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FREFACE 

Part of the research program of The RAND Corporation 

consists of basic supporting studies In tnathenatlcal physics. 

One area of this Is concerned with the study of turbulence. 

In this field, the analysis of "model equations" has proved 

to be quite useful. 

In a series of Memoranda, of which this Is the 

second,* computational techniques which approximate the 

solution to the model equation of Burgers are Investigated. 

See Ref. 2. 
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SUMHARY 

The nonlinearity of the equations of turbulence 

forces the mathematician to study approximation techniques, 

such as "model equations" which exhibit many of the 

characteristics of the realistic equations. 

In this series, the authors Investigate computational 

methods fo the solution of the model equation of Burgers. 

In the present Memorandum the application of a difference 

algorithm Is studied. Numerical results obtained from a 

FORTRAN program are given. 
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ANOTHER COMPUTATIOHAL APPROACH TO A HATHEMATICAL 

MODH. OF TURBULENCE 

1. INTRODUCTICM 

In the study of turbulence it is often quite useful 

to analyze "model equations" which, hopefully, exhibit 

many of the characteristics of the more realistic equations, 

One of the best known of these model equations is that of 

Burgers which is given by 

u + uu ■ eu 
t   x   xx 

u(x,0) - g(x) . 
(1.1) 

This equation is discussed by Hopf [1], and in the 

first paper of this series [2] a numerical technique is 

presented in which this equation is converted into an in- 

finite system of ordinary differential equations. 

In this second paper, another numerical technique is 

investigated. Here, an approximating algorithm is used 

which estimates the solution of (1.1) to an accuracy of at 

least 0(A2), where A is the integration stepsize. Similar 

methods were studied in previous papers [3,4], and shown 

to be quite useful. 

■■■»»*- „■^^ 
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2. AN APPRQXDUTING ALGORITHM 

Consider th« equation (1.1) over the region 0 < x < 1, 

t > 0, and suppose that g(x) Is periodic, with period n. 

Let the approximating algorithm be given by 

u(x,t+A) - Xu(x-au(x,t)A,t) 

+ ■^5^ [u(x+bVÄ,t) + u(x-bVÄ,t)] 
(2.1) 

where A Is the Integration stepsIze, and X, a, b are con- 

stants riilch will be determined. To show that (2.1) 

approximates (1.1) to an error of 0(A), expand both sides 

of (2.1) In a Taylor series to the A term, obtaining the 

equation. 

ut - -Xauux + (1-X) f-   u. 
XX (2.2) 

For (2.2) to approximate (1.1), the following relations 

must hold: 

a - 1/X 

b - 
2. I ^ 
1-X 

(2.3) 

(2.4) 
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If c Is fixed, then a and b are functions of the 

parameter X, and (2.1) becomes 

u(x,tfA) - j u(x-u(x,t) p O 
(2.5) 

1-X •H»r.»)-H»r.* 
Let t - 0,L,2L,...t  and at each stage of the calcu- 

lation let u(x,t) be stored by means of the finite sum 

M 

u(x.t) - I u (t) sin nrrx 
n x ' 

(2.6) 

n-1 

where the coefficients u    (t) are obtained by the quad- 
n 

rature scheme 

un(t) 2 j u(x,t) sin nnx dx        (2.7) 

R-l 

| T u(k/R,t) sin (nnk/R) 

k-1 

(2.8) 

Hence, the values u(k/R,t), k - 1,2 R-l store u(x,t) 

at time t, and by way of (2.5), u(x,t+A) can be obtained. 
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3.    MCMERICAL EXAMPLES 

To obtain some numerical results, a FORTRAN program 

was written for the IBM-7090.   The following results were 

obtained: 

a) u. + uu   - cu      where 
t A XX 

u(x,0) - -sin TTX,   0 < x < 1 

c - .01 

X - .5 

A - .05 

,In this first example the parameters M and R were 

varied. As can be seen in the following table, one obtains 

essentially the same results for M - R - 10, as compared 

to M - R - 15, in less than half the time. 

X t u(x ft) 

.5 1.00 

M-R-10 M-R-15 

-.355 -.354 

.1 2.00 -.319 -.326 

.6 3.00 -.116 -.116 

.9 4.00 -.022 -.022 

.2 5.00 -.132 -.133 

Time 40 sec 1 min 

Note that in this example and in the following examples 

the largest differences occur for small values of x. 
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b) u + uu - eu  where 

u(x,0) - -sin nx, 0 < x < 1 

e - .01 

A - .05 

M - R - 10 

In the second example the parameter X was varied. 

As shown In Fig. 1, varying X displays large differences 

In the values of u(x,t) for small x and for small t. Note, 

however, that the maximum of each curve occurs at about 

the same time. For small t and large x, the variation In 

u(x,t) Is much smaller (see Fig. 2); and for large values 

of t, the variation Is quite small (see the table below). 

X t X - 2 X - 8 difference 

.1 3 -.184 -.223 .039 

.6 3 -.115 -.115 .000 

.1 4 -.131 -.157 .026 

.6 4 -.089 -.089 .000 

.1 5 -.098 -.115 .017 

.6 5 -.073 -.073 .000 

c) u + uu ■ eu  where 

u(x,0) - -sin 

c - .01 

TTX,  0 < X < 1 



r 6- 

-0.9 r- X-0.8 

-0.8 - 

-0.7 - 

-0.6 - 

u(x,t) 

-0.5 - 

Fig. I 
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-1.0 

-0.9  - 

-0.8  - 

uU.O 
-0.7  - 

-0.6  - 

-0.5 - 

X«0.6, 0.8 
X«0.4 
X«0.2 

Fig. 2 
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X - .5 

M - R - 10 

The parameter which has the greatest effect on the 

results Is the integration stepsize A. In the following 

table the differences can be seen. 

X t u(x,t) 

0.5 

0.1 

0.6 

0.9 

0.2 

1.0 

2.0 

3.0 

4.0 

4.8 

A - .05 A - .01 

-.355 

-.319 

-.116 

-.022 

-.139 

-.381 

-.375 

-.120 

-.023 

-.147 

Time 40 sec 180 sec 

4. HIGHER-ORDER APPROXIHATION 

The general form for the approximating algorithm is 

given by 

N 

u(x, t+A) - Xu(x-au(x,t)A,t) + ^«i [u(x4b1V^.t) 

iml (4.1) 

+ uU-bjVM)] 
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In which tht X. R, *l. bll and t «rt Inputi. It w«i 

shown In [5] that hlgh«r-ord«rwd appronlattloni, at In 

(4.1), can glva mort-accurata results, provided the poly 

nonial approximation (2.6) Is sufficiently accurate. 



•10- 

REFERENCES 

1. Hopf, E., "A Mathematical Example Displaying Features 
of Turbulence," Conm. APPI. Math.. Vol. 1, 19A8, 
pp. 303-322. 

2. Azen, S. P., R. E. Bellman, and J. M. Richardson, 
On Computational Approaches to Some Mathematical 
Models of Turbulence. The RAND Corporation, 
RM-3819-ARPA, December 1963. 

3. Bellman, R. E., R. E. Kalaba, and B. Kotkln, On a New 
Approach to the Computational Solution of Partial 
Differential Equations. The RAND Corporation, 
RM-3133-PR, May 1962. 

4. Bellman, R. E., Some Questions Concerning Difference 
Approximations to Partial Differential Equations. 
The RAND Corporation, RM-3083-PR, April 1962. 

5. Azen, Stanley, Higher-Order Approximations to the 
Computational Solution of Partial Differential 
Equations. The RAND Corporation, RM-3917-PR, December 
1963. 



UN C LA§§ IF I lED 

UNClLA§§XfX lED 


