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THE FREE OSCILLATIONS OF LAKE ERIE 

by 

George W. Platzman and Des iraju B. Rao 

The University of Chicago 

* 

ABSTRACT 

The longitudinal free oscillations of Lake Erie are investi¬ 

gated theoretically by numerical integration of the channel equations, 

and observationally by analysis of water-level covariance spectra. 

Good agreement is obtained between computed and observed periods of 

the first four modes, as well as between computed and observed amplitude. 

Particular attention is given to influence of the earth's rota¬ 

tion and to the effect of friction. The general conclusions are that 

the earth's rotation transforms the lowest longitudinal mode into an 

amphidromic wave with counterclockwise rotation of cotidal lines, but 

does not significantly affect the period of any mode. Friction in¬ 

creases the period by at most a few per cent. Cross-spectral analyses 

of water-level data give high-water phases of the lowest mode that are 

qualitatively (and in some cases quantitatively) in good accord with 

phases computed on the assumption that the transverse profile slope 

is quasi-geostrophic, and thus support the conclusion that this mode 

is a "positive" amphidromic wave. 



1. Introduction 
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One of the most conspicuous longitudinal free oscillations 

of the Great Lakes is that of Lake Erie, the location of which is 

shown in figure 1. (The configuration of the Lake can be seen in 

more detail in figure 4.) The Lake lends itself to a division in¬ 

to three sub-basinsî a small, shallow Western Basin with many 

reefs and islands; a flat, unrestricted Central Basin; and a small 

Eastern Basin which is the deepest of the three. Quantitative 

aspects of this structure are given in table 1. The mean depth 

of the Lake as a whole is only about 61 feet (much less than that 

of any of the other Great Lakes); as a result, wind action is 

very pronounced. 

A good indication of the prominence of longitudinal oscil¬ 

lations is provided by water-level records at Buffalo and Toledo, 

situated at opposite ends of the longitudinal axis. The lowest 

(uninodal) mode, with a period of about 14 hours, is a well-known 

feature of such records, as has been noted by many investigators. 

In figure 2, which shows one month of record (September 1958), a 

series of 14-hour oscillations is initiated on the 10th and again 

on the 28th day of the month. A period of about 9 hours also has 

been detected by careful visual inspection of the records. The 
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TABLE 1. Physical characteristics of Lake Erie Basin. 

WESTERN CENTRAL EASTERN ENTIRE 
BASIN BASIN BASIN BASIN 

Volume 
12 

10 cubic feet: 0.8 
per cent: 5 

Area 

10^ square feet: 3.5 
per cent 13 

Depth in feet 
mean: 24.2 
maximum: 48 

Dimensions in 
statute miles 

length (maximum): 50 
width (maximum: 40 
width (mean): 25 

10.6 5.4 16.8 
63 32 100 

17.4 6.7 27.6 
63 24 100 

60.7 79.9 60.7 
84 210 210 

132 85 241 
57 42 57 
47 28 41 

•k 

From data given by Verber (1960). Mean depths are 

based upon a lake level of 568.6 feet M3L-IGLD (In¬ 

ternational Great Lakes Datum of 1955). 
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theoretical analysis given below confirms that the 9-hour oscil¬ 

lation is the binodal mode. 

At the end of this paper a brief historical summary is 

given, in which are listed the principal assessments of observed 

and computed periods of the free oscillations of Lake Erie that 

are to be found in the literature on this subject. It is a 

curious fact --- but true, so far as the writers have been able 

to determine --- that all past theoretical estimates have been 

based upon nothing more than the Merian or DuBoys formulas, which 

are well known to be inapplicable to the lowest modes of many 

lakes. The more exact methods of computation initiated by 

Chrystal and perfected by Defant, Hidaka and others have been 

applied in the past half century virtually to every important 

lake in the world, but the writers know of only one application 

of these methods to the Great Lakes of the United States, namely 

that of F. Defant (1954) on Lake Michigan. 

In the present paper the free oscillations of Lake Erie 

are investigated by means of classical methods of numerical in¬ 

tegration of the dynamical equations for flow in a channel of 

gradually varying section. A very brief outline of the procedure 

used here is given, but it has not been thought necessary to cite 
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references because the methods are well known in theoretical lim¬ 

nology as well as in various branches of applied mathematics. In 

his recent book, A. Defant (1961) has given an excellent account 

of the entire subject. 

In the next two sections the method of computation is out¬ 

lined and the basic numerical results are presented. Then correc¬ 

tions resulting from the earth's rotation and from friction are 

considered, as well as perturbations from variation of mean lake 

level and from end conditions. Finally, a verification analysis 

is given, in which the results of numerical computation are com¬ 

pared with observed wave characteristics derived from analysis of 

water-level covariance spectra. 

2. Integration procedure 

The linearized momentum and mass equations for flow in a 

channel of gradually varying section are 
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A 

where Q(X)Ír) is the volume transport through a vertical section 

of the channel, SCX) is the section area, is the 

mean water level across the section (relative to undisturbed level), 

and Mx) is the surface breadth of the section (figure 3). The 

K -axis is locally tangent to the principal axis of the channel, 

which may be regarded as coinciding with the troughline of the 

channel or with the direction of flow near the channel center. 

The vertical section is locally perpendicular to the flow at each 

point of its surface. 

The free oscillations are assumed expressible in the form 

appropriate for a closed basin: 

A . 

QUi*) - QU) aw vt (2.3) 

¿A,*) - £>(*) K* ; (iM) 

where Xjt, are the X-dependent parts of and cr is the 

oscillation frequency. The dynamical equations (2.1, 2) then re¬ 

duce to 



- 6 - 

With boundary conditions Q~0 at X-0 and X ~ L , equa¬ 

tions (2.5, 6) pose a characteristic-value problem for determina¬ 

tion of 0“ . 

The dotted line in figure 4 shows the principal axis of 

Lake Erie. In the calculations to be described presently, values 

of profile ¿j are obtained on each of 40 sections identified in 

figure 4 by the solid lines, and values of transport Q are ob¬ 

tained at each of 39 sections identified by broken lines. The 

-sections are drawn to intersect the principal axis at points 

spaced uniformly with an interval 1/3 x 10^ feet (6.31 statute 

miles), Q -sections are drawn midway between ^-sections. The 

section area <S was determined at each Q -section and the sur¬ 

face width b at each ¿ -section, with U. S. Lake Survey chart 

L.S.3 as the basis for measurement (scale 1:400,000). The results 

are shown in figure 5. 

In the standard procedure for numerical integration of 

(2.5, 6) one replaces the derivatives on the right by central 

differences: 



r*s 

7 

■jSc ¿X -1 

Ax 

(in) 

(i.t) 

or, after re-arrangement: 

¿.C« = 4o-, - 7-Q^ ; (2.V 

¢0,, = ¢0-, -3-^ ) l'"lftj7?, fr'o; 

where C= Ax/^S and *■ -"^AX • T° solve (2.9, ID) by 

successive approximation one assigns to ¿p| a convenient value 

(which is arbitrary because the equations are homogeneous); then 

a trial value is given to the frequency 0“ (or period HT—'tTr/tf' ) 

and is computed from (Z. 10) with Q0-0 as boundary con¬ 

dition. Then ¿,3 is computed from (2.9), and by alternate use 

of (2.9) and (2.10) we arrive at , which should be zero as 

a boundary condition. If Qtai^o , we alter the value of O“ 

and compute Q^O a8aln- This procedure is repeated until, by 

interpolation or otherwise, a sufficiently accurate value of 0“ 

is obtained. With the use of a high-speed computer this method 
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is simple and efficient. 

A departure from the standard procedure just described 

was made in order to deal with the effect of Long Point Bay, the 

mouth of which coincides with £ -section 1-2.1 (figure 4). 

7 2 
The mouth of the Bay contributes 0.62 x 10 ft to the area of 

7 2 
section 21 and the main channel contributes 1.33 x 10 ft , so 

the main channel covers only about 68 per cent of the area of 

the section. To take account of this configuration, we visualize 

the Lake as divided into three regions: the Eastern Basin, for 

which ©i: L ^ 2.| ; Long Point Bay, for which 2.\ 4 (/4 2.& 

and the Central and Western Basins for which 2.| 4 L 4 SO • 

The channel equations then are formulated for each region separate 

ly, with joining conditions expressing continuity of profile and 

transport at L—2.( , the section common to the three regions. 

Using primes to identify quantities pertaining to Long 

Point Bay, it is clear that in place of (2.7, 8) we have now: 

Eastern. Central and Western Basins 

^ ; \c-2ofi)7S/ 

Qch~Q<-i.( ) 
'\<>«ry7V 

(e.ii) 

(^■u) 
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Section 21 

(tA, 4 V 
Q.'U. + öli ~ ^?io 

Ã)T 
C2.I3) 

Long Point Bay 

<r ^ 4 : 

C2. 

t= ¿3 (z) 2S , (*>•*) 

Equations (2.11, 12) and (2.14, 15) have the same form as (2.7, 8); 

note, however, that neither (2.12) nor (2.15) is applied to section 

21. There, equation (2.13) expresses continuity of transport be¬ 

tween the three regions and serves as the condition joining these 

regions, together with 

for profile continuity. 

The procedure now is as follows. Starting with = 1.0 

ft (a convenient value) and an estimate for , we integrate 

(2.11, 12) stepwise to section 1=2-1 , so that approximate val¬ 

ues are obtained for at L = 3(2)21 and for at 
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U = 2(2)20. In order to cross C = 21 and enter the Central 

Basin, equation (2.13)must be used to obtain 'Qzz. . Since this 

equation involves > we must first carry the integration 

into Long Point Bay for an approximation to Qrz. ■ To do so 

we note that at this stage the disturbance in Long Point Bay may 

be regarded as a co-oscillation with the imposed frequency 

and imposed elevation ~ at the mouth. In other words, 

with boundary condition Si*, ~ 0 at the head, equations (2.14, 15) 

can be solved for '¿j and in terms of 

The results can be written in continued-fraction form 

= 

¿jit - 

(¿.17) 

where and Ax • The first equation here 

is the only one needed at the present stage. With this expression 

for in terms of , equation (2..13) may be solved 

for • Returning to (2.11, 12),stepwise integration will 
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then bring us to , thus completing one cycle of the 

iterative procedure. Convergence to %0~° is approached 

as usual by successive adjustment of O' . In this vcay satis¬ 

factory values are obtained for the frequency O" and for pro¬ 

file and transport in the main channel. The corresponding con¬ 

ditions in Long Point Bay may be determined then from (2.17) 

In summary, the equations used for numerical integration 

are (2.17) for Long Point Bay, and 

£c'-h ~ ¿i-i 

~ $10 ~ ^*1 “ 

for the main channel, where C- ^</^5 an(^ • 

It should be added that since we have drawn curvilinear rather 

than the usual rectilinear sections (see figure 4), the section 

width at -sections was taken to be the area between 

neighboring 4^-sections divided by AX ; that is 
» » 

odd c ) is equal to the area between sections (.-4-( 

divided by • 

(for 

V 

and t- J , 
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3. Numerical results 

Computed periods X of the first five modes of longl* 

tudlnal free oscillations of Lake Erie are listed in column l of 

table 2. Also shown in this table (column 2) are the products 

1^, , which for a rectangular basin of length L and uni¬ 

form depth (L are equal to the Merian period  

If we take L equal to the length of the principal axis (figure 

- 40 X 1/3 X 10^ ft; with a mean depth 

-2 
, we find a Merlan 

4), then L. * 40 &X 

4,-60.7 ft (table 

period 16.8 hr. The ratios of 'wv'T^, to 16.8 hr are given in 

column 3 of table 2. Thus, the first mode, with computed period 

14.1 hr, is about 16 per cent faster than predicted by the Merian 

formula. The third- and fourth-mode periods are very close to 

their Merian values, while the second and fifth are slower than 

the Merian prediction. These differences are of course the re¬ 

sult of departures of shape and bottom configuration of Lake Erie 

from that of a rectangle of uniform depth. 

Comparison of the computed periods with observations will 

be made after assessment of corrections for earth's rotation, 

friction and other effects. 

Figure 6 shows computed surface profiles first 
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Table 2. Computed periods 0^*) of first five modes 

of longitudinal free oscillation of Lake 

★ 
Erie. 

Mode 

1 2 

Irtnrt OHrt * I*» 

(hours) (hours) 

3 

/yy\' l/wt 

l(>.8 

1 14.08 14.08 

2 8.92 17.84 

3 5.70 17.10 

4 4.11 16.44 

5 3.69 18.45 

0.84 

1.06 

1.02 

0.98 

1.10 

See section 6 for corrections and com 

parison with observed periods. 
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five modes of longitudinal free oscillation of Lake Erie. All 

modes were assigned an amplitude of 1.0 ft at Buffalo. At Toledo, 

the computed amplitudes of the first and second modes are between 

40 and 50 per cent greater than at Buffalo, the amplitude of the 

third mode is about the same as at Buffalo, and the amplitude of 

the fourth and fifth modes are about two-thirds that at Buffalo. 

The node of the principal mode lies on section 44, about 144 

statute miles from Buffalo, whereas the midpoint of the axis is 

section 40, about 126 miles from Buffalo. Nodes of the third and 

fifth modes are clustered nearby: the third at section 49, the 

fifth at section 46. There is a similar cluster of nodes between 

sections 22 and 30. 

An interesting aspect of the results shown in figure 6 is 

the co-oscillation of Long Point Bay, the profile of which is in¬ 

dicated by the short segments between sections 21 and 25. The 

free period of the Bay is approximately 2.5 hours (by numerical 

integration), so there is only slight excitation by the 14-hour 

oscillation (first mode). The second mode (9.1 hours) has a some¬ 

what larger effect, but virtually no excitation is caused by the 

third mode (5.7 hours) because the latter has a node very close to 

the mouth of the Bay. However, there is very strong response to 
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the fourth mode (4.1 hours), and an approach to resonance with 

the fifth mode (3.7 hours). 

Volume transport (¢) is shown in figure 7. The great* 

est transports (per foot of amplitude at Buffalo) occur in the 

central basin: 9 x 106 ft3 sec"1 across section 44 by the first 

mode, 8 x 106 ft3 sec’1 across section 28 by the second and 

10 x 10^ ft3 sec"1 across section 48 by the third. These trans¬ 

ports are roughly 40 times greater than the discharge of Lake 

Erie to the Niagara River. 

The mean current speed corresponding to the 

transports of figure 7 are shown in figure 8. The first mode has 

nearly uniform mean current of about 0.5 ft sec (per foot of 

amplitude at Buffalo) throughout the central basin, except for a 

slight increase to 0.7 ft sec 1 at section 28, just west of Long 

Point. Near the western end of the central basin, there is a 

sharp increase to a peak current of 1.3 ft sec at the Pelee 

Point constriction. The second mode shows an even greater peak 

current of 1.7 ft sec*1 at this section, owing to proximity of 

the node at section 65. Another interesting feature of figure 8 

is the reduced currents in the eastern basin: Just east of Long 

Point the values are about 0.2 ft sec , the maximum currents in 

this basin being about 0.4 ft sec . 



- 16 - 

4. Correction for earth's rotation 

Effects of the earth's rotation can be included without 

difficulty in principle by formulating the problem in two space 

dimensions. However, despite proximity of the 14-hour period and 

the "inertia" period 17.8 hours (half pendulum day), there is 

close agreement between observed periods and those computed from 

the channel equations without rotation, as will be shown below. 

A plausible hypothesis to account for this fact is that the basin 

is too narrow to permit appreciable transverse motions to develop 

in response to Coriolis forces (dimensions of equivalent rectangle: 

about 1 to 6). One may infer then that the longitudinal oscilla¬ 

tions are similar to Kelvin waves, in which Coriolis forces acting 

upon the longitudinal particle motion are balanced quasi-geostro- 

phically by the pressure gradient associated with transverse slope 

of the surface profile. It is well known that in these circum¬ 

stances the oscillation becomes amphidromic — that is, the time 

of high water rotates (in a counterclockwise direction) around the 

basin --- while the period is unaffected. 

Strictly speaking, exact geostrophic balance can be main¬ 

tained in a progressive wave but not in a standing wave, because 

superposition of two oppositely moving progressive Kelvin waves 
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cannot produce a fixed surface of zero transport. Nevertheless, 

If one makes the working assumption that transverse accelerations 

are small, a good estimation of the transverse profile slope may 

be expected from the geostrophic relation 

iû. = _ 

A 

where H is the longitudinal particle speed calculated from the 

ï* channel equations f h is the added surface displacement caused 

by the earth's rotation, and ^ is the Coriolis parameter, equal 

-4 -1 
to 0.979 X 10 rad sec at the mean latitude of Lake Erie. This 

procedure has been applied in numerous investigations of large, 

enclosed basins: for example, by Neumann (1942) for the Baltic, 

by F. Defant (1954) for Lake Michigan, and by Mortimer (1955) in 

connection with internal oscillations of Loch Ness. 

The result of integrating the preceding equation across 

the channel may be written 

where subscripts 5 and Ni refer to the south and north shores 

of the section, and is the section width. Assuming the geo¬ 

strophic effect to be divided equally between the soutfi and north 

shores, we have 
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fa-J) 

after substituting (K=Q/S ■ (Note that the parameter is 

a function of X which depends only upon the basin geometry.) 

It follows that total disturbances on south and north shores are 

and * or after substitution of 
A * 

(2.3, 4) for : 

- 2; Co* ü-t - a C a¿y\ crt 

(fa CT "t + ¢3. Ç A¿Y\ O't’ ) 

where are the profile and transport solutions of the channel 

equations. 

The preceding expressions are equivalent to 

¿,s — A Co* o-ft-tsj 
A 

£,N - - A CO* (T j 
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where the amplitude A and the times of high water 

are given by 

A ^ AS * V 
g-~' o/icC<rs 

O“'1 OJUL AAv\ (aC/A) 

Ks) 

ÍV.HJ 

(M.S-) 

with and T- 'iir/^T the oscillation period. 

In writing (4.2-5) the convention is made that ¿,<0 

at the western end of the basin (Toledo) for all modes. The phase 

of high water on the south shore then begins at zero at Toledo 

and increases to -T at the end of the first amphidromic region 

The results of calculations based upon (4.3, 4, 5) are given later 

The foregoing analysis is aimed at estimating the effect 

of the earth's rotation upon range and phase of oscillation. It 

is in general much more difficult to determine the effect of ro¬ 

tation upon the period of oscillation. For the reasons explained 

above, this effect apparently is not appreciable in the case of 

Lake Erie; but it is pertinent to attempt an assessment neverthe¬ 

less. The problem one naturally is led to examine is that of a 
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rotating rectangular basin of uniform depth. This problem was 

attacked first by Rayleigh (1903, 1909), and subsequently was 

studied more rigorously by Taylor (1922), Lamb (1924, S212a), 

and others. The most recent investigations are those of Corkan 

and Doodson (1952) and, notably, of Van Dantzig and Lauwerier 

(1960). 

For the purpose of the present discussion it is suffici¬ 

ent to quote a result given by Lamb (1924,§212a; see also 1932, 

§212a). Let L and Or denote the length and breadth of a 

rectangular basin of uniform depth 'R. , and let 

^1. 

denote the frequencies of the lowest longitudinal and transverse 

modes without rotation. Lamb's result is that, provided the ro¬ 

tation is small (specifically, í ^ )> frequency 

with rotation is given approximately by the biquadratic equation 

* ft-. 
Equation (4.6) is correct (to within order ) 

for a square basin; for a rectangular basin, the coeffi¬ 

cient 64 j is an approximate value obtained by 

neglecting contributions from all but the lowest longitu¬ 

dinal and transverse modes. 
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(cr1- ( cr- - 4 ‘f/ tt^ . 

From (4.6) one finds two frequencies, one of which is less than 

CJl. , the other greater than , as is shown clearly in 

figure 9. In this figure the left and right sides of (4.6) are 

-L 

graphed schematically as ordinates, with ^ as abscissa; 

intersections of the two curves give the roots of (4.6). From 

this result one infers that the period of the lowest longitu¬ 

dinal mode is increased by rotation, while that of the lowest 

transverse mode is decreased. 

Analysis of the rotating rectangular basin is complicated 

in part because of the presence of corners; one might logically, 

therefore, seek an analysis of, say, an elliptic basin. In the 

nonrotating case, the elliptic basin of uniform depth has been 

considered by Jeffreys (1925) and Goldstein (1928), while 

Goldsbrough (1931) treated the elliptic paraboloid. In the 

rotating case, Goldstein (1929) treated the elliptic basin of 

uniform depth, for which he obtained numerical results for the 

lowest longitudinal and lowest transverse modes. By comparison 

of these results with those given in his discussion of the corres- 
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ponding nonrotating case (Goldstein, 1928), one finds that the 

★ 
period of the lowest longitudinal mode is increased by rotation. 

'ic 
It is not possible to infer from Goldstein's work 

a corresponding result for the lowesttransverse mode. 

Moreover, this mode is a "positive" wave; that is, the cotidal 

lines rotate in a counterclockwise direction (in other words, in 

the same sense as the rotation of the system). On the other hand, 

the lowest transverse mode is a "negative" wave, with clockwise 

rotation of cotidal lines. All of these features are qualitative¬ 

ly in accord with the results for a rotating rectangular basin. 

The work cited above gives a clear indication that the 

period of the lowest longitudinal mode of Lake Erie is increased 

by rotation, but does not provide a convenient means for estimat¬ 

ing the magnitude of this increase. The writers fortunately have 

had an opportunity to learn of work done recently by F. K. Ball, 

who kindly has permitted us to describe some of his remarkable 

results. Ball finds an exact solution in simple, closed form for 

the profile and frequency of the lowest longitudinal and transverse 

modes in the very interesting case of a rotating, elliptic parobo- 
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loid. To explain his result, we first write the equation for the 

law of depth: 

where "K. is the mean depth (the ratio of volume to surface area) 

and are the lengths of the basin axes (twice the lengths of 

the semi-axes) In the nonrotating case, Ball obtains for the fre¬ 

quencies of the lowest longitudinal and lowest transverse modes 

^ =- , 
exactly (a result contained also in Goldsbrough's (1931) work). 

His solution for the corresponding frequencies in the rotating case 

is most remarkable: it is exactly of the form (4.6) without approx¬ 

imation and without any restriction as to the size of j (and 

with the coefficient /tt^ on the right replaced by unity). 

It follows, as in the previous cases, that the period of the low¬ 

est longitudinal mode is increased (and that of the lowest trans- 

★ 
verse mode decreased) by rotation. Moreover, if one solves this 

* 
Ball also finds, as in the previous cases, that the 
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lowest longitudinal mode is a "positive" wave, the lowest 

transverse mode a "negative" wave. 

equation for the period of the lowest longitudinal mode in the 

case C</0 «i which applies to Lake Erie, the result can 

be written 

where II - tir/vz is the period of the lowest longitudinal 

mode in the nonrotating case, and "~Q is the "inertia" period 

trr/i- 

For Lake Erie, 4/L 3 0.20 gives an ellipse having the 

10 2 2 actual surface area (27.6 x 10 ft 3 9,900 mi ) and length 

( L 3 250 miles); thus K/L) 3 0.41 in (4.7). The observed 

T 3 14.4 hr and 3 17.8 hr, so (T’/'T^; ) = 0.65. The 

second term in (4.7) therefore has the numerical value 0.013. In 

other words, Ball's result for the rotating elliptic paraboloid 

enables us to estimate that the period of the lowest longitudinal 

mode of Lake Erie is increased about 1.3 per cent by the earth's 

rotation. 

The results described above suggest that in any rotating, 
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elongated basin the lowest longitudinal mode is a "positive" am- 

phidromic wave with period greater than in the nonrotating case, 

while the lowest transverse mode is a "negative" amphidromic 

wave with period less than in the nonrotating case. If the basin 

is sufficiently elongated, the increase of period of the longi¬ 

tudinal mode is not more than a few per cent. Presumably, in the 

longitudinal mode the transverse profile slope is on the whole 

slightly super-geostrophic with respect to the longitudinal 

particle motion; the small, transverse accelerations which then 

act to the left of the longitudinal particle motion produce count¬ 

erclockwise ("positive") rotation of the cotidal lines. The par¬ 

ticle orbits are elliptical, the shorter axis being transverse to 

the basin; when projected in a horizontal plane the orbital motion 

is counterclockwise. Conversely, profile slopes are sub-geostrophic 

in the transverse mode, so rotation of cotidal lines is clockwise, 

and orbital motion is clockwise. 

5. Corrections for friction, variation of mean lake level, and 

end effects 

The fundamental difficulty in assessing effects of fric¬ 

tion in a "geophysical" basin is that no procedure is known by 

which turbulent frictional forces can be introduced into the 
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differential momentum equations in a rigorous manner. Moreover, 

all heuristic procedures require the use of a friction parame¬ 

ter — such as a skin-friction coefficient or an eddy viscosi¬ 

ty — the numerical value of which depends upon the physical 

state of the medium as well as upon the nature of the bottom 

surface and is unknown k priori. In general, therefore, the 

geophysical data must be used in the first instance as a basis 

for selecting an appropriate heuristic formalism for friction, 

and for assigning a numerical value to the corresponding para¬ 

meter. On Lake Erie, the only reliable data available for this 

purpose are water-level records. A special study of these data 

could be aimed at establishing a law of friction for the basin 

as a whole; however, in the present work we have limited our 

investigation to the question: for a specified law of friction, 

what is the relation between period increase and decay modulus 

(natural logarithm of ratio of successive amplitudes)? 

This question is pertinent simply because the decay mo¬ 

dulus can be estimated, at least roughly, by direct examination 

of water-level records. Thus, Endr'ds (1934) gives 0.39 for the 

decay modulus of the lowest mode, while Hunt (1959) finds 0.86, 

Gillies (private communication) 0.85, and Platzman (1963) 0.65 
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to 0.70. It is possible that the disparity between the latter 

values and the small value 0.39 quoted by Endros reflects an 

amplitude - dependence of decay modulus (a nonlinear effect); 

but whatever the explanation, it seems safe to say that typical 

values of decay modulus for the fundamental mode of Lake Erie 

are in the range 0.4 to 0.9. 

If 'X denotes the horizontal shear stress, the momentum 

and mass equations can be written 

Í5.I) 

where ^ is an upward vertical axis with origin in mean level 

of free surface. Integration over a section yields 

3T ‘ 

where is the mean bottom stress across the section. The 

most plausible assumption about IF is the quadratic stress law 

where ft is a skin-friction coefficient 
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. 3 
(the value of which is found to be about 3 x 10 in work on 

tidal friction). However, with the use of the harmonic 

composition of each mode is distorted by "overtides." To avoid 

this complication one can adopt a linear stress law Fj - d, 

where U is a constant velocity chosen so that the linear law 

simulates the quadratic as nearly as possible. 

An alternative formulation is to adopt the Boussinesq 

hypothesis of a linear shear stress X ~ ÖU. / , where JU. 

is a turbulent viscosity coefficient. This permits some insight 

into vertical structure of the disturbance. With the use of this 
A 

expression for X > Proudman and Doodson (1924) in a classical 

study have solved (5.1, 2) for oscillations in a rectangular basin 

of length L and uniform depth , with a uniform value of 

eddy viscosity "V and no slip at the bottom. They find a 

solution in the form of a damped harmonic oscillator: 

l) ^ to* fmc/L) ^ 

in which decay rate p and frequency depend upon external 

parameters through the dimensionless ratio 
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0^.-( j°o/ . 

2. 

Here |?0 = V may be regarded as the decay rate associated 

with a viscous boundary layer of depth & , and 

is the frequency of inviscid oscillations. Alternatively, 

may be regarded as the thickness of the boundary layer associated 

with a free flow that oscillates with frequency 00 ,in which 

case 0(= (S/^) . Wè shall refer to ú¿ as the "Proudman 

number." 

Proudman and Doodson show that - |p/p0 and 

are functions only of the Proudman number, and are determined by 

the transcendental equation 

( 

to** 0 = 0 + ot 0' 

0 - + 

(S'S) 

If o¿ “C o(t= 0.53667, this equation has two conjugate complex 

roots (which give the oscillatory solution), and an infinite num- 
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ber of real roots (which give non-oscillatory solutions.) If 

0( > all roots are real. Evidently, the critical Proudman 

number o(t corresponds to critical damping. 

Restricting attention to the underdamped solution, we in 

troduce in place of jo the decay modulus 

(3 5 |»T " ^ )»/<j = *rr f'/y , 

where T is the oscillation period; evidently is the 

ratio of successive maxima of the solution. In place of ^ 

introduce the period ratio 

we 

I 
Z , = 4s_ » 

where T0 is the period of inviscid oscillations. Since |p^ 

and are functions only of 0(. , it is clear that the same is 

true of P and ^ . The dependence of and upon OC 

in the range 0<°^< is shown by the curves ln figure 10> 

which have been obtained by numerical solution of (5.5). It is 

clear also that ^ may be regarded as a function of ; this 

relation is shown in the range by the solid curve 

in figure 11. The latter gives one answer to the question ori¬ 

ginally posed, by showing the relation between period ratio and 
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decay modulus that results from the eddy viscosity formalism 

adopted in the work of Proudman and Doodson. It is important to 

note that while this relation depends upon the form of the law of 

friction adopted, it does not depend upon the numerical value of 

the friction parameter. Thus, the solid curve in figure 11 is 

independent of the numerical value of eddy viscosity. 

Since < l0~X when , we see that 0<.<K | 

in the range of |6 -values with which we are concerned. By analy¬ 

sis of (5.5) in the limit 0(-¾ 0 , it is possible to show that 

A ( = air |°Vy) i4*0^ 

Tr (= i + , 

from which it follows that 

(^Air)+ OfjòzJ , (S'l) 

Thus, ^ “ I + Ofp^) in the limit 0 . It is interesting to 

note that the expression for ß in (5.6) can be shown to be 

equivalent to a result given by Keulegan (1959), who calculated 

the decay modulus of standing waves in rectangular basins, by 
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evaluation of energy dissipation in the boundary layers. In the 

present notation, Keulegan's equation (23) can be written 

o.’ir C (5,8) 

The factor O depends only upon the dimensions of the basin. 

For a "geophysical" basin, where and L • It 

is easy to see that C ~ I , in which case (5.8) and (5.6) give 

the same |B • It should also be remarked that Keulegan's measure 

ments of decay of standing waves in laboratory basins were in good 

agreement with the form of relation given in(5.8). (These measure* 

ments were in the range 0,2. .) 

In the case of linear friction, (5.3) becomes 

Assume now a harmonic solution 

¿ = Av öfxj eAtrt 

i- & 
(S', to) 
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where and CT are in general complex. Substitution in 

(5.4) and (5.9) gives 

> = J- ^ 
fS',!!«.) 

^ ax 

For a rectangular basin of length ^ and uniform depth > 

these equations have constant coefficients and give damped simple- 

harmonic oscillations with 0“*" A,jo^ ft > the decay rate |o 

and frequency ^ being given by 

^ = kU M ) fr'1*-) 

(where ‘Jo ~ ^ /L ), as is easily verified. Hence 

“ \J p1" * 80 we 8et through division by : 

h = ^i+ (fhv)'L ) (5-,13) 

where Y= is the Period ratio and the 

decay modulus, tquation (5.13) gives the relation between 

and ff for any damped, simple-harmonic oscillator. This rela 

tion is shown by the broken curve in figure 11. It should be 
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noted that in contrast to (5.7), we have 

+ 4(PAt)l+ of) 

from (5.13). Thus, J “ I + 0 (^J in the limit ^-»0 for 

linear friction. 

For a general channel, when the coefficients and S 

are functions of )4 , equations (5.11) may be integrated numeri¬ 

cally if a numerical value is assigned to . However, since 

the oscillations of Lake Erie are not strongly damped, one may 

regard the friction term in (5.11) as a small term, and by a per- 

trubation analysis seek its modification of the solution without 

friction. This analysis proceeds by expansion of 0* in powers 

of * 

(T = ^ + ^'(ÀkU)-i-(s.iv) 

and similar expansions for ^ and Q . Development of (5.11) 

in powers of \ kU leads to pairs of equations for successive 

determination of 6?( ..., together with ^ ••• 

for frequency. The results of this analysis can be stated most 

readily in terms of perturbations of the integrals 
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To the lowest order, j)K is the total kinetic energy and 

the dissipation rate for the basin as a whole. 
it 

The first result of the perturbation analysis is 

★ 
Equation (5.15) is derived in appendix A. 

which determines the first-order perturbation of (T in terms of 

integrals that involve only the ground state. Since ÇTj’ is 

real, (5.14) shows that to the first order, friction does not 

modify the period, but introduces a decay at the rate jo - . 

The corresponding decay modulus is 

A = Zir |o/ot = ^TT kU 07/q; , fS.ié) 

For a rectangular basin it is easy to see that (5.15) gives 

07= '/Ml , so we recover the result stated for 1° in (5.12). 
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* 
The next stage of the perturbation analysis gives 

Equation (3.17) is derived in appendix A. 

W, K;- Wo Ki 
Kol 

(S'. I?; 

which determines OÕ. in terms of integrals that involve the 

ground state and the first-order perturbation The lat 

ter enters through 

K, = 

Since 0½. is real, (5.14) shows that the second-order effect of 

friction does not alter the decay rate, but modifies the frequency. 

If the frequency is denoted T, we have from (5.14): 

a; - 0(^) , 

so the period ratio is 

1+ (kllf- 
£1 + 0(^) (s.i?; 
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If kU i. stated in terms of the decay modulus through (5.16), 

and (5.17) is used for , we have 

y * 1+ B - (f/'ur)7'+ 0(^) 

n _ OlCTo , , O-ofWXo-1^0^ 

B = ' 

Equation (5.19) expresses the period ratio through terms of second 

order in the decay modulus, for an arbitrary channel with linear 

friction. For a rectangular basin one finds Q4“0 so 0 ^/| 

and B - \ ¡ then (5.19) becomes equivalent to (5.13) to the 

second order. 

Equation (5.19) is of interest as showing that the effect 

of channel configuration on the ^ ^ relation can be formulated 

in a straightforward and explicit manner. Numerical computations 

for the lowest mode of Lake Erie yielded the following results: 

13 5 -Î 
Ko = 0.192 X 10 ft sec 

W0 = 0.396 X 1011 ft4 sec' 

Ki = -0.309 X 1014 ft4 sec 

W, = -0.174 X 1013 ft3 sec 

(5,ZO) 

from which (5.15) and (5.19) give ^ = 0.0103 ft'1. (With this 

value of Of and a skin-friction coefficient k = 0.0025, the 
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modulus (5.16) becomes |5-Ii3 when ‘U. is expressed in 

ft sec . Thus, a decay modulus of 0.65 would correspond to 

u- 0.5 ft sec not an unreasonable value in light of the re¬ 

sults shown in figure 8.) From the numerical data in (5.20), we 

find that in (5.19) the coefficient 6 = 0.330. The corresponding 

curve of ^ versus /5 is shown in figure 11 as a dotted line. 

The conclusions that may be drawn from the foregoing dis¬ 

cussion are as follows. If one considers friction to act in the 

manner of a laminar boundary layer, the analysis of Proudman and 

Doodson (1924) may be used to show that the period is increased 

by about 9 per cent for a decay modulus of 0.7 (figure 11). If 

resistance is better represented by a linear skin-friction law, 

the increase of period is less than l per cent for a decay modu¬ 

lus of 0.7. The latter estimate takes into account actual basin 

configuration, while the former is derived from the model of a 

rectangular basin of uniform depth. The matter actually is fur¬ 

ther complicated by the earth's rotation (see Platzman, 1963). 

Next, we turn briefly to consider the correction for 

variation of mean lake level. The bathymetric chart used to 

establish areas of vertical sections is based upon a mean lake 
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level of 568.6 ft MSL-IGLD*, which is a low-water reference for 

* International Great Lakes Datum of 1955. 

Lake Erie. There are however, annual and secular variations of 

mean lake level that are accompanied by corresponding small vari¬ 

ations of section area. Thus, if SU denotes a small variation 

of mean lake level, the corresponding variation of section area is 

, which causes a variation in the coefficient 

S Of (2.5). The effect that these small variations have on the 

computed periods may be assessed by perturbation analysis of 

(5.11) --- without the friction term — beginning with expan¬ 

sion of CT in powers of : 

<j~ — a; + cr; • (5^) ^ " 

★ 
The first-order effect is easily found to be 

Equation (5.23) is derived in appendix B. 

cr¡ = V ^.l/Vo/Ko . (5-,23) 
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The corresponding period ratio evidently is 

or 

Tr = i-oe^r. (s, 

Numerical values of \^"0 and for the lowest mode are 

given in (5.20), from which we find /^o - 0.0103 ft 

It follows from (5.24) that for the lowest mode, the period cor¬ 

rection for mean lake level is equal very neraly to -St per 

cent if si is expressed in feet. 

Finally, we consider correction for the effect of inflow 

and outflow channels at the ends of the basin. The quasi-steady 

3 -1 
flow of about 200,000 ft sec through the basin from west to 

east cannot have any effect upon oscillations calculated from 

the linearized channel equations, but there are variations of 

inflow and outflow caused by the variations of lake level that 

accompany free oscillations. Thus, a change of 1.0 ft in lake 

3 -1 
level at Buffalo produces a change of about 20,000 ft sec in 

discharge to the Niagara River, the principal outflow channel. 

This coupling of the oscillations with inflow and outflow has 

an effect similar to that of friction. Since the peak trans- 
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7 3 
port associated with the oscillation itself is about 10. ft 

sec'1 (figure 7) that is, about 500 times greater than 

discharge variations at the ends of the basin it is clear 

that the problem can be investigated by means of a perturbation 

analysis. 

Let X, be the discharge variation per foot of lake- 

level variation at the head of the outflow channel (Niagara 

River) , and yiC the corresponding quantity for the mouth of the 

inflow channel (Detroit River), so the end conditions are 

ajr X-o ‘ = 
A 

a* *= L : Q "; 

the signs being chosen to make X and M- positive. (Note 
A ' 

that the positive direction of Q is taken as opposite to the 

direction of flow-through.) Since our equations are linear, we 

may consider each end separately; assume therefore that the inflow 

end is closed (f*-0) and the outflow end open. In terms of 

the representations (5.10) these boundary conditions are 

Q = 

0 . 

0 

X- L • 
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Starting again from the basic equations (5.11), but without the 

friction term, we expand in powers of k'K, ; thus 

cr- a; + cr;-uA)-t-o^. (/¿AJV4-,.. 

★ 
The first-order effect is found to be 

Equation (5.26) is derived in appendix C. 

= 4 3./Ko (s-.u; 

3 (4 )x=o , 

so there is a decay at the rate |d~ , with modulus 

|5 - = A O? T> • Í 2-1 ) 

Since the amplitude at Buffalo is taken to be 1.0 ft in our compu 

tations, we have ~ 4.^ = 16.1 ft3 sec'2; 

with Ko as in (5.20), this makes O7 = 0.20 x lo’11 ft'2. 

Using * 14.1 hr and 20,000 ft3 sec * ft *, (5.27) gives 
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|ô * 0.002 for the decay modulus imposed by the outflow channel. 

Even after inclusion of a contribution from the inflow channel, 

the decay modulus associated with open ends is not likely to ex¬ 

ceed 0.01 --- a value about 50 times smaller than that produced 

by friction. The effect of open ends on the period therefore may 

be considered to be negligible. 

6. Verification analysis 

Owing to the very strong response of Lake Erie to wind ac¬ 

tion, verification of the results shown in figures 6, 7 and 8 

should be based upon statistical analysis of a fairly large mass 

of data. For currents, such data do not exist; but fortunately, 

continuous water-level recording gages have been maintained on 

the Great Lakes for many years by the U. S. Lake Survey and by 

the Canadian Hydrographic Service. The writers have analyzed co- 

variance spectra of these records for data available at 13 sta¬ 

tions (locations of which are shown in figure 4) during the six- 

month period 1 April 1958 through 30 September 1958. The details 

of this work are given elsewhere (Platzman and Rao,\ 1963). Here 

it suffices to note that spectral analysis was made at each sta¬ 

tion with lag resolution one hour and frequency resolution 0.1 

cycle per day. In these analyses, very distinct peaks were found 
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at a frequency 1.70 cpd (period 14.12 hr), and at other frequencies 

that correspond well with the higher modes of oscillation, as will 

be discussed in detail later. Analyses at several stations were 

made with frequency resolution 0.05 cpd; these gave a consistent 

peak variance at 1.65 cpd (14.55 hr). 

Accordingly, in the analyses at resolution 0.1 cpd the 

sum of spectral amplitudes at 1.60 and 1.70 cpd was taken to de¬ 

termine the amplitude of the fundamental mode; this sum multiplied 

by 0.1 cpd gives the variance contribution in the frequency band 

1.55 cpd (15.48 hr) to 1.75 cpd (13.71 hr). If the quantity thus 

obtained is denoted \/ , then may be regarded as propor¬ 

tional to an estimate of the observed amplitude of the fundamental 

mode. Since computed amplitudes are based upon the arbitrary 

X 1.0 ft has been value 1.0 ft at Buffalo, the ratio 

defined as the "observed" amplitude relative to that at Buffalo, 

where Vß is the value of V at Buffalo. 

Comparison between computed and observed amplitudes is 

shown in figure 12, where the solid curve is the computed amplit- 

tude from (4.3). (The broken curve is computed amplitude without 

allowance for earth's rotation, and is the same as the absolute 

value of the corresponding curve in figure 6.) Figure 13 shows a 
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similar comparison for the second mode, in which the frequency 

band 2.55 to 2.75 cpd was used to estimate the observed amplitude. 

In spite of uncertainties in the spectral analysis, agreement be¬ 

tween computed and observed amplitudes may be considered on the 

whole satisfactory. (At Port Clinton, Port Dover and Fairport 

the hourly records covered only about 4 months in the 6-month 

period selected for analysis, so the spectral estimates there are 

less reliable than at other stations. Port Clinton, especially, 

shows poor agreement in figures 12 and 13.) 

It is also possible to use the covariance spectra to in¬ 

fer relative amplitudes of various modes at individual stations. 

Table 4 shows the results for the first four modes at Toledo and 

Buffalo. Columns 2 and 4 give the contribution V^yt to variance 

in the frequency bands listed in column 1 (each of which is cen¬ 

tered on the frequency giving (locally) maximum response, and is 

0.2'.cpd in width). Column 3 gives estimates for Toledo of the 

amplitude of modes 2, 3 and 4 relative to mode 1; column 5 gives 

relative amplitudes at Buffalo. There is good agreement between 

Toledo and Buffalo for relative amplitudes of second and third 

modes. The enhancement of mode 4 at Buffalo (period about 4 hours) 

may be the result of oscillations involving Long Point Bay. 
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TABLE 4. Spectral estimates of variance and relative am¬ 

plitude \lv^ /V, of first four modes at Toledo and 

Buffalo. 

1 2 3 4 5 

Toledo Buffalo 

Mode 

AW 

Frequency V/w» 

band (cpd) (ft x 10 ) 

Vw» 

(ft2 x 104) 

1 1.55 - 1.75 218 

2 2.55 - 2.75 26.0 

3 3.95 - 4.15 7.91 

5.65 - 5.85 3.32 

1.00 109 1.00 

0.35 14.3 0.36 

0.19 5.30 0.22 

0.12 8.44 0.28 4 
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Turning now to the phase, figures 14 and 15 show results 

obtained for the first and second modes. The solid curve gives 

phases of high water on the south and north shores of 

the Lake, computed from (4.4, 5), on the convention that ”fcg * 0 

at Toledo. The broken curve gives phases that would be obtained 

without earth's rotation, from which it is evident that rotation 

has a marked effect, particularly upon the first mode; thus, near 

the node of the first mode, the phase differs by more than 3 hr 

from what it would be in absence of rotation. 

The observed phases, shown by dots in figures 14 and 15, 

were obtained from cross*spectral anlyses between Toledo and each 

of the other stations. Coherences for these station pairs are 

uniformly high, with a few exceptions such as Fairport in the first 

★ 
mode and Huron In the second. Verification of phases in the first 

Six months of record were analyzed at most stations. 

At Fairport and Huron only four months were available. 

The relatively low coherence obtained at these stations 

may be ascribed to this deficiency and to the fact that 

Fairport is near the node of the first mode, while Huron 

is near a node of the second. 
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mode is on Che whole satisfactory. In deciding whether the data 

reveal an amphidromic effect of the earth's rotation on the first 

mode, the records at Cleveland, Fairport and Fort Stanley are 

crucial, owing to proximity of these stations to the node. At 

Cleveland, where the phase difference produced by rotation is 

about 1.1 hr, agreement between computed and observed phases is 

excellent. Similarly, at Port Stanley the spectral analysis 

gives a phase lag oí 2.6 hr with respect to Buffalo, which quali¬ 

tatively is in good accord with the behavior of an amphidromic 

wave. 

There is one discrepancy between computed and observed 

phases that is worth noting. At Buffalo, and also at nearby Port 

Colborne, the phases obtained from spectral analysis are about 

6.3 hr (relative to Toledo) at 1.70 cpd; in other words, in the 

wave of 1.70 cpd frequency, 6.3 hr are required for high water 

to travel along the south shore from Toledo to Buffalo. Since 

the period that corresponds to 1.70 cpd is 14.1 hr, it follows 

that in this wave 7.8 hr are required for high water to travel 

along the north shore from Buffalo to Toledo. Thus, the spec¬ 

tral analyses indicate that for the lowest mode, the travel time 

of high water from one end of the basin to the other is 1.5 hr 
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longer in westward movement along the north shore than in east¬ 

ward movement along the south shore. This asymmetry cannot be 

accounted for theoretically in any reasonable way within the con¬ 

fines of the channel approximation, and may be regarded as evi¬ 

dence that completely satisfactory agreement between computed 

and observed properties of free oscillations can be obtained on¬ 

ly from a two-dimensional model. 

Table 5 presents a verification analysis of the periods 

of the first five modes of longitudinal free oscillation of Lake 

Erie. Column 1 gives the computed period from table 2; that is, 

the period resulting from numerical integration of the channel 

equations, by the method outlined in section 2. For the purpose 

of establishing statistically meaningful values of observed free 

periods as a basis for comparison with those computed theoretical¬ 

ly, the writers analyzed covariance spectra of water levels at 

Toledo, Cleveland, Buffalo, and Port Stanley (for the six-month 

period 1 April 1958 through 30 September 1958) with frequency re¬ 

solution 0.05 cycles per day. At 1.65 cpd (14.55 hr) this gives 

a period resolution of about 0.5 hr; for the higher modes the 

resolution is less (i.e., better) than 0.2 hr. Very distinct 

peaks for the first four modes appear in these spectra, a typical 
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TABLE 5. Periods of the first five modes of longitudinal free 

oscillation of Lake Erie. 

1 2 3 4 5 

Computed Observed 
period period 

Mode (hours) (hours) 

Error in Error in 
computed computed 
period. period 

(hours) (per cent) 

1 14.08 14.38 

2 8.92 9.14 

3 5.70 5.93 

4 4.11 4.15 

3.69 Î 

-0.30 -2.1 

-0.22 -2.4 

-0.23 -3.9 

-0.04 -1.0 

î T 5 
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example of which is shown in figure 16. From the shapes of these 

peaks the cirtical frequencies were estimated and averages taken 

for the four stations mentioned above. The corresponding periods 

* , 
are the values listed in columns of table 5. Errors in the com- 

* A satisfactory determination of the observed fifth¬ 

mode period could not be made because of proximity of 

this period to the noise level of the spectra. 

puted period are shown in columns 4 and 5. 

Any attempt to account for the small errors shown in table 

5 must deal with the following factors: Q) the earth's rotation, 

(2) friction, (3) mean lake level, (4) the channel approximation, 

and (5) truncation errors. In section 4, an estimate was made 

that the earth's rotation increases the period of the lowest longi 

tudinal mode of Lake Erie by about 1.3 per cent. Fortuitously, 

this increase is cancelled by the correction for mean lake level, 

which in section 5 was shown to change the period of the lowest 

mode by very nearly -Si per cent, where (in feet) is 

the variation of mean lake level relative to the reference plane 

568.6 MSL-1GLD on the chart used to establish section data 
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for numerical integration. Since the observed periods in column 

3 of table 5 are derived from lake-level data for summer 1958, 

when mean lake level was 569.9 ft MSL-IGLD, it follows that 

= 1.3 ft. This increase in mean lake level therefore re¬ 

duces the period by 1.3 per cent. 

In the preceding section it was shown that friction is 

not likely to increase the lowest-mode period by more than 9 per 

cent. Although the actual increase probably is very much smaller 

than this, possibly less than 1 per cent, the writers have not 

succeeded in arriving at a reliable estimate. It is clear, how¬ 

ever, that the errors in column 5 are all negative, and therefore 

have the proper sign for reduction by correction for friction. 

The truncation errors are not difficult to estimate. One way to 

do so would be to repeat the numerical integration with (say) 

double the number of sections. Instead, we have the results of 

an integration in which the locations and number of sections were 

not changed, but -sections were placed on ¿ ■ 1(2)79 and 

-sections on C= 2(2)78. This means that what formerly were 

6, -sections are now Q¿-sections and vice-versa. The resulting 

periods are about 1 per cent smaller than those in column 2 of 

table 5. 
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It is difficult to assess errors inherent in the channel 

approximation without recourse to a solution of the problem in two 

space dimensions. Some information was gained by altering the 

treatment of Long Point Bay: in particular, a calculation was 

made in which the mouth of the Bay was regarded as a rigid bar¬ 

rier, by taking = 0 in (2.13). The periods found in this 

way are about 1 percent smaller than those in column 2 of table 

5. Although Long Point Bay is not the only important deviation 

of basin geometry from that of a channel of gradually varying 

section, one can infer that the channel approximation contributes 

errors of about the same magnitude as those previously discussed, 

namely at most a few per cent. This inference is supported by 

Jeffreys' (1925) comparison of the period in an elliptic basin of 

uniform depth, with the period obtained from the corresponding 

channel equations; and especially by the numerous similar compari¬ 

sons given many years ago by Hidaka (1931), in the first of a series 

of remarkable papers on oscillations in various types of basins and 

canals. 

The general conclusion that seems appropriate in regard 

to verification of periods is that errors in the "raw" periods de¬ 

finitely are small enough to be caused by known effects for which 

adequate provision has not been made in this study, mainly two- 

dimensionality, the earth's rotation, and friction. 
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7. Summary 

The first five modes of longitudinal free oscillation of 

Lake Erie have been investigated by numerical integration of the 

classical channel equations. Corrections are estimated for 

earth's rotation and for friction, as well as for effect of vari¬ 

ation of mean lake level and of inflow and outflow channels. The 

earth's rotation increases the period of the lowest longitudinal 

mode by about 1.3 per cent and transforms this mode into an amphi- 

dromic wave with counterclockwise rotation of cotidal lines. 

Friction increases the period by at most a few per cent. Vari¬ 

ation of mean lake level decreases the period by about 1 per 

cent per foot of rise in level; however, effect of inflow and 

outflow channels on the free oscillations is negligible. 

Covariance spectra of lake level are used as a basis for 

verification of computed wave characteristics. These spectra show 

distinct peaks at the frequencies of free oscillation, from which 

amplitude and period can be estimated; phase is estimated from 

cross-spectra. Agreement between computed and observed wave char¬ 

acteristics is on the whole satisfactory. In particular, computed 

periods of the first three modes are 14.1, 8.9 and 5.7 hr; ob¬ 

served periods are 14.4, 9.1 and 5.9 hr. Somewhat better agree- 
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ment should be possible with computations based upon a two-dimen¬ 

sional model. 

8. History 

A short summary of past work on determination of the period 

of the lowest mode of oscillation of Lake Erie will be presented 

here. The numerical results obtained by various authors are pre- 

For extensive information and bibliography on cur 

rents and oscillations of Lake Erie, the reader should 

consult Olson (1950) and Verber (1960). 

sented in table 6. 

One of the earliest attempts to determine the free period 

of the uninodal longitudinal oscillation of Lake Erie seems to 

have been made by Henry (1902). Using Merian's formula 2.LgX 

for the period of the fundamental mode of oscillation in a non¬ 

rotating rectangular basin of length L and uniform depth T\, , 

Henry obtained a value of 18.0 hours, which differs considerably 

from the observed 14-hour period. Part of this large discrep¬ 

ancy between the observed and computed periods may be ascribed 

to his use of a value 50 ft for the depth, about 10 ft smaller 
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TABLE 6. Period values obtained by past investigators. 

Author Basin Basin 
length mean 

(statute depth 
miles) (feet) 

Computed Observed 
period period 
(hours) (hours) 

Henry (1902) 246 

Endrös (1908) 245 

Hayford (1922) ? 

Whipple (1927) ? 

Hunt (1959) 246 

Green (1960) 

50 18.0 14 

* 17.2 14.3 
12.65 
16.4 

? 13.1 13.1 

? 14.4 14-16 

66 15.7 15 

14.1 

Endrös applied the Duboys formula, in which 55 m 

(180 ft) was used as the maximum depth. 
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than the actual one. 

EndrBs (1908) analyzed the limnograms presented by Henry 

to derive the observed values given In table 6. His computed 

value was found by the DuBoys method, in which the period is 

The 12.65-hour observed period taken as 

was considered by EndrBs to be due partly to tidal effects. Pre¬ 

sumably, the proximity of this period to that of the uninodal 

longitudinal oscillation produces an interference, thus prevent¬ 

ing either of the oscillations from continuing through many suc¬ 

cessive cycles (Darwin, 1911, p. 56). EndrBs also detected a 

period of 8.8 hours (in Henry's limnograms), which he ascribed to 

the second harmonic of the longitudinal oscillations. 

Hayford (1922) obtained an observed period of 13.1 hours 

through a process of averaging the periods of a large number of 

oscillations, after eliminating wind and barometric effects from 

the data. He also produced a theoretical value of 13.1 hours, by a 

DuBoys-type calculation applied to mean depths in the central and 

eastern basins. (Hayford does not give an explicit statement of 

his procedure; but it is clear that he excluded the western basin.) 

A period of 3.7 hours was observed by Hayford for the primary oscil 

lation in the eastern basin alone. This could also be due to the 
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fifth harmonic of the longitudinal oscillation, as pointed out by 

Hutchinson (1957) and substantiated by our calculations (table 2). 

The observed period of the uninodal transverse oscillation is 

given as 2.6 hours by Hayford. 

The computed periods given by Whipple (1927) and Hunt 

(1959) are based upon the use of Merian's formula. Green (1960) 

obtained the observed value of 14.1 hours by averaging the periods 

of 180 oscillations. One interesting feature noted by Green is 

the fact that there is a phase difference of about three hours 

between the times of high water at Buffalo and Port Stanley. 

Similar evidence of phase differences associated with the funda¬ 

mental mode was given by Verber (1960), who discussed rotation of 

the nodal line. As shown in the present study, phase differences 

are a consequence of the fact that longitudinal oscillations of 

Lake Erie are in the nature of Kelvin waves which produce a count¬ 

er-clockwise rotation of the cotidal lines. 
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APPENDIX 

A. Derivation of (5.15) and (5.17) 

The first step in the perturbation analysis of (5.11) is 

to form an "energy" integral: multiply (5.11a) by 

and (5.11b) by ¡S » add the resulting equations and inte¬ 

grate over the entire basin. If the end conditions are <2.-0, 

the result can be written 

K -= 

P 3 

W 5 ■ 
O 

Now Introduce expansions in powers of as In (5-14)- Devel 

opment of (4.1) through second-ondet terns yields 

Ko- Po = (VUa) 

o-o Oc,- p,) = K ih'U) 

o-o(Kt-PO+cr; (K,-R)=^i ) (/Uc) 
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where subscripts 0, 1, 2 are used in the sense of (5.14); thus 

■ . _ j_ 

/O — O C 
Ö0 - ax 

and so on. Next expand (5.11) through second order: 

,L = Í 

<is 

> y > ( 

014+^4 +o;Ql= -^5 ^ + f Ç|. 

Multiply (la) by and (Ob) by ~xQ\/S » ac*<* ancl 

(Oo.) 

(0«) 

C>^) 

d#; 

(£<*) 

(KiJ 

integrate: 

ÍM) 

Solving for (T, and using (A.2a, b), we get (5.15) directly. 

Multiply (2a) by l^-^o and (Ob) by -^,Ql/S '> 
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add and integrate. Also, multiply (la) by 7^4, and (lb) 

by -LqJS ; add and integrate. The sum of the two equations 

thus obtained is 

or, in view of (A.2c), 

olR, + Tj^fPi+K'ij* • 

Replacing P0“i<o from (A. 2a) and K\ " K,/^ from (A. 2b), 

we get as in (5.17). 

To evaluate 0\ , it is necessary to solve the first- 

order equations (la, b) for Ö, , which enters in the determina¬ 

tion of K, and W, from (A.3). Equations (la, b) state an in¬ 

homogeneous boundary-value problem. When corres¬ 

pond to the lowest mode, we solve this problem by the algorithm 

¿ +(r ><M_ 

-, ‘So + c,, £ 

<376?.+ + fQo , 

& 3* 
(A.5*) 
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JM ~(H) V n 
where 4| 6(, are the /vM. approximations to . An 

appropriate first approximation is ^ = 0, since this is an 

exact solution when the channel is rectangular, as is easily veri- 

* > / V O ^ 
fled. Then (A.Sb) is integrated for , and (A.5a) for . 

Although the operator on the homogeneous part of 

(A.5) is singular, a solution exists nevertheless, be¬ 

cause the homogeneous and inhomogeneous parts are ortho¬ 

gonal owing to the value taken by 07 in (5.15). 

The end-point value of for integration of (A.5b) is chosen 

to make end values of Q| vanish upon integration of (A.5a). 

For numerical computation the derivatives in (A.5) are 

replaced by finite differences, in the manner explained in sec¬ 

tion 2. It should be remarked also that in the foregoing analy¬ 

sis, the differential rather than the difference equations have 

been used for the sake of brevity; however, exactly the same 

analysis can be carried out from the difference equations. Modi¬ 

fications required for Long Point Bay are rather apparent and 

need not be stressed. 
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B. Derivation of (5.23) 

Expand S and in powers of the real quantity 

Si . Then s,= « , and we find that the zero-order and first- 

order statements of (A. 1) are K<>—as » an<^ 

=-Q in place of (A.2b). However, the latter may be 

written 

From equations (la) and (Ob) of Appendix A we get 

ajH + (R-K/J = o 

in place of (A.4); hence from (B.l) we get (5.23) directly. 

C. Derivation of (5.26) 

Starting from (5.11) --- without the friction term, but 

with end conditions (5.25), the result of performing the operations 

that gave (A.1) is 
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o- ((¢- P) = — ¿A-Sj fe. i 

^ 3 if , 

which formally is identical to (A.1), with kU replaced by A 

and by Expansion in powers of ytA then leads to 

(A. 2) with W replaced by . and to (Oa, b), (la, b), 

(2a, b) with the friction terms absent. 

Continuing with this process, we find that the operations 

leading to (A.4) now give 

«n P. = Zo ■ 

From (A.2a, b) (with Vs/© replaced by — 2© ) we find (5.26). 
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Figure 1. Lake Erie location map. 



_lUFftLO TOLEDO 

Figure 2. Hourly scaled lake levels (In feet MSL) at Buffalo 
(solid line) and Toledo (broken line) from 1 September 
through 2 October 1958. 



Figure 

VERTICAL SECTION 

3. Schematic picture of horizontal plan and vertical 
section in gradually varying channel. Dotted line in 
horizontal plan is principal axis; solid lines •re/0. 
profile (4)section8' broken lines are transport (Vi) 

sections. 



Figure 4. Bathymetric contours at 10-fathom Intervals (1 fa¬ 
thom ■ 6 feet); principal axis (dotted line); normal 
sections: solid lines are profile ({) sections, broken 
lines are transport (¢) sections; locations (A) of 
lake-level recorders. 

DISTANCE FROM BUFFALO (statuts miles) 

Figure 5. Area <S) and surface width (4)oi sections defined 
in figure 4. Upper scale gives distance from 
Buffalo along principal axis; locations of lake- 
level recorders are shown above lower scale. 
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Figure 6. Computed lake-level profiles for the first five 
modes of longitudinal free oscillation of Lake Erie. 
Each mode is assigned an amplitude of 1.0 ft at 
Buffalo. The short segments between sections 21 
and 25 represent profiles in Long Point Bay. 

DISTANCE FROM BUFFALO (statute miles) 

Figure 7. Computed volume transport. The jumps at section 
21 correspond to transport through the mouth of 
Long Point Bay. 
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Figure 8. Computed current speed. 

Figure 9. Graphical representation of 
bola is left side of equation, 
side. Open circles are j 
roots of (5.6). 

roots of (5.6): para- 
straight line is right 
0^* ; black dots show 
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Figure 10. Period ratio and decay modulus (Â) 
of Proudman number (•*) ' 

as a function 
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Figure 11. Period ratio as a function of decay modulus. 
Solid curve: from Proudman and Doodson's (1924) 
theory; broken curve: for linear skin friction in a 
rectangular basin of uniform depth; dotted curve: 
for linear skin friction in Lake Erie. 
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Figure 12. Computed amplitud« of th« firat mode with rota¬ 
tion (solid curve) and without rotation (broken curve) 
Dots show observed amplitude estimated from spectral 
analyses. Vertical bars show 95 per cent confidence 
limits. 

Figure 13. Computed and observed amplitudes of second mode. 
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14. Computed phase of the first mode with rotation 
(solid curve) and without rotation (broken curve). 
Dots show observed phase estimated from cross-spectral 
analyses. Vertical bars show 95 per cent confidence 
limits.. 
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Figure 15. Computed and obaarvad phases of second mode. 
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PERIOD IN HOURS 

Figure 16. Covariance spectrum of hourly lake levels at 
Toledo, 1 April through 30 September 1958; frequency 
resolution, 0.05 cycle per day (from Platzman and 
Rao, 1963). 
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