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PREFACE 

This Memorandum is one result of a continuing investigation of 

the radar returns from missile wakes. The work is part of RAND's 

study of aidcourse phenomenology, conducted under the Advanced Research 

Projects Agency's Defender program. 
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SUMMARY 

--V. 
.-. 

\A 

This Meoorandum reviews the theory of the scattering of electro¬ 

magnetic radiation in the transverse magnetic mode by infinite plasma 

cylinders with radially varying electron-density distributions. Tech¬ 

niques for calculating the scattering cross section are described, 

with special emphasis placed on short wavelength scattering. Specific 

calculations of the back-scattering (radar) cross section are made in 

the geometrical-optics limit and in the Born-approximation limit for 

several monotonically decreasing electron-density distributions which 

have zero slope on the cylinder axis. The radar cross section in the 

region of transition from underdense to overdense plasma is programmed 

and computed on the IBM 7090 for a Gaussian and for a quadratic elec¬ 

tron distribution for wavelengths equal to 1/10 and 1/100 of the 

cylinder radius. 
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SYMBOLS 

a 

b 

e 

E 

£ 
£(9) 

I f(<p) I2 

I fB(cp) I2 

I fG(9) I2 

geometrical-optics scattering radius; defined by 

<*g(a/Po) = 1 

impact parameter 

electronic charge 

electric field 

complete elliptic integral of second kind 

scattering amplitude 

differential scattering cross section 

differential scattering cross section in Born 

approximation 

geometrical-optics differential scattering cross section 

J (kp) 
m 

k 

k (kp) 
m 

K 

= electron-density distribution; defined by 

= Bessel function; regular at origin 

c 

= hyperbolic Bessel function; zero at infinity 

* complete elliptic integral of first kind 

m * integer 

m - electron mass 
e 

n = index of refraction 

n = electron number density 
e 

integer 

th 
u (p) = m partial wave function 
m 

potential 



energy 

P 

e_ 

Po 

2 2 
0) -0) 

-22_21 
2 2 

UU - U) 

p® 

gamna function 

Of - 1 (a near one) 

1 (m = 0) 

2 (m ^ 0) 

phase shift of m*'*1 partial wave 

perpendicular distance from cylinder axis 

characteristic radius of scattering region 

scattering angle 

frequency of electromagnetic wave 

plasma frequency 

plasma frequency on cylinder axis (p = 0) 

plasma frequency as p -* co 



I. INTRODUCTION 

The scattering of electromagnetic radiation by infinite plasma 

cylinders with radial variations in electron density has been of in¬ 

terest to those investigating meteor trails, and more recently, to 

those interested in the plasma trails generated by re-entering hyper¬ 

sonic vehicles. 

Calculations which have been made in the past for the scattering 

from nonuniform cylinders have mostly made use of the Born approxi¬ 

mation, which is generally valid for electron densities differing 

very little from the ambient density. 

Recently, C. M. de Ridder and S. Edelberg^ investigated the 

scattering of electromagnetic waves by nonuniform plasma cylinders 

for a range of wavelengths varying from values much larger than the 

cylinder radius to values one-quarter of the cylinder radius. The 

calculations were made for a few electron-density distributions in 

the underdense and overdense regions; all the distributions considered 

had the common characteristic of being identically zero outside the 

cylinder and having zero slope on the cylinder axis. In all cases, 

the incident wave was assumed to be a plane transverse-magnetic (T.M.) 

wave traveling perpendicular to the cylinder axis. 

In this Memorandum, we present a review of the general theory for 

the scattering of electromagnetic radiation by radially varying elec¬ 

tron distributions. As did de Ridder and Edelberg, we assume that the 

incident wave is a plane T.M. wave traveling perpendicular to the cyl¬ 

inder axis. Also, the electron-density distribution is considered 

monotonie but not necessarily confined to a finite-radius cylinder, 

and collisions are neglected. The theory is developed by analogy with 

the well-known theory for the scattering of particles or radiation by 

spherically symmetric scattering regions. 

In particular, we will review the method of expanding the wave 

into partial waves and the familiar techniques for calculating the 

phase shifts of the partial waves. We will describe the very useful 

Born and geometrical-optics approximations to the scattering cross 

section and discuss the limits of their validity as descriptions of 



rs
 

short-wavelength scattering. Finally, we will present specific cal¬ 

culations of the short-wavelength back-scattering cross section for 

several monotonically decreasing electron-density distributions which 

have zero slope on the cylinder axis. 
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II. FORMULATION OF PROBLEM 

Let us consider a plane electromagnetic wave of angular frequency 

(ju, polarized in the z direction, and traveling initially in the posi¬ 

tive X direction, incident upon a region in which the electron density 

varies radially. Neglecting collisions and dropping the time-depend- 
- iirt 

ent factor e , the wave equation in cylindrical coordinates, p, z, 

and cp, for E = E^ is 

S2E 1 SE 1_ ¿E 

dp2 P ^ p2 dcp2 

uu uu 
E = 0 (1) 

_ 4nn e 
2 e 

uu 
m 

where n and m are the electron-number density and mass, and e is 
e e 

the electronic charge.. 

In order to transform Eq. (1) into a form that is more familiar 

from scattering theory, let 

2 2 
0 U) - uo 
.2_Po? 

(2) 

2 2 

_E-^ = k2 
“8 fe) 

where is the plasma frequency at p -* œ, PQ is the characteristic 

is defined so that g(0) = 1, radius of the scattering region, g 

ry 
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and n is the index of refraction of the medium. If the electron den¬ 

sity goes to zero as p - 00, k is the ordinary wave number (k = uj/c) 
2 2 

^ and ot is equal to uu /uu at p = 0. We will consider only monotonie 

I functions • For electron-density functions that decrease with 

increasing p,°a will be positive, and the scattering problem will be 

analogous to the scattering of particles by repulsive potentials in 

particle-scattering theory. Increasing electron-density functions 

with increasing p (negative a) correspond to attractive potentials in 

particle-scattering theory. Plasma trails behind moderate-sized hyper¬ 

sonic vehicles moving below the ionosphere are positive-û; media, where¬ 

as the partially evacuated region behind a hypersonic body moving through 

the ionosphere is a negative-o medium. In the literature, plasma trails 

are frequently referred to as "overdense" or "underdense." It should 

be pointed out that both terms apply to positive-a media: The former 

refers to a > 1, and the latter, to a < 1. 

The total field E may be decomposed into an incident field 

and a scattered field E, 

E. + E 
i s 

(3) 

Taking the incident field to have unit amplitude, we have 

Ei= e ikx (4) 

The scattered field satisfies the condition 

ikp 
E -• f(cp) —i— as p -* cd 

s 

where f(cp) is the scattering amplitude and | f(cp) | is the differential 

scattering cross section. The power scattered into the angular range 

dep per unit incident flux length is given by | f(cp) |2 d?. We will re¬ 

view a few of the methods for calculating | f(cp) I . 



Ill. PARTIAL WAVES 

Returning to Eq. (1), let us perform a Fourier decomposition of 

GO 

T Um(p) 
E = ) e cos(mcp) - 

l— m PTr 
m=o 

/kp 
(6) 

e = 1 (m = 0) 
m 

e = 2 (m ¿ 0) 
xn 

The functions u (p) satisfy the equation 
m 

u;'(p) +( k" - 
(-2 - z) 

- k '■•(a) m (P) = 0 (7) 

with the boundary conditions 

u (0) = 0 
m 

ikp 
u *u - u . C e asp-** 

ms xn mi m 

Let us compare Eq. (7) with the radial equation in spherical 

coordinates familiar from the scattering of radiation (or particles) 

by spherically synmetric scattering regions 

u¿'(r) + [k2 - LiLtJl . k2a g|Í-j] Uj¿(r) = 0 (8) 



with the boundary conditions 

ft: 

ft 

ft; 

Uj(0) = 0 

UJL; cie 
ikr 

as r 

12 2 
Equations (7) and (8) are identical, with (4 + y) replaced by m . 

This equivalence is extremely helpful in finding solutions to Eq. (7), 

since considerable work has been done with the scattering by spheri¬ 

cally symmetric regions. 

In particular, we may write the scattered field as a sum involv¬ 

ing phase shifts. In order to do this, we shall first need the ex- 

.(2) pansion of a plane wave in cylindrical coordinates 

ikx 
rr Z€ cos(mcp) e^m 2 J (kp) 

m m y 
(9) 

m=o 

The asymptotic form of J (kp) is 
m 

Jm(kp) 
m 

(_q 
\TTkp J 

1/2 
cos 

. nr rr 
kp - F - 4 

(10) 

for kp -• 00. Since g 
fe) 

goes to zero as p “, u (kp)//Tp asymptoti- 
m 

cally satisfies the same equation as does Jm(p)• Therefore, it may be 

written as a linear combination of the two solutions (J (p), N (p)) of 
m m 

the or * 0 equation. The asymptotic form of u^ can then be written as 

m i 
1/2 

im ï 
e cos (kc - f - ! • ‘u> 

\ 

.- 

:: 
. 

; 

■ 
r¡ 



Noting that 
TT 

u = u - u.~ce =e 
ms m mi m (I)1 

[e ^ cos (kp - - J - T^) - cos (kp - - |) J 

(12) 

we get 

i -1 s , -2iTL n 
C * - e (e - 1) 

m /*r 
(13) 

and 

i(kp - ?) 

/2nkp 

r -2iT1m 
) cos mcp (e - 1) (14) 

m=o 

f(9) 
1 

'ink 
^ em cos (mcp) ( 1 - e 

• 2iTl_ 
m 

m*o 

th 
The angle T) is the phase shift of the m partial wave u (p) ; it 

m in 

represents the difference in phase between the asymptotic forms of 

the actual radial function u (p) and the radial function /kp"J (kp) 
in m 

for a = 0. An integral for the phase shifts can be obtained by trans¬ 

forming Eq. (7) into an integral equation and employing a suitable 

(3) 
Green's function. The result is 

ain ^ = a 7 k2 J pg(^) Jm(kp) 

-imy u (p) 
¿ m 

/kp 
dp (15) 

-I 
-1 

; 

r, n 
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IV. CALCULATION OF PHASE SHIFTS 

PILASE SHIFTS FOR LARGE m 

If g^—jgoes to zero (faster than for large p, we can estimate 

T] for large m. Let us consider the coefficient F (p) of u in Eq. (7) 
m mm 

m 

/ 2 K 
(m - 4) 

(16) 

(3} 
For m ^ 0, F (p) is negative for small p and positive for large p, 

m 
and therefore, has at least one zero p . Let us assume that there is 

’ m 

only one zero. (For positive a this will always be the case since 

X / 2 
F'(p) 2 0.) For small p, u (p) behaves like p and then increases 
m m 
exponentially until p = p 

m 
For p 2 p , u oscillates with p. If 

m m 

“g(y « m 

, 2 2 
k p 

for p given by kp ~ m, the partial wave hardly penetrates the region 

where | ag I be large> and the perturbation of the partial wave 

is small. The corresponding phase shift T1 is also small and may be 

calculated from Eq. (15) with sin replaced by T^, and u^ip)//Ttp re¬ 

placed by the unperturbed incident wave. This gives for Tj^ 

« 

\B3 k2 5 a J p g(M Jm2(kp) dp 

O VO' 

(17) 

For all functions g^-^ which fall off faster than the approxima¬ 

tion given by Eq. (17^ will be valid for sufficiently large m. The 

smaller the value of kp , the fewer the nui 
0 

contribute significantly to the scattering 

smaller the value of kp , the fewer the number of partial waves which 
0 

For kpQ « 1, all phases 

% ** ", 
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except T] will be negligible. For this case, the scattering is iso¬ 

tropic, f(cp) being given by the first term in the series Eq. (14). 

The differential cross section becomes 

f(<P) 

9 2 sin T| 
2 'o 

Ttk 
(18) 

where is ueterained from the solution of Eq. (7) with m = 0. 

APPROXIMATION FOR LARGE PHASE SHIFTS (VfKB METHOD) 

The WKB method for calculating phase shifts is useful whenever 

the phase shifts are large. It can be expected to apply (for m not 

too large) for large kp and a if does not vary much in 
0 VPr,/ 

a wave¬ 

length. The phase shifts as obtained°by this methodare given by 

m 
dp (19) 

k2- V*Mr 

and we have assumed that there is only one such p^. For m = 0, a < 1, 

there is no p^. Nevertheless, if ^ is large for this case, we may 

Btill use Eq. (19) to approximate with p^ replaced by zero. 

Experience concerning the scattering from spherically symmetric 

regions has shown that Eq. (19) is not a bad approximation for phases 

(2,3) 
as small as 1/2. Therefore, we can obtain an estimate of all the 

phase shifts for kpQ » 1, by using Eq. (19) for | ^ | 1/2 and by 

using Eq. (17) for the small phase shifts involving large m. 

We should be able to show that Eqs. (17) and (19) are roughly 

equivalent for Mm I ~ 1/2. Let us consider the case where | a kpQ | » 1, 

so that for | | as given by Eq. (19) to be as small as 1/2, m will be 

Sy. 

k ,\J 
la 

' »Ai 

tí: 
• .* 

'.-■i 

V’ 
V. 

■ 

Di] 
lS.1 

Vj 
5 



large enough for P^(m) to be given approximately by m/k with 

*1“ I << 1- With this the case, Eq. (19) becomes approximately 

.2 . * (Hp dp 

J TTT -5- 
., Vk p - m 

(20) 

m/k 

2 O') 
Let us compare this with Eq. (17). For kp < m, J^kp) is very small. 

For kp > m, we have 

J2(kP) 
m 

sin^m(q - tan ^ 9) + ^ J 

2 

(21) 

Ik p - m 

mq ^22 2 k p - m 

Replacing J (kp) by zero for kp < m, and by its asymptotic value 
m 

(Eq. (21)) for kp > m, Eq. (17) becomes 

co s 
ti « k o r 

m m?k 

in^m(q - tan 1 9) + 

¿2-2 -2 fk p - m 
pg(ydp 

(22) 

Finally, writing 

sin ^miq - tan'1q) + 

as 

+ sin|^2m(q - tan’^'q) j 

and noting that the contribution to the integral from the sine term 

for large kp will be small due to the rapid oscillations of the in¬ 

tegrand, we see that Eqs. (20) and (22) are equivalent. 



For larger values of m so that | T| | becomes very small, this 

equivalence can be expected to break down, since the error involved 

in neglecting the integral from o to m/k in Eq. (17) becomes large. 

For these large values of m ( I I ^ 1/2), the full Eq. (17) should 

used if T] is to be calculated. 
m 
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V. SMALL- PERTURBATION THEORY (BORN APPROXIMATION) 

The simplest and most useful approximation to the scattering from 

nonuniform regions is the Born approximation. If | a | is small enough 

so that the incident wave is distorted very little by the scattering 

region, the scattering cross section can be calculated by assuming 

that each part of the medium scatters the incident wave independent 

of the other parts, the contributions being summed. The scattering 
(2) amplitude 1^(9) 

D 
as obtained by .his method represents the first 

approximation to f(cp) resulting from an iteration-perturbation method 

of solution to the integral equation for the problem. 

We can immediately obtain fD(cp) by a combination of Eqs. (14) and 
D 

(17). If I a i is sufficiently small so that all the ^m's are small and 

the wave can be replaced by the incident wave, then Eq. (17) can be 

used for all m. Equation (14) then becomes 

£b(<P) à ) e T| cos(m9) 
¿j m m 

n^o 

(23) 

__ 00 ® 

= a 1 I P8(y dp I em C08(mCp) jm(kp) 
111=0 

k2 “Jk I P8(^) Jo(2kp 8in dp 

Since this approximation will apply if all the phase shifts are small, 

and the largest | | is generally | T]^ |, we can apply the Born approxi¬ 

mation if 

Tl0 I « ^ k2 I a I J pg(M J2(kp) dp < 1 (24) 
O VO/ 



If we are considering values of kpo » 1, we can use the asymptotic 

form of the Bessel function, and we get 

“ I kp J g(y) cos2 (kp y - dy < 1 (25) 

For large kpQ, we can replace cos'“ (kpQy - by 1/2, and we have 

a < 

kp J g(y) dy (26) 

as our criterion for application of the Bom approximation for large 

kPQ. (It is assumed that g(y) falls off faster than l/y as y -» ®.) 

This requirement on | Of | may be too stringent, but we can regard it as 

sufficient. 



VI. GEOMETRICAL-OPTICS APPROXIMATION 

If kpQ » I and a is large enough so that many phases are large, 

Eq. (19) can be expected to represent a good approximation to the 

,phase shifts up to large values of m. The sum (Eq. (14)) over phase 

shifts for qi ^ 0 or 2rr may then be estimated by a stationary-phase 

approximation, provided that there is a value of m for which 2Tj ± mcp 
m 

is stationary. If this procedure is carried out, with given by Eq. 
(3) ™ (19), it can be shown ' that the result for the differential scatter¬ 

ing cross section is identical with that obtained by geometrical optics 

(ray tracing) . 

The geometrical-optics scattering cross section is most simply 

derived by analogy with classical particle mechanics, since geometri¬ 

cal optics as a limit of a wave theory corresponds, in particle mech¬ 

anics, to the classical limit of wave mechanics. In particular, the 

trajectory of a particle of energy W and impact parameter b in a po¬ 

tential V(p), as calculated in classical mechanics, is identical with 

the optical path of a ray of impact parameter b in a medium with an 
2 

index of refraction n, where the function n (p) in optics is equiva¬ 

lent to the function 1 - V/W in mechanics. 

Let us consider a particle of energy W (or an electromagnetic 

ray of frequency uu) as shown in the sketch below, incident from x = -® 

and y = b on a region where the potential energy function is V(p) (or 

index of refraction is n(p)). 



K 
■o 

K 

LN. 

[v 

-V* 

i 

> 

15- 

(4) 
Solving the equations of motion in plane polar coordinates, we find 

that the angle cp of the asymptote of the orbit after the particle has 

.passed the scattering center is given by 

w 
Cp - TT 

2 
w 1 - 

y(w) , j~7 dw 

W 
b w (w) - b w 

dw (27) 

wnere 

1/P 

2/ ^ K2 2 n (wo) - b wo 

The plus sign refers to negative V (or a < 0) and the minus sign, to 

positive V (or a > 0). If we consider a uniform beam of particles 

(or a plane wave) incident on the scatterer, the particles (or rays) 

having impact parameters between b and b + db will be scattered into 

angles lying between cp and cp + dtp. From the definition of the scat- 
2 

tering cross section | f(cp) | 

fG«P) 
db 
dtp 

(28) 

where the subscript G will indicate the geometrical-optics cross sec¬ 

tion . 

Back-scattering (cp = rr, b = 0) for positive a can occur in this 

limit if Qf > 1, and we have 

fG(") w 
(29) 

2 J°4t i n(w) 



For u) 0, this givas 
poo 

fG(TT) 
(30) 

A. 

dx 

o 1 - Qfg(x) 

where 

g(x ) =• - 
6 o' a 

Generally speaking, this very useful approximation may apply, except 

at very small angles of scattering, when a large number of phases, 

many of which are large, are required to represent the scattering. 

To be more precise, if we are considering a > 0 and scattering 

at an angle cp«rr, the geometrical-optics approximation will certainly 

not apply if a < 1. Let us see how much larger than one a must be in 

order for the method to be applicable. Let us suppose that a = 1+6, 

where 6 is small, and g'(0) * 0. (We are mostly interested in electron 

distributions that have zero slope on the cylinder axis.) The geomet¬ 

rical-optics scattering occurs mostly at a radial distance, a, given by 

(31) 

This gives 

(1 + 6) g^-)~ 1 ~d + 6) (1 + (32) 

2P 

so that 

2 ^o6 
a Rá - 

g"(0) 
(33) 

,-, 

3 



The geometrical-optics approximation will not be valid unless 

ka » 1, so that we have 

(3) 

2k Po 

(34) 

as a criterion for application of the approximation to 180-deg scat¬ 

tering. 

We can also use the fact that the geometrical-optics back- 

scattering arises from a radial distance, a, given by Eq. (31) to ob- 
2 

tain a crude estimate of the dependence of | fr(Tr) | on a for different 
\j y 

will For Qf not much larger than 1, | ^qO1) functional forms of 

depend mostly on the beRavior of g^—^near p * 0, and not on the way 

it falls off at large distances. On°the other hand, for a » 1, the 

scattering will occur at large distances, a, and the behavior of 

g/-^—Jfor large will be very important. Thus, we can conclude, for 
VV, ,. . ?o . .. /P P ^ , . example, that alî functions g^-^that vanish for ¿ 1 will give es¬ 

sentially the same back-scattering cross section for a » 1 as will an 

impenetrable cylinder of radius p . For functions that extend 

to infinity, the radar cross section for a » 1 will "be' larger than 

the radar cross section of an impenetrable cylinder of radius p . 

ions g/M 

1 will oe ] 

“ 4 -Í . 



-18- 

VII. EXAMPLES 

We will now calculate !f(cp)|2 for a few specific functions 

with special emphasis on cp = tt. We will consider only wavelengths 

that are small compared with the radius of the scattering region 

(kpo » 1), positive values of a, and functions with zero sloPe 

on the cylinder axis. 

(a) g (t) P * Pr 

ik) pap. 

Electron-density distributions that fall off rapidly for p > p 

are frequently approximated by functions of this form.Functions 

g^—^ with large values of P will give a better match to free space 

y Of 
tha^those with small values of P but may fall off too rapidly in the 

regiem p < p . The Bom-approximation scattering amplitude (small a) 

can readily be calculated 

lfR^> «^Po/k I dy(1 • y2) yJo(2kpo Sin 2 y) 
(35) 

o 2 

For P + 1 « 2kp , the cross section oscillates with angle, the 

amplitude of the oscillations decreasing with increasing cp. These os¬ 

cillations are a consequence of the sharpness of the boundary at p 

(discontinuous derivatives of the electron distribution). For 

P + 1 > 2kpo, the transition between the plasma and free space becomes 

smoother, and the oscillations with angle of the cross section vanish. 



2 
The back-scattering cross section |fg(Tt)| is given by 

If fnt 12 m a2 Ü— Cko (T(^ **~ i2ko ) 
lfB(TT)l 01 8k (kpo) - . 2 JP+l^kpo; 

r°' (kp0)2(m) m 

(36) 

and obviously depends critically on the choice of P. For 

a » 1 + -gMCO) 
2 2 

2k p 
Ko 

= 1 + 
u2 2 k p 

Ko 

we can use the geometrical-optics approximation, and we get from 

Eq. (27) 

CP - TT 

2 
- sin'1 ^ - M 

Po "o ¿ n 

dx 

- ■(■ ■ a 
P 2 

b 2 
-X 

(37) 

Pr 

For P * 0 (homogeneous cylinder), the result is independent of a, 

and the cross section is the same as that for the scattering from an 

impenetrable cylinder 

" rsin2 
(38) 

a/p 
For P 5/ 0, large a, and P small enough so that j « 1, xq 

will be near 1, and the cross section will differ very little from 

that for the scattering from an impenetrable cylinder. 

The geometrical-optics radar cross section |fG(Tr)| is given by 

.2 , . Ja_ 
X 

0 j 
*- (39) 

lew 

1 + J 
1 •t • y 

/j 

A 

! 

;■ 

¡ 

b 

■ 



For very This can be easily calculated for any P and a > 1 

large a, (¿)1/P «1,1 fG(") |2 i-s approximately 

|£g<">|2 = (40) 

For P * 1 (quadratic distribution), the integral in Eq. (39) is 
2 

trivial, and 1^(^)) for all a > 1 is given by 

(41) 

The phase shifts as given by Eq. (19) are also especially simple 

to calculate for this case because the integrals can be evaluated ana¬ 

lytically. The sum over phase shifts (Eq. (14)) for kpQ « 10 and 100 

for several values of a between 0.9 and 2 was programmed and computed 

on the IBM 7090. The cross sections obtained by this method, together 

with the geometrical-optics cross sections (for a > 1), are shown in 

Figs. 1 and 2. We can see from Fig. 1 (in which kpQ - 10) that for a 

as small as 1.1, the error involved in the geometrical-optics approxi¬ 

mation is only about 25 per cent. For larger values of a, the error 

becomes much smaller. We can see from Fig. 2 that for kpQ ■ the 

geometrical-optics approximation is valid down to small values of 

a - 1; the error for or “ 1.01 is only 23 per cent. 

It happens that an exact solution to Eq. (7) can be found for the 

quadratic distribution for all a in terms of hypergeometric functions. 

These solutions are rather cumbersome to work with except in the special 

case of a * 1, for which the hypergeometric functions reduce to Bessel 
2 

functions. The exact value of |f(Tr)j was calculated for a “ 1 and 

ko ■ 10 and was found to be only 10 per cent higher than the cross 
Ko 

section as calculated fron the approximate phase shifts as given by 

Eq. (19). 

(b) 
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Fig. 1 — Back-scattering cross section in transition region for 
quadratic electron distribution (kp =10) 
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Fig. 2 — Back-scattering cross section in transition region for 
quadratic electron distribution (kyo = 100) 
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Functions of this form represent smooth, long-range electron-den¬ 

sity distributions. The Born-approximation cross section can be cal¬ 

culated immediately. 

Wl2 = Sr“2<kp0)4 [ JJo(2k"o3ln I 

TT 2., .4 _10 
= 2k “ (kpo) 

(kp sin |)2P 

(42) 

[r(P + D] 
[Kp(2kpo sin I"] 

2 . 
For P « 2kpo, |fB(n)| is approximately 

r , . .2 TT 2 . .2P-1 -4kp 
fB(TT) I ^Skaikpo) 6 ° 

(43) 

To calculate (fgicp)! > we have 

5£ - TT b_ 

P, J 
dx (44) 

¿-r-¿x2 2 2 X 
x / P0 

For very large a, and P small enough so that 

1 
2(P+1) 

« 1, x 

will be small, and we have approximately 

£_l. 
2 - J dx ■jr. (45) 

coc 
2(P+1) b_ 2 

For P = 0 and ct » 1, we can obtain a solution in terms of simple 

functions, and we get 

|fG(cp)| = V“ 

{i - d - f)2] 
T7Ï (46) 
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The cross section is smallest for cp “ tt and varies very little 

with angle for large-angle scattering. For P * 0 and P = 1, I fG(") 

can be evaluated analytically for arbitrary a > 1. In the case of 

P = 0 and a > 1, we find 

to - (47) 

and in the case of P = 1 and a > 1 

(a - D^I 
2 1/4 

Of 

(48) 

The X and £ functions are the complete elliptic integrals of the first 

and second kind., respectively. 
2 

For arbitrary P > 0 and a > 1, ligto)] can be easily evaluated 

numerically and |fG(rr)|2 is given by 

lfG(TT) 
(49) 

2J 
dx 

vMrS 2 \P+1 

(1 \2 (p+l) 
—J « 1, we have 

approximately 

. . .2 . . 2(P+l) (P + 1) 
f (n)| - po(a) 

ir r 
(H1 * ftt)) 

(2 (P + 1) ) 

(50) 



-25- 

As would be expected, the more rapidly the electron density falls 

off with distance, the slower is the increase of cross section with 

increasing a. y 

^ (c) g fc) 
2/2.- 

-p /p 
e K Ko 

For the Gaussian electron distribution, the cross section in the 

Born approximation is given by 

« (kp ) TT », 2 2 . 2 cp 
,,,.2 Ko -2k o sm * 

i£bWI - Tï-e 0 1 
(51) 

2 
and |fç(Tr)| is given by 

£g(t,) 

2i 
O 

dx 

ae 
■1/x 

(52) 

p_IZ_ 
[ln(^a" cosh y)]"^ 

We can obtain a rough estimate of |fG(rr)| for large a by replac¬ 

ing cosh y by y-, and for ^ » 1 we get 

( ‘ 

lfG(TT) (lr,(“| 
/2 

(53) 

The integral in Eq. (52) was calculated numerically for several 

values of a between 1 and 100. The phase shifts as given by Eq. (19) 

and the sum (Eq. (14)) over phase shifts for cp = tt, and kpo “ 10 and 

100 were programmed and computed on the IBM 7090 for several values of 

o between 0.9 and 1.6. The results are shown in Figs. 3 and 4. 
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Fig. 3—Back-scattering cross section in transition region for 
Gaussian electron distribution ( k¿> =10) 
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Finally, in Fig. 5, ~ If (tt)|2 for 1.2 á as 100 is shown for 
p i O 

the four functions 

(1) g 
(9- 

2 
1 - -Û- 

2 P s Pr 

P ^ Pr 

(2) g 
fc) ■ 

2, 2 
-P /po 

(3) g 
(t) 

1 

1 + ¿ 
2 

Po 

(4) g 

The radar cross sections for these four distributions behave as 

predicted in the discussion of Section VI. For a not much larger than 

one, the radar cross section should depend mainly on the behavior of 

for small Thus, the first three functions 

cross 

the functions 8^p—j 

, which all°behave as 1 -°p2/p2 for smallf^—V yield radar 
\Po / 0 \Po / 

sections which are roughly equivalent for a not much larger than one. 

The fourth function gr-1 differs from the other three in its radar 
\Po) 

cross section for a near one because it differs in its dependence upon 

p for small . 
Po 

The dependence of the cross section on a for large a is quite dif 

ferent for all four distributions. For large a, | f^Crr) | as a function 

of a for the four functions 8^“^ being considered is as follows (c.f. 

Eqs. (41), (47), (48), and (53)? 
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Fig.5—Comparison of back-scattering cross sections from 
overdense plasma for four electron distributions 
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For back scattering, the quadratic distribution for large a is 

indistinguishable from an impenetrable cylinder of radius pQ; this is 

as expected. The three long-range distributions (the last three func¬ 

tions) yield radar cross sections for very large or that can be esti¬ 

mated by assuming that the distributions are equivalent to impenetrable 

cylinders of radius, a, the distance, a, being given by Eq. (31). 

This method of estimating the cross section gives, for a very large, 
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2 U / M2 — |fG(TT)| -a 
Ko 

for g 
(t) 

lfG(TT)|2 -Vïn~â 
Ko 

for 
8(t) 

2/ 2 ■P /p0 

We can see that this quick and convenient way of estimating the radar 

cross section for very large a gives correct results except for a nu¬ 

merical factor of the order of unity. 
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