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FOREWORD

This document is a machine translation of Russian
text which has been processed by the AN/GSQ-16( XW-2) -~
Machine Translator, owned and operated by the United
States Air Force. The machine output has been fully
post-edited. Ambiguity of meaning, words missing from
the machine's dictionary, and words out of the context
of meaning have been corrected. The sentence word
order has been rearranged for readability due to the
fact that Russian sentence structure does not follow
the English sublect-verb-predicate sentence 'structure.
The fact of translation does not guarantee editorial
accuracy, nor does it indicate USAF approval or dis-

approval of the material tra:slated.
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EQUATION OF MOTION OF AN AIRCRAFT WITH A JET ENGINE
3y
G. M. Trakhtenberg

Introduction

Contemporary alrcraft bullding 1is characterized by an even larger
application of automation for flight control. 1In the method of
established rectilinear flight, in the method of takeoff and landing
the automatic pllot 1s widely used. Calculation of the characteristics
of the automatic pllot 1s done on the basls of a conlemporary- soluticn
of equations of the dynamics of the alrcraft-automatic pillot control
system.

For the collective solution of equations of the dynamics of an
aircraft and autopilot equaticns are usually used from the motilon of
a "solid" aircraft in a mobile system of coordinates. However for
ailrcraft, the mass of which greatly changes (as. for example, aircraft,
supplied with liguld-fuel rocket englines, solld fuel Jet'engines),
use of equations of a "solid" aircraft for analysis of the dynamics
of a regulated system is a rough épproximation.

Ignorance of the influence of varlabllity of mass on the
dynamics of the alrcraft someilmes leads to errors in the engine

arrangenment on the alrcraft. Variabllity of mass, as this 1is seen
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from this article, can render significant influence on the damping
characteristics of the aircraft. And besides, these characteristics
depend on the locatlion of the varlable masses and the Jjet engine

to the center of gravity of the ailrcraft.

Numerical calculations show that the damping influence of
varlable masses in reference to its own damping of the aircraft
can reach separate sections of the flight trajectory up to 300%. Thus,
for example, during take off of the alrcraft with the help of an
accelerator 1its own damping coefficlent with respect to axls y, 1s
equal to m$y = -0.014, and the additional damping coefficient from
the accelerator and turbojJet engine 1s equal to Am?y = -0.032.
Usually at the Joint solutlion of equations of a closed aircraft-auto-
pllot control system we do not consider additional damping from
variability of masses. This clrcumstance can lead to errors in the
selection of transfer coefflcients of the automatic pilot at separate
condlitions of aircraft flight.

Listed in this article, the cquations of alrcraft motion are

universal and applicable for alrcraft of variable and constant mass.

Placement of the problem

Jet englines create large thrust at the expense of ejJection of
large masses of fuel mixture in a unit of time. Consequently, mass
and moment of inertia of the alrcraft significantly change in time.
With these circumstances 1t 1s impossible to disregard 16 the equa-
tions of movement of the ailrcraft the varlability of mass and moment ’
of 1lnertia.
For a conclusion of the equation of motlon of the alrcraft 1t

would have been possible to use by equations of motion of a rocket
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{1]. However, due to the peculiarities of the approach to the solution
of the placed problem and in connectlon with the newly introduced
conceptions, we will 1ist the maln hypotheses and computations of the
conclusion of the equations of motlon c¢f the ailrcraft of variable
mass.

The most general case of dynamics of an aircruft of variable
mass 1s the motion of an aircraft with turbo-jet englnes (TJE), in-
asmuch as side by slide with thc separation of gases from exhaust
nozzles takes place continuous connectlon of air masses.

However, not losing community of proof, let us consider in
the beginning the dynamics of i more simple case - an alrcraft with
a liquid-fuel rocket engine, but then we will spread the recelved
result also in the case of an aircraft with a turbo-jet engine.

A liguid-fuel rocket engine works on a fuel mixture, which
consists of a liquid fuel and a 1liquid oxidizer, located in special
tanks, connected to the liquid-fuel rocket engine. Mass, moment of
inertia and center of gravity of the alircraft change at the eXxpense
of consumption of the fuel mixture. In the process of flight the mix-
ture proceeds in the engine and after combustion is ejected from the
englne with great speed which also stipulates the appearance of reac-

tive force. This reactive force 1is determired, practically, by the

taking of experimental characteristics on a testing stand in an
established method. However work of the engine on the aircraft
together with the entire system of supplying of the fuel mixture is
distinguished from the conditions, with which these characteristics
are taken on the stand.

The engine with the whole system of supplying of the fuel mixture
participates in all evolutlon: of the alrcraft and 1ts characteristics

In dynamics, certalnly, more ;oneral, than the characteristies, taken
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i1solated from the aircraft 1n statics.

Fig. 1. Diagram of a liquid-fuel rocket
engine: a) tanks with fuel mixture, b)
wiring from tanks to engine, c¢) engine.

In figure 1 a llquid-fuel rocket engline is shown. If we revolve
the aircraft around axis Y,, then with this in the engine and system
of supplying of the fuel mixture appear transverse force and moment
due to angular veloclty. Therefore, in addition to the characteristics
of the engine, taken on the testing stand, we will consider the forces,
appearing in the system of supplying of the fuel mixture of the air-
craft during its rotation.

The maln question which 1s the subject of our investigatiocn,
is the questicn of calculation of the dynamlics cof overflowling of the
fuel mixture on the aircraft (including the engine) and the variability
of 1ts mass on the motlon of the aircraft on the whole. For solutlon
of this problem we will introduce some 1ideallzation, which would
reflect the main problem, disregarding secondary insignificant  henumena.

The mass of the alrcraft consists of two parts:

the first - constant and the second - variable (the fuel mixture),
changing in flight with time (Fig. 1).

In reference to the constant mass the known motlon equations are

applicable in the system of coordinates conrected with the alrcraft.
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Fig. 2. Idealized diagram of a liquid-
fuel rocket engine. 1)fuel; 2) oxidizer.

In relation to the second part (varlable mass) it is necessary
to preliminarily derive the equations of motion. In the conclusion
of the equations of motion of the alrcraft it 1s assumed that the law
of motion of the fuel mixture in the combined system of coordinates
is known or gilven beforehand.

Taking the fuel mixture as a "solid mass" into every moment
of time, we will compose the followlng 1ldealized calculated model of
variable mass of an aircraft (Fig. 2). The variable mass ( fuel mix-
ture) consists of "solid bricks", moving from the tanks to the engine.
In the engine every "brick", after the process of combustion, is
separated from the alrcraft with great speed, in consequence of which
appears a reactive force. With respect to all remalning "bricks"
of the variable mass of the alrcraft are applicable, obviously,
equations of the dynamics of i point, taking into account the circum-
stance that the "bricks" in the combined system of coordinates have
relative velocliltlies and accelerations.

Consequently, the constant mass of the alrcralt can be conslidered
also as variable, the elements of which have zero values nf relative

velocity. Therefore in the future we wlll not divide an alrcraft

into constant and varlable parts, but willl consider 1t on the whole

as a varlable mass.




1. Dynamics of an aircraft of variable mass with a liquid-

fuel rocket engine

On the basis of the idealized model built by us we will consider
the mass of an alrcraft gradually decreasling, consistlng of  separate
"30113d" elements, having relative velocities and accelerations in a
combined system of coordlnates.

To the alrcraft 1s applied a thrust, equal to the reactive force,
determined experimentally on the testing stand.

Taking these positions as the base of our further reasonings
Wwe will drive equatlons of motlon of an aircraft of variable mass.

For a conclusion of general equations of motion of an alrcraft we ex-
pediently use the combined system of coordinates, adopted 1n aero-
dynamics. .

Let A be any flxed point of the aircraft, and B another point
on the aircraft, moving relative to point A (Fig. 3)-.

We will take an immobile system of coordinates Ox_y

g'g%c
system of axes, connected with the aircraft Ax,;y;z,. We will unite

and a

with stralght points O, A and B. Having introduced OA, OB and AB
correspondling to vectors Py P and r, we will write the following
equality: 5 = Ea + r. Taking the geometric time derivative from

vector F, we will obtain the vector of speed of point B:

Vot _du  dr (1)
at de dt

Expressing vector V by a projection on the connected axes of coordi-

nates, during rotation of the aircraft with angular velocity w, we

will obtain [3]:

Vx, == Vas, + 0y, 2, — @, ¥, -+ e
[

Vi, = Vay, T o5, X =m0 I, = 9
. : dt
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V:, =3 VA&. T WV — @y Xy T —,

dt ( 2)

where Van. Vay,, Vas,— are projectlions of absolute velccity of point
A on the connected axes of the aircraft,
Wep Wy, Wz, — are projections of angular veloclity of the

aircraft on the connected axes of thealroralt,
dy, dyy  di

are projections of relative veloclity of point
de o’ d

B on the connected axes of the alrcraft.

Fig. 3. Ground and connected systems of
coordinates of an aircraft.

Having designed the vector of acceleration W on the connected

axes of coordinates, we will find [3]:

dVA: de ¥ dw, dz dy d*x,
Wy = e fo Dt Dy e — Dy, —2L f L
- di dt ! a Ty “dt de
. . 2 2
+op, Vs, oy gy, — a5, X — 0, Viay, — 03 X, +wg,04, 2y,
dV,, de, dwg dx dz a3y
wy = AN T8y DTN L L9y, N0y Ly T
=& di dt ' at “ L
2 2 .
+ Iﬂ;. VAJ! + mll w.'l :l - m‘lyﬂ — Wy, V,\;l - m-'lyl + w’c 0’-*]‘
dV,, de, -, dy dx d3z
Wy, =2 = e et e Y 20, = -~ 2w b 4=y
. dt At °Y T VT om vt
Fag Vo bwe g cel s —e V cwl 2 e e,




We will use for composition of equatlons of dynamics of an air-
craft expressions (3) for speeds and accelerations of elementary
points of the aircraft in projections on connected axes of coordinates.

We will write equatlons of forces of the dynamics of the system:

L] L) n n L} » :
" g
N = S Fay (@), Smay =Xy (0), I_Y_,'m,w,,_.-——-IL‘F.I (s), (%)
I1 1=t sl it -1 o

L

- )
S \ g are projections of the vector o -
_\_]Fx.:. LF_‘-J- Y By — proJ e vector of ex
FvS {aa} <1

where

ternal forces, applied to the system,
n 1s the quantity of eclementary particles
of the aircraft in a given moment of
time,
We willl preliminarily introduce the following conceptions, having
a real physical meaning, which we will use in the future.
1. Speed of change of the center of gravity of the aireraft at

constant mass.

2. Speed of change of the center of gravity of the alrcraft at

varlable mass.

3. Speed of change of the momen®t of 1nertia of the alrcraft

at constant mass.

4, Speed of change of the moment of inertia of the aircraft
at variable mass.

We will explain thls examples:

a) let us have on the alrcraft two tanks with a combustible
liquid. One tank - in the nose, and the other - in the tall, and
let the liquld from the nose tank overflow into the tall tank. The

position of the center of gravity of the alrcraft (xcg’ ycg) changes
and 1is mcved to the tall. The Mass of the alrcraft with this does
not change. In this czise we distingulsh the speed of the center of

gravity of the alrcraft at constant mass and deslgnate correspondingly:

s
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dx, .- dy
—2L (m -- const), 23 (m == const).
dt dt

The moments of inertia of the alrcraft with respect to axes x;, y;,

z; with thls also changes and the speeds of thelr change will be
recorded:

ol

—= (m -: const), A, (m - const), /3 {m — const):
t dt dt

b) let the combustible 1liquid continuously overflow from the
nose tank in tall tank and then flow from the aircraft with a
determined speed. In thils case the center of gravity of the alrcraft
1s also moved, but 1ts mass with thls 1s varlable. In this case we

distingulish the speed of the center of gravity of the aircraft at

variable mass and deslgnate as:

'l"u T ( ) "-‘.u T
n . var), ——(m = . .
f 7 ( var)

The moments of 1lnertia with respect to axes x,;, yi1, 2:, changling
not only due to the change 1in coordinatces, but also because of the
change of the mass and speed If thelr change, we deslgnate corres-

pondingly:

dl, ) dl, ( ) A/,_(
~(m vir), =" (m var), ——=(m == var).
ot ( dt Yoot )

In the future these physically clear conceptions we wlll also uce.
For brevity of spelling of derivatlves we willl introduce the
followlng conditlonal designatlons:




dx, dx
—T (1 = const) — (—“) .
dt dt /e

dxn g ’d.\‘n ,)
! = V. —_—
e (= van) ( dt /o’

e (m = const) — i—l‘—'-) HT A
de dt /me e

Having substituted into equation (%a) the expression for Wy s
1

we obtain:

dVy, + do, v dw, .
) e AL ~ . : 9 L) dzyy
i ; m; - " ) mz,; - ; my, + dwy, )_m,—d"—_

t Ld
i=l =1 =) 1eal
n 7 a . n .
. N dyy o \Y v, ,
—_ 30;‘ Llnl-d_;'. 1—)4”1, dt" oWy V,,_._ Em, T Wy, m_,'-]m,y” _— ( 5)
1-e1 w1

im] =1
n

—o Vumx

WY - Y
énal

L3 n " n
Y L\ ~
-, VAA"n S ", — w:‘ }- MmNy, g Wz, W, .\— I"‘-Z" =2 F“'li’

1es] 123! lael

ivl

The obtained equation (5) can be simplified, if one conslders

the followlng dependences:
1. The sum of elementary masses of the alrcraft 1s equal to the
mass of the entlre alrcraft:
Nom,- M. (6a)

leal

2. The sum of the static moments of the elanentary masses of

the alrcraft 1s equal to the stati: moment of 1its whole mass:
(6D)

n LJ n

Y Wl Y

Nmzy =Mz Sy, - My, Nonx, 2 Mxg s
i~

lee) I=)

3. The sum of the products of the elementary masses of the

alrcraft on corresponding relative velocities 1is equal to the prcduct

of the entire mass on the speed of the center of gravity of the

alrcraft at i1ts constancy:
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o
Lllll

Dy il \ :my,.——M("’“')

1 e
':l t l I_‘ me (6c)
d).,[ U
;ledt u}] m[
Em, o i Em,,., M m‘.
=l l=1
4. The sum of the products of the elecmentary masses on the

corresponding relative accelerations 1s equal to the mass of the

entire alrcraft on the average value of relative acceleration:

y“_’:‘_u_=_ﬁ.
M dn

l—l =1

5 iy dy &z 'z, (63)
y”l ” = /11 ) 0 yln‘ U —_—
C L e dn " L4 dn de

i=1

where % o Iy

e ' dp de?

are the average values ol projections of

relative acceleration of the varilable
mass of the aircraft on the connected
axes of coordinates.
Let us ncte that at a constant speed of supplying of liquid
in the engine the average values of projections of reclative accelera-
Having substituted dependences (%a), (6b),

tions are equal to zero.

(6c), (6d) into equation (5), we obtain:

I’VA_ dw o Jz \
1”[ € = Ve Cur — 2, y . +2my.(___l_y !/
dt dt dt ¢ dt me
G <11\l 0 N d’.\'(.p . v , ( 7)
TENTA S A TN Y An T O Y
—w? v S - . R A
m.!‘. Yar wl, VA.\'. Y, Kar 7 m:, "’:_ ~n 1‘] = A\-l ,-‘,, .

i1
Analogous to (4a), equattons (4b) and (Yc) take the following

form:

//

e




dV de dw dx fz,
M[_A.!:_ o Ny = = 2y g 2‘”:-( '“) — Zuw,, g
me

& K a7 5
dt dt da "7 dt N T
d’_\‘
e
dp —=+u g, VA: + uy, w‘-*u v :, yu T Yy VAI. - mi, yn 1+ Wy, 0y, Xn ']-
< dv 1 d
‘l‘ -
== F . M[.A- _i___ N ylur) - \
Z; *u © ot . T T Ty e 20, dt (8)

dx. o’z
lary 0 p .
— 2w (——) EH L ) of c o —w? =
v, i me 1 o - Wy, VA.v, T @p vy '\u ' (u:. zn R Oy, VAI. —

L
P o o\
Wi Sur Tt Wy Wy, ,] = 2, F," D
leml

We obtalned equations of dynamic equilibrium of the varilable
mass of alrcraft in projections of forces on axes x;, ¥i, 2;. How-
ever these equations are insufficlent for description of the conditions
of full dynamic equilibrium of the system. To it 1s necessary still

to add equations of moments around axes X1, ¥i, Zi:

" " (9a)
— Ym (v, — 0., 2), + Y Ms, (F) =0,
el [
— N (s, 2, — w0, x,), -3 M (F) =0, (9v)
tes] {=1
— Y m(wy, X, = qwe, ¥, F DM (F) =0,
i s~ (9:)

Having substituted into equations (9) the expressions for accel-
erations w,;, W;, w; and considerin;; with this that the mass will be
displaced symmetrically relative to the longitudinal plane of the

alrcraft and that the speed of 1its change 1s constant

n L
: dxy . Ty, . Y 2y
(:“ = lep == log, = 2/", d; Tu -—-Em, i fu .=) "= Yu=
i =1
A diz, _ diyep ~ d’xep . \ !

de on de? )
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we obtain:

av,,, a4y,
( i + We, Vl.\_v, -w_\', VM,)Myn L — I"l + 2"“"‘4‘ y“ +
=
| ~ | o (10a)
B 2“’:. Zlnl ;;’ & 1w (“’x. St _{;lv—'} I"l-"l + Wy, w’. (I‘u - I.Vl) -
i=}
- %, Ym, L Y EM,, (F).
leml
av,, fu, -
—( oo 0, Vi) = e Vi) M 4 5% 1, 4 26, Yo L+ —
1= 10b
. dz i d”x
< Qm...' Eul,-—dl'—-zu = (‘“y, W, + 7) Ix,_r, + Wy, @y, (Ix, - I:. ) -
ly
’ N dyy, Y
— lw,.»‘) m,-‘;‘lL Ay == ) My, (Fl
f==) l—l
74V
\—-——';:"' + oz Vay, — V,u.) My + 1:. + 2a,, y:)z, - Xt (10¢c)

l—l

dV e
< (.,,7" —at)/,  + oo, m_v,(l_‘,. -1 —-< th - we, Vg, — ws, Vay, ) My, ++

n
5 3 'y
+ 2w, )_Jul, ——;“" y,,=2 M, (F).

il i=]

Till now in the conclusion of the equatlons we did not place
limitations on the selection point of the orlgin of the coordlnates
of the connected system. In the selection of the origln of coordi-
nates in the immediate center of gravity of the alrcraft the static
moments are equal to zero and, consequently, the members of the pre-
ceding equations (7), (8), (10), contalning static moments relative
to the center of gravity, vanish.

In the preceding equaticns (10) enter also members, contalning
sums:

n
dy,.
V, 1_— e vm,——l'- Xy
d - dl

=1 1=}




These sums can be Interpreted, correspondingly, as derivatives of the
product of inertia according to time at a separate change in coordi-
nates x;, yi. Having differentiated the product of inertia of the

‘entire alrcraft according to time at cunstar)t mass, we obtain:

df % [ (v ) ¢ Ly
o\ ¢ N s dxy ) 3 __‘ '
ot _.\ ’n'l — ,"l.——-)’” 1 ) n, it \” ( 1 l)
[} 1]

We introduce the following designations:

' .
(x) 1 d\ di, . (¥) ( 12)
dxyi J vy oV
v”l et V = —_—”’C m =1L ‘ = ————— .
.’_{ ! u dt >l o = dt
i=- =

If we select the origin of the connected system of coordinates

in the center of gravity, considering dependences (12) and (13)

n
o dy d
}Jm, = ‘-vm,y“ == const),

AR { dy
Vo, = LN ey, - m—— “(m const),
4 l

ot dt Lud *
teal FIR)
n " 3) .
o 1 - (13)
um, —‘ e X (m - = const),
im1 R =t
dy 1 o C
Yu —
Sm, Sl e (}TL”""” (m — const),
=1 T
n
Iy
Em,-‘l—"— o == 2 o Em, 2}, (m — const),

=] im]

dl,
( ) “ le(\ - ¥1) (m = const),
me :1!

dl

/ dl, d , .
SN .____“" ) 2 - .
\ ot /mr dt L " /(yll . n) (’" const),

dl,
2 2
( di ) Tt .Jm'{x” 2l

=1

/¥




then the equations of motlon of the alrcraft (7), (8), (10) take

the followlng form:

.

Vs, —9 (‘_"_u) 1.

.M[ 1 E m"" V" T ‘/"‘" —“’:‘ ot me ‘EF"'
cal

1V PIRN p n (1%)
v, X N\
M !’i_‘L 4 - V. Qe sl (R —_ Qw,.( W ]: S |F
; T m_." ‘ v, w.". ., .\,( e /W_ 0 ——dt '/,"; . l' 2
=

dw ,lw‘.‘

% & diy,
lo = T (7 >...¢ H e ) Loy, oo = 10) =

drf, \ -
~ 20, (a2 () - VM.
2R3

de, (dl‘,’ ) 7/ dw )
=1 = , | — — By Wy -l ' I _%_ 0. @0 I _ I _
I‘v' dr el dr 7 \‘ e T Wt ¥, 2, X.( X, 2, )

- ZM (F),

il

dw, | ("I . " n "'1
I, L sy, (__:___) - (u’_:‘- - (n_:'.) I»l‘. “ + W, W, (I_". — Ix,) =}JM¢. (F).

dt /e

/d,»"n A \.
2 ’1.'\ t (y) 2

<

f- )

In the right sides of the obtalned equatlons are contained only
external forces. External forces and moments, actlng on the ailr-
craft, are:

1) aerodynamic forces and moments Xy, Y., 2, Mxx’ MI/x’ le,

2) gravity G,

3) reactive force (thrust) ¢ and moment from thrust M

Aerodynamic moments and forces at llnear approxlmatlon are
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expressed by the following dependences:

o, Wy,
M =(m "o, + m,, m

(15)

& - :
' 2, m - m 3) Sql,

M, = (m, "oy, + n°'-.-., cml S m e+ o
Y, I / v, R Ill“,. ’y i ”‘_\'. 6“ + ”‘y. B) S'1I lv

1 = Lomta L omta L omUrw 2 ot g
M, = (g + mye +mja 4 mrw, <+ m3) Sqb

Ni=¢,8q, Y, =~ ,Sq, Z, == ¢;, Sq.

These coefficlents mif, mﬁf, cy, Cpr e depend on M numbers,

angles of attack, and also on the position of the center of gravity

of the aircraft. Since the equations of the motion of the aircraft
are composed relative to the system of coordinates, passing through
the center of gravity, the position of which changes in time, then
it is natural that also the aerodynamic coefficlents are re-counted
relative to the current position of the center of gravity.

Having substituted equality (15) into equations (14), we obtain

av 1y §
W(__-_ < w,, V —u, (V‘, - 21_\urm(~\)J P ¢ S¢- Gsind,
L dt L dt . 0 0
[V, . f 8t N . . '
- M L 7‘—‘ .= Wy, \V;. 5 & _dx- IIIC} = ml'. \ 5 ) - (D.‘,' = .(‘_". S(] -G cos 1 COS 0,
dv /.. dx >.'
. - = f o_nr =
\1L + @, \V 2= w, \\/l' L2 o me j
=, Sq + cosﬂsin 1.
de L] 16
e R e R M B L LI {1
3 [ oy dl, ! 2 Yvy o (=) Ly ]
i » LI J PR o = R ————'—— m¢ — 1S I.
Tom, 3y, dtanﬂ)q' met Sq) ™ 29
de de .
" myl Oy, 02, = d:' )I +op o (I, =1, )= [m 3, mpy bt

© dr 3
+m) 3+ (my" — g oy + Km s gl n 0 o b )m. JS!II.

dt Sql dt Sq!
] de,, ) 1Y/ : ] =1 y=\m, ~miat+mta-t
&_7‘__. . (mv—m;) x, —-'-w‘rlu.'l(\‘ x)_— 2 T z ' z '
di, 1
e '3 J-(m."—-——mc ) Sb M, (D
m \ d‘ ‘l"ll o J q T I(
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The obtained equations (6) describe the motion of the aircraft
in the general case of curvllinear flight. The motion of the alrcraft
is interconnected in all three planes.

During longltudinal motion wyl, wx; = Vzl =Yy =2, = 0 general

equations of motion (16) degenerate into the equations of longitudinal

motion of the aircraft:

dav ayy + dx \
M| — — % ( Y ccosa, - —2Tmesinay )=
T ae B\ ar T sin ')

2
= ®cos(a, + ) — Cr, §"7" — Gsin®,

M %, Ay, dy
va[-‘d_r - 7"‘— <-T:1mvcos ay — d""mcsln ay )]-—x ] (17)
=Dsin(a 4 9) + C,, ‘??—:: — Gcosh,
d w, dl .
I,. ;" =—"l—‘<m b -'—l-f'— "quh —) @, ity e +mya+
a

N m:' 3,18qb, - Py, cosy,

where yQ is the arm of reactive force relative to the center of
gravity, P 1s the angle between the direction of reactive force

and the axls of the alrcrart (Fig. 4).

Fig. 4. Diagram of the forces, applied
to an aircraft in the longltudinal plane.
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If one takes in the obtalned equations (16), (17) the relative
veloclty of fuel mixture of the alrcraft equal to zero, then they
identically colncide with the equations the "solid of" aircraft,.
However 1t 1s necessary to underline that although the obtalned
equations remind us of equations of motion of "solid" aircraft,
they are considerably distinguished, and namely: the equations of
an ailrcraft with a liquid-fuel rocket engine contain mass and moments
of inertia relative to the connected axes - variable in time, the
origin of coordinates of which coincides with the instantaneous
center of gravity of the aircraft in flight, and also additional
members, considering the relative motion of the fuel mixture in the
alrcraft.

In conclusion we will spread the obtained equations of dynamics
of an aircraft with a liquid-fuel rocket engine in the case of a
turbo-Jet engine.

Analyzing consecutively our computations, it 1s easy to sce that
we nowhere used the pecullarities of the varlablc mass, concluded
in the separation of combustible gases or in the connection of air
masses. If is important that the variable mass has an influence
on the dynamics of the aircraft - this is the presence of relative
velocity of particles of the fuel mixture in the connected system of
cocrdinates. Consequently, the obtained equations are completely
spread in the case of a turbojet engine éﬁd are equations of an air-
craft of variable mass in the most general form. However, at deter-
minaticn of derivatives of the moments of inertia, the coordinates of
the center of gravity of the alrcraft, entering into the equations of
mction, one should consider the peculiarity of that or any other Jet
engine, 1.e. the scparated and jolned masses of the alrcraft. Below

are listed formulas for determination of the corresponding derlvativecs
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at constant mass (Para. 2).
Analyzing the obtained equations (16), (17), it is possible
to come to following qualitative conclusions:
a) 1in the equations of forces the relative velocity of the
center of gravity of the ailrcraft functionally have influence on

the force of inertla, as well as the carrying speed of the center of

gravity,

b) in the equations of moments of speed the changes or' the

moments of 1lnertla, as, for cxample:

dl, dI, dl, ) sdl, (%) ) (,u,‘ o (y))
— = : | ’ e vE— L
at >,.,’ ( A Jpe N dt Jmd N At e A g

have an influence on the damping qualities of the alrcraft. The

coefficients, characterizing their own damplng of the alrcraft, are

wx wz
moXr gV X m?w‘, m_“', having negative numerical values.
X, X, Y1 1 2,

Consequently, so that the corresponding speeds of change of moments

of 1inertla they improved the damping qualitles of the alrcraft, it is

i, VI ( dl, \
dt Jpd N\t Jme at ) e

dl_ . (. df_
and a(———-"-"(t)\ " 1/—-——““'())
dt o N 4t

necessary so that ( vould be posliive values,

) — negative.
me

In cornnection with these conclusions it is interesting to explain,
under what conditlions the corresponding derivatives of moments of
inertia have positive or nepative values. Before being occupled
wlth the analysis of these conditions, we will introduce formulas,
determining the derivatives, and then on the basls of the formulacs we

will find the conditions of posltiveness and negatlvity of these
magnitudes.

2, Determination of speeds of change of the center of pravity

and moments of tnertia of an atveral't al constant mans,
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1. Determination of speeds “‘-r> (4%-) )
dt e dt /e

In the determination of the speed of the center of gravity of
an aircraft (for constant mass) we will originate from the consider-
ation that the sum of static moments of the elementary masses of an

alrcraft 1s equal to the static moment of the entire mass:

G 18a
): mdx = Mdx, s, ( )

!
;\;lm,dy B Mdy“ - ( 18b)

The left-hand side of equation (184) 1s presented in the following

form:
a n n
N 0 J Al
Mgt X dY) N 2 x) = S mdx,
el (1231

(19)

il

where x,; are the coordinates of masses relative to the system,
passing through the :enter of gravity,
Xcg is the coordinate of the center of gravity of an aircraft rel-
tive the original system of coordinates.
The static moment of an aircrart in a moment of time t + dt

relative to the original system of coordinates is equal to

\ : 1 dx), -
ef“ch'4”“‘ d-x) where Yym, at t + dt are equal to Mp, M, =
"~ fm1

= M> + dM. In order to obtain the static moment of an alrcraft in a
mcment of time t + dt relative tc the original system of coordinates
at constant mass, l.e. at M;, 1t 1is necessary to add to the last

axpression the statlc moment of ‘he separated mass {rom the exhaust

nszzle of the engine after time dt:

Ny (X = dx) =Nl - xy -dyy S dMx (20)
—(1,) —(arh .

R0




where Xy Yy are the coordinates of the exhaust nozzle of the engine
relative to the origlnal axes of coordlnates.

Having substituted the obtained equallty in (19), we will have:
E(m (Xur -, + d\)-——\’m{(\‘u r ) + dMx, = Mdx,,

or

{ (M
“(m=const)=L—————-‘( far) L ‘dM

dt Al dt tAf “1

e {™

Having differentlated in the preceding equality the expressiocn

.'ﬂ-;‘i, Wwe obtain:

d'c dx, V] dyf
— = {m =var) + —| —
(l ( ) M de

0 (213.)
and analogously

dy d

)uf (Ill __ \Oﬂ\l) )ﬂ'lm - \.") ER ._l_ ﬁ‘.’.

t di | a2 (21b)

where Xpo = Xy — xcg are tha coordinates of the exhaust nozzle of
the engine, yo = yH - ycg — relative to the systems of coordlnates,
passing through the center of gravity.

Spreading the obtalined equaliiy on the alrcraft with a turbc-
Jet engine (TRD), when besides the division of masses takes place

also their connection, we obtaln:

A\u ‘

B RIAY) dm
=== e e A v
=) sy dt \ N (M) de )

AN LAY

ey d - AL v zlml
d‘: (m—const)-——‘“—(m var) + — \ VoM. — Yo(m),

AL e
where du 1is the second expenditure of separated masses,

dt 1s the second expenditure of Jjolned masses.
If one considers that fcor an aircraft with a turbojet englne with an

accuracy sufficient for practice it 1s possible to take

d.\'n =

“'(/ll - var) <0, \d/n _| di

2/




then we find:

sy« !ldul

at (m == const) = T I("'o @™ %o m
4y, 1| dal )
2 == = — | = —_
7 (o= const) = — | —- \()'ow) Yo (m)-

We obtained simple formulas for determination of the speed of the

center of gravity of an aircraft at m = const.

2. Determination of the speed of change of moments of inertia

of an alrcraft relative to the center of gravity.

Let during the time dt the coordinates of masses m; relative
to the system of coordinates, passing through the center of gravity,
be changed to dx, dy. We find expressions of moments of inertia of
the aircraft with respect to the axes, passing through the center
of gravity at constant mass. The moment ¢f 1lnertia of the alrcraft
Ix‘ in a moment of time t + dt (with a decreased mass on dM) relative

to the former position of the center of gravity 1s determined by

the formula:

I;,(.u,) =1, .+ Mdy,,

where mass My corresponds to time t + dt. So that we obtaln 1 moment
of inertia of the alrcraft in moment t + dt relative to the former
center of gravity with mass M;, it is necessary to value le(MZ) to
add its own moment of inertia of the discarded mass of fuel and
magnitude, equal to the product of the second expendlture of mass of
fuel on the square of coordinates of the output sectlion of the engine
relative to the center of gravity and on dt.

Thus, the moment of 1lnertia Ix of mass M; at t + dt is determined
1

by the following formula:

/

PRV R

/

xa (M)

+ Mydyd |+ dMy? - dMr2,

AL




where T is the radius of gyration of a section of the discarded
part of the fuel mixture.

To find increase of the moment of 1lnertia Ix of mass M,:

,,.(f + dt) — /(1) = /“ wr oy MY L dMYS - dMe — (M ).

AL

Having divided the preceding equality by dt, we obtain:

ot

1!
[ :"“'(IH es consl) = / J u'r) \.L :fM \(\"‘{ f") (23)

As can be seen from the formula, in order to determine the

derivative of the moment of inertia in time, it is necessary from a

graph Ixcg = f(t) to determlne the derivative and to add to 1t the

product un 2
' ( ' 7 )
Analogous formulas are easy to derive for /ﬂ.uﬂ ,dhuf\
NI T
di, dl, o M
—=22 (m = const) =(~LU, ‘-' l(f! o
dt dt  /mv ( )4)
2
. (:IL—, wee dAl [‘? N rl':lv
d \ t ,'mV ot | @ o *
Ny =X, ~ Yo=Y T Ve
where x

H’ yH are the coordinates of the exhaust nozzle of the engine
relative to the original axes of coordinates.
For aircraft, supplied with turbo-Jet engines (TRD), in a case,
when takes place division o combustible gases and conncction of

alr masses, the preceding equalities take the form:

dly oy -dl
m == sq) = [ =T LT . ].’_'__’" Iyl L2 d”'_ 3 2
i = ol ( dt >mv' ! dll(y" ’xLAn-' Sl )
dly o+ dal, tM
— 'L (m = const -—:/ Y . l“ 2 0 2 —
a ) \ d Jav’ Tt (% = 7 Do l( i

i"" ot

lll’|u T (lM 1
o wuxmmﬂ)ﬁ(—- - *'—W(lef*’mm

ot /mV I dt

r{m '
— 2 o2
D 16 D
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where dM _ 1s the second expendlture of separated mass,

at is the second expenditure of Jjoined mass.

If one conslders that for an alrcraft with a turbojet

engine
exlist the dependences
d/, dleu s\ . dl, ,) - N 0, I_gﬂ|=|_d,$1\.
dt /mV dt mv d: /mV dt dt
then the preceding equalities can be presented as:
al dA g
5 uv(m == const) = l 1 l[( v Yoag = (V24 )l
ﬂ M L g . (25)
v Y(m = COnSl) l_‘ 23 ! [( fo -+ f;)(n)— (Xg -+ f}, )(m)‘,
l

d/ CdM
-‘7:"(”’ = const) —. |[("2 - Y3 M = (G + V) rml.
i

The obtalned formulas are very convenient to use for determination
of the speeds of moments of inertia of an alrcraft at constant mass,

necessary for calculation of the dynamics of the alrcraft.

3. Determination of (ﬁﬁﬁiﬁl) ) /iﬂ%&iﬁ> .
dt me dt m

For determination of derivatives of the product of inertia in
time at a separate change of coordlnates it 1is necessary to directly
calculate in the function of time any of the two partial derivatives.

sdl (%) - ix
termining, for instance '——4———> ==Jrhn%$y,
me

\ar ,the second

partial derivative, we obtaln by means of subtraction from the total

derivative ! ‘”(q\

s
We will show a method of determinatlon of the total derlvative
of the product of inertia at constant mass. In the moment of time
t + dt the product of inertia 1s equal to I (Mz) , and relative to

X1¥1
the system of coordlnates, passing through the center of gravity in

¥

i et s —




the ent of time t, 1t equals . .
mom me t, q leyl (M2) + Mzdxk_g dycg
The product of 1lnertla 1n moment of time t + dt from mass M,
equals the sum of the product of 1nertia from mass Mz and the product

of the separated mass after time dt on coordlnates Xo, yo of the

exhaust nozzle

L (M) =1, (M) + Mydx (dy,, + dMxg y,.
We willl record the lncrease of the moment of inertla after time dt:

dl,, (m= const) =/, (M) — 1, . (A) - Mydx,  dy, , + dMx,y,.
Dividing the increase by dt, we have:

‘"x.\'. . _ / d’x,\'. ut) n
— (m= Cvnsl)'—- ST 0

i‘;—‘:‘ |l XoYo ) ( 26)

For an aircraft with a turbojet englne the preceding equallty

takes the form:

d’r v ‘”r o d N v dn
—2 (M == CONnst) = (-‘_‘u_ -i- I._. I'\-' 1 (A — [ !_\‘ s (m).
w ¢ ) Cdt e D ) Yo (A | at n Yo (m)
dl, . ol Vod
If one considers that _:m> z,Q!-Jﬁtvli- , we obtialng
dt Jmv e | dt

df,, AN
v, 1Y = | xoye (AD — X v (AD).
- (m = const) I‘“ l[\u).,( )= N ¥ (A

Thus, in order to determlne the total derivative from the

product of inertla 1n time at m = const, 1t 1s necessary to determine

from a graph of the product of inertia relative to the system of

coordinates, passing through thc center of gravity, the

)
dt 070

time derivatlve
and to add the product

3. T%valuation of the influence of variablllity of mass in

the moticn equattons of an alreraft,

Equations of motlon ot an atreraft o varlable mans arpe

24
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distinguished from analogous equations of motion of a solid aircraft
into every moment of time by additional members, considering the
speed of change of the center of gravity and the speed of change

of the moments of inertia of the aircraft at constant mass. Above,
on the basis of analysis of equatlons of motion of an alrcraft (16),
we a:rrived to the conclusion that for 1mprovement of damping it 1s

necessary, 1in order to C”’ ( ( would be positive
dt Jme \ At /mc

mc

values.

Now we will define the gualitative conditions, with which these
requirements are executed. For this purpose we will turn to the
formulas, determining the speed of change of the moments of inertla
at constant mass.

Let us consider, for exampie, the speed of change of the moment

of inertia around axis Y1, determined by the formula:

dl, dl ) :
iy e O ).
Al Jme N it Smv L dt .

ply,
As can be seen from the jast formula so that >'“/ 1s greater than

zero, fulfillment of the followlng condition is necessary:
d/\f ‘(-‘0'{' rn ) > l___‘

Fulfillment of tnils condition 1s possible in two versions.
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Fig. 5. Diagram of the location of the
., engine in front of the center of gravity
of an aircraft. 1) Fuel mixture; 2) center
of gravity.
First version: the exhaust nozzle of the engine 1s located
in front of the center of gravity of the alrcraft, and the center

of gravity of the fuel mixture is located relative to the center of

gravity of the aircraft at significantly smaller distance (Fig. 5).

Fig. 6. Diagram of the location of the
engine behind the center of gravity of an
aircraft. 1) Fuel mixture; 2) center of
gravity.

Second verson; the exhaust nozzle of the engine 1s located
behind the center of gravity of the alrcraft at a large distance,

and the center of gravity of the fuel mixture relative to the center

27




of gravity of the aircraft at 2 large dlstance, and the center of
gravity of the fuel mixture relative to the center of gravity of

the aircraft 1s located at a significantly smaller distance (Fig. 6).

Ve 6 W@ R WD fome

Fig. 7.

In the arrangement of an alrcraft one whould conslder these

dl, N\
conslderations. We wlll note however, so that (73) >0,

me

1s actually a reallzable arrangement according to the seccnd verson.
Analogous reasonings are spread also on the spced of change of the
moments of inertla around axes x,;, z,;. The above-introduced analysils
has a qualitatlive character. However 1n practice 1t can appear that
the calculation of addltional members numerically have llttle influence
on equatlons of motlon of alrcraft. Therefore 1t 1s expedlent to
produce a numerlcal evaluatlion of additional members for a judgement
about the boundarles of application of these equatlons. Let us
consider an alrcraft, accomplishing takeoff with the help of a
ligquid-fuel rocket englne from the method of horizontal flight.
Aerodynaric and light characteristics of an alrcraft durlng take
off, as, for cxample, m:ﬂ m:“,mf'.m?\ m:ﬁ Sql, Sqb,. are shown in
graphs (Fig. 7).

The inertial weight characteristics of an alrecraft durlng take
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off in a functlon of time are glven on the graphs (Fig. 8) .

Ty lyq.}xqri.)',.,,l,’l,,‘,(]“’ja |
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Fig. 8.

Differentiatlng in time the curves of change G, I_ > I , I , X, .
X Y 2, (624

ycg’ we will find the speed of change of these magnitudes at

varlable mass, and namely:

/d"n t {d-"u v> (’{_’A\\ ‘l_l\_L> ‘/'il_:_.‘\ . aM , <’”x._\‘.\ .
Nt S Nt v\t Jav' st Jmv N\ at Jmv’ e At Jmv

Using then formulas (21), (23), (26) , we determine the speeds of
change of the center of gravity and moments of inertia of an aircraft

at constant mass:

gy fy (o (%)
TR MR L G S dt e N )," =
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On the basis of data of the numerical calculation of the above-
considered aircraft we will produce calculation of coefficlents of
additional damping from the variability of mass of the aircraft.
From equations of motlon of an aircraft (16) 1t follows that
coefficients of additional damping of an alrcraft from varlabllity

of mass are determined by the followlng formulas:

~ el H © dl.
Am, " —n R P S S S S

==, Adm ==
N e Syl SN dt Jme Sqt
dl, dl. . (%
Amt = ('i SR VAL (TN L
. dt . o Sqba & \ dt J,. Sql
d \
Anz:'-=2{’-———"-;;u -

Results of the calculatlions of these coefflclients are glven

in the table.

! | '
- - ! . .\-~t~" L amh ‘Am B .\ml:'T'
tcex| 3m | amT Sin Vv Am Tl —Cof o ——elg 1) e 0.4
Af} 2, xy Al ' 0y Wy ¥ W
! oo m m - m
‘ ‘ .‘I ‘I l R .‘.I
) i :
oo ow Lo | §2.5 | —64.9 | —10.7
2] 0,008 : 0.012 {0097 7.8 33 —2,6 | —3.25
4] 0,0062 1000 oy a2 32,17 | —25,86 | —5.124
6] 0oosy | 0oy joes]| n a3 | =40 | —6,29
8 1 0,000 ! oote Locos | ie 39,2 1 —26,6 | —11,5
10 | 0,007 0002 o3 02 61.62 | =359 | —8.5
12 | o.0v88 ' o012 et sT P03 | =331 —8,2
14 10,012 jouin Jogeest 530 176 71.9 | —6,2
16 1 00089 [ 0,033 Loeent] 2 174 —h7.6 | —2,99
18 | v.cust | 0.00rs o i 07 121,9 | —3%,4 —1.2
)

In comparing the numerlcal values of additlonal coeffilclents
of damping with its own coefficlents of damplng, we notlce that in

the equatlons of moments (15) the additional members

3o




AN il Iy, v, (w
\df e d‘jm: \ dt lw ( i ) . can considerably have an influence

on the damping qualities of the aircraft and it 1ls impossible to

disregard them. In projection of an aircraft one should consider
this circumstance. We will note however, that in the equations of
motion of an alrcraft one whould consider the coefficlents of addi-

tional damping, when they exceed 10% in reference to its own damping

of the aircraft, since the aerodynamlic coefficlents are usually
given with an accuracy to 10%.

In the equations of forces (16) it is possible to disregard the
members, considering the speed of change of the center of gravity at
constant mass ( )n‘ Cﬂm')m in view of their insignificant
influence.

In conclusion we wiil conslder the case of flight of an ailrcraft,
when 1ts mass changes abruptly, for example due to booster
separation. Do there appear in this case additional damping coef-
ficients in the equations of motion? We will show that the speeds
of change of moments of inertlia at constant mass in this case equals

zero. Let us consider, for example, the speed of change of the
di,, .

moment of inertia of an aircraft with respect to axis y, — oy
me

at booster separation.
Let its own moment of inertia of the booster equal mycrz,
where myc is the mass of the booster,
ry is the radius of gyration.
Then the speed of change of the moment of inertia of the alrcraft

relative to the center of ygravity of the aricraft at variable mass
will be:

di, \_ _ mye (;;;';-i-r},)
(= ==

At —0).
dt /er ( )
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The speed of change of the moment of 1lnertla of the aircraft at

constant mass is determined, as it 1s known, by the followlng depen-

dence:
2 rz
7y, _(L A
\ dt ) me dt .,.VT ,"."‘ At ( 0).

Substituting the preceding in the obtalned equality, we will have:

({ll‘,,l N T (5= £ 4+ my (535 13) (Af—0) =0.
dt /e At

Consequently, we showed that the speed of change of the moments
of inertia in this case 1s equal to zero and therefore in the equa-
tions of motion members of additional damping are absent. However,
the value of mass should be new and the aercdynamic coefficients
calculated correspondingly to the new positlon of the center of grav-
ity. Equations of motion of aircraft are solved under the original

conditions, corresponding to the moment of booster scparation.

Conclusions

On the basis of what has been stated it follows that the motion
of an alircraft with a Jet eng;ne,nthé mass and moments of 1inertia.of
which greatly vary, should be depicted with equatlions (16), considering
the variability of mass. If the mass 1s varlable and with this takes
place the relative motion of the fuel mixture 1in a connected system

cf coordinates of the aircraft, then 1n the equatlons of motion of

the alrcraft 1s considered the variability of the mass and the addi-
tional members, considering the damping influence on aircraft of

relative motion of fuel mixture.

It is very important in the projection of an alircraft to

correctly arrange the position of the engine (booster) and tanks of

fuel mixture ,relative to the center of gravity of the aircraft. For

FID-MT-62.94 /142 22
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an increase of damping of an aircraft it is expedient to -dispose the
Jet engine behind the center of gravity at a significant distance.

R~
Additional damping from variability of mass one should consider in a

case, when the coefficlents (ﬁﬁ; OO (ﬂ&) 210 ate.
dt Jme Sql 0" dt /ime Sql v,
are greater than 10%. it o

In the cquations of forces (16) it is possible to disregard the

members, considering the relative motion of the center of gravity of

(dxnt) (d_)'n.,)
dat S’ dt Jme

an aircraft:

If, however, the mass of an alrcraft is variable, but with this
there 1s no relative motion of separated masses in the connected
system of coordinates (booster separation), then the members of
equations (16), considering the additiocnal damping, equal zero. In
this case equations (16) consider only the absclute change of mass,

the moments of inertla and the change of the center orf gravity of the

alrcraft.
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