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ABSTRACT 

The raethodc of Quasllincarization, Dynamic Prograi.iming, and 

Invariant Irabeddinc are of great practical UGC in trancformlng two 

point boundary value problems into forms that are more readily solved 

numerically. Uach of the three raethodc is discussed through the use of 

an example. 
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The RAND Corporation 

The desirable (joal ol opti;aization often leadc to the undesirable 

requireneni for the solution of tvro point boundary value problems. This 

paper dis -usces, through an exanple, three Methods which reduce the two 

point boundary value problem to a more tractable fom suitable for 

solution on digital computers. 

To illustrate these methods we will consider a single cost func- 

tion which we will seek to optimize (i.e. minimize) using each of the 

three techniques. 

Suppose we wish to find the motion of a particle in an inverse 

square gravity field. Hamilton's principle states that the motion is 

given by the function that minimizes the time Integra^ of the Lagrangian 

where the initial and final states of the particle are given." If an 

initial state and a time are specified then we have a free boundary proo- 

1cm and the velocity of the particle must be zero at the specified time 

We therefore define a cost functional j[u] as 

.T/ 
li ü2 + % 

where we have, as boundary conditions, 

u(o) ■ c 
(2) 

ü(T) ■ o 

Any views expressed in this paper are those of the author. They 
should not be interpreted as reflecting the views of The RAND Corporation 
of the official opinion or policy of any of its governmental or private 
research sponsors. Papers are reproduced by The RAND Corporation as a 
courtesy to members of its staff. 
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1. £ULER EQUATIONS AND QUASILINKARIZATIOU 

In the preceedlng section we defined a cost function which we 

wish to minimize through the choice of a suitable u(t). If we write 

.T 
J[u] -  F(u,ü)dt (3) 

t 

then LXiler's Equation, 

h - - ^V o ik) ^u  dt\>uP V ; 

which is a necessary condition for an extremum of the Integral, leads 

to the nonlinear second order differential equation 

U+^-o (5) 

We will reduce Eq (5) to two first order equations by taking 

ü - v ■ g(u,v) 

v - - ^ - h(u,v) (6) 
u 

subject to the boundary conditions 

u(o) ■ c 
(7) 

V(T) - 0 

We are now ready to use the method of Quasillnearizatlon to solve 

Eq (6). To apply this method we will expand Eq (6) in a Taylor's 



series in the functions u and v.    If we retain only terras up to first 

order (as we will do throughout this paper) we will have 

u xi  " 6(u >v ) * TP n+l     o\ n*  n/      ^u 
u ■ u 

(u +1   - u  )  ♦ ^ n+1       n'      V v ■ v (Vi ■ 'J 

n+l 

■h \'. v  .    -h(u ,v ) ♦^ (u u ) ^ 
n+1 n' n'      ^u x n+1       n'      ^v u ■ u v ■ v 

{vnn ■ Vn) 

iK   +2K 
u 2     u 3    n+1 n n 

(3) 

It is important to notice that Eq (3) are linear in u  .. and v  ... 
n+1    n+1 

We will make use of the property of linear equations that the solution 

is the sum of the particular solution plus the sum of weighted homo- 

geneous solutions. 

If ve Imew u (t) and v (t) we would be in a position to find 

u +-|(t) and v ^(t). We start, then, by assuming a solution which 

is compatible with the boundary conditions given in Eq (7) 

u(t) 

v0{t) - 0 

(9) 

Using these functions to evaluate u (t) and v (t) at every 

point we will proceed to finding u.Ct) and v,(t)--our new estimate 

of the solution. Begin by finding the particular solution corresponding 



to the initial conditions 

u^o) » o 

v^o) =• o 

(10) 

Solving cki (8) subject to  these conditions yields 

uj(t) - q^t) 

(11) 

••'i(t) - q2(t) 

We next find the homogeneous solutions by letting all tenns involving 

only u and v be zero. Solve Eq (8) tvice by first letting 

u^o) - 1 

(12) 

v (o) ■ 0 

and second letting 

u (o) ■ o 

(13) 

v^o) » 1 

The initial conditons in Eq (12) give rise to the solutions 

u^Kt) = r^t) 

v^Kt) -'r2(t) 

(1^) 

While the second set of initial conditions, Eq (l3)* has as its soluti on 
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u^t) - e^t) 

v^t) - 82(t) 

(15) 

The total solution is then 

u^t) - q1(t) ♦ c^t) ♦ c^it) 

v^t) - ^(t) ♦ c^t) + c2B2(t) 

(16) 

where the weighting coefficients are determined by using the boundary 

conditions of Eq (9). We may now continue In a slmlllar fashion to 

find ujt) and v (t), and u (t) and v (t), etc. until we are satisfied 

that further computation is unnecessary. Since Quasilinearization has 

the property of quadratic convergence--each iteration has the effect 

of virtually doubling the number of correct diglts--very few iterations 

are required. 

There axe two disadvantages to this method. The first is that 

solving for the weighting coefficients, involving as it does the solution 

of linear equations, can lead to errors if the matrix of the homogeneous 

2 
solutions, eveduated at the requisite points, is ill-conditioned. 

The second is that the solution to the n+lst solution requires that 

the entire nth solution be stored in the memory of the computer. This 

3 
can quickly lead to an unacceptable condition. A way to avoid this 

is to store only the Initial conditions of the Ist, 2nd, ..., nth 

solution and to solve, at the n+lst Iteration, all of the preceeding 

n solutions simultaneously. We still have a positive gain for we have 



trail'.'d Liaited conjutcr storaßc capability for increased canputation-- 

thc thing a digital conputer does best. 

2. DYIiAHIC PROGRAtmiiC 

We begin by defining an o; ti;nal--a niininu.:. in )ur <aze--co4Jt 

function 

T 
f(c,T) = run jLu1 » ^ j F(u,ü)dt (17) 

Hero f(c,T) represents the nlniriun possible cost when we ctart in ctate 

c with tirae T remaining and proceed along the optlr.uni path u(t). It is 

important to notice that if we have no time (T ■ o) reiaalnlng to our 

process we can do nothing that will change the value of the incurred 

cost regardlesc of the state of the system. That is to say 

f(c,o) = o (13) 

The principle of optlraality states, "An optimal policy has the 

property that whatever the initial state and initial decision are, the 

remaining decisions must constitute an optimal policy with regard to the 

state resulting fron the first decision." 

To implement the principle of optlraality let us consider the 

system with T - Ü remaining. The  cost incurred by the system is, to 

first order, F(c,v),% where here again we have 

v - ü (19) 

No longer are we in state c; rather we now have 

u - c + vA (20) 
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Ajulyln^ Eq (l?) we can cay that the minimun (optimum) coct incurred In 

a proccen initially in state c ♦ v& with T - •'-  remaining is f(c ■♦• v., 

T - ^). If we truly wish the optimum cost function we must satisfy the 

relationsliii 

f(c,T) - "v'M F(c,v)-, ♦ f(c ■»• V,, T - L)[ (21) v j F(c,v)-, ♦ f(c ■»• V,, T - AH 

The  value of v resulting in the minimization is then our desired v. 

Eq (21) can now be expanded in a Taylor's series 

f(c,T) .^IFCCV^ +f(c,T)+^VA-^ ■ (22) 

f(c,T) appears on both sides and is independent of v so it can be can- 

celled. We can substitute in for F(c,v) 

F(c,v)-iV
2^ (23) 

Dividing through by ' we have 

1 

mln 1 2 . K . ^f   ^f I ,oM 

In this case we can find the v that will minimize this expression analytically; 

generally this would involve search techniques on a computer. Here the 

optimum v is found using basic calculus as 

v - - || (25) 

Substituting this back into Eq (24) and rearranging leads to 
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ui  (2b) con oc solved analytically at each point on  a crid,  with u 

suitable auiaber of points, in the c,T plane. At eacli point v/e would 

then iiavc botli tiie i.iiaiuu;.. cost to be incurred, if we carried out the 

i rocess in on optirnl fashion from tliat point, and the value of / 

corresponding to the optinal jath at that point. In other words we 

liave a feedbac.'; process wliich always indicates the correct dircctijn 

rocced ia. Starting at any point, u(t) is then completely specified 

La ■-e^u; Ji' vvt). 

I-.  i:r;ARiA:r: i:3iJ>DiiiG 

/tCain we start with the system of two first order equations 

tji/en in nq (6) subject to the boundary conditions given in aq  (Y)- 

.Ve uich to Labed oui* original problem ia a nore general one valid for 

any initial position d and any Initial time T. It is obvious that the 

correct choice of v initially will be a function of initial position 

a.id initial ti:ae. We note this dependence by saying 

V(T) - r(d,T) (27) 

How WG -^111 consider the process at tine T + A. 

U(T+A) « U(T) + VCT).': 

- d + r(d,T)A (28) 

V(T+A) - r[d + r(d,T)/i, T + i1 » v(T) + v (T)A 

- r(d,T) - ^rA (29) 
d 

Kxpanding the left side of Eq (29) we have 
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r(d,T) ^r(d,T)<  ^-^T) -^ (30) 

Sluijlifylno and rearraiiGinc yields 

^ - - ^ rCd.T) - JL (31) 
d 

^iq (31) represcntß a feedback control lav which can be solved for any 

position d and any time T subject to the condition 

r(d,T) -0 (32) 

In actually inplenentinc Dynamic Programming and Invariant 

Lnbeddint; digital conputers would be used to numerically solve the 

feedback control laws. The accuracy of the solution then becomes a function 

of the number of points used In the solution grid and  may represent a 

computer storage problem. Obviously this is not unique to the methods 

discussed but rather is common to any numerical solution of partial 

differential equations. 
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