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FOREWORD

This Interim Technical Progress Report covers the work performed
under Contract AF33(657}-11265 irom October 1, 1363 to January !,
1964. It is published for technical information only and does not
necessarily represent the recommendations, conclusions or approval
of the Air Force.

This contract with Republic Aviation Corporation of Farmingdale,

New York, was initiated under ASD Manufacturing Technology Laboratory
Project 8-111, "Electro Spark Extruding." It is administered under

the direction of Mr, T.S. Felker of the Basic Industry Branch MATB,
Manufacturing Technology Laboratory, Aerunautical System Division
Wright-Patterson Air Force Base, Ohio.

Mr. J.H. Wagner of the Manufacturing Research Department,
Republic Aviation Corporation is the engineer in charge of the project,
Mr. Gunther Pfanner is cooperating in the research.

The work presented in this report was done by B, P, Leftheris of
Re-entry Simulation Laboratory, Research Division,

The primary objective of the Air Force Manufacturing Methods Program
is to increase producibility, and to improve the quality and efficiency

of fabrication of aircraft, missiles and components thereof. This
report is being disseminated in order that methods and/or equipment
developed may be used throughout industry, thereby reducing costs and
giving "MORE AIR FORCE PER DOLLAR."

Your comments are solicited on the potential utilization of the infor-
mation contained herein as applied to your present or future production
programs, Suggestions concerning additional manufacturing methods
development required on this or other subjects will be appreciated.
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Approved by:

obert W. Hussa, Ass't. Chief
Manufacturing Rsch. Engineer

Approved by: )

T.F. Imbolz, Chief
Mfg, Rsch. Engr.
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INTRODUCTION

Capacitor discharge extrusion is a metal fabrication process
involving application of the effects resulting from a rapid discharge
of capacitor stored electrical energy to a billet in order to produce
work in the form of an extrusion., The electro-hydrau'lic reduction
of an extrudable billet 1ir aterial may be accomplished in a number of
ways, One method is to apnly the shock=pressure energy obtained
from the capacitor discharge event directiy iv u billet in an ultra~high
pressure fluid environment, Rapid gap discharge of electrical energy
in an appropriate chamber causes a shock pressure wave to strike
the billet face and, upon refli.ction, to create 2 dynumic force when
added to the latent hydro-~static force is sufficient to effect movement
of the Yillet, The capacitor discharges are intended to produce a
series of extremely short duration intense pressures considerably
in excess of any pressures obtained hydrostatically in mechanically
available in tuoling of comparable size. It is believed that the short
duration of the pressure pulses will allow a superposition of pressure
without the corr:sponding increase in the design strength of the con~

tainer by conventional hydrostatic criteria,

With the billet in the high hydrostatic pressure medium, an
additional phenomenon of the capacitor discharge event is available
for extrusion work; namely, the electromagnetic effects aerived from
the rapid discharge of electrical energy tiirough an appropriately con~
structed conductive coil. ‘These coil discharge racnomena mey be
applied by inductic. to the face of a piston-~disc interposed between the
cou and the billet to produce a shock wave in the high hydrostatic
pressure environiment from the rapid acceleration and sudden stop
of the disc when the current ceases to flow, In addition, the electro-
magnetic repulsion may be applied to the billet face directly in order

to realize the acceieration forces required to extrude the billet,

A further method of capaciior stored energy utilization is to




recover the energy created by the electro hydraulic discharge and to
transfer it by mechanical means to the billet face, Displaccment of
the billet is accomplished mechanically by the use of a piston-ram on
the billet material in a suitable container with the pressure pulse
energy created by a series of discharges impinging on the face of the

piston causing it to move forward to extrude the billet.

The advantages offered by the foregoing approach to electro«
hydraulic extrusion are; (1) eliminatior of billet container wall friction,
(2) reduction of billet die surface friction, {3) creation of pressures
considerably greater than lLydrostatically obtainable allowing extrusion
ratios beyond those obtained hydrostaticaily, {4) reduced container

size and cost,

Recognizing the attractive advantages of the application of this
technology, the Aeronautical Systems Division of Wright Patterson
Air Force Base has awarded Contract No, AF33(657)~11265 to
Republic Aviation Corporation to determine the production potential
for extruding steel alloys by capacitor discharge energy. This will
be accomplished in the course of the program by conducting experi-
ments with capacitor discharge equipment tc develop the most suitable
techniques for extruding steel sections, The program consists of

twc phases as follows:

Phasel - Design and Extrusion ot the Equipment

Phase II = Development of the Extruding Process

The methods heretofore described will be investigated Jor suit-
ability to realize iLe opjectives of the program of extruding a 2 inch

iameter billet to 2 1/4 inch round.

This second quarterly report is concerned with the consequences
of the explosive effects both in a hydrostatic medium and also in
pressure vessel walls of a rapid discharge of electr::al energy across
a gap. Analyses have been prepared and original equations of state -

derived to consider the effects of shock pressure wave phenomena as _[

i
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they will be applied in this program.

As the initial experiments place the billet in ar ultra-high
pressure fluid environment in order to realize the advantages derived
from the hydrostatic extrusion process, the capacitor stored electrical
discharges will be used to furnish the additional energy required to
approach the target extrusion ratios of the program, For this reason
examination of the new parameters extant becomes vital in order to
understand the extrusion process at the billet die interface to predict
ideally to what degree extrusion may occur; and, to what extent the
extrusion process can log:cally be optimized from the variables
involved in the electrohydraulic approach., This work is presented
in the first section of the report.

Although pressure vessels are being safely used at hydrostatic
pressures to 300, 000 psi using well known standard static design
criteria, the solution of the problem of containing similar pressures
in a vessel with a superposed shock-pressure pulse loading was
nowhere readily available for application to the equipment required
to attain the objectives of this program. For this reason, an original
analytical approach was pursued that has resulted in elastic-plastic
equations of state that take into consideration the effects of shock
loading in ultra-high hydrostatic pressure equipment, These derived
criteria have been applied to the boundary conditions imposed on the
container design by the electrohydraulic extrusion experiments with
tne conclusion that a container design that will accomplish the objectives
of the program is feasible. This work is presentad in the second section
of this report,
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NOMENCLATURE

Part I:

density

acoustic speed
pressure
particle velocity
radius

distance

time

angle

frictional force
normal force
coefficient of friction
mass

axial strain
initial radius
initial lenin
Poisson's ratio

yield stress




& F omo o

]
(-}

_ot!l

©

aQ O

NOMENCLATURE (cont'd.)
Part 2:

= internal pressure
== radial stress
= time
= distance
- radius during the wave action
- particle velocity
=~ hoopstress
-- density during the wave action
=. density before the arrival of the wave
-= radius before the arrival of the wave
— radial strain

-~ hoop strain

= do
de

~= Poisson's ratio

= yield stress from uniaxial tests

-~ Young!s modulus of elasticity

== plastic modulus in the bilinear model

- - shift rate (propagation of the wave front)

= acoustic speed

== acoustic speed in the undisturbed state

= propagation velocity of the wave front at t= to

= propagaiion velocity of the wave at r,=a

-
(9]

o
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GENERAL DISCUSSION

From previous considerations of pulse extrusion, it was found
that a pulse, generated by the discharge of a capacitor bank at one end
of a liquid (preferably water) filled cylinder, a pulse of 215, 000 psi
is necessary to achieve efficient extrusion, It was not, however,
proven theoretically that such extrusion is possible, nor that a cylin-

drical container can be built to withstand the proposed high pressures,

The work in this report, therefore, i concerned with these avov
provicins exclusively, The propagation of a pressure puise and 1its
ensuing effects require a different theoretical treatment from the
existing treatments of flow (or extrusion}, mainly because of their
short duration: in gas dynamics, pressure waves represent unsteady
flow as compared with the steady flow of fluids in pipes under a steady
pressure from a pump,

The formulation of unsteady flow dynamics has been developed
extensively 1, 2 . Itis not, however, a simple matter to apply it
because, for each case (with a given geometry and a given medium),
the problem must be formulated anew,

This work is divided into the following two parts:

Part 1l Pulse Transmission and Billet Extrusion
Part 2 High Pressure Transient Loads in a
Hollow Cylinder o

Both parts are generally formulated and general solutions &£ given
and discussed. 15 cach part, however, particular solutions are given

witn assumptions that this contractor considered to be reason: ' ‘e,

The results are sensible and, from the assumptions made, conservative, L
Nevertheless, it is hoped that the reader will form his own opinions -
about the solutions until further experimental proof is provided. ..
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PART 1 - PULSE TRANSMISSION AND BILLET EXTRUSION

The general case for pulse extrusion is as follows: the front
part of the cylindrical billet to be extruded {its into the tapered section
as shown in the sketch: static pressure is then axially applied at the

larger section through the liquid medium,

\\\\>\\\V

Capacitor
Discharge

Ny I

\ Liquid Medium

N \\\\ N\

~o! le— dx

The capacitor discharge takes place on the left end of the cylinder
and propagates to the right. Upon its arrival on the liquid=metal inter~
face, it is partially transmitted and partially reflected,

In Part 1, the wave interaction at the interface and the extrusion
through the tapered section are theoretically analyzed,

?I




SECTION I - WAVE INTERACTION AT INTECRFACE

Consider two cylindrical bodies of the same diameter which
are axially in firm contact with one another, Consider also a stress
wave travelling along the axis towards the interface, It is required

to find the strength ot the reflected and transmitted waves,

Cylinder 1 Cylinder 2
NLLLLLLLLLLLLL, (LLLLLL L0017,
g mC C,

d . < 1 Ly . 5‘
/] /
? P, =0 P, =0, ps ¢
T777777 777777 7777777777777
Interface
P Assume p,
P, ume P> >py
Incident Wave
el U
X e
- Pfa

/f— - Reflected and Transmitted
1
Waves

Two condifiunz are necessary during reflection:

(1} The velocities of the wave on either side of the

interface must be equal

{2) The pressures on either side of the interface
must be equal

From momentum considerations immediately after reflection, we

v




obtain
Pr Cy (uy ~uz) = P3 =Py =05 Cauz =0y Gy 1y

Hence

2
or P_-,l( . C Py

It is obvious that when py.C; = p,.C;, I, » P; (i,e., there is no
reflection}, If, on the other hand, p;.Cy << p,.C,, then P5 = 2P,
(close end reflection},

The reflected wave is given by (Ps -P;}, Hence,

Cz =0 C
(P - 1) » L2giiligh

The transmitted wave on the other hand is given by
Py =pyu; C,, Substituting from eq. (3) we have
20, Cu = 20

3 ® psCatp Oy e"ciil
“Pz 1

u,

Thus, if the amplitude and particle velocity of the incident wave are

known, the amplitudes and particle velocities of the reflected and
transmitted waves can be calculated,

(1)
(2)

(3)

(4)

(5)




SECTION II -~ EXTRUSION

The transmitted wave at the interface propagates thrugh the
billet towards the tapered section, It is now assumed that the die is 1
made of the same material as the billet, There is, therefore, no

reflection as the wave passes through the tapered section, -

Consider an element of thickness dx which moves under the

in{luence of the passing wave,

G,

N

ﬁf,‘e

dr
e
P+dP —eldx|w— T
. .
D
/\/ A < tans
\ dx - tan
)
From the momentum equation, we have IF = m%r— (6)
where , by definition, u = g,t‘ .
N sin 6 F co3 0 -

———
N cos 2 I F: TF sin @ T
B

Also F = Np (7)
TFd (P+dP) (r+dr)m -Prir -2(r+ %‘l) mdr (NpgcotO+. 3i. 6)
where F :ul:-;;d—%

The mass of the element is given by

dm:ﬂ(r+-‘1§-)' dx p
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r.. dr

:ﬂ(r+%— @y P

Thus the equation of momentum can now be written

2m (r + =X ) dr p x (P + dP}(r + dr} 27 - Prin - 2{r +_51_zr_) 7dr

(Ng cot 8 + Nsin8)

Transposing and neglecting second order terms, we have:

Do By L o N hcotd+ sin6) \&}
ai I PR =

We now consider mass continuity in the following manner.
Consider an element initially of radius ro at position xo0, of thickness
dxo and density p o. Under the influence of the wave; the element moves
to r, at position x and its thickness changes to dx; its density also
changes to p.

Thus 1nass continuity is expressed as follows:

Trodxo po =¥ dxp or 1%, dro po = r? dr p

dx ’_(_1_1" 'rzogo

dxo dro P (9)

We can now write —32 -g—P since we considered only one instant of

time, and %E— < -%—l-l- since we considered only c¢ne position. Similarly,

dr 2

ar. - 5T for different times, Hence,
To o
du_ , P, 123  NB (10)
t - ¥ pr * p ar pr
wicse B = pcotf + sin 8
and 9x .Eo_
%o * 31 Bro _’2 (ll)

Differentiating (6) with respect to t, we obtain

3
'?T:o = - {7o® po) rlp2 52

11
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The linear strain in the x direction can be written as

follows:
Ax  dxo - dxo
€ =9% = 3x
dxo dxo
Hence,
3%o _
-a—x— = € +1

Combining (6) with (8), we obtain the folluwing!

3 d s
—,‘—'=§§o'(€’+l)= %g___&o_

0o P
Hence,

36 _ . (ro® 0o) 3(r?p)

== o
Thus

du 13
5rq ~ 3t < 0

From (9) we can write

1 r’p 1
3r - 310

ro°pPo Oro

Thus (5} can now be written as follows:
du r¥ dP 2 i
3t rcopo dro Pr {P -B N} =0

If the strain in the two directions is restrained, the strain in the

axial 2irection is given by:
€ :%—- 2v %

Thus

2a (=29 2

Aro

12

(12)

(13)

(14)

(15)

(16)

e §

-a

.
o=

1]
ey

4

s}
P,

¥ o )
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Pomd b3

Substituting in eq. (16}, we ob“ain

w_ _ _r __E _2 _2fy (2-B}=0 (17)
LY ro Po 1-2v 10 pry

Where P = 2fy and N = fy substitutions were made.

NOTE: The billet is compressed continually under static
pressure so that upon the arrival of the pulse, the material
begins to flow pla.stu.a.lly The total available energy,

hnw L. T mlesmen ar AV Ala man i L1013 mwana 2an
LeSITLCTC, T gV 3y & sl SSSLLT LlulL pTiTluTa "u.»u, B

the case of a plasticized solid can be equal to twice the yield
stress and b} the kinetic energy which can be found from
the momentum equation as follows:

From the momentum equation (AP} = pouw

where
_dr _3r . [3r dro
hiatrTatal T3 +<'3_r°) at
1f, however, %Q = 0, then W = %—:l- =u

Hence (AP) =u?p,

Thus, atany time, (Ax) A AP _ (Ax} A pov’

where A = Crossesectional area

Ax = An element of length

Finally, AP
Ro

Equations {15 and {16} form a system of partial differential
cguiations. In order to solve them simultaneously, the method of

characteristics will be used. The two general equations of character-

= u?

istics of two dependent and wo independent variables are as follows:

A(a_u) +Byf 3U_ +c,_al/ +Dif 3V +E
NIy 3Y 3X JY 3Y Jy

af2U) #Be(3U ) +Cy3V Y 4Dsf 3V +E; =
AKX Jy 3Y /X ’ﬁc‘)Y Y X

0

i
(=]

13




where 21, As, By, By, Cy, Cy, Dy, Dy, and F;, F; are functions
of U, V, Xand Y,

Let U = u
V = €
X = ro
Y = ¢t

Now rewriting (15) and (17} in characteristic form, we obtain

’~ W i~

) (37 (58

¢ (auo)q»(_‘i) - ‘1:2_ E (_a_f.L) +0 (B_EJ_) . 2fy (2-B) =0

Ar, At To<Po (1-2v} \dr, at Por
where A, =1 A, = 0
By, = 0 B, = 1
2 E
C, =0 C =--£—=—
t 2 Yo Po (1-2v)
D1 ==-1 Dz =0
2f, (2-B
E, =0 E, =-F;1¥ ( )

The solution of the system is given as follows:

o9t _3 xr? E _ x E
T dr T ToZpo (1-2v) To?Po =2v)
=) | E A . E
) po (T-2v} 15" Po T-2v} (18)
IrV(E 1 dey - 2 (2-B) f, dt =0
au T\T) (1=2v) pr y

and dy_ . 2 iy (2-B) =0 (19)
ro po l 2v dt pr

The partial differential equations are replaced, therefore, by two total
differential equations,

14



e el e B e

Now let p = p» (constant during plastic extrusion),

2
Hence €, +1 =(-§L) (20)

We shall, furthermore, assume that extrusion takes place
in the plastic region with E = 0

Equation (15} can therefore be written

du Zf“ {(1-B} =g¢ (21}
t Per

but r = r (ry, t}

Hence
dr dr dr | dr
& '('B—t-)+(a—ro) Tt
r? r 1 E
=u¥ w5 (pe Tov

:u’F-EQ—‘—L— E
r

{Pe "T=2v)
d 3 .
If E =0, —dtl=-a-§-=u (22)

Thus equaticn {16) becomes

d®r _ 2fy(2-B) 1
dat® = Po r

(23)

A familiar and exact equation can be derived by rewr:ting
eq, (23) as follows.

dr dr 2(2-B} £, _dr
at ¢ ('d*r) - 2ZRMy

or

Yoo To
fdu = zgi-n)fy‘fg_r_
[o] 0

rr
Hence

]
us? _4(2-Bf, In _rxg
Do y r (24)

15
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Equaticn (24) is similar to the steady-state extrusion, In fact, it -
is identical to the potential energy replaced by the kinetic energy.* °F
Since us“ is a positive quantity, we deduce that 0<B<1 -
1f we choose B = 0 (for 4 »,5, 6 m 39°), then we have =t
2 -

Uo 8fy In 1o - 25
gy 1P L ) (25) .

* The mechanism of the propagation of the wave is as follows:

a) the wave is propagated partly with an elastic steep front behind
which the velocity of the particles is u;, and b} immediately
afterwards, the decelerating process takes place: the propagation
velocity of the deceleratior may bLe zero if E & 0 (i.e., the flow
is plastic).

16
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SECTION Il - EXAMPLE OF
PULSE EXTRUSION

Let Py = 215,000 and £, = 90,000 psi (fy = the
yield strength of annealed 4340 steel).

Hence, from eq, (5)
2P,
[

Uz ~
1L v e

- A r
Tora -

where conditions 1 (subscript 1} refer tu water and conditiong 2
(subscript 2} refer to the billet (steel in this case}.

Cy = 4800 ft/sec, oy = 62,4 b/t

C, = 1.8x 10* ft/sec.  po = 50C Ib/ftd

Hence,

Py Cy + Pa Cy (4.8 x 6.24 x 10 + 1,8 x 5 x 10°) gy Dog88C
2 322

ft

= (30 x10*+ 9 x 10%) 3172

= 2,89x 10°
Thus
2 x 215,000 _ 4,3
U3 ®TEIx T * 2.9 149 ft/sec
and

Pyop, ou, C;w2,8x10°% x1,49 = 416,002 pai

These are the conditions immediately behind the wave front:
for the unloading, C, = u; = uy, and P; = AP,
Hence, from equation {25} we have:

AP _ 1n 1y and with fy = N = 90, 000 psi

8fy = T
-7A—l->5—1-55 =1n :—° . This equation is plotted in the following graph.

17




AP psi (100000}

| 1 T H T T
#2058
- 8+35° 1
= -
- -
"

-
- .
r— -
- -

] ] ] L ] 1

N} .2 .3 1.4 1.5 1.6 1.7

To/r
FIGURE 1
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SECTION III - DISCUSSION

The result of the mathematical treatment is a simple equation
similar to the one generally used for static extrusion, The two
processes are not directly comparable, however,

In the static case, the pressure is raised until extrusion starts;
this is the pressure necessary for extrusion for a given area redurtion,

In the pulse extrusion case, on the other hand, thc puise propa-
gates through the billet, causing the billet to move; while the extrusion
for one pulse depends on the pressure amplitude, the final extrusion
depends on the rate the pulses are generated.

The aforementioned plot of AP versus ro/r, therefore, shows
the extrusion for one pulse. The coefficient of friction was taken at
0.5 and the angle at 39° (Bxvatf = 39°), A different choice of values
for uand 6 cun, of course, change the curve shown in the plot, To
find the rate of extrusion, one must know the number of pulses per
second,

For the extrusion of %90-?- (i.e., %9 =8 where Ry is the radius
of the billet before it enters the tapered section and R is the radius of
the extruded section), W = 0.5, 6 = 39° and AP = 400, 000 psi. The
extrusion rate can be found as follows:

The numbex of pulses required
|—4— L to extrude the length L is
' given by

No. of pulses

Re 8 — to extrude L
§ b R

19




The equivalent length of extruded stock for the length L is given by:

L] _1_ 3 B; 3.)2
TR 1, = 3 mRo L[:1+R°+(RC]
— 2
2 R R
L (R)° L [, *(m)]

= Ro (&3 Ro
tanO[R tRoot!

The total length extruded per second is therefore given by:

Ro. (:&9_)3 + Ro | 5 No. of pulses/sec
tan8 \R R No. of pulses to extrude L

Hence,

For

%9-- 8, Ro = 1", 08239, & 21,7 and

%9/-:;9 u 1%7 = 4.7 pulses to extrude L’

The length extruded per second = %1 x EM' + 8+ax (§°7‘ of pulses/sec)

sl x73 x (No. of pulses/sec)
.81 x4.7

= 19, 2 x {No. of pulses/sec)

The length extruded per pulse, for ro = 1, is given by:

]
To (_r_o_ o
11'tan9 [r) + r +l]

1
= = (2.9+1.7+1)

= 5,6
.81

= 6,95 in, /pulse
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The equivalent length of extruded stock for the length L is given by:

’ L ir.? R .&)3
7R 1, = 3 7Ro LE+Ro+(Rc

= Ro (& ? ¢ Eo
tan 6 [R tRootl
The tota) length extruded per second is therefore given by:

Ro. [(;&L)a + Reo +‘£] « No. of pulses/sec

tan 8 \R R No. of pulses to ex:rude L
For

Ro o g Ro=1", 8m=39°, o aj.7

-'R ] 0 ’ ’ -l'— = 1, and

Ro

R /":'Q = 117 = 4.7 pulses to extrude L

The length extruded per second = 4 x @4 + 8*3;: (507. of pulses/sec)

.81

=1x73 < (Nc. of pulses/sec)
.81 x4,7

= 19,2 x (No. of puises/sec)

The length extruded per pulse, for ro = 1, is given by:

s
ro ro ro
11"tz’.ne Kr) 3 +1]
1
..._8-].(2'9+1'7+1’
2 5.6

.81
= 6.95 in./pulse
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PART 2 - HIGH PRESSURE TRANSIENT LOADS
IN A HOLLOW CYLINDER

The stresses and strains in thick~-walled cylinders under internal loads
can be calculated by Lamé's equations. When the internal load is transient,
however, equilibrium of forces does not exist; Lumd's uquation thereforc are
no longer applicable. Instead, the unbalanced forces will set up velocity gradi-
ents in part of the oylinder while some other part may be completely at rest.

Sell:org;3 has given the solution to such problems for elastic loads, His
results, however, are not explicitly available; it is not possible therefore to
either modify his work to include plastic loads, or to use his results directly
for plastic deformation,

In this report the general problem {s formulated and solutions are given
explicitly for both the elastic and elasto-plastic cases, Rinehsu‘t4 he.s carried
out tests with thick-walled cylinders and high internal loads., His results indi-
cate agreement with the prediction given in this report.

The solutions can be used for the analysis of stresses in shock tubes,
gas guns, and pulse extrusion processes.
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SECTION I - PROBLEM DESCRIPTION

Consider a thick-walled cylinder of inside and outside radii "a" and "b,"
respectively. The cylinder is filled with gas or liquid to a static pressure P,
Consider also a pressure disturbance, generated by either a fast accelerating
piston or an electrical discharge, travelling from one end to the other: the

o
disturbance is detonative with d_tl = o at its front,

The pressure-iime profile of the shock wave (detonative disturbance) is
either rectangular or triangular.

~8= DIRECTION OF PROPAGATION

__STATIC PRESSURE_

t

In the triangular case, it is convenient to assume an equivalent rectangular
wave with the areas [Pdt and [Pdx equal to the corresponding areas under

the triangular profile, Thus, the momentum and energy carried by the wave
are the same for either profile. The triangular wave can ¢ treated separately,
howeves:, without difficulty.

As the wave travels along the cylinder, a stress wave travels radially.
This wave, however, is not cylindrical, Its velocity of propagation has two
components: v the velocity of propagation in the medium contained by the
cylinder and Vo the velocity of propagation of the elastic wave in steel, It
is assumed in this analysis that the angie ¢ is small (i.e., vy >>V,)e

22
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The problem, therefore, can be stated as follows: Given that a shock
wave, whose magnitude and dur~tion are known, travels along the inside bore
of a thick-walled cylinder, what are the strain-time relations (both radial and
hoop strain) in the wall of the cylinder if the yleld stress of the matexial in
the uniaxial test is known?

The resulting longitudinal wave is considered out of phase with the radial
and therefore it is not considered in the analysis. It is, however, necessary
to assume that the length L of the cylinder is considerably greater than the
inside diameter of the cylinder,

23




Consider an element at distance r from the center, of thickness dr and
bounded by an angle d6.

SECTION II - PROBLEM FORMULATION

Thus, when the wave arrives, the element is accelerated (or decelerated)
according to Newton's third law,

whera

du _
-dm. at = IF
ZF = algebraic summation of forces
m = mass of the element
u = particle velocity

time

24
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From Figure 1, it follows ti.at:

+4 EF=-01-rd9+(01+dal)(r+dr)d9-2cxzain%e «dr

but (;—e- 2 gin %@
Hence:

2F=-01'r-d9+01-r°d9-l al.dr-de+dolox\d9+dP-drod9-qzodeodr
or ZF= g,dr.do+ do,.r.d8 - @;.d8-dr (i)*

The mass of the element is given by:

dm = [r.dg +2(r +dr)d@ ]dr-p

= r.df.dr.p

where p is the mass density, Thus the momentum equation can be written as
follows:

p r«d6«dr- g—‘: =0,+dr.dg + dg, +r.d6 - 0,°d8-dr

or PRtsT AT @)

but only a specified element has been congidered so far: since g—‘t‘ will change

du _ du d°1
with the position of the particle, T Since I is for one instant of time

de;, 3o
only, T T Hence, equation {2) can be written as follows:

3, o
au_ N, % % .
PR TTRE T @

The continuity equation is derived from the fact that the mass of the slement
will not change with the passing of the wave. Hence, an element initially has

# The equationsinPartIlare numbered independently of Part I,

25
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density P, and occupies a length droz during the passing of the wave, the density
changes to the value p and the element now occupies a length dr. Thus

dh = Po"o’de‘d"o = pr«d@.dr = mass per unit radius

r
0
o (4)

Qs
|
o

|

and
rf\

Q)
©

Here again, the total derivatives were considered for one element at one instant
of time, hence they are now expressed in partial derivatives. The probiem cak
be better formulated by using the Lagrangian representation of r=r (ro. t) where
L, is the initial distance of the center of gravity of the element from the center:

thus, 5 and t are chosen as the independent variables.

Equation (4) can be rewritten as follows:

or
a_ .3 ._o_pg 3
or ~3r Jr  p,r, ot ®)

Substitvting (£) into (3), we get

Lou_N17%  per __1_
Pat="r p aro
Hence,
o, O0,-0
aw,_r 1.7, ©
ot Po'T, aro p.r

Equation (4) is now 2ifierentiated with respect to time, t, and hence,

a—at'(por'g—':f‘) =0
[}

or p.r-%u+r-aa—rr 5f+p-—-—u 0 (7)
]

where u= g—- (by definition)

and pre 5 + r-9 + pu=0 (8)
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Now consider the radial and hoop strains:

Radial strain ¢, =—3 T = ‘—ro -1
H trat 2m'-21lr0 r
oop strain €, = = =-1
2 21rr° I,
Hence € +l=5r (9
[V}
r
~.ad € +1= - (10)
o
Combining (4) and (9), we obtain
+ . . = »
(€1 l)ep or Py Y, (11)
Differentiating (11) with respect to t, gives
3
g {(51 + 1).p.r} =0
ar 20 3¢
(el+1)p.at + (el+1)r. 3t + pore a_t1= 0
and s éﬂ = - u- J < X2 S ze_l.
ot - TP Tl ) B
o€
. u__pr 1 _
- S TR TS e T
Using equation (5),
( ]2 2€
e % Y +r1 'ﬁl= 0
Po'%o (o] 1
o€
du 1_
and T 0 (12)
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The probl.m is thus defined with two partial differential equati.as:

b 4 0,-0. -
v _r 1 b 12 0 0] H
ot PorY, 3%, pr v
13 -
ou _ 1.
and aro 3 0 (12)

For the solution of this system, T and t are the independent variables and
o and u are the dependent variakles, Furthermore, p=p (py» 04)s T=1 (1, 1),
and 0,=0, (ro,ol): thus the coefficients of (6) and (12) are functiors of a com -
bination of u, Ops Ty end t, Enuation (12) has,however, €, as one of the dependent
variables, This indicates that an additional equation is required to solve equations
(6) and (12) simultaneously, The equation will be derived from the equation of
state of the material, For metals, an equation of stress-strain will be sufficient,

For a biaxial stress field it is known that

o G,
1 2
€1=—E -p—E (13)

(N.B.: The cylinder is not restrained in the axial direction,)

Whenever the stresses extend into the plastic region, the problem must
be divided into two parts. The first part takes place in the elastic region as
defined by Tresca's criterion of failure, i.e.,

| 0p-0y
I 2

o
=
2
assuming that the stresses 0, and o, are of opposite sign. The secuud part takes

place in the nlastic iegion, An elastic-strain hardening Lilinear relation for the
plastic region can be assumed as follows:
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Ep 8
o A

Eo
Hence
(o-oo) = Ep (e- eo)
and € =B, 2
= -
P Ep p Ep
In general we can write
€1 1% 4
St "E3 E 3t
.
2 r
But £ )
E ro
e JR R I
E at ro t ro
Hence
il W R
ot E r,

Equation (18) is now substituted in equation (12), giving

—
Q‘l - .1_. .a.'!:.). M u=0
aro E 3t T
Rewriting equation (6) we also have ¢
wy o 21 %%
3t p.xr or per
o0 o -

29
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(16)

(16)

(1

(18)

(19)
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The solution of equations (19) can be afforded by the theory of characteristios.

The general equations are as follows:
F104 U v 3V =
A1(ax)y +B (aY) +C (ax)Y *Dl(a )Y *E)=0

2y U (%) av) }
Az(ax) + Bz(av,x * Calax )y, * D2 lay tEy=0

where the coefficients Al’ Bl’ Cl’ Dl’ El, Az’ Bz_. (‘-2, DZ' E2 are functions
of U, V, Xand Y, Nowletu="0, 0, = vV, X= T, and Y =t., Thus, rewriting
equations (19), we have

%0 -
du 3u 1 Q)(___l) -
(ar),”(at) +°(ar ) E\ 3t ro+ y u=0

3T C 0, -0,
o(3) +(%), 5= (a—l) ro(g), +Lr2 o0
Tolt Lo PoTo\ %%/t o P

The coefficients, therefore,are as follows:

t -

Ay=1 Ay=0 1
=0 B2=1
C.=0 C. = - e
' 2" By, |
D, =- & D, =0
15" 2 =
=B =- - I
Fi7y E, (©,-0,)

‘ine solution is now given,

dr
-9 - /.E__ X 20
dt * P % @0)
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g, -0,
r u 1 2
and dus &gl a0y + [%o_ + 1 ®Jdr =0 @1)
where &= Td:‘ . (22)

The method of characteristics has thus replaced the twn partial differential
equations with two total differential equations. Equation (20) has the units of
velocity and, in fact, is the propagation velocity jn the Tagrangian designation,
Equation (21) shows the condition of the metal behind the propagating front.
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To find the boundary condition, or the motion of the intertace, at time

SECTION II - BOUNDARY CONDITION

t = 0, consider an element dr as before.(See Figure 1),

Hence

and

Therefore

or

since

Thus

ar

Now let

Hence

but

du _
dm at = AF
dm = p.r.g.dr = px,dfdr,
t+ve AF = - ol-de‘r +(o +d01) +({+dr).do -20, 8in %@_ dr
=+ dol-rnde + 01~drod9 - 02-d6°dr

p-r-dr g——‘t‘ =do,.r +0,-dr - 0,.dr

p-r %{- du= do'l.r + (01-02) dr

r=r(ro,t)
dr _ 4 (14€) C (from &E =22 4 3E iizq=u+(1+e)C)
at &t ot o W

perudn + s.r (i+€)Cdu=do)-r + (0,-05) dr
dr ~0, i.e., rex, (dr=d (r-ro))
€~0andu-u,

p-uydu +p.Cy du = do,

plu, +C)du = do,

u, +C 0= %o (propagation velocity at t = to )

32




RN R Y

A du 0= do,
and for a sudden change,

plwlnul =p

33
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SECTION IV - ENERGY CONSIDERATION

The conservation of energy in the cylindrical stress wave front can be
written as follows:

2 _ 2
U pymrydr= pz"r2'dru2 * Ejogses
It can be assumed that El osses (strain energy losses) is negligible for moderate
strains. Thus it can be stated that for all stress wave cases where excessive
plastic "stretching' does not occur, the kinetic energy per unit radius remains
constant. Hence

2 _.2 dE _
U, Ty Suy Ty (lee., ar = constant)
n1
or u, =u, g (24) .

(The density i\ this context is assumed constant.)

It is thus possible to find the velocity at any radius once the velocity of -
the bare surface (boundary) is known, From equation (23) u is found as j
follows:

w, = Cl (the acoustic speed) since C:l >y

P = intei=ul pressure.
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SECTION V - SOLUTION OT EQUATION 21

A. GENERAL SOLUTION

It was found previously in ~quation (20) that:

dr
= l__o_ /_§. I
C=%-a "*'.po r,
and
G- 0,
r u 1 "2 _
du*Qp—o;o' d(rl"‘[ﬂ?o"*' I Q]dro—o 1)

These equations can be rewritten as follows:
do dr  (0,-0,)
du , 1 E »r 1 u 0 1 72 -
Et'*Ew/po r 't +“r°'dt+ P To (€+1)=0

g& + c d_o_]; + su-C + (.—.01-02)
dt = E dt r p.r
o 00

or (€+1)=0
Before any attempt to integrate the above equation is made, it is important to
list the events in sequence.

e  Att- 0, the internal pressure P is applied suddenly.

From equation (23), u, is found. The velocity and density citnges immediately
behind the fiunt are sudden and take place almost instantaneously upon arrival
of the shock front, This ie a characteristic of shock waves generally. wate
other hand, the hoop and axial strains will only take place with time, ac the
individual particles start moving under velocity u. Thus, from equation (11)

=1 (at t=0), the radial strain

LN
1% ot 1 }it is easily seen that while

r
%

[
is only a function of density changes (€1= 30- - 1) . Furthermore, the sudden
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radial change will be restrained both in the hoop and axial directions,

Hence, att =10,

c o, o0
1 2 9 9
G=F " E - u? T

The elastic loading will thus be given by

;-0 0, - Koy

2 2

or o, (1-p)= cy (25)
o
(i.e., €g= €=~ y-fl . Since this strain is restrained, it affects the radial

%
strain as § (H'LT))

1
and &= g (-2u% (26)
p o
Thus, F°=1+fl(1-z_u2) @7
, . -
at t=0and 0, = -1-1’—‘; . I o, > -1-‘_1—“ , L is given by the following equation.* .
[ C -u ”
0= p=—2 (28) -

P S,

b

* The continuity equation across the wave front can be written for t - 0 a
follows:

P (Co--u) =P, Co.

P, Co-u
Hence F_C; T

Thus, i C and u behind the wave are known, { can be calculated.
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P, tAp
For E = 0, C = 0 and hence, R =0 or 2 =0, This indicates that L
Ry Ry [N

does not change for t >0 If E= 0,

For0< t< to, P remains constant; thus -Fl =0

do
(for triangular waves, d_tl = constant),

For one particular case, the model of the stress-strain curve is assumcd
as follows:

Uy_

ELASTIC~ PERFECTLY PLASTIC

¢

Immediately behind the loading wave (f = 0), however, a triaxial stress
field exists and the maximum radial strain that can be applied eiastically is

. 2
17 T-a 29)

The axial and hoop s%recsoa are compressive at t = 0, For a,> é"—‘ , the ratio

)
—g is constant, i.e., plastic deformation takes place at constant density, At

£=0, £ =1, Equation (26) shows that the elastic imitat = 0and - = 1

o
is higher than for a static case wherein the application of o, is associated with

i

corresponding hoop stress (of opposite sign). Thus the plastic deformation be-
ns at -0y = .
gins at g, -0, = 0y

37




For a compressive internal pressure, 0, is negative and o, is positive.
Thus

jo, |
- oy l-loy 1= 1oy | < (Tﬁ' shock (30)
With these considerations in mind, equation 21 can be written
. (o, -0,) r
@.+L'.‘LQ.+..1_lc(_‘_’)=o (81)
dt r, Py %y r

It is convenient to express the different variables in dimensionless form as
follows:

t.C
= =20 F7:=C
u=g t= C c

[+ E
‘——1-. _—E— = __0_
01 E E=% Co ‘\Ipo

o o

Hence, by substituting in (31), -

o

- r T
:_; +ReU.C + (T - Ty (?"-) = (32) -

c=ji r _ [E o
pO rO Eopo

tr
"i

g
|
Q
[«
o]
el
et

o
Since r= f(ro,t)
dr by
dr _ ﬁ) (3L -0 . )
at ‘(at * aro) ® “uwtl T e

(

L)
r, T
dt

and =a+c-r26 (33)

Now, consider the case where 0= ~1~¥7 .
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The "stretching out" at t>o takes place in the plastic region, Since C=C=10

in this region, equations (32) and (33) can be rewritten as follows:

:_‘t:l * @)L (%) =0

dt
B. LOADING WAVE SNLU7T.ON
Let ﬁ— =1+ &
(]
where (,’ << 1
¢,
de
2 -
Hence, d—_-é = d—_
dt dt
horefore, & 5t 0
Therefore, —5- + =
a2 13D

where, from Tresca's criterfon, ﬁy = (51- Ty)e

&#E - Ly -
S--o,8f=-5, ¢

‘he quantity Ery is negative since,we are considering compression,
can be rewritten

The solution of this equation is:

= wt -wt _
G’~Cle + Cze 1

39
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‘fhug (25)

(36)
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where w= V‘ 6y 4 (38)
al

The conditions at £ = 0 are £ = 0 and 9t =ﬁo. Hence,
u
= = 2,1
C +Cy=1 C,=(1+30) 3
ao thus ) u,
C-Co w Co=z-%7)
Substituting in (37) gives
wt u ~-wt
= [1+2)1 (__2) L -
{ = (1+ )2 e + {1 w/) 2 1
wt  ~wt u wt  -wt
_e__te + 0 (e -e ) -1
2 w 2
and - ﬁo -
¢ = cosh wt + - sinhwt -1 (39)

Equation (39) shows how the hoop strain changes with { for a given initial velocity
'} o and parameter w.

It is also possible to find a solution for the elastic-strain hardening model.

o l--
BILINEAR MODEL
]
In this case, Cpla stic is not zero: instead, it has a value given by
= 5L
c=c, JE T (40)

40
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where E = _p_agtl_c . Equation (33) can therefore be rewritten as follows:

elastic
r
d (ro) ro - ol ]—31/2
— =ﬁ+(‘-r—-.c=u+c-_-=ﬁ+( 173 (41}
dt g (-"—)
Lo
Let :— =1 +Z, where f« 1. Hence
o
4 g+ EV20-1126)
dt
2 dia
Thus —ré_ di e g2 i (42)
Equation (32) can also be rewritten as follows:
2
d__é +1/2¢ E g1/2 dr + WE 1/2 (1+1/2 5)(d’+1/2c gV/2E
dt
-cE1/2)+Fc(1-£)=o (43)
Rearranging equation (43), we have
£ 1 (erew) B2 8- e pewE-5) (4)
Equation (44) has the following general solution:
-24 L foPeag -2 L hPascr oo
f-co? 2 Ve Lol 220 Y(“——“ )(45)
1 2 Uy
1/2

where o= ( C +u) E*/®, The quantity under the radical determines the nature
of loading, There are three possibilities:

v.C
o) (%rw) E> 45,2, 1e.,E>—¥——

G+
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In this case, the ensuing motion is decaying without oscillations.

45

(2) 0< E< ——ay——z ; the motion is decaying with oscillations.

(3 ¢+

3 E =0, This case was shown previously: it is decaying without

oscillation,

The initial conditions for the solution of equation (45) are:

£=0att=0
. _1/2
and (c%é)ﬂx +{E

[
t=0

where u o 18 Biven by equation (23).

Thus we have the following final expressions:

(1) E>5_-.L_2
(304
a5
g =[%cosh-2wf+Ysinh %’-t]e 2 %—
- E 1, ,=1/2 -
and u={g%-2—°‘+§c(n)/ Y}sinhg’-t

;
+{\Y-2@--%‘ §+%C(E)1/2 %}oosh % t
2t
- C(E)l/z (l %+1) e?
£=he ? cm(%f—ﬁ-g

42

(46)

(47)

(48)
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b ——a
H

g

-eF
- -1/2 - -
and u=A[(-;-(E1/ -%)cos(’gt-G)-gsm(gt-b)]e ¢
an
where
b = JoPrag = (Je+mE?
i 37
y= C(#E'Gy) Y=T
- o oaluml/2
B= ayC £—uo+2CE
and the integration constants A and § are given by
1
A=g' CO8Q (49)
and tan$ = Eyl (50)

C. UNLOADING WAVE SOLUTION

The unloading wave is fully elastic, unless the conditions are such that
secondary yielding in the opposite direction occcurs. The assumption is made
that, immediately aster the sudden unloading, the material recovers its volume

[
and thus o g = 1. The procedure of formulation and anlvtiar is che same as

for the loa2ing, Now, however, E =1 and f; =1-2,
o

The solution is given by the following equations:

'
p-e 2 t[;cosh%'t'-f-‘[sinh 1]-¥ (61)

where, for Y, £=-1 ~Ug
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= [Fe-gv+elv]ambi

+{!§Y-g§+%—%}cos%f—[%f-l]egr (62)
a =3 +u
B =1-u+d g &
Yy =u-8

D. CALCULATING PROCEDURE

The velocity equation is used in both the loading and unloading cases, to
find the decay of the velocity and, finally, to find the time that it becomes zero.
This time is then substituted in the strain equation to find the resulting strain.
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SECTION VI - EXAMPLE

Consider a thick-walled cylinder with cy = 260, 000 pai and the following
dimensions (the cylinder is filled with water):

A triangular wave of the following form is transmitted along the cylinder,

213,000 P$!

STATIC PRESSURE

I!OI‘ $EC. |

This wave reflects upon arrival on a closed end. Find the resulting strains
r,=1 inch and r,=38 inches.

The pressure of the reflected wave front is approximately twice the pressure
of the incident wave front. This is considered the higheat poositle mnternal pres-
sure; thus, the calculations will be performed for the reflected region only,

To illustrate the wave decay, two cases are analyzed; Case 1, where
r,= 1 inch, and Case 2, whcre t°=3 inches. Hence P=-2(215,000) =-430,000
psi at 5= 1 inch, Using equation (23), we have

us
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u, =- 3309008 _ o464 6 in, /gec

1 P Co

where p, = 0.29 b/in.3
C, = 200,000 in,/sec
g = 32.2 ft/se02

From equation (34), the velocity at r,= 3 inches (chosen arbitrarily) is

r
- /_1 = 1__
ug =y r3~ 2,864.6 [5 =- 16540 in,/sec

Thus the pressure at r,= 3 inches is given by

1

P3 =J3 X P1 = - 248,280 psi
A, CASE1
1., Loading Wave

From equation (28) the density ratio at £ = 0 is given by

P S 2.00x16° - 98568
P "C-u" 5 =
P ° 2,00x10° - 2864.6

1<

The maximum o, at the start of plastic deformation is given by

0, = (TIXT& =- 250000 - _ 357,143 pat
wheye o, =~ 250, 00C psi

b= 01
Thus ¢=1- %:‘—115(% (1-2x0.3%) = 1- 011 x.,82 = , 99042
at ay = - 357, 143 psi

As soon as the material begins stretching out, the loading hecomes plastic,
Considering E = 0 fron equation (38), we havc

45a
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s g

w /ay.c - J.00833x.98568 = ./.0082106 = 09061

where o - 250,000 . 00833
Y gox10
Also, i =& - 2864.5 .. o132
0 2x 10

Substituting in equation (39), we have

. -~ ,01432 s
{ = cosh 09061t - *Fooes sinh .090RLF - 1
i .98
Since U= qg o we have
u = ,09061 {sinh .09061t - . 15800 cosh , 09061t ]

First, the time Eo’ where 0 = 0, is found by plotting @ versus t.
(See Figure 2). The £ versus t plot is shown in Figure 3: it is shown that as
4 approackes zero, # approaches a constant value of 0,0125, The radial strain

r
is given by €, = ¢ ?o - 1: The € versus t plot is shown in Figure 4: €, ap-
proaches the value of .0264.

2., Unloading Wave

The duration of the triangular wave is 20 gsec: its equivalent
rectangular profile will havc a duration of 10 ysec, Hence,

- Cot  3.0x109°x10x107%
t = ¥ ° 1 = 2.0
[+

It is shown in Figure 2, however, that th> loading process terminaivs at £ = 1,75,
Thus, wher the unloading wave occurs, the material is in equilibrium,

For the unloading wave, we have the following constants (equation (53)}:

E-=1

{ =1: The material returns to its initinl voluiue,
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Hence

where

Thus

Hence

and

Also,

-t

o +4=0.5+0,303 =,803

1
2
p= 0,
B= 1-u= 0,697

303, N.B. The value of o, after unloading is zero

y= 0,303
u°=.01432
£ =-1,0000 - ﬁo =~ 1,0000 - ,01432 = - 1, 01432

= [4— +48 =1.71697

%= 393 = 13472 and § =0.4015
(1

+ g (%) = - 1,01432 + 0,4015 (.43472)

= - 1.01432 +.17464 = - ,83978

£+3 B '
Y=Tz_§;=- 83918~ - 978195 .

2 -
-'ZAx % = .8585 x 43472 = .37321 -
L T
37%= .aa412x.5= 21736 4
g Y = - ,4015 x 978195 = - ,392745
% x g = ,43472 x ,4015 = , 17454
¥ - - 978195 = - 480097

218185
% %- 1 =-1+,21736 = - ,78264
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Hence 1 = .27686 sinh .8585{ - .79696 cosh ,8585% + ,78264 ¢ * 10151
__=.4015% - -
and E=e {.43472 cosh .8585% - 1,01432 sinh ,8585¢} -, 43472

In the plot of @ versus { , Figure 5, the time when the vclocity becomes zero
is shown as Eo = 0,026 (t=.26x 10-6 sec). Substituting in the equation of £ we
find the residual hoop strain, = .01713. Equations (51) and (52) were derived,
however, with ¥ 0> 0 at t = 0 (with reference to the equilibrium conditions after
the loading).

To find the residua! hoop strain after unloading, we have:

AX = gunloading - é'lof!.ding

= ,01713 - ,0125 = ,00463 (compression)

In order to find the residual hoop stress we use the principle of
elastic recovery, Thus, the volumetric strain e, is given by:

ey = €1 * 2 unloading
where € 1 is the radial linear strain change upon relief and g’ is the corresponding
hoop strain, We know, however, the radial unloading stress: i.e., A01 = 430,000

pst. Hence, €, = 2302000 _ 5145

1 30x108

The value of e, is also known from the loading conditions:

Y

eV __ R =
v vo 3 +1=+.,01813

(V)

Thus, the hoop struin for zero stress (permanent set) is given by
’ﬁ"o= e, - €= ,01813 - ,0143 = , G036,
The corresponding permanent set in the radial direction is

6= .026 - ,0143 = ,012, In the calculations for the unloacing wave, it was

assumed that upon relief the recovery was instantaneous: thus -:‘— =1att=0,
o
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Then, fort >0, f— decreases, changing boch hoop and radial strains according to

o
to the following equations:

]

2
r

E=1- and € ={ - L.

r
L
Hence, the material wall be under the following strain conditions :
ot

KEO = 40038

-08
\- 0046 / 008 ol 018

- 253,000 PSI

HOOP

Without pursuing this case any further, it i3 easily concluded that secondary

ylelding will take place., This is undesirable for most designs.

B. CASE2
1,  loadlng wave

The velocity at r,=3 inches was given as:

- - 1664
=-1654,0and i, =l = - =—===- _00827
(7o -0 250, 000
= C =1-ﬁo=.99173, andcrl =—5‘-;{—-=357,143 psi
o (elastic) *

Hence, W= A/.oosasx .99173 = J.ooszsu = ,0908906
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Hence

where

Z.

o __ 00827 =-,0909885
W . 09089086

£ =cosh ,0908906t - ,0809885 sinh ,09080068¢ - 1
ii = ,0908908 (sinh ,0908906% ~ .0908885 cosh ,0808906 }

The duration of the wave, on the other hand, is given by

;o lox10%x2x10% _ 2
3 3
t = 10x10"%
_ 5
C0 =2x10
T, = 3 inches

The u versus ¢ and Z versus t plots are shown in Figures 6 and 7,

-e

respectively. Another case of ay = 150, 000 psi is also shown for comparison.

-t

With the value of t at r, = 3 inches being smaller than at r_ = 1 inch, .

it is shown that the uuloading wave occurs before the material achieves equilibrium,

nl Wave
Following the same procedure as for r 0= 3 inches, with
G, = 0.00827 - ,00275% = , 00552
£ =e 4015 { 43472 cosh 8586 F - 96794 siuh 85865 ) - .43472
_ - - .4015%
u=~,27793 sinh .8585% + .78816 cosh ,8585% - ,78264¢

The plot of @ versus t is shown in Figure 8. Comparing this un-

loading with that of r,= 1 inch, we see that, at r,= 3 inches, equilibrium is
achieved in about half the time, -

* yelocity from the loading process
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The corresponding value of & at = ,011s & = .00727. The £ value
at t = 0,667 for loading {s & = ,00365. Hence, the resulting strain s (. 00733
- .00365) or Z = ,00368 (compression).

To find the resulting stresses, the permanent set in both the hoop
and radial directions must be found, Employing the concept of elastic recovery
again, we have

ey = fo * ‘1

¢, = 5280 . 405076

30x10
Furthermore, -e, =+8Y¥ . £ +1=_ 99173 + 1=,00827.

v Yo Po

Thus, & 0" 0: This result indicates that there is no permanent set in the hoop
direction. In the radial direction, :— =1+Z =1+,00365 = 1,00365 from
o

loading. Hence 2 = —-L__ =.99636. Also, -2 = .99173
ng. Henmce 3° = T Goses - . 'p T .
€, = 99636 x ,99173 - 1= ,98812 - 1 = 01188 from loading,

During the unloading, there is the elastic recovery where €= 00827
then, there is the further change of ¢ 1 due to the -f:- chunge.
)
ro
Heuce € =z - 1+ ,00827

= =1- g =1-.00727 = 99373

o
r
. o _
o i 1,0063
and (1 =,0083 + ,00834 = ,01464
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Thus, change in €, = .01464 ~ .0119 = ,00274 (tension). The value

of 3 when the radial stress is zero is .01203 ~ , 00827 = . 00378,

Residual radial stress = ,00376 + , 0026 = , 00635 or
.00636 x 3 x 108 = 190,800 psi (tension).

The residual hoop stress = .00368 x 3 x 10% = 110,400 psi
(compression).

0

) L I J

~00% +.005

4 100,000
- 4 110,000 PSI

- 200,000

200,000

= 191,000 FSI

/ |

|

|

l 0028
I/-' o2

-.008 -.008

00376

From the secondary yi<iding criterion, we have

az-olsoy

or 191,000 + 110,000 = 301,000 psi, Since o was assumed at 250, 000 psi,
the material will go through secondary yizlding,

59




SECTION VII - DISCUSSION

The theory of unsteady waves was used to develop working equations for
computing the radial and hoop strains in hollow cylinders under transient internal
loads. The wa = propagates with a steep elastic freat which is followed by an
attenuated plastic wave, The changes of density and velocity immediately behind
the front are instantaneous: furthermore, the plastic wave is not attenuated at
t=0. From this pattern it is easily seen why the stress field of the material at
t=0 is three-dimensional and the shear stress considerably higher than for
slow}y applied loads. Under hydrostatic pressure, at t=0, the hoop stress is
compressive (for a compressive wave). As soon as the deceleration process
starts, however (t >0), the material is under tensior in the hoop direction.

The change from compressive to tensile hoop stress does not, however, take
place instantaneously, Thus, the stress behind the wave remains elastically
higher than when the load is applied slowly until the transition from compressive
to tensile stress is made. This may be the reason why higher yield stresses

are manifested during impulsive loads.

Another important aspect of the analysis ie the duratiop of the wave as it
propagates through the wall of the cylinder. The dimensionless parameter

_ tC

t = _r_o is counstant fcr all Ty Thus, as T, increases, the ime t to achieve
[

steady state also incr2ssag, The results are shown in the example where the

Cioto iOr I = 1 and r, = 3 are analyzed. At r,= 1, the material wiil ex-
perience plastic flow first in the outward direction and then in the inward direc-
tion (secondary yielding): atr 0= 3, the same events take place but to a lesser
degree. If, however, the “y had the value of 290, 000 psi the material could
withstand the pressure at r, = 3 without secondary yielding. Thus, atter the
first pulse the material will withstand the loads for all subsequent pulses without
further yielding,
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In his tests with thick-walled cylinders, Rinehart®) has shown that the
mode of failure near the bore was in shear while farther out from t.2 bore the
material fractured in tensile hoop stress. This can be attributed mainly to
the high hydrostatic pressure at t = 0: as the wave amplitude decreases, the

hydrostatic pressure decreases, allowing the material to be predominantly in
hoop tension,
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CONCLUSIONS

1. Extrusion of an appropriate billet from an ultra high hydrostatic
fluid pressure medium (preferably inhibited water) is theoretically
possible from the effects of a superposition of a detonation shock type
pressure pulse created from the rapid discharge of capacitor stored

energy across a suitable gap,

2. As the relationship up” 1A in —:—'1 derived from the variables
associated with electrohydraulic e(;ctrusion bears a striking similarity
to the well known empirical expression for extrusion, P = ¢ In %Q
where P = pressure to extrude, O = resistance to deformation and
In % = log of the extrusion ratio, a logical analytic approach to

the proposed extrusion experiments is available.

3, Extrusion for one pulse is dependent upon the shock pressure
pulse amplitude., The final extrusion length will be dependent upon
the rate of pulses generated from a series of capacitor discharge

events,

4, A pressure vessel can be designed to contain a 200, 000 psi
hydrostatic fluid pressure with a superposed dynamic detonation

pressure pulse loading of 425, 000 psi after reflection,

5. At hydrostati~ pressures of 200, 000 psi, the particle velocity in
the walls of the container as a consequence of the capacitor diacharge
event attenuates rz2ridly from a critical value to a value, which con-
siacsed with the static stress pattern is within the elastic propr=ty

limits of accepted container design materials,

6. From .2 pressurized fluid boundary outward into the container
walls for a distance of 2 inches, the behavior of the metal is critical
because of high particle velocity and cyclic loading conditions, For

this reason, the pressure vessel design must include a replaceable
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liner of ultra high strength material. This liner must be put into a

condition of positive axial and radial restraint,
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FUTURE WORK

A purchase order based on analysis of vendor proposals will
be issued by Republic Aviation Corporation for the procurement of
the pressure vessel and pumping system best suited to the objectives
of the program, '

The derived equations involving the radial propagation of
stress waves in thick-walled cylinders undcr transient detunation
internal loads along with cauventional static stress criteria, and
extrusion experimental requirements will be applied to the electro-
hydraulic pressure vessel design problem to formulate a final optimum
working design. From these engineering considerations, assembly

drawings will be produced by the selected vendor,

Upon approval by Republic Aviation, the assembly drawings
will be worked into detailed design drawings suitable for manufacture
of the equipment, Fabrication of the pumping equipment will commence,

An investigation into presently attainable charging rates and
methods of rapid cyclical release of high voltage capacitor discharge
energy will be made to obtain a practical, economical approach to
the equipment best suited to the requirements of clectrobydraulic
extrusion.
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