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ABSTRACT 

This paper is concerned with the forced vibra- 

tions of case-bonded solid propellant grains. 

Special attention is paid to the interaction be- 

tween the thin elastic shell (case) and the thick- 

walled propellant cylinder. The effects of ma- 

terial damping in the propellant are explored. 

Frequency-response functions are computed, 

which can be used for analysis in situations where 

the loading is arbitrary deterministic or random 

(stationary). 

\ 
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I.  INTRODUCTION 

Increasing interest in the dynamic response of solid 

propellant rocket motors has stimulated considerable research 

in the area of vibrating cylinders.  Many papers have been 

written dealing with the dynamic response of thick-walled 

elastic cylinders and thin cylindrical shells under various 

types of surface and end loads.1-3 

The investigation presented in this paper is concerned 

with the vibrations of a thick-walled visco-elastic cylinder 

contained by and bonded to a thin cylindrical shell (Fig, la); 

the necessity for considering damping in the thick-walled 

cylinder is due to the fact that most solid propellants ex- 

hibit a visco-elastic response. 

The solutions presented are radially-symmetric.  Fre- 

quency response functions are determined which may easily be 

utilized for arbitrary and random inputs by means of the 

established methods of Harmonic Analysis. 

Damping is introduced by means of the elastic-visco- 

elastic analogy and the use of complex moduli.4  Poisson's 

ratio  v  for the elastic thick-walled cylinder is replaced 

by  v* = v + iv  and the shear modulus G is replaced by 
i    2 

G* = G + iG  where G ^ G and G Z^TTG  denotes the 
12 1 2     1 

specific damping AW /W , AW being the energy dissipated 

during one cycle in shear and W the maximum shear strain 

energy. 

Although the ratio G /G   is, generally, a function of 
2  i 

frequency, for the present considerations it is assumed to 
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be constant over a relatively wide range of frequencies. 

This assumption of a constant complex modulus is in fair 

agreement with test results.5"7 

The dependence of the damping upon the amplitude of the 

applied stress is neglected because its consideration would 

greatly complicate the equations of the problem by making 

them nonlinear. 

The equations of linear elasticity arc used for the 

thick-walled cylinder.M Membrane theory is used for the 

shell.9 The equations of a higher order shell theory which 

includes the effects of rotatory inertia and shear are pre- 

sented in Appendix A.  Those equations should be used in 

cases where membrane theory is inadequate, e.g., for external 

loads of acoustic nature or axial loads distributed over the 

ends of the shell.  Appendix B gives a solution for such 

axial loads on the ends of the simply-supported shell which 

can easily be superimposed on the solution for the shell 

under internal pressure. 

The analysis is broken down into the following steps: 

1. The thick-walled cylinder 

2. The thin shell. 

3. The system of the thjck-walled cylinder contained 

by and bonded to the thin shell. 

The assumption that the propellant and case form a con- 

tinuous structure at their interface requires continuity of 

displacements and therefore produces strong coupling of the 

motions of the cylinder and shell.  This coupling is con- 

sidered to be of primary importance and therefore the inter- 

action is treated rigorously. 
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As a first step, a solution is obtained for a thick- 

walled visco-elastic cylinder with simply-supported ends and 

oscillating pressures on the inner and outer surfaces as well 

as a tangential stress on the outer surface in the axial direc- 

tion. 

As a second step, a solution is obtained for the thin 

shell with internal pressure and a tangential stress in the 

axial direction on the inner surface.  The outer surface of 

the shell is traction-free. 

The third step is a combination of the solutions given 

in steps one and two by imposing the condition that all dis- 

placements be continuous at the interface and also requiring 

the external loads on the cylinder to be compatible with the 

internal loads on the shell. 

Numerical examples are given which illustrate some of 

the effects of varying the geometry of the structure and the 

specific dampincj in the thick-walled cylinder. 

-3- 



II.  THE SIMPLY-SUPPORTED THICK-WALLED CVLINDER 

The equation of motion of the elastic thick-walled cyl- 

inder in cylindrical coordinates is 

-  l-2v     -  '- 

where 

V   ^ + r c>r ' F ^ ' ~  • 

Application of Helmholtz's theorem to the displacement vector 

u allows it to be written in terms of potentials as 

u   W + V / H . (2) 

When (2) is substituted into (1) two uncoupled wave equations 

on 4' and H are obtained by separation of variables 

(3) 

c: V2H ■= H s —  - 

where 

c2 ,. 2G(1 - v; 
cv - pd - 2v; 

is the square of the velocity of propagation of dilatational 

waves in an infinite medium and 
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s  p 

is the square of the velocity of propagation of shear waves 

In the case of cylindrical symmetry the operator ^ 

becomes 

72 - ^  + I ^ + ^ dr3       r 57  bz* 

and the components of displacement are: 

r ' or >'z 

^H„   oH 
Uo = ^f-7750 (6 

z        'Z or        r 

The  requirement that     u. i  0     for  the   radially-symmetric 
u 

case can be met by assuming H - H = 0 , and thus the 

governing equations are the first of Eqs. (3) and the second 

with the component H. replacing the vector H .  For sim- 

plicity H. will now be replaced by H and the governing 

equations become: 

^Pr+r^F+d?r=?r"5Pr 

d2H       1  dH   ' H   1 02H 

s 

7) 
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The displacements of interest are now; 

u - 
or  JZ 

J^ ^ oH ^ H 
02   or   r 

8) 

Use of these displacements results in the stress-displacement 

relations 

2G 
rr ' 1-, . 

•u     /u     -u 
a.v) ^ , v -X , 

•r    \ r    ,'Z 

l-2v 

2G 

ll-v) ^ i 
r 

' 'U     JU 

•i 

'zz   l-2v 

'u    /.m   u \ 
(1.v)  z , v^4 _I 

Oz    \ .'r   r y 

• 

rz    V ^'Z    T j 

Solutions are required to satisfy the following conditions 

On the ends z = +L/2 

T . = 0 zz 

u  = 0 r 

On the surface  r = a 

Trr = "Pa 

T    = 0 rz 
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and on the surface    r = b 

Trr " -Pb 

\z '    ^ 

Solutions of Eqs.   (7)  arc chosen of the  form 

<I>(r,z,t)   =    7.    $  (r)cos  X z eiujt 

H(r,z,t)   =    >:    H (r)sin  \z elu)t 

m=l    m m 

Substitution of Eqs.   (13)   into  (7)  gives 

with 

<t)"(r) 4 - ct'lr) - k2 4- (r) • 0 ms   '       r mv '   mm 

H"(r) 4 ^ H'(r) - h^ Hm(r) ■ 0 m     r m      mm 

." 
k2 — A2   ■ 

0) 
- —2 m m cv 

,.,2 
h2 _ X2  ■ 

0) 

m m Cs 

(12) 

(13) 

(14 

(15) 

The solutions of either of Eqs. (14) can be one of three types, 

depending upon whether k2  or h2  is negative, zero or 

positive.  Taking the equation on 0  as an illustration. 
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\a)    for    kf- < 0 m 

K   =   Vn^V)   +   BmYn(k
m
r) ^ l6) m        mom mom 

(b)     for    Id = 0 m 

0 = A log  r +  B (1?) 

(c)     for    k^ > ü 

m        mom mom 

In each case A  and B  are arbitrary constants to be mm 
determined from boundary conditions. J (nO and Y (a) are o o 
Bessel functions of the first and second kind of order zero 

and I (a) and K (a) are modified Bessel functions of the o o ' 
first and second kind of order zero and argument a . 

In the following developments and computations only the 

range of frequencies and wave numbers for which h^ and k;! are 3       ^ mm 
real and negative has been considered. 

The solutions of Eqs. (14) are therefore 

4 (r) = A J (k r) + B Y (k r) 
nr '   m cr m '   m ov m ( \Q] 

H (r) - C J (h r) -t D Y (h r] . mK   ' m ov m '   m o m ; 

Equations (19) are now substituted into (8); using the re- 

currence relations10 

J^a) = - J^a) Y^a) = - Y^a) 

j"(a) = ^ J (a) - J (a)   Y"(a) = ^ Y (a) - Y(a) ov    a i     ov '    ov ^  a i     o ' 
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the expressions for the displacements are obtained 

Ur   =   Z  (-k
mlAm

Jl(km
r)   4   Bm

Ylvkmr))   " r immim jnim m ^ 

-  X  (C J  (h r)  + D Y  (h r)) \ cos  \ z eimt 

ml  m o    m m o    m  ' J f m 

u    = X < -X    A J    k r    +  B Y    k r      + 
z 1     ml   m oK   m  ' m o    m  ' ' 

+ C   [— J  (h r)   - h J,(h r) ] + 
rtr r      o    m m  i    m  ' J 

20) 

4 DJ-rYJh
m

r)  " hmY,(h
m
r) 1 )sin ^m

z e 
mr      on\ mim m 

icut 

Substitution of Eqs. (20) into Eqs. (9) results in the ex- 

pressions for the stresses 

T^ = Z < M (n\,r)A 4 M (m,r)Bm + M (m,r)C + rr      i     ni m   ^     m 
m v, 

+ M (ni,r)D  > cos \ z ela)t 4    ' m f     m 

(21) 

T  = Z N (m,r)Arn + N2(m,r)Bm + N3(m.r)Cm + 

., /   \^       ^    iwt + N m,r D  > sin A z e 
A ' m f     m 

where 
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M3(m,r) . 20 V«Ji'V) 

M4(m,r) 'ZOV^'V' 

N^n.r) = 2G kmVl(kmr) 

N2(m,r) - 2G ^^Y^^r) 

N(m.r) =G(v;-£-h*)Jo(V) 

N4(ra,r) 'G{^-^-h^Vofhmr) 

The loads on the surfaces of the cylinder are now 

assumed to be as follows: 

pa{z,t) : Pa(z)e
tot ■.   Z  Pam cos V e^ 

m 

(22) 

^(z.t)  ^(zje1"* = . Pbm cos V e1""'     (23 

ICDt    ^, m ICDt m,  sin A 7 bm     m ^(z^) = Tb(z)e*
v 

where 

P L/2 
P  =7-  /" P (z)cos \ z dz 
am  L .rVo a      m 

P L/2 
^m = L  / Pb(

z)^s V dz (24 
-L/2 

2 L/2 
T,  = r  f T, (z)sin A z dz . bm  L __L/p bv ^    m 

-10- 



The boundary conditions [11,   12) now become 

* (a,z,t) = -X p  cos \ 2 e rr am     m m 

iu)t 

T (b.z.t) - -I P  cos \ z e rr ^ om     m m 

Tr2(a,z,t) = 0 

icut 

v25; 

\z^'z^        • Tbm sin "m2 e m 

icut 

Introduction of the above conditions (25) into Eqs. (21) re- 

sults in the system of simultaneous equations shown in Table I 

TABLE I 

A m B m Cm Dm              J 
M  (m,a) M (m,a) 

2 
M (m,a) 

3 4                        am 

M  (m,b) 
i 

M  (m,b) 
2 

M  (m,b) M  (m,b) 
4 bm 

N   (m,a) N   (m,a) 
2 

N   (m,a) 
3 

N   (m,a) 
4 

0 

N  (m,b) N  (m,b) 
2 

N  (m.b) 
3 

N   (m,b) 
4 

Tw bm 

The solutions for A , B , C  and D  are as follows: m  m  m       m 

A = f m  A 

"p3m   M (m,a)   M (m,a)   M (m,a am 

-P. bm 

bm 

M (m,b)   M (m,b)   M (m,b; 

0    N (m,a)   N (m,a)   N (m,a) 

N (m,b)   N (m,b)   N (m,b) 
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M^m.a) -P am M (m,a) M (m,a) 

B
ro 

1 
M (m.b) 

"Pbm M 
■ 

N 

(m.b) 

(m.a) 

M (m,b) 

N^(m,a) 

N^m.b) Tbm N (m.b) N (m,b) 
4 

M^m.a) M (m.a) 
2 -P. am M (m,a) 

4 

Sn 
1 

" A 

M (m,b) M (in,b) 
2 

N (m,a) 
2 

bm 

0 

M (m,b) 

N (m,a) 
4 

N (m,b) N (in,b) 
2 bm N (m.b) 

4 

M^m.a) M (m.a) 
2 

M (m.a) 
3 

-P am 

1 
M (m,b) M (m,b) 

2 
M (m,b) 
3 "Pbm 

Dm = A 
N^n^a) N (m,a) fMm.a) 0 

N (m,b) N (m,b) 
2 

N (m,b) 
> 

Tbm 

(26 

with 

A     = 

M^ir^a) 

N   (m,a) 

N   (m,b) 

M  (m,a 
2 

M  (m,a) M   (m,a) 

M^n^b) M  (m,b) M  (m,b) M  (m,b) 

N  (m,a) N  (m,a) N  (m,a) 

N  (m.b) N   (m,b) 
3 

N   (m,b) 
4 

(27) 
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It is also possible to write the solutions in the form 

A- = A P  4 A P.  4 A TV m   mi am   m:' bm   ma bm 

B = B P  ♦ B P.  -f B T. m   mi am   m^ bm   IP'J bm 
(28 

m   mi am   nw bm   m» bm 

D=DP  +DP.  +0 7^ m   mi am   mp  bm   m» bm 

where each of the A .. Bm., C . and D .  (j = 1,2,3) can 

be determined by expansion and grouping terms in Eqs. {26). 

The displacements and stresses can now be written in 

terms of known quantities  (P , P,. . T. )  by substitution n am  bm  bm'   -^ 
of Eqs. (28) into (20) and then using the results in Eqs. (9) 

Thus the displacements are: 

A_ P,., 4 A_ TL_ ik_ J (k r 
i m 

u  = -Z J [A ,?-„,  4 , r     \l mi am   ms bm   m^ bm' m 
m ^ 

4 [B   ,P      4 B    P,     ■+  B   T,    ]k    Y (k r 1  mi am nui  bm m<  bm    m     i    m 

4C    P      4C    P,      4C    Tu\    J'hr 1   mi  am ma bm m3 bmJ   m    o    m 

4 [D     P       4  D    P.      4  D    T,     ]\     Y  (h  r L   mi am mp  bm m:i  bm    m    ov   m 

u    = 
z 

-2 < [A    P      4 A    P, »A    T,    JA    J  (k r 1l   mi  am         ms  bm ma  bmJ   m    ov   m 
m   L 

4 [B     P       4   B     P, 4   B     T,     JA     Y   (k   r L   mi  am         m2  bm ma bmJ   m    ox   m   ■ 

4 [C    P      4 C    P, 4 c    T,    ][h J,(h r 1   mi  am         m2  bm ma bm   L   m  iv   m 

4 [D    P      4 D    P, 4 D    T,    ][h Y^h r)--Y (h r)]>aln A zeia>t L   mi  am         ras  bra ma bmJL  m iv ra '   r   ov ra /J( ra 

cos   \ ze 
m 

icüt 

29) 

- ^ J  (h r)] 4 
r    ov   ra  ' J 

-13- 



and the stresses are 

T    «Z rr m 
k 

+ ((v(k2-\2)-Kf')Y^(k r)+ ^Vik r)](B    P    +B    P.   +B    T.    ]+ v  m    m'    m'  o    m r   i    mr/ Jl  mi am    m? bm    ma bmJ 

♦ (l-2v)h \{j(hr)(C,P      +C    P.     +C    Tv] + '  m mv   iv   m  /l  mi am        ms bm        ma bmJ 

H-Y^h  rllD,,,?^  +Dm. P.   4Dm T,    ]) \ cos   \ z  eia)t 

i    m        mi am    rtu^  bm    ma bm m 

T    =Z  2G i k   \ J, (k r) [A     P      +  A    P,      + A    T,    ] + rz 1   m m iv  m /l  mi am        ms bm        ma bmJ 

m        ^ 

+  k   \ Y,(k r)[B    P      +  B     P,     +  B    T,    ]  + m m ix  m  /l  mi am        m? bm        ma bmJ 

t h {^3-K + h2)J  (h r)[C    P      + C    P,     -•■ C    T,„] + kl   v  m r^ m;   o^   m  ' l  mi am        m2 bm        ma bmJ 

2    m   r       m'   o    m  '     mi am    ms bm    ma bm j m 

fk (30) 
T09=-Z2G     [^^ V) + r^(^^)Jo( V) nAmlPam+Am2Pbm+Am3Tbm]+ 

m      ^ 
k 

+ [-i!iY,(k  r)+ T^r-(X2+kp)Y  (k  r) ][B     P    +B  „P,   +B    T,    ]+ 1 r    iv   m  ;     l-2vv   m    m'   ov   m  y   l   mi  am    m? bm    ma bmJ 

\ 
— J   (h r)[C     P      +  C     P,      +  C    T,    ]  + r      ov   m  '     mi  am ms bm        ma bm 

+ — Y   (h r)[D   ^    +D    P,   +D    T,    ] I cos   A z elü)t 

r      ov  m  'L   mi am    m? bm    ma bm    f m 

T       =Z2G<  (T^T: A2  - T-V: k2)j   (k r)[A    P      + A    P,      + A    T,    ]+ zz 1    l-2v    m      l-2v    nr   ox   m  / L   mi  am        m2  bm        ma  bmJ 

m      L 

+   (T^r-^2-T-V k2)Y   (k  r)[B     P       +  B     P,      +  B     T,     ]+ vl-2v  m    l-2v    m'   ov   m  ' L   mi  am ma  bm        ma bmJ 

+ [-s\j   (h r)-h  A J   (h r)][c   ,P3    + C    P,      + CT.] + L r   ov   m  /     m m  iv   m  'J^   mi am ma bm        ma bmJ 

+ [-iaY  (h r)-h  A Yn (h  r)][D     P    +D     P,   +D     T^   ]\cos   A ze1^ L r    ov   m  y     m m  iv   m  '   L   mi am    ma bm    ma bm ■' f m 
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It is also observed that 

^-^T^     (»"=1.2.3,...) 

Is sufficient to satisfy the end conditions (Eqs. (10)). 

Having the solution for the elastic thick-walled cyl- 

inder the conversion is made to the visco-elastic thick-walled 

cylinder by replacing the elastic shear modulus G by the 

complex modulus G* and Poisson's ratio v by a complex v» 

in the expressions for displacements and stresses. 

It should be noticed here that if in Eqs. (29) and (30) 

the conditions > = 0 . T.  «0 and C I D 5 0 are in- m       om m   m 
troduced the displacements and stresses become 

ur =   [(A^ 4 A2Pb)J1(kr)   +   (B1Pa +  B2Pb)Y1(kr))leia)t 

(31) 
U     2   0 z 

T       =  -2G rr [tAiPa ^ A.Pb][2^Ik Jo(kr^  4  7 Ji(krH + 

+   tBiPa4  B
2
PbUMk Vkr)  4  7Vkr)]]eia)t 

^ee = -2G |Wa 4 A"PbJt2^T k Jo(kr) " r Ji(kr)] + 

+   [B^ + B2PbJ[^Ik Yo(kr)   -^Y^krlAe1^ 

(32) 

T        SO rz 

20Vk   jr,   „      ,    .    n    IT   /v^^   J    rQ   n     ^   n   n    lv   /v^\   lQ
ia)t 

Tzz  =  "  2^1     [AiPa 4 A
2
PblJo(kr)   +   [BiPa + B

2
Pb^kr)     e 
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with 

k2 = (uVc2        and        c2 = 2pfA S . l-2v  p 

It can then be shown that the above stresses (32) satisty 

the equation 

T22 " v(Trr + T0e^ 

which together with the condition 

are the requirements for a state of plane strain.  Equations 

(31) and (32) are therefore the solution to the problem of 

the thick-walled cylinder in plane strain. 
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III.  THE SIMPLY-SUPPORTED THIN CYLINDRICAL SHELL 

The equations of membrane theory are used for the thin 

cylindrical shell.9 For solutions which are radially sym- 

metric the two components of displacement are w and u as 

shown in Fig. lb. 

The stress-displacement relations are 

2G /W . ^ du* 

2G /- w J öuv 
azz = 1^ (vi+ & 

(33 

The equations of equilibrium are therefore 

,aoe 
Pr-tl— = Mw 

bo 
p ^d-v^- = MÜ ^z   dz 

and by substituting Eqs. (33) into (3^) the displacement 

equations of motion become 

(3^) 

2Gd  /W , — buK        „.. 
P - /, -^ (r + v ^—)  = Mw ^r   (l-v)R VR    oz' 

^z   1-v VR dz  dz^^ 

(35] 

with M the mass per unit area of the middle surface and  v 

and G Poisson's ratio and the shear modulus of the shell. 
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It is now assumed that the external loads p  and p 

are such that they can be represented as follows: 

^ pw« co8 \-2 e — Dm     m m 

P, * " - TK-. sin ^ z e z       bm     m m 

iujt 

ia)t 
(36) 

with 

Am     L      {m  1'2'3' 

The displacements w and u are therefore taken to be 

of the form 

u=ZU    sinXze 
m 

w = X W    cos  \ z e 
m m 

icot 

itut 
37) 

Substitution of Eqs. (36) and (37) into (35) yields the sys- 

tem shown in Table II. 

TABLE II 

Um W 

K - <*** PSN„ -T bm 

<\ f -^ P, bm 
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Solutions of the system given in Table II for U  and m 
Wm are the following: 

U - A'^-T. A +  T.  HD2 - P.  | v\ ) m     v  bm R*   bm      bm R  m' 

(38) 

with ß ■ SäS/l-v" , d being the thickness of the shell, and 

& the determinant of the coefficients of the system given by 

Table II. 

If quantities U , U  , w   and W   are now appro- 
^ m2  ma  ma       ma r 

priately defined from the coefficients of P.   and T,   in 

Eqs. (38), the displacements (Eqs. (37)) are 

u = ^(u« PKn, +  um 
T^m)

sin Ä
m
z ela)t mp bm   ma bm     m m 

w = Z(W P,  -♦ W T,  cos X z e x ms bm   mM bm'    m m 

(39) 
iout 

where P,   and T,   are the Fourier coefficients of the ex- bm       bm 
pansions for p  and p  as given by Eqs. {2k). 

The application of plane strain conditions 

Ä  ä 0 ,   T,  5 0 m        bm 

results in the displacements 

u S 0 
(4o; 

w = W PK e 
ia)t 

b 

-19- 



where 

w =  ^  . (41) 
d(2ü/(l-v) - RW 

It is also evident from the stresses (Eq. (33)) that 

0zz = V 099 (0rr = 0) ' 
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IV.  THE THICK-WALLED VISCO-ELASTIC CYLINDER 

CASE-BONDED TO THE THIN SHELL 

Section (I) contained a solution for the simply-supported 

thick-walled cylinder with normal pressure on its inner and 

outer surfaces and tangential stress on its outer surface in 

the axial direction.  In Sec. II, a solution was given for 

the simply-supported shell with normal pressure and tangen- 

tial stress in the axial direction on its inner surface. 

These two solutions will now be combined to form a solu- 

tion of the problem of the cylinder contained by the shell. 

The condition that displacements be continuous at the inter- 

face is expressed by the following relations: 

u (b,z,t) = w(z,t) 
r (42) 

uz(b,z,t) - u(z,t) . 

Substitution from Eqs.   (29)   and  (39)   into  (42)   results  in  two 

simultaneous equations  on    P,        and    Tbin    which allows their 

determination  in terms  of    Pam  ,     The equations are 

P        t+T        t--P        t 
^m    2 T   ^m  S ram     i 

K     to + T.      t    =  -P      "E. 
bm    2 bm    3 am     i 

43) 
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with 

J mj        mj  m i    m mj  m i    m 

-   CmiXmJ«(hm
b)    "   Dm<X

m
YJhmb) mj  m o    m mj  m o    m 

j mj mj  m o    m mj   m o    m 

" c
mithm

Ji(hm
b)- ^o'X13) 1-Dmi[h Y^h b)- h (h b) ) mj    mivm        bom mjmim        bom 

for j = 1,2,3 and in each case 

mi   mi ■" 

The solutions of (43) are therefore 

(46; 

Pu ^,t       -   tt - bm i  a i  3 

^ =   P       : t  t     -  t  t 
am 23         23 

T, m       t   t -  t  t 
m       _ _bni =     PI PI 

bm       P               r T i am       t  t -  t  t 
2    3 2    3 

Substituting   (46)   into  (39)   gives  the displacements  of 

the  shell  in terms of known quantities 

u=ZP     (U    P,     +U    T,    )sin  A z  ela)t 

amv   m2 bm ms bnr m 
m 

(4?) 

w = S  p     (w    P,      + W    T,    )cos   h  z  ela)t   . 
anr   m2  bm ms bm' m 

m 

A similar substitution into Eqs. (29) and (30) can be made 

for the displacements and stresses in the thick-walled cylinder 
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The ratio Pjy/P- for plane strain is fomd, either by 

applying the first Eq. (42) to satisfy continuity of dis- 

placement using (31) and (40), or by imposing the conditions 

m        m       m 

on the first Eq. (46). 

The result is 

V^ = "^D^ lJ0(J*)Yi(^) " Yo(kb)Jl(kb)l    (48) 

where 

D= ((l-v)k Jo(ka) -i (2v-l)i J^kaJlY^kb) - 

- [(l-v)k Y0(ka) + (2v-l)i Y^kallJ^kb) -    (49) 

 2R2(a  

(2v-l)d[2G/(l-v) - R2pou2 

with 

A = [(l-v)kJo(ka)+(2v-l)^J1(ka)][(l-v)kYo(kb)+(2v-l)^Y1(kb)] - 

- [(l-v)kJo(kb)+(2v-l)^J1(kb)][(l-v)kYo(ka)+(2v-l)^Y1(ka)] 

(50) 
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V.  NUMERICAL EXAMPLES 

In order to illustrate the results of the analysis in 

the previous sections, certain numerical calculations were 

carried out.  It was assumed that the internal pressure in 

the thick-walled cylinder was of the form P e1:D  with P 
a a 

constant.  This latter assumption is, of course, an approxi- 

mation, since it is known that a well defined smooth burning 

surface would not exist even in a solid fuel rocket motor 

which initially had a circular bore.11 Therefore the tran- 

sition region where tne burning takes place is not being con- 

sidered.  The overall effect on the remainder of the pro- 

pellant is assumed to be taken care of by an equivalent pres- 

sure distribution.  The effect on the analysis of the moving 

internal boundary is also neglected.  However, a step by 

step increase of the ratio ab is felt to be a reasonable 

approximation of this moving boundary. 

Computations were made for the circumferential stress 

Tn , at z  ~ 0    on the inner surface (r = a) of the thick- 
O'J 

walled cylinder and at the interface (r = b) for certain combi- 

nations of parameters.  At  r = b the quantities  x  , T 1 n rr>     rz 

and u  were also computed for one combination of parameters. 

For the numerical calculations, the following dimen- 

sioniess parameters were fixed: 

1) The ratio of the length to the outer radius of the 

thick-walled cylinder (L/b =5.0) . 

2) The ratio of the shear modulus of the shell to that 

of the cylinder   (G/G - 104) . 
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3) Poisson's ratio for the thick-walled cylinder 

(v = A)  . 

4) Poisson's ratio for the shell (v = .3) . 

5) The ratio of the mass density of the cylinder to 

that of the shell (^/p = .5) . 

Certain other parameters were varied as indicated below. 

1) The ratio of the inner to the outer radius of the 

thick-walled cylinder was given the values 

a "b = .25. .5. .75, .95 

2) The ratio of the outer radius of the thick-walled 

cylinder to the thickness of the shell was given 

values 

b/d = 500, 750, 1000 

3) The specific damping in the cylinder was varied by 

allowing the ratio of the imaginary to the real 

part of the complex modulus to assume the values 

G A;   = .i,  .2,  .3 . 
1 

Each diagram illustrates the frequency dependence of the 

quantity which is plotted.  The independent variable in each 

case is a dimensionless frequency defined by the equation 

—  ,„5 a)d 
co = 10 ^f 

All calculations were done on the IBM 7090 Date processing 

system. 
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VI.  DISCUSSION AND CONCLUSIONS 

All computations were made for m = 1 i.e., for the 

first barrelling mode of the structure. This is associated 

with the first term of the expansion for the internal pres- 

sure. Figure 2 shows a comparison of this ^m ^ 1) term with 

a sum of the series and it appears that this first term is a 

good approximation for the behavior as a whole in the con- 

sidered range. 

An independent computation of the natural frequencies 

of the thick-walled cylinder shows that in the range under con- 

sideration there are fewer roots of the frequency equation than 

there are natural frequencies of the combined structure of the 

cylinder and shell Fig.Y^.  In each case the first natural 

frequency ot tnc shell in this mode is beyond the range of 

interest.  It is therefore evident that additional resonant 

frequencies are encountered in the range of interest because 

of the coupling of the motions of the cylinder and shell. 

Figures 3a and 8a indicate this increase in the number of 

natural frequencies.  Figure 3b illustrates the effects of 

very small damping (G /G = .001) on the circumferential 
?  i 

stress at the bore for a/b = .5, b/d = 1000, L/b = 5.0 . 

It can be seen that all the resonant peaks are still clearly 

defined.  Figure 3c indicates the effects of higher damping 

(G /G = .1, .2, and ,3) on the same stress for the same 
21 

geometry.  Here it is clear that some of the resonant peaks 

have already been completely damped out for the value 

G ZG = .1 .  It seems apparent therefore that since the 
2/ 1 

cylinder is in its first breathing mode, the resonant peaks 
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which are so easily damped out must be associated with sec- 

ondary shearing effects that are coupled with the barrelling 

motion.  For higher values of damping (G , G = .2    and  .3) 

there still remains at leastone prominent resonant peak. 

This is associated with the first resonant frequency of the 

breathing mode of the structure. 

Figures 7 to l6a,b,c illustrate the effect of changing 

geometry on the response in the range of interest.  It is 

clear that as a b • 1 (Figs. 3c, 7b. bb. 9bv the dominant 

resonant frequency shifts towards a value which is the first 

resonant frequency of the shell by itself.  As the change 

takes place, i.e., as the visco-elastic cylinder gets rela- 

tively thinner it is also clear that the amplitude of the 

response at the resonant frequency increases in magnitude 

tending towards the limiting case of the infinite value which 

would be associated with the elastic shell at its natural 

frequency.  A similar shifting of the frequencies can be ob- 

served as b d varies from loOO to 500 Figs. 7b, 10b, l^b). 

This amounts to a relative thickening of the shell.  In this 

case however, the effects of damping do not disappear as 

fast, since in this case, the relative thickness of the 

cylinder is held constant while the shell is made thicker. 

A study of Fig. 7 to l6b would therefore indicate that there 

is a certain set of ratios a/b and b'd  for which the 

maximum effect of the damping in the thick-walled cylinder 

would be achieved. 

Figures 3d and 7 to l6c illustrate the effects of damp- 

ing on the circumferential stress at the interface (r = b). 

It is clearly noticeable that in certain cases (Figs. 3d, 

ICc and 14c ) where the cylinder is still much thicker than 

'.:he shell, the amplitude of the stress at the interface is 
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very much smaller than at the bore even though the resonant peaks are 

still ovicent. Ilowever.as is seen in Figs, jc,   12c and l6c as 

a/b -» 1 the amplitude again becomes very large as the reso- 

nant frequency approaches that of the elastic shell by itself 

Figures ^a,b and üa,b show one case of the radial stress 

and displacement at the interface for z  0, while Fig. 3a,b 

shows the shear stress at the interface for z  +L/2 .  As 

would be expected for this mode the shear stress is much 

smaller in amplitude than the circumferential or radial 

stresses.  However, it is interesting to note that in this 

case there is still evidence of all the peaks for G ,G = .1 

whereas f^r the other stresses most of these have already 

been completely damped out.  Therefore, there seems to be 

evidence here to support the earlier conclusion that those 

peaks in the other stresses which disappeared for very low 

damping were due to frequencies associated with shearing. 

It is apparent from the results discussed above that 

values of G /G - .1. .2, .3  have a drastic effect upon 

the amplitudes of tne frequency response functions which 

were computed.  Since these values are smaller than values 

measured experimentally (G G  - .J^))1  it seems reasonable 

to conclude that any analysis of a solid fuel rocket motor 

which does not take into consideration the visco-elastic 

effects of the propellant would not give a true overall pic- 

nure. 

The variation of the ratio a/b , as a simulation of 

the state of the structure at various stages of burning, 

indicates for certain ranges of frequency, a considerable 

increase in the amplitudes of the computed functions.  This 

implies that, in fact, in a structure of this type, the 

critical period would be in the later stages when the pro- 



pellant is almost completely burnt out. From this point of 

view, the important frequency might be close to the first 

breathing frequency of the thin shell. 

However, the diagrams indicate that for certain re- 

stricted ranges of the forcing frequency a judicious choice 

of parameters may be enough to eliminate the possibility of 

large amplitude resonant peaks. 
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APPENDIX A 

HIGHER ORDER SHELL THEORY 

In cases of dimensions and loads for which membrane 

theory is inadequate, a higher order theory is required. The 

theory presented here includes the effects of rotatory 

inertia and shear.13 

For the radially symmetric case the displacements are 

ur(x,z,t) = w(z)t) 
(Al) 

uz(x,z,t) = u(z,t) + xV(z,t) 

with u, w, as shown in Fig. lb. x = r-R and f the angle 

of rotation of fibers which in the initial state are perpen- 

dicular to the middle surface. 

The relevant strains are 

u r 
f'ee ~  R 

= XT (A2) zz   dz K      ' 

. bu r*u 
erz = 2("är + JT^    ' 

Although unrestricted Poisson's ratio effect is allowed 

in the radial direction and at the same time the displace- 

ments seem to imply e   - 0 , the contradiction can be re- 

moved by first eliminating e from the stress-strain re- 

lations . 
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Thus 

OB '    1-v ^rr      1-v e90 +  1-v Czz 

ÖZ2 =Äörr+  l^e09 + r^zz (A3) 

= 2G£rz rz 

If o   is now considered to be zero the stresses are 

2G   Jw  ,   %i/du dv* 
^e = 177   R + V(5I + x 5?' 

If^W (^ 2G    Jöu azz = i^r  §I+ x 

o     = K
2
GU' + r^) rz dz^ 

where K2  is a constant as used in Mindlin's plate theory 

to adjust the limiting velocity for short waves to that 

given by three-dimensional theory.14 

Integration of the above stresses through the thickness 

of the shell gives forces and moments in terms of displace- 

ments as 

,, r Ö U     W , 
Nz = ^te4 v^ 

o r w      Ö U , Nfl = ßtR + V ^ 

M     =  ö  ^ 
z dz 

M
9 = vö t! 

AS; 
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Qz = '(v +li) (AS; 

with 

2dG ,  A   djG       „? ,_ 

All other forces and moments are zero. Application of the 

necessary conditions for equilibrium of a section of the 

shell results in three uncoupled equations on u, w, and  , 

ß(R H? + v |^) + R pz - RMU = 0 

^i+ vli) - '(Rli+ RP) -RPx< *m-0     ^ 

OR l-l - 7(Rv + R |r) - R | P, - RIV - 0 

where M is the mass and I the moment of Inertia per unit 

area of the middle surface of the shell. 

It can be shown that a unique solution of the system 

(A6) can be obtained if one quantity of each of the pairs 

N u, M ^ and Q w  is prescribed on boundaries z = constant 
z    ZT        z 

It can also be shown that Eqs. (35) can be obtained very 

easily from (A6) by letting f  = -öw/öz and neglecting ro- 

tatory inertia (l = 0) and bending rigidity (6 =0).  If the 

loading is the same as given by (36) in Sec. II, the solu- 

tion procedure is analogous, the only difference being that 

in the case of the higher order theory, the expressions for 

t.  in (44) will contain an additional terra due to T// . 

-32- 



Numerical calculations were made using the higher order 

theory in this section for the same range as for the simple 

shell theory, and it was found that in this range, the re- 

sults were identical. This agrees with the results of 

Greenspon i'. 
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APPENDIX B 

SOLUTIONS OF HIGHER ORDER SHELL EQUATIONS 

FOR LONGITUDINAL LOADS DISTRIBUTED OVER THE ENDS 

Solutions to Eqs. (A6) are taken of the form 

i(Xz-Kut) 
u = Ue' 

w = We 

^ = ^e 

i ( \z+a)t) 

i ( Xz+ü)t) 

Bl) 

Substitution of Eqs. (Bl) into Eqs. (A6) gives a system of 

equations on U, W and ^ which is homogeneous (Px = 0 , 

p = 0) as shown in Table B-I . 

TABLE B-I 

u w * 

-ßÄ2 + Hl)2 fvu 0 0 

fvu ^r +   yX2   - Mo)2 -yiA 0 

0 -7iA -ÖA2 - 7 +  Icu2 0 
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In order to have a non-trivial solution of the system 

given in Table B-I, the requirement is that the determinant 

of the coefficients of U, W and * be equal to zero. 

This expanded determinant is the frequency-wavelength rela- 

tionship for the shell. 

If a dimensionless wavenumber , = d'  is defined it can 

be shown that there are three limiting values of the fre- 

quency ö) as this wavelength approaches zero.  These values 

are determined by the roots of the equation: 

" l£ + 2^VT|u)- + aWf-v) ^ 0    <B2' 
with 

d2 = dVR2   and   ^ = f^p 

The roots in ascending order of magnitude are 

^ = 0 ;   a.' = ^J^  :       ^    -£     . (B3 

The first root {To''  = 0) corresponds to a rigid body 

displacement of the shell in the axial direction.  The re- 

mainder of the branch which passes through this point gives 

frequency-wavelength relations for purely axial motions (ex- 

tensions) of the middle surface of the shell. 

The second root (ZG2 = dLy2TTs( 1-v) )  corresponds to the 

lowest "breathing" mode of the shell.  The motion in this 

mode can be compared to the vibrations of a circular ring in 

its plane,lG 
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The equation for the actual frequency is in this case 

2 

2  2(H-v)G   ""T loh. 

where ou refers to Titnoshenko1 s value for the frequency of 

the lowest mode of a vibrating ring.15 The factor (1-v2) 

appearing in the denominator is a correction which is due to 

the effect of the adjacent rings of the shell upon each other. 

It should also be noted that -tim co2 = 0 indicating 
§■+00 2 

plate. 

frequency for axial shear in the shell. 

The third root {ü?  = S/^2) corresponds to the cut-off 
3 

The expansion of the determinant given in Table B-I, 

has three roots X2 which are frequency dependent. 

In the range where these are real, the solutions (B-l) 

become 

u = I Uv ei(lVu)Z+a)t) 
k=l k 

w = Z Wv e^±\i^^) ;:,5) 
k=l K 

k-l K 

It is also possible to determine ratios 

Uk    ßviÄk(u)) 
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'k 

>i\(a)) 

la)" - 7 - 6\^(a)) * (B6) 

Symmetric portions (symmetry with respect to z = 0) of the 

solution are therefore 

3 ^ \k(a))Wk sin Va))2  ^ 
u = ^i R ■HT-TTT^ e 

w = Z W. cos \v(u)) e 
k=l K    K 

iu)t 
(B7) 

3 7^(a))Wk sin Xk(aOz  ia)t 

Using tnese latter equations it is now possible to determine 

eigenfunctions and natural frequencies for symmetric motions, 

by imposing the necessary boanaary conditions. 

Using Eqs. (B?) above and Eqs. (A5) the following 

boundary conditions are applied: 

w = 0 

Mz = 0     )z = +L/2 

N = N e1^, z       J 

(B8: 

Substitution of Eqs. (B?) into (B8) results in the system 

shown in Table B-II. 
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TABLE B-II 

w 
1 

W 
2 

W 
3 

cos  X L/2 cos   X L/2 
2 

cos  X L/2 
■1 

0 

7X2 cos  X    L/2 

la)* - 7 - ax* 
i 

7X2 cos   \    L/2 
r             2 

luX   -  7  - 6   X^ 
;■ 

7X2 cos   X    L/2 
R            3 

Iw:'   -  7  -  <    X2 

2 
0 

ßVMo)2  cos   X L/2 

RlMü)*   -  ß   X^ 

;VMD2  cos   \ L/2 

2 

ßvMu)2  cos  X L/2 
a N 

R(Hx)2   -  ß 
3 

This system can now be solved for W. (k = 1,2,3) in 

terms of N the amplitude of the applied load as follows: 

= T { T i ^ .,5 T i ^ ..y  cos X L/2 cos X L/2 1  A I 7 - lur + 6 X^  7 - lur -f 6 A^      2       3 
v 2 > 

2 

7X2 7^ ^1 
 T g , .^ T ^ e.^  cos X L/2 cos A L/2  (B9) A 17 - la) ^• 6 X^  7 - Ito + 6 X" j     3 /       1 / 

v 3 1 y 

W  =? 
7V 7Ä' 

, ,,2   >cos A L/2 cos A L/2 
3  A 1 7 - 1M    + 6A^  7 - leu"' + öA^ j     1 /      2 / 

These quantities can then be substituted into Eqs. (B7) and 

then combined by Eqs. (Al) to give the displacements in the 

shell as 
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u    =   I    wv cos  X. (ü))Z elu)t 

k=l    K K 

n' - l[b y^V 5/     yv (BIO) 

Vr^rJ xk(a'')wksin +
 7 - J1* *XU*)       Va0WK sin   \(-)^e1 

Since the problem is linear, the results above can be 

superimposed upon those given m Sec. II to be used as a 

solution for the combined loading of internal pressure on 

the thick-walled cylinder and longitudinal loads on the ends 

of the shell. 

The super-position could be carried out by first ex- 

panding the results (BIO) into Fourier Series and then com- 

bining the results with the series given by Eqs. (39)- 
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