma closer than Figures 6 and 7 for x = y = 10.5 x.. For h > X the slot 

admittance is about the same as the slot admittance for a semi-infinite plasma 

layer, provided the conductivity oscillation is smoothed out. The slot admittance 

tends toward the free slot admittance for h < x/2.    The above conclusions support 

the findings of plasma layers analysis of Galejs [l] which was strictly applicable 

only to layers of h » X. 

The variational approximation to the voltage distribution along the slots 

is computed from (7) for the slot and plasma parameters of Figures k, 5, 8, 9 and 

are shown in Figure 10. The voltage distribution is seen to change only slightly 

with varying plasma parameters. These calculations are made with k = k in the 

trial functions (17) and (l8). For k = k the voltage distribution is changed 

for the same plasma parameters to the form indicated in Figure 11. These distri- 

butions are about the same as for the laterally unbounded plasma in Figure 7 of 

Galejs [l]. The calculated admittance is nearly the same for both values of k of 

the trial functions, as may be seen from the examples of Table 1. 

The accuracy of the voltage distribution shown in Figures 10 and 11 can 

be strictly determined only by comparing these variational approximations with 
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a more accurate result, if this were available.  However, the assumed form of 

trial function is general enough to allow for wide variations of the field 

distribution along the slot, such as observed in cavity backed slot antennas 

[Galejs 1, 7]-  The close resemblance between the voltage distributions computed 

with k = k and k suggests that the true distribution may be intermediate. 

These distributions may be approximated by the principal waveguide mode 

(E ~ sin itx'/x.) for x. = 2£ . 
y        i      i 

It was also pointed out that the present model is suited for computing 

the effects of a stratified dielectric or plasma layer.  This will be shown for 

a re-entry plasma sheath of Figure 20 by Rotman and Meltz [8] which is reproduced 

in Figure 12. The relative dielectric constant and the loss tangent are computed 

from standard formulas for various frequencies below and above the gyrofrequency 

of plasma.  The slot dimensions are kept constant in relation to the wavelength. 

The perturbation of the plasma profile by the antenna fields is ignored and the 

slot admittance is computed for a seven (7) layer approximation to the profile of 

Figure 12, which is depicted in Figure 13. The voltage distribution is shown in 

Figure Ik.     The calculations made for estimated average plasma parameters 
Q    o An 

(N = 2.5 x 10 cm  and v = 3.8 x 10 sec  ) are shown dashed in Figure 13. 

These average data agree with computations made for a laterally unbounded plasma 

layer [l] but they provide significant errors relative to the multilayer model 

particularly for frequencies below the gyrofrequency of the plasma. 

The preceeding numerical calculations were based on electric aperture 

fields with neglected E and with a y-independent E .  These calculations are 
x y 

compared in Table 1 with calculations made for the principal mode H field in the 

aperture, where E exhibits the static y-variation and E £ 0.    The differences 

between the two sets of calculations are small. Even in the case where E / 0, 
x   ' 
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the neglect of it does not affect the slot conductance and changes the susceptance 

by less than 1$.  The change from the static E (y) to a y-independent E causes 

a negligible change in G and about 7 A
1
 change in B. 

The changes of the susceptance B are larger than the changes of G for the 

cases listed in Table 1 and further susceptance calculations are shown in 

Figure 15 for the same plasma and antenna parameters as in Figure 7« There is a 

change of B caused by a change of E (y), but none by the neglect of E within 
y x 

the accuracy of the plot. 

The slot admittance of an open waveguide (x. = 2ß _, y = 2e) radiating into 

a laterally unbounded plasma has been recently calculated by Villeneuve [11]. He 

assumes the principal waveguide mode as the aperture field E with E =0, and the 

slot admittance which is obtained after numerically evaluating a two-fold Fourier 

transform should correspond to the admittance computed from (33) in the limit of 

k -* ß .. = it/x..', A comparison of the results by Villeneuve [11] with computations 

following Section 2.2 (E f  f(y), E neglected) and of Section 2.3 (H of the 
y        x x 

principal waveguide mode in the aperture, static E (y) and E f 0 or = 0) is shown 

in Figures 16 and 17. The free space slot admittance of Lewis [k]  or Cohen et al. 

[7] is also indicated in Figures l6 and 17. The results of Villeneuve [11] agree 

with those for E £  f(y) of the smaller values of 6 , but there are differences 
y P 

up to 5$ for 6 /e > 0.6. The neglect of E in the solution with the static 
*       ■" p o x 

E (y) dependence gives a detectable change in the susceptance of Figure 17 because 

of the increase in x./x relative to Figure 15. (This is in agreement with the 

discussion following (51)). 

The comparison of slot admittances in Table 1 or Figures 15 to 17 which 

are based on principal mode electric or magnetic fields as the aperture trial 

functions may be also of interest in connection with a recent discussion of these 

Transactions (Unz and Hodara, [9]). 
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The above work has shown that the plasma layers in a large waveguide 

may be considered as a substitute for laterally unbounded plasma layers. The 

waveguide model makes the problem mathematically simple and suitable for 

computer calculation. The dimensions of the large guide may be selected to be 

such that the slot has approximately the correct admittance in the absence of 

plasma layers.  The slot will exhibit the correct admittance behavior of a slot 

in an infinite screen for thin plasma layers (h < x). Furthermore, the dimensions 

of the large guide are less critical if the electrical characteristics of the thin 

plasma layer differ significantly from those of free space (e /e « 1 or 

tan 5 » l). For thick plasma layers (h > X.) the calculated conductance exhibits 

oscillations which are absent in laterally unbounded plasma layers. However, the 

average of this oscillatory plasma conductance gives the correct admittance 

figure in the cases discussed earlier.  It appears that a multilayer plasma model 

in a wide waveguide provides a more accurate slot admittance than a single layer 

approximation of a plasma profile in a laterally unbounded geometry. Most of the 

calculations make use of a two term trial function for the slot fields, but the 

fields do not differ significantly from the principal waveguide mode and the trial 

function and hence the calculations may be further simplified. 

The technique described in this paper is applicable for obtaining admit- 

tance estimates for slot antennas in presence of layered isotropic plasmas or 

dielectrics. At present, there are no such treatments for a laterally unbounded 

plasma. The present calculations will be correlated with antenna impedance 

measurements on hypersonic reentry vehicles and also with laboratory measurements 

on a glow discharge. The multi-layer formalism accounts also for glass wall 

effects of discharge vessels. The lateral bounds of the plasma layer assumed in 

the analysis appear of no consequence in such applications. The waveguide model 
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has been also applied to plasma or dielectric covered cavity backed annular 

slots [Galejs, 13]. This model is useful for representing debris covered 

hardened slot antennas operating in the LF or HF bands. 
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APPENDIX A 

SLOT ADMITTANCE 

The waveguide geometry under consideration is depicted in Figure 1. 

The smaller guide (z < 0) is excited by waves in its principal TE „ mode which 

propagates in the positive z-direction.  There are also reflected waves in this 

guide.  Waves propagating in the positive and negative z directions are excited 

in the larger guide (z > 0).  The fields in the guides consist of a superposition 

of TE and TM modes that can be derived from the scalar functions ¥. and $ . 
J     J 

respectively.  The subscripts j=i or p designate the smaller guide or the initial 

portion of the larger guide. For an assumed exp(-i">t) time dependence of the 

fields it follows that 

7nz      -7 -z 
!F. = anA cos ß ..,x'(e    + R e     ) l   10    xil ' 

+ ; ) 
n m 

a  cos ß .x' cos ß .y' e 
nm    xi      yx 

-7.Z 

i 

1! 

)  / b sin ß .x' sin ß .y' e 
/_  nm   xi      yi 

n m 

V \ 

n m 

7 z 
A  cos ß x cos ß y (e   + R 

-7_z 

nm    ' xp JT 

7 z      -7 z 
B  sin ß x sin 3 y(e p + R e P  ) 
nm     xp      yp        b      ' 

n m 

(52) 

(53) 

(5M 

(55) 

I 
1 
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where 

ß . = ^ 
xi   x. 

l y± 
nut 

xil    x, 

5   - B2 
xp    x 

ß  = ™ 

ijk2 - ß2. - 
V     J             xj ß2. 

u>2u  €, + i^u  a. 
M       ' o j            o j 

2   2 7ii =  V ki - ßxii 

R, R and R, are reflection coefficients. The prime on the double summation (52) 

designates the omission of its n=l, m=0 term. The field components are related 

to ¥. and $. by 
J     J 

E . = £■   ¥. + :r-2__ <D. 
xj   dy  j   oz ax  j 

E --£ y. + ^ Jyj   öx  j "  dzdy  j 

dx ** 

II 
xj   i^U 3Z ÜX J    J  oy J 
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II 
yd  i«fc. 

A2 

■3 s-  Y. -  k .  -3—  *. oz dy  j     j  ox  j (60) 

H 
zj iqi '   +h)*i i 2 CDC °y 

(6i) 

After multiplying (57) with sin ß .,x' and integrating over the aperture at 

z=0 it follows that 

l_- = —r - • T ■ // E sin ß ,_x' dx' dy' 
10   ß ..x.y,(l+R)  JJ  y    Mxxl 

(62) 
xil i"ix 

Equation (56) is multiplied with cos ß x sin ß y and (57) with sin ß .x cos ß .y. 
X
J    yj x<]    yj 

After integrating over the aperture this gives two pairs of equations (j=i or p) 

with the unknowns a  and b  for j=i or A  and B  for j=p. After introducing 
nm     nm nm     nm 

the abbreviations 

// E ■ = II  E cos ß .x sin ß .y dx dy JJ     xj   JJ  x    Kxj     "y/ (63) 

and 

/f E . = // E sin ß .x cos 6 .y dx dy JJ yj  JJ    y    xj    'y/ 
(64) 

where E and E refers to the aperture fields z=0, these coefficients may be 
x     y ' 

computed as 

2e 
m 

nm 

nm 

x.y.(ß2. + ß2.) xi    xi   yx 

2 e 
 m  

x.y.(ß2. + ß2.)7. 11 xi  yi i 

ß . // E . - S . // E . 
yi    xi   xi J J    yx 

xx    xx   yx J J  yx 

(65) 

(66) 
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where 

m 

1 for m=0 

2 for ra/O 

The subscripts i should be replaced by p for obtaining A  and B  from (65) 

and (66) respectively. Also, the right hand sides of (65) and (66) should be 

multiplied with (l + R )" and (R, - l)~ respectively. After substituting 

a , b  , A  and B  in (52) to (55)1 the magnetic field components H . and 
run'  run'  nm     nm   v-/      y'   ' ^ * xj 

H . of (59) a-11^ (60) are related to the integrals of the electric field components 
J O 

(63) and (6k).    After equating the tangential magnetic field components in the 

aperture one obtains two coupled equations.  Letting 

D = // E sin ß .,x' dx' dy' J J  y    xil (67) 

it follows that 

7 
  r - D sin ß .,6 
x.y. 1 + R       xil 
1 1 

// E (x,y)G1 dx dy + // Ex(x,y)G2 dx dy 

(68) 

// E (x,y)G0 dx dy = // E (x,y)G dx dy 
y    c ■*•    J 

(69) 

where 

\H ~' '  £m     ^2 
/      (ß . - k.) sin 3 .x' cos 6 .y' sin ß ,V   cos 3 .ri' 

x,.y^7,.   xi   1     xi      yxJ xib     yi ' 
n m 'i'i'i 

m 

n-4  x y (ß2 + ß2 n m   o o xp   yp 

7_3 
2      X-\ 

p xp 1 + R J 

. k  1 + R.  1 
ft2 _p  b 
ßyp 7p 1 - R, 

sin 6 x cos 3 7  sin 3 g cos ß TI 
xp    ^yv ^xpb    Kyp ' (70) 

J 
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r-i r-i '€    ß    ß   . 
)   \     m   X1 71        sin ß   x.  COS ß   y.  COS ß   |l  Sin ß   «1 

x.y.r. i i i L 
n   m 

11 
n    m      "o"o>'~xp      "yp 

xi 

e    ß    ß m    xp^yp 

y Jßl + ß,t) 

yi 

l - R 

rv   1 + R 

XI' 

S 1 + Rb 
7p ^»b 

sin ß x cos ß y cos ß £ sin ß TI 
xp    ^yp^     *P     Hyp ' (71) 

n m 

 -— cos ß .x' sin ß .y' cos ß . £' sin ß .TI' x.y.7. xi      yi"7      xi      yi 

m 

x y (ß2 + ß2 ) n m   o o xp   yp 

2 1'\ 
"rp ßyp 1 + R a 

2  2 ß^ k  1 + R 
+   XP P _   b 

«b 
cos ß x sin ß y cos ß f sin ß TI 

xp     ^ypJ xpb    Kyp (72) 

The normalized slot admittance of the waveguide is 

1 - R 
1 + R (73) 

A variations! principle for computing y may be constructed by multiplying s 

(68) with E and (69) with E and by integrating over the slot. The two terms of 
y x 

(68) and (69) proportional to GQ are equal and 

//// E (x,y) E (£,T)) G dx dy d£ drj + //// E(x,y) E (£,r|) G_ dx dy d| drj 
ys = ''il   2 D x.y. 

1 1 (7*0 
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The stationarity of (7*0 can be demonstrated by examining the first 

order change 8y due to small changes 5E and 5E about their correct values s x      y 

E and E . As a result of these calculations Sy is shown to be zero, 
x    y s 

Be »cause of the symmetry of GL and G the variation of y due to small 
J_       j s 

changes 5E and 6E  can be written as 
y     x 

oy Üili //// E 5E G. + //// E 5E G„ 

JJJf  E E 0. + //// EEG, JJJJ yyl       xx3 
// 8Ey(6,Ti) sin ßxil£ dS dT] 

(75) 

where the differentials dx dy d| dr\  have been omitted from the four fold integrals 

for the sake of brevity. Equation (68) is first multiplied with 5E (|,T)) and 

integrated over the aperture. Then (68) is multiplied with E (l,,r\)  // 5E (£,r\) 

sin ß .| d| dT) and again integrated over the aperture. Combining the resulting 

two equations it follows that 

//// E 5E G.   +  //// E 5E G0 = J J J J    y  yl      x  y2 
//// E E G. + //// E E Gn JJ JJ     yyl JJJ J     x y 2 

// ÖE (S,T)) sin ß ._5 d| dt] 
xil" 

D (76) 

Taking the variation of (69),  multiplying the resulting equation with E (£,t)) 

and integrating over the aperture results in 

////Ex5EyG2  - ////y>ExG3 (77) 

J 

Multiplying (69) with E (|,r|) and integrating over the aperture 

//// EEG0  = //// EEG, 
J .1 j j    x y 2 J   J      x x 3 (78) 

J 
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After using (77) and (78) to eliminate G_ from (76), the result shows that 

5y of (75) is equal to zero. s 
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APPENDIX B 

STATIC SOLUTION FOR THE WAVEGUIDE PROFILE 

The waveguide profile of Figure 1 can be represented by the t-plane 

(t = z + iy) configuration of Figure 18 if a conducting plane is substituted 

for the symmetry plane y = y /2 of Figure 1 and if the effects of the outer 

guide wall are neglected (x » x. ). The space between the electrodes of the 

t-plane is mapped into the upper-half of the w-plane (w = u + iv) by the 

transformation 

C, dt 
dw w \   w - (79) 

where C is a constant. Integrating (79) between the two B points of the t-plane 

and around the B point of the w-plane gives the constant as C = ie/fl. Inte- 

grating (79) and noting that the t = ie roi.nt is mapped into w = 1 results in 

le 1+ 2- 
jt 

-Jv-i   - tan vw- (80) 

The complex potential function for the electrodes of the w-plane is 

V 
W [w(t)]    = -      2J   inv (81) 

The potential is the imaginary part of W and the electric field is given by 

E + i E 
z    y 

dW 
dt 

(82) 

• ( ®L 1  ££ \ 
a Vx dw '    dw ) 

!| / r^-rx J 
A 
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where the asterisk indicates a complex conjugate. The electric field component 

E can he determined as the imaginary part of (82) in the z = 0 plane for 

0 < iy < ie only after inverting the mapping function (8o). The general 

inversion problem will not be attempted here, and the consideration will be 

restricted to points in the vicinity of the corner t = i€ and on the ground 

plane t = 0. 

The point w = 1 corresponds to t = ie and vw-1 will be small for 

t = i(e - 5) with 5 -* 0. Expanding the inverse tangent of (8o) results in 

3/2 
- 5 = |i (w - 1) (83) 

^/^l = ( |^ )    exp (i*/3) (8k) 

Substituting (8k)  in (82) gives 

*   2  \ 3«e2&/    \ 2 

(The ratio of E and iE depends on the direction along which the corner is 

approached. When approaching along the symmetry line of the corner, t = ie + ö(l-i) 

and a similar calculation shows that E + i E •»• (l - i), which follows also from 
z    y 

elementary considerations). 

The t = 0 point is mapped on the negative real axis of the w-plane and the 

corresponding value of w can be determined from (80) as a solution of the 

transcendental equation 

15 - tan-1 (ig) = - g (36) 

or 

g ■ coth £ (87) 

where 
ig  = -Jv - 1 
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The solution of (87) can be found from tables as £ = 1.1997 ~ 1.2 or 

v = _ 0.1)4. Substituting this value of v in (82) the electric field is 

computed as 

E + i E 
x    y 

V 
o 

2e i 1.2 
= - i 2e 0.833 (88) 

J 

1 

1 
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APPENDIX C 

FIELD COMPONENTS ASSOCIATED WITH THE PRINCIPAL WAVEGUIDE MODE AS THE H 
x 

COMPONENT IN THE APERTURE 

The magnetic field component HT . can be computed from (52), (53) and 

(59)-  1"he aperture field component H . is given by 

H . = H sin — 
XI     O      X. 

1 

over the aperture of the small guide (y. = 2e,  x. = 2# ) only if 

a ß . 7 .  + b k. 6 . = 0 
rm xi l     nm 1 ' yi 

(89) 

(90) 

for nm j=  10.  The coefficients a  and b  are defined by (65) and (66)   in terms nm nm 

of E and E integrals (63) and (6k). Substituting (65) and (66)  into (90) the x   y 

integrals E . are related to integrals of E . as 
°^    yi xi 

2 2 ß  .   - k. 
Exi =       frWZ      ^ Eyi xi    yi 

(91) 

where m p  0. For m = 0, ß . =0 and a  =0 for n £  1 according to (90) 
yi no 

But 

a  of (65) is zero only if f/ E . =0, which implies that 
no   s J    yi   ' 

JQC" 
E .(x,y) = E(y)  sin -— 
yi X. 

(92) 

After substituting (9l) in (65) and (66)  the coefficients a  and b  can be nm nm 

expressed in terms of // E . only and E . may be computed from (52), (53) and 
yi xi 

(56) as 

E 
xi 

. Y k- 
ß .:- k. 
Xll    D 

Z_   x.y. 6 ,. ß . 
q^     x x xi1 y1 

// E . sin ß ,-X1 cos ß .y' dx' dy' J J     yi     xil      yi"7      J 

.  cos 3 ..x' sin ß .y' 
xil      yi"7 

(93) 
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where the definition of ß . is changed to qn/y. in order to distinguish the 

index of the summation from the constant value of m in ß  = mjt/v . Because 
yp    o 

of the continuity of E in the aperture, the integrals ff E  of the y 
x J J     xp       J s 

expression may be evaluated as 

// E   = // E . cos 9 x  sin ß y dx dy J J     xp       xi    ' xp      ' yp (9*0 

Equation (93) is substituted in (9*0 and the x', x and y integrals are seen 

to be elementary.  The q-summation is evaluated prior to the y' integral with 

the aid of the relation 

V cos 2n6 1 1 it cos a6 + cos a(jt-6) 

U <2">2- 2a a 2 sin an (95) 

which has been derived from (558) of Jolley [lk]  and Ex. 3 p. 371 of Bromwich 

[15]. After carrying out the above steps (9^) becomes 

where 

J/B xp 

- n-1 
Xi Xo [ß2  k2x  (-1) g n 

2     .xil   i ' 2   2 2 
yi* x  - n x. 

o     1 

y* 
sin(ß y./2)   * 

20, 
yp1 

yp 

1 

0      J    ^ yp 

! + 1 

cos [ßxp-fK-1)    S 

(96) 

l+cos3 y. 
yp 1 cos ß y' 

yp s^y/i 

+ sin ß y' 
yp (97) 

The numerical value of S and of // E  depends on the estimate of E (y'). 

For E (y') = const, the y' integral of (97) is equal to zero, which can be seen 

more readily from (93).  This makes // E  =0 and the solution is reduced to the xp 

form discussed in Section 2.2.  The static solution of Appendix B for the wave- 

guide profile along the y' = y./2 plane provides another estimate of E (y* )• 

J 
J 
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r 
If E (y') is an even function about the slot center (y1 = y./2), 

S can be expressed with the aid of Q(w) of (36) as 

v y. 

yp 

sin(ß    e) 

IßTH 
:'°      +   Q(ß.„<ü 

yp 
yp 

(98) 

which completes the evaluation of ff E J J     xp 

// E  ,  // E . and D are evaluated after substituting (92).  The 

results of these integrations are shown as (38), (39) and (kO). 
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APPENDIX D 

FIELD COMPONENTS FOR E  = 0 
x 

The field components are examined in this Appendix with E_ = 0 when 

the larger guide is filled by a homogeneous dielectric (R = K   = 0). 

Substituting (52) and (53) in (56) and reauiring that E . = 0 relates b  to a 
xi nm    nm 

as 

b  =- a   -ZL 
nm     nm 7. 0 

1 xi 
(99) 

B  is related similarly to A  by 
ran nm 

A yp 
nm    nm 7 0 

P XP 
(100) 

After introducing the notation 

xil 
10 10       io^i    7 

o    11 
(101) 

nm 

D      =    A 
nm 

2 2 
6   .     + ß   . 
xi yi 

'ran      i<tti    7.   ß   . 
o    1    xi 

2 2 ß + ß 
• xp        yp 

nm      iu^a    7    2 
op    xp 

The field  conroonents E   .,  H   .  and H   . may be  computed from (52)  to  (55), 
yj       xj VJ * w wy/' 

(57),   (53),   (59),   (99)  and  (100)  as 

yj o   oz     j 

? o2 

H   .  =    (k.2 +   -%        6. 
X'J J CX2 J 

-34. 

(102) 

(103) 

(104) 

(105) 

] 
J 
J 
J 
J 
1 
I 
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1 
i 

i 

I 
i 

I 
I 
i 

i 

I 
i 

i 

i 

where 

H .  =  JL-. 6. 
yj     öy ox  j 

y    2    — y    z 
6. = dn_ (e lX - Re xl )  sin ß ..x1 
l   10 '      xil 

-r ,r .y    2 
+ )  /•  d  sin B .x' cos 3 ,y' e 

nra    xi      yi 
n m 

(106) 

(107) 

7 z 
D      sin S      x cos Bye nm xp yp 

(108) 

n m 

The scalar function 6. can be identified as the x-component of a magnetic 
J 

Hertz vector II = i 6.  ,  which satisfies the wave equation 
—.1   x  .1 

v2]!. + k.2n .- 0 
-J    3 ~3 

The electric and magnetic fields are related to H. as 
J 

E. = iü^i V x n. 
-J       o    -j 

(109) 

and 

H. = k. n. + v (v .IT.) 
-J   J -J      -J 

(no) 

(111) 

Continuity of the tangential electric and magnetic field components 

across the aperture requires that 

i. e. 
ÖZ   1 

T- 6 oz  p (112) 
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,,2    ö2 v 

ox 
6. ■ (k + 
i    P 

v2 o 

öxc 
) 6T (113) 

dy öx ^ ox (11*0 

The last two conditions can be satisfied for a y-dependent 6. only if 

k. = k , which is the trivial case of no dielectric discontinuities. However, 
l   p' ' 

there are no contradictions if 6. docs not depend on y within the aperture. 

In this case H . = 0, H . does not depend on y,  and the continuity of the tan- 

gential field components requires only (112) and (113) to be satisfied. 

In a completely open small guide (y. = 26, x. = 26) the function G\, 

which does not depend on y, can be represented by the m = 0 terms of the double 

summation (107). Hence E . (and also E ) will exhibit no y variations over the 
yi        yp 

aperture. Conversely E ., which depends on y, leads to a y-dependent 6.  and to 

a y-dependent H .,  which violates the continuity of H . A y-dependent E . and 

a y-independent H . lead to E . f 0.  (This can be seen from (89), (92) and (93) 
XI XX 

0 

of Appendix C in the case where H . is the same as in the principal wave guide 

moae ). 

J 

J 
J 
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