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FOREWORD 

The author is indebted to Mr. William Riordan for a 
critical review of this paper. 
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ABSTRACT 

An error analysis is presented for the problem of prediction 

of position and velocity of a satellite with a nearly circular 

orbit from initial measurements of position and velocity. 'Rela¬ 

tively simple expressions are obtained for these errors which 

should prove useful both for obtaining numerical results and for 

the physical interpretation of the effect of errors on prediction. 

The error formulas are in agreement with results obtained earlier 

by Schweppe using a more general method of analysis. 

REVIEW AND APPROVAL 

Publication of this technical documentary report does not 

constitute Air Force approval of the reports findings or 

conclusions. It is published only for the exchange and 

stimulation of ideas. 

(/Jack Segal 

Project Officer, 602.0 
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POSITION AND VELOCITY ERRORS RESULTING FROM IMPERFECT 

ESTIMATION OF NEARLY CIRCULAR SATELLITE ORBITS 

The orbit of e s&tellite can be determined from an initial measure- 

ment of vector position and vector velocity. Errors in the initial 

measurement will lead to errors in the prediction of object position and 

velocity at some future time. The form of these prediction errors for 

the general case appears to be rather complicated.^^ For nearly circular 

orbits, however, closed form expressions for these prediction errors 

can be derived which can be used to obtain simple numerical results and 

which can be subjected to useful physical interpretation. It is the 

purpose of this paper to derive these expressions. 

The following definitions are used: 

• • . • 
• • 

t 

t 
o 

t 
m 

time 

time of perigee 

time of measurement 

T *■ orbit period 
P 

(JO - 2TT/T 
p 

4 

6 - #center of earth .angle in plane of the ellipse 
• • • 

0o ■* angle of perigee# , , 

• * * 

0 * * value of«0 at time t m , • • . m • 

a semimajor axis , ■ 

e eccentricity (assumed small). 

V •■ , satellite speed 
• * 

p ■ radius from earth center to satellite at time t 

p » dp/dt 

6 = d0/dt 
a 

K = eartlj gravitational constant. 
I • 

= subscript denoting an out of plane error 

errors in v,p,a,0 respectively at t = t 
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The geometry of the problem is shown below: 

« ■ e(t ) 
O 0 

The motion of a ballistic object in the presence of earth's 

gravitational field takes the form of an ellipse with one focus at the 

earth's center, as shown above. The solution of the equations of 
• ff 

motion can be found in any elementary text on the subject. The equation 

• of the ellipse is given by 

* . * « ’ - 
• • ft(») - 

af 1 -• ea) 

• • • 

1 +e cos(8 - 

The rate of change of 8 is given by ' 

a-3/2 . 
. • • e-u>(i«ea; (i+ 6^08^8-eo))‘ 

(1) 

(2) 

• • • # 
The quantity iu is the average angular rate of the object, and is given by 

' • 
« - f . K4 

P. 
where K is the qarth's gravitational constant. 

See, for example, "Celestial Mechanics," W. M. Smart 
(Longmans, Green and Co., 1953). 
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In the error analysis which follows, the errors will be assumed 

< small so that second and higher order errors can be neglected. It is 

also assumed that the orbit is nearly circular so that terms in e3 and 

higher powers of e can be neglected. Terms involving products of errors 

and e will likewise be neglected. 

With these approximatione (1) and (2) become 

p a [l - ecos (6-0 ) ] o 

6ft»U) [l+2ecos(0-0 ) ] 
o 

From (5) it follows approximately that 

0-0 ft* ui(t - t ) 
0 0 

Substituting>this expression in (4) and (5) gives 

pft*a [l-ecosuu(t-t )] o 

0 *juj [l+2e cos ou(t • tQ) ] 

# e 
Differentiating (7)*and integrating (8) gives 

p ft* aüu e sin U)(t- tQ) 

0fcj0 +Uü(t-t) + 2e siniu ( t - t ) 
• n ' n' ' n ' 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

Equations (7), (8), (9) and (10) are the approximate motion equations 

which will be used in an error analysis of the problem. It is seen 

that the four parameters 0o, t^, e and a determine the object motion 

in the orbit plane (note that uu is determined by a in accordance with 

(3)). Out of plane errors will be considered later. 

Equations (7 - 10) taken at time t^, the time of the measurement, are 

6 es 0 - UUt + UUt + 2e s in U)(t -t ) 
mn o in m n m m o (ID 

3 
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P» * - aecos Ul (t - t ) in mo7 

¿ •» UM- 2UJeco8üU (t -t ) 
m m o7 

(12) 

(13) 

p % auie sin üü(t - t ) 
m o ' (14) 

Taking the differential of both sides yields the following equations, 

A e * A(V UJto) + Auutm+ 2A [a sin uu(t - t )] m o 

A p *8 As - aA [e cos uu(t - t ) 1 
m mo 

Aè « Aui + 2uiA [e C08ÜÜ (t - t )] 
mo7 

A Pm aouA [e sinuuit^- tQ) ] 

(15) 

(16) 

(17) 

(18) 

where certain differential terms of higher order have been neglected. 

When Aui is expressed in terms of Aa using 

, 3 uu 
Aui « - “• Aa 

i a (19) 

we recognize thatc(15^18) represent four linear equations in four 

unknowns. Solving for these unknowns yields 

A(6 - uut.) * A6 + (-- + 3ûÔn, 6HV 2APm 
0 “ "m ' ' ou ' a ^ ^ ‘ a uu 

Aa « 
2 a A 0 m° 

UU + 4 A P . . m 

r APm 
A[esinUU(t - t)l«%, -- 

m o auu 

A [ e cos uu ’( t - t )1 
m o7 J 

2 A 0 3 A P_ 

(20) 

(21) 

(22) 

(23) 

k 



W-6637 

The speed v of the object is approximately 

V * P* (24) 

The contribution of P to v is of second order and can be ignored, as 

can any velocity error out of the ellipse plane. The logarithmic 

derivative of (24) is 

& AP+M A£ + A0 
v ^ P ¿ p ou (25) 

Equations (20- 23) can be rewritten with the aid of (25) and the fact 

that a M P. 

3 Av 3 A p 2A P 
A(0 -uut)*Ae + (—-+ —T2-)!»* - -~ 

o m ' v P ^ m pou (26) 

* 2Av 2AP As • _ m ,_^ 
v + P 

AP_ AP 
A [esinuu(t -t ) ] »w«=- mo' pui v 

(27) 

(28) 

2Av AP 
A Ce cos ou(t - t )] «W -- + —~ 

m o' J v P (29) 

Combining (19) and (27) gives also 

ÙU) Av AP 
o /_i in v 

(30) 

The equations for 0 and P can be rewritten 

0fss[O -tut ] + out + 2esinou(t-t + t - t) 
oo m m o 

[0q - *t0 ] + uut + 2 s in uu(t - tm) [ e c o s ou(tm - t0) ] (31) 

+ 2cosuu(t - t ) [e sinU)(t - t ) ] 
m mo 

5 



W-6637 

p « a - ae cos uu(t-t + t -1 ) 
m in o 

na-aecosuu(t-t )costti(t-t )+ae8inli)(t-t) slnU)(t 
m m o in nt 

Taking Che differential of both sides, 

Â6 % AÍ® -üUt]+¿üüt+2 sinuu (t-t )A[ecosüü(t_-t )] o in ni o 

+ 2cosUü(t-t)¿[esinüü(t -t)] m mo 

AP » Aa - a cos aj(t-t )A[e cosU)(t -1 ) m mo 

(32) 

(33) 

(34) 
+ asinüu(t-tm) A [esinuKt-t^) ] 

Note that the errors in 6 and p reduce to the proper values at t ■ t^. 

It is seen the errors in 6 and p are of several types. There are 

constant errors associated with an initial error in position. The second 

term in the expression for A6 corresponds to a period error and it 

increases linearly with time. Eventually this period error will pre¬ 

dominate over all other error terms. There are two types of periodic 

6 
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error terms. One of these is maximum at the point antipodal to the 

measurement (8-ISO0), while the other is sero at the antipodal 

point and reaches a maximum at 0 • 6 -90° and 0>9 ■ 270° 
o m 

The errors ¿0 and Ap can be found simply by taking the derivatives 

of (35) and (36). 

A9 
3Av 

V 

3Ap_ 

T 
2Ap 

(37) 

4Av 2AP 
+ uj (-^ + - ■ m ) cos m (t - t ) 

V p m' 

AP 2Av„ AP AP_ 
— e. 0)(-^- + “) einu) (1-1^) + -^ cos0)(t- tœ) (38) 

Out of plane errors have been neglected up to this point in the 

analysis. The effect of small out-of-plane errors on the in-plane 

measurements will be of second order and hence their effect on the in¬ 

plane measurements can be ignored. The effect of these out-of-plane 

errors is simply to tilt the plane of the predicted orbit by a small 

amount. The out-of-plane position and velocity errors, Ap^ and Av^, 

must be of the form 

AP¿ » Asin[tt)(t-tm) + B ] (39) 

AVj^ m A tue os [uu ( t - tm) + B ] (40) 

The constants A and B are found by setting 

ÛPim - ÛP1 (tm) *A B (41) 

Avim " Avl (tm> "Au)cos B (42) 

T 
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Solving for A and B 

A - [Af£m+ (43) 

U)AP 

B " tan’1(Ã7la) ^44) 
1.0 

Using (41) and (42) in (39) and (40), one obtains 

Av 
APX « A^m cosU)(t- tm) + sinuj (t-tj (45) 

Av±*- APxmUü sinu)(t-tm) + Avxm cosouit-t^) (46) 

Equations (35-38), (45-46) are in agreement with results derived by 
[21 

Schweppe (See Eq. 2.5 of Ref. 2), who specialized the general formulation 

of the orbit error analysis problem by Levin to the case of nearly circular 

orbits. Expression of the results in other coordinate systems is also 

contained inSchweppe's paper. 

R. Manassee 
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