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ABSTRACT

The methods of Quasilincarization, Dynamic Prograuming, and
Invariant Imbedding are of great practical usc in transforming two
point boundary value problems into forms that are nore readily solved
numerically. llch of the three methods is discussed through the use of

an exanple.
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The desirable goal of optimization often leads to the undesirable
requirenent for the solution of two point boundary value problems. This
paper dis-usses, through an example, three iicthods which reduce the two
point boundary value problem to a more tractable foma suitable for
solution on digital computers

To {1lustrate these methods we will consider a single cost fun:-
tion which we will seek to optimize (i.e. minimize) using each of the
three techniques.

Suppose we wish to find the motion of a particle in an inverse
square gravity fiela. Hamilton's principle states that the motion is
siven by the function that wminimizes the time integra. of the Lagrangian
where the initial and final states of the particlc are given.l If an
initial state and a time are specified then we have a free boundary proo-
lem and the velocity of the particle must oe zero at the specified tine

We therefore define a cost functional Jlu| as

T
rl el (L2 4 K
3(u] l (2 i + Dat (1)
where we have, as boundary conditions,

u(o) = ¢
(2)
u(T) = o

*Any views expressed in this paper are those of the author. They
should not be interpreted as reflecting the views of The RAND Corporation
of the official opinion or policy of any of its governmental or private
research sponsors. Papers are reproduced by The RAND Corporation as a
courtesy to members of its staff.
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1. EULER EQUATIONS AND QUASILINEARIZATION

In the preceeding section we defined a cost function which we
wish to minimize through the choice of a suitable u(t). If we write

T
Jul = F(u,d)dt (3)
b

then bBuler's Equation,

2F 4 [F
W EE(?E)' © (4)
which 1s a necessary condition for an extremum of the integral, leads

to the nonlinear second order differential equation

TR S (5)

We will reduce Eq (5) to two first order equations by taeking
G =v=g(uv)

v .- fﬁ = h(u,v) (6)

subject to the boundary conditions

u(o) = ¢

(7)
v(T) = o

We are now ready to use the method of Quasilinearization to solve

Eq (6). To apply this method we will expand Eq (6) in a Taylor's
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series in the functions u and v. If we retain only terms up to first

order (as we will do throughout this paper) we will have

.
(upyg - ug) =§ (voag - 7)

: (u,v )+

u = g(u ,v 55
ntl - 8\Up Yy u

u=u v 3 v

n+l

. h Ah
+ = =
V4l " h(un’vn) Su (un+l un) ¥ SVI ( n+l vn)
u =y y =y
n
K 2K
- - + —_— .
u?2 u3'htl (3)
n n

It is important to notice that Eq (8) are linear in u 4 8nd vy
We will make use of the property of linear equations that the solution
is the sum of the particular solution plus the sum of weighted homo-
geneous solutions.

If ve knew un(t) and vn(t) we would be in a position to find
un+l(t) and vn*l(t)' We start, then, by assuming a solution which

is compatible with the boundary conditions given in Eq (7)
uo(t) - c
vo(t) =9

Using these functions to evaluate uo(t) and vo(t) at every
point we will proceed to finding ul(t) and vl(t)--our new estimate

of the solution. Begin by finding the particular solution corresponding
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to the initial conditions

ul(o) =0
(10)
vl(o) a0
Solving £q (8) subject to these conditions yields
uj(t) = q (t)
(11)

() = g (t)

4

We next find the homogeneous solutions by letting all terms involving

only u, and v be zero. Solve Eq (8) twice by first letting

ul(o) =]
(12)
vl(o) =0
and second letting
u (o) =o
l( )
(13)
vl(o) =]
The initial conditons in Eq (12) give rise to the solutions
h -
uy 1(t) = rl(t)
(14)

vlhl(t) -'re(t)

While the second set of initial conditions, Eq (13), has as its solution
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uth(t) = sl(t)

(15)
vlhE(t) = sz(t)
The total solution is then
Ul(t) = ql(t) + clrl(t) + casl(t)
(16)

vl(t) = qe(t) + clre(t) + C282(t)

where the welghting coefficients are determined by using the boundary
conditions of Eq (9). We may now continue in a similiar fashion to

find u2(t) and v2(t), and u_(t) and v3(t), etc. until we are satisfied

3
that further couputetion 1s unnecessary. Since Quasilinearization has
the property of quadratic convergence--cach iteration has the effect

of virtually doubling the number of correct digits--very few iterations
are required.

There are two disadvaintages to this method. The first is that
solving for the welghting coefficients, involving as it does the solution
of linear equations, can lead to errors if the matrix of the homogeneous
solutions, evaluated at the requisite points, is ill-conditioned.2
The second is that the solution to the n+lst solution requires that
the entire nth solution be stored in the memory of the computer. This
can quickly lead to an unacceptable condition. A way to avoild this3
is to store only the initial conditions of the 1lst, 2nd, ..., nth
solution and to solve, at the n+lst iteration, all of the preceeding

n solutions simultaneously. We still have a positive gain for we have
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traded liited comjuter storage capability for Increased caaputation--

the thing a digital computer does best.

2. DYLAMIC PROGRAMMIIG

we besin oy defining an timal--a minimwn {n ur cuse--cost
functior
rin ain
tle,7) = U olu” = T | F(u,0)dt (27)

Here £ ,T) represente the minirmum possible cost when we ctart in ctate
c with time T remaining and proceed alon: the optimum ;ath u(t). It ic
important to notice that if we have no time (T = o) remaining to our
process we can do nothing that will change the value of the incurred

cost regardlesc of the state of the system. That 1s to say
f(c,0) = o (18)

The principle of optimality states, "An optimal policy has the
prorerty that whatever the initial state and initial decision are, the
renaining decisions must constitute an optimal policy with regard to the
state resulting fram the first dccision."h

To implement the principle of optimality let us consider the
system with T - & remaining. The cost incurred by the system 1is, t«

first order, F(c,v):, where here again we have
v =1 (19)
No longer are we in state c; rather we now have

u=c+vA (20)




-7

Applying Eq (17) we can say that the minimum (optimum) cost incurred in
a process initially in state ¢ + vA with T - £ remaining is f(c + v,
T - 4). If we truly wish the optimum cost function we must satisfy the

relationshi;

7

1

NhT)=[%niqu).+fh + v, T—L)I (21)

The value of v resulting in the minimization i{s then our desired v.

Eq (21) can now be exvanded in a Taylor's series

|
£(e,T) = W Fe,v)e + £(e,D) #35 vo - <5 (22)

{

£(c,T) appears on both sides-and is independent of v so it can be can-

celled. We can substitute in for F(c,v)

Fle,v) = zv° + % (23)

Dividing through b; ° we have

nl12 . K.3 >
°’m${? +E+%”‘WK (24)

In this case we can find the v that will minimize this expression analytically;
generally this wculd involve search techniques on a computer. Here the

optimum v is found using basic calculus as

Vim oL (25)

Substituting this back into Eq (24) and rearranging leads to

2
af 1l /[ Af K
ﬁ"é(z)*z 23
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zq (20) can oe solved analytically at each point un a (Jrid, with a
sultaole awaber of polats, in the ¢,T plane. At ecach polut we would
tuaen have both tiae ndadwne. cost to be incurred, {f we carried out the
process Lnoan HOHptinal fashion frow that point, and the value of v
rresponding Lo the optinl path at that point. I other words we

Ve a leciun rocess Which alwys indicates the correct ulrectl

! ¥ 4. Starting at any point, u(t) is then OLBLP & 4

LARLAT. L 3EDDLIG
Again we start with the system of two first order equations
_/en in £q (5) subject to the boundary conditions given in zq (7).
de wish to Linbed our original problem 13 a nmore general one valid for
uiy initial rosition d and any initial time 7. It 15 obvious that the
orrect cholce of v initially will be a function of initial pocition
aad initial tine. We note this dependence by saying
v(1) = r(d,1) (27)
ilow we will consider the process at time T + 4.

u(t+a) = u(r) + v(r):

=4 + r(d,7)s (20)
v(r+a) = r[d + r(d,r)s, T+ A1 = w(T) + v (7)

= r(d,7) - S (29)
r(d, ) 2

Expanding the left side of Eq (29) we have

)
C




r(d, 1) +2§ r(d,7): *:—ﬁa = r(q,7) - %ﬂ (%)
d

Siuplityin, and rearrangine ylclds

°r O K
T 2 S r(d,r) - 55 (31)

O] (3L) represents a feedback control law which can be solved for any

position d and any time T subject to the condition

r(d,T) = o (32)

In actually implementing Dynamic Programming and Invariant
Ianbedding digital camputers would be used to numerically solve the
feedback control laws. The accuracy of the solution then becoues a function
of the number of points used in the solution grid and may represent a
computer storage problem. Obviously this 1s not unique to the methods

discussed but rather 1s common to any numerical solution of partial

differential equations.
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