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ABSTRACT
l

This paper is concerned with the forced vibra-
tions of case-bonded soliua propellant grains,
Special attention 1is paid to the interaction be-
tween the thin elastic shell (case' and the thick-
walled propellant cylinder. The effects of ma-

terial damping in the propellant are explored.
Frequency-response functions are computed,
which can be used for analysis 1n situations where
the loading 1s arbitrary deterministic or random
stationary).
\

\
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INTRODUCTION

Increasing interest in the dynamic response of solid
propellant rocket motors has stimulated considerable research
in the area of vibrating cylinders. Many papers have been
written dealing with the dynamic response of thick-walled
elastic cylinders and thin cylindrical shells under various

types of surface and end loads.!-?

The investigation presented in this paper is concerned
with the vibrations of a thick-walled visco-elastic cylinder
contained by and bonded to a thin cylindrical shell (Fig. la);
the necessity for considering damping in the thick-walled
cylinder is due to the fact that most solid propellants ex-

hibit a visco-elastic response,

The solutions presented are radially-symmetric. Fre-
quency response functions are determined which may easily be
utilized for arbitrary and random inputs by means of the

established methods of Harmonic Analysis.

Damping is introduced by means of the elastic-visco-
elastic analogy and the use of complex moduli.® Poisson's
ratio v for the elastic thick-walled cylinder is replaced
by v* = v, + iv2 and the shear modulus G 1is replaced by
G* = G + iG  where G =6 and 62,27rGl denotes the
being the energy dissipated

d
during one cycle in shear and wp the maximum shear strain

2
specific damping Awd/wp , AW

energy.

Although the ratio GE/Gl is, generally, a function of

frequency, for the present considerations it is assumed to




be constant over a relatively wide range of frequencies,
This assumption of a constant complex modulus 1s in fair

agreement with test results, 7

The dependence of the damping upon the amplitude of the
applied stress 1s neglected because its consideration would
greatly complicate the equations of the problem by making

them nonlincar.

The cquations of lincar clasticity are used for the
thick-walled cylinder.” Membrane thecory 1s used for the
shell.? The equations of a higher order shell theory which
includes the ecffects of rotatory inertia and shear are pre-
sented 1n Appendix A, These cquations should be used in
cases where membrane theory 1s inadequate, e¢.g., for external
loads of acoustic nature or axial loads distributed over the
ends of the shell. Appendix B gives a solution for such
axial loads on the ends of the simply-supported shell which
can casily be superimposed on the solution for the shell

under internal pressure,
The analysis 1s broken down into the following steps:
1. The thick-walled r~ylinder
2. The thin shell,

3. The system of the thick-walled cylinder contained
by and bonded to the thin shell,

The assumption that the propellant and case form a con-
tinuous structurc at their interface requires continuity of
displacements and therefore produces strong coupling of the
motions of the cylinder and shell. This coupling is con-
sidered to be of primary importance and therefore the inter-

action is treated rigorously.




As a first step, a solution 1s obtained for a thick-
walled visco-elastic cylinder with simply-supported ends and
oscillating pressures on the inner and outer surfaces as well
as a tangential stress on the outer surface in the axial direc-

tion,

As a second step, a solution is obtained for the thin
shell with internal pressure and a tangential stress in the
axial direction on the inner surface. The outer surface of

the shell 1is traction-free.

The third step 1s a combination of the solutions given
in steps one and two by imposing the condition that all dis-
placements be continuous at the interface and also requiring
the external loads on the cylinder to be compatible with the

internal loads on the shell.

Numerical examples are given which illustrate some of
the effects of varying the geometry of the structure and the

specific dampin¢ in the thick-walled cylinder,




II. THE SIMPLY-SUPPORTED THICK-WALLED CYLINDER

The equation of motion of the elastic thick-walled cyl-

inder in cylindrical coordinates is

GVu 4 TV oy 1

where

\r

Application of Helmholtz's thecorem to the displacement vector

u allows it to be written in terms of potentials as

u Vi + V. » H . 2

When (2) is substituted into ;1) two uncoupled wave equations

on & and H are obtained by separation of variables

0
<,
)

where

c? 2G(1 - v) 4)
v p(l - 2V) (

is the square of the velocity of propagation of dilatational

waves in an infinite medium and




0N
o Io

is the square of the velocity of p

In the case of cylindrical sy

becomes

V.)

and the components of displacement

' H
o 6
u Y o ¥
r Jr 'z
JH H
~L_ 2
Yg dz 'r
o ‘H*r
u - 4 —
Z Z i g
The requirement that u, £ O for
case can be met by assuming Hr
governing equations are the first
with the component H replacing

2]
plicity H, will now be replaced

equations become:

9% . 1 00 | o%9
ore r or az<
0°H , 1 oH , ©o°
Jr< * r or + dz<

ropagation of shear waves,

mmetry the operator

are:

0O

|<

the radially-symmetric

H =20
z

of Egs. (3) and the second

H

and the governing

and thus the

the vector For sim-
by H

3° P




The displacements of intercst are now:

O

Use of these displacements results in the stress-displacement

relations

rr 1-2y 'r r 2
r~
u " u
2G r 72 r
T S 1- — ——= &) S
i 1-2v r 'z 'r
b/
i nu am u
T A 1_ _.._%. { \ ___..I: 4 _£
zz 1-2v [ 'z 'y r
«hr qu
T G{l— + —
rz P4 g

Solutions are required to satisfy the following conditions:

On the ends 2z 1L/2

27 lO‘

On the surface r a

rr
(11)

rz




and on the surface r = b

12!
2 * Y%
Solutions of Eqs. (7) are chosen of the form
&d(r,z,t 5. % (r)cos \ z S
m=1
13
H(r.z,t) = » H (r)sin \_z g Lt
m m
m=1
Substitution of Egs. (13) into (7) gives
o' (r) + Lovir) - x2 ¢ (1 0
m r ! m m
1)
L s [ ,“ _ -
Hm\r + Hm r) h Hm r 0
with
2
2 _ 4,2 _ @
k ‘.m 22—3
(15)

The solutionsof either of Eqs, (14) can be oneof three types,
depending upon whether k; or h; is negative, zero or

positive. Taking the equation on ¢m as an illustration,




a) for kI {0

o
@ =A logr + B 17

c for kh 0
e AmIo kmr 4 BmKo kmr . 18

In each case Am and Bm are arbitrary constants to be

determined from boundary conditions. Jo'r“ and YD 1) are
Bessel functions of the first and second kind of order zero
and Io(a) and Ko*ai are modified Bessel functions of the

first and second kind of order zero and argument «

In the following developments and computations only the
range of frequencies and wave numbers for which h; and k& are

real and negative has been considered.

The solutions of Egs. (14) are therefore

=
I

AJ (kr) + BY (kr)
mo' m mo m 19)

-
H (r) CmJoLhmr) + DmYo\hmr)
Equations (19) are now substituted into (8); using the re-

currence relations?®

Jé(a) = - Jl(q) Y;(a) ==-Y (a)

’-<—
o}

!
Q|+~
o
Q
l
<
Q

3l(a) =23 (a) - 3 (a) "(a) =




the expressions for the displacements are obtained

u, = - {:—km[AmJ1 kr) + B Y (kr)|-
- a[cIg (hr)+ DY (hr)])cos Az ei$t
m' "m0 m mo' m m
, 20
u, =2(-A[AJ (kr) +BY (kr)|+
z m'm o' m mo''m
+ C [i— J(hr) -hJd (hr)+
m'r “o'm m'1m
L - { \ 1 . lJt
+ Dm[ = Y hmr hmYl‘hmr ,}sm ApZ €

Substitution of Egs. (20) into Egs. (9) results in the ex-

pressions for the stresses

T = 3 {M (m,r)A_ + M (m,r)B_ + M (m,r)C_ A
2 m m ) m
+M (m,r)D cos A z e®t
4 ! m m
(21)
T, = ;{N (m,r)Am + N_(m r)Bm + N (m,r)Cc_ +




26 h A J. (h r)
mm 1l m

M(m,r) 26 h A Y (h r)
4 mm1l 'm
N (m,r) = 26 Xk A J (kX r)
1 mm 1 "m
\ { 2a\
N (m,r 26 k. A\ Y (k r
mml' m
. 1 2\
N (m,r G(AN - =% -h%)J (h r
3 m r m- o' m
N (m,r G(AS - Jﬁ - he)Y (hr
4 m’'"o0o 'm
The loads on the surfaces of the cylinder are now
assumed to be as follows:
/ \ iot i iu)t
Pylz,t) Pa\z\e ﬁ P, COS Az e
pb(z,t) Pb(z;elut =5 P COS A2z L 23)
m
0 iot . int
tb(z,t, Tb(z\e . Ty, Sin Az e
m
where
5 L/2
P == P_(z)cos A\ _z dz
am L _L/2 a m
> L/2
Pon = I f Pb(z)cos A2 dz (24)
-L/?2
5 L/2
T =< [ T (z)sin A z dz
bm L -L/2 b m

-10-




The boundary conditions (11, 12) now become
- iwt
T b, = -
rrl@12,t) % P, COS A ze
m
T (b,z,t) -5 P cos i\ z el®t
re 7 “ “bm
m
25
Trz a,z,t 0)
: lAt—
Trz b,z,t Tbm sin mZ ©
m
Introduction of the above conditions (25) into Egs. (21) re-

sults in the

system of simultaneous equations shown in Table I,

TABLE I
BE T _
A B | C T D
m m l m m . )
— = — y - T g =
M (m,a M (m,a) M (m,a M (m,a -P
1(m ) M 3 4 ) | am
+ I 4 — -
Ml(m,b) M?(m,b) | Mqu,b | M (m,b) I Py
—_— S —4 — _,.*‘ J -
N (m,a) N (m,a) N (m,a) N (m,a) 0
3
N (m,b) N?(m,b) N (m,b) { N (m,b) Tom !

The solutions for Am, Bm, Cm and Dm are as follows:
—Pam Mz(m,a) Ma(m,a) M4(m,a)
. “Pynm Mz(m,b) Ms(m,b) M4(m,b)
Am = A 0 N (m,a) N (m,a) N4(m,a)
Tom Nz(m,b) Na(m,b) N4(m,b)|

-11-




with

Ml(m,a)
M (m,b)

Nl(m,a)

-pam Maim,a~
-pbm Mq(m,b}
0 N (m,a)
3
Tbm Na'm,b
M (m,a) -
2 am
Mq m,b -Pbm
N (m,a) 0]
Nz(m,b) Tom
M (m,a) M (m,a
2 a
M (m,b) M (m,b)
2 3
N (m,a) N (m,a)
2 3
N (m,b) N (m,b)
3
M (m,a) M (m,a)
3
M (m,b) M (m,b)
N_(m,a) N (m,a)
N_(m,b) N (m,b)

-12-~

M (m,a)
4
M (m,b)
4
N m,a) 1
N m,b,|
M (m,a)
M m,b',|
N m,a)|
[
N (m,b)
-P
am
_Pbm’
0
Tbml
M (m,a)
4
M (m,b)
N (m,a)
N (m,b)|

20)




It is also possible to write the solutions in the form

Am - Amxpam * Amepbm ! AmuTbm
Bn = BmiPam * BrPom ¥ BruTom »
, 208
©
‘m lepam ! Cm\»pbm * Cmwam
%\ Dmﬁmn+DmPMn+DmJMn
where each of the Amj' ij, ij and ij ) 1,2,3) can

be determined by expansion and grouping terms in Eqs. (26

The displacements and stresses can now be written in

- Tbm’ by substitution

of Eqs. (28) into (20) and then using the results in Egs. (9).

terms of known quantities ﬁPam, P

Thus the displacements are:

u. = -; {}Amlpam + Amppbm + Am4Tbm'km J, kmr +

4

1 ( d
+[Bmlpam + erpbm BmsTbm‘km Yl kmr~ +

mlpam szpbm Cm’%Tbm:“m Jo hmr g

wt

1 i
+ + + A ]
(D 1P D ;P] D WT] JA_ Y (h r)} cos A _ze

(29)

1

uZ - -i {[Amlpam + Amapbm t Am*TbmJ\m JO'kmr\ +

mlpam Bmzpbm + BmaTbm]}\m Yo(kmr) +

1
Cmlpam szpbm + CmaTbm][hmJl(hmr)- r Jo(hmr)] i

it

1 i 7a
PniPam * ProPpm * DmaTbm][hmyﬁhmry-ryb&%f{§sn1kf“

_13_




and the stresses are

k

2G 112 321\ 42 Lomo
T =2 - k< ) —_— { \ |
r lfn 1-2v {[(v\km \m) km)Jo\kmr& rJl,kmr [Amlpam+Amzpbm+Am3Tbm’+

k
v 2.32) 12 ) L _m - \
+[‘»‘km ) K ) Yo Uk ) :\& Kt J[Bmlpam+anpbm+Bm3Tbm’+

/

J (h r)(c P +C P

+
m 1'm ml am ]

C

msTbm

- | Y
F(l 2V'hm bm +

int

A
'*Yl{hmr'(Dmxpam+Dm:pbm+Dm3Tbm' } cos \ z e

=5 VI |
Trz_; °6 {km\mJl kmr lAmxpam * Amrpbm * AmaTbm' *

( \
+ km)‘myl\kmr [Bmlpam + Bmppbm * BmuTbmJ *

(a2 1 2\ 1 ¢
ez P, hmr)[cmlpam * ChoPom

1

CmaTbm‘

1 24 / \ iwt
e +hm) YO( hmr) [Dmpamwm Pbm+Dm3Tbm§sin )\mze

K (30)
o m v 2,12
~==2.2G {[ﬂr l(kmr)+l_2v()m+km)Jo(kmr) ][Amlpam+AmPPbm+Am3Tbm]+
k

_m v B -2
+ [y (k 1)+ Toop(A2tk2)Y (k r) (B P, +B P +B T, I+

Jo(hmr)[lepam + Cmepbm + CmaTbm] t

iot
Yo(hmr)[Dmlpamﬂ)mppbmﬂ)maTbm]}COS A2 e

2z 1-2v m 1-2v ml am

_ v-1 2 _ __V 2
T —IETL‘2G {( A km)Jo(kmr)[A Pom ' Amgpbm + AmsTbm]+

(e - k2)y (x r)[B P+ B P +B T

1-2v'm 1-2v "m’ o ml am m2"” bm ma bm]+

>\m
+[—0

ro( ]+

h r)-h A J (h r)]lc P+ C P+ Co T

A
- — - it
| rmYO(hmr) h A Y (h r)](D lPam+Dm2Pbm+Dm3Tbm]}cos A Ze

-14-




It is also observed that

A - 4—3"‘!:—11—"- (m = 1,2,3,...)

is sufficient to satisfy the end conditions (Egs. (10)).

Having the solution for the elastic thick-walled cyl-
inder the conversion is made to the visco-clastic thick-walled
cylinder by replacing the elastic shear modulus G by the
complex modulus G* and Poisson's ratio v by a complex v°

in the expressions for displacements and stresses,

It should be noticed here that if in Egs. (29, and (30

the conditions » =0 . T =0 and ¢ & D_= 0 are in-
m bm m m

troduced the displacements and stresses become

- \ \ / \ 1 iwl)t
u, = ( AP+ AP, J,(kr) +4 {BlPa 4 BPPb‘Y,\kr ) le .
31)
u = 0
Z
and
T = -26{[AP. + AP J[E% kI (kr) + =3, (kr)] +
rr 17 a 2"b'*2v-1 o} r 1
1-v ‘ 1, iwt
+ [Blpa 4 szb”2v-1 k Yo_kr) = kr)]} e
(32)
v dL
Tgg = —2G {}Alpa + A”pb][Qv-l k Jo(kr) - J, (kr)] +
+ [B.P. + B P J[== k Y_(kr) - L v, (kr)]} et
1% a 2 b t2v-1 o) r 1
T =20
rz
2GVvk iot
T, = = Byol {[AlPa + AePb]Jo(kr) + [BlPa + BZPb]YO(kr)}e

-15-




with

k2 = w?/c? and c gll-v) G .
}

It can then be shown that the above stresses (32
the equation

which together with the condition

are the requirements for a state of plane strain,.

satisty

Equations

(31) and (32) are therefore the solution to the problem of

the thick-walled cylinder in plane strain,

-16-




III. THE SIMPLY-SUPPORTED THIN CYLINDRICAL SHELL

The equations of membrane theory are used for the thin
cylindrical shell.? For solutions which are radially sym-
metric the two components of displacement are w and u as
shown in Fig, 1b,

The stress-displacement relations are

68 © 1-v 'R 0z
o5 3 (33)
G =w u
Jzz T 1-v 3 R 52)
The equations of equilibrium are therefore
o
,_ 98
pt-u R Mw
Sa (34)
zzZ
Ptz - M

and by substituting Eqs. (33) into (34) the displacement

equations of motion become

26d  w  —0du, _ ..

Pe " 1R (R+735g) =M
(35)

Gd vV dw , d%u .

P, + 1% (R5z T 5z2) - M

with M the mass per unit area of the middle surface and Vv

and G Poisson's ratio and the shear modulus of the shell.

-17-




It is now assumed that the external loads P, and p
are such that they can be represented as follows:

- < iwt
P, = 5 Pbm cos xmz e A
36
. v iwt
= - 3
Pz % Tbm sin \mz e
m
with
(2m-1)7
A = Al =
m L m 1,2,3,.

The displacements w and u are therefore taken to be

of the form

. , 1wt
U sin A 2z e
m m
m

=
H
™~

| 37)
w =27 W cos ) 2z cm‘t
m m

m

Substitution of Egs. (36) and (37) into (35) yields the sys-
tem shown in Table II.

TABLE 11I
e, |«
S M 1 —
2 _ 2 v _
ﬁxm Mw B R Am Tbm
v s w2
B R ‘Rﬁz My P
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Solutionsof the system given in Table II for Um and
wm are the following:

= A" ’ 2 _ s
UL = AT (=T é% + T Mo - B LA )
(38)
_ A=l a2 L 2 B -
wm a (Pbm : xm pmeu ! Tbm R V)‘m}

with £ = 2dG/1-v , d being the thickness of the shell, and
A the determinant of the coefficients of the system given by
Table II.

If quantities Umz, Uma, wm2 and wm3 are now appro-

priately defined from the coefficients of Pbm and Tbm in

Egs. (38), the displacements (Egs. (37)) are

<« \ . i(Dt
u = m{Um?Pbm + UmsTbm'Sln sz e
(39)
iwt
w = ﬁ(wmzpbm + wqubm)cos ApZ ©
where Pbm and Tbm are the Fourier coefficients of the ex-
pansions for p_ and p, as given by Egs. (2h).
The application of plane strain conditions
AL o, Tbm £ 0
results in the displacements
ugo
(40)
w=W Pb e M
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RE

d(2G/(1-V) - R%w®

It is also evident from the stresses

. =V .
22 0 rr

-20~-

Eq.

33)

that
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1V, THE THICK-WALLED VISCO-ELASTIC CYLINDER
CASE-BONDED TO THE THIN SHELL

Section (I) contained a solution for the simply-supported
thick-walled cylinder with normal pressure on its inner and
outer surfaces and tangential stress on its outer surface in
the axial direction. 1In Sec. II, a solution was given for
the simply-supported shell with normal pressure and tangen-

tial stress in the axial direction on its inner surface.

These two solutions will now be combined to form a solu-
tion of the problem of the cylinder contained by the shell.
The condition that displacements be continuous at the inter-

face is expressed by the following relations:

ur(b,z,tf wiz,t)
(42)

uz(b,z,t) = u(z,t

Substitution from Egs. (29) and (39) into (42) results in two

simultaneous equations on Pbm and Tbm which allows their
determination in terms of Pam . The equations are
P, €, + Tt ,=-P  t
(43)
Pom T2 ¥ Tom s = ~Pam 3

-2]-




t. = -W

- Ap ik (kb) - Bk (K b)

J mj J
- cmj\maokhmb‘ - ijmeo hmb'
Ej = -Umj - AmjA'mJo KpP) - ij'myo'kmb -
- Cpy[ngd (0 )= 30 (heb) 1D (hy, (hb)= Y (b
for j =1,2,3 and in each case
U W.=0. (45

mi ml

The solutions of (43) are therefore

E ] Pbm t:.l. 3 - tlta

bm T, = —
P —
- t t’ t,tq
(46)

= bm tgtl - tztl
Tbm “ P = - -~

am tt -ttt

2 3 2 3

Substituting (46) into (39) gives the displacements of

the shell in terms of known quantities

= s . it
u = i Pam(umzpbm + UmaTbm)Sln ApZ ©
(47)
= = int
w=2p (W B+ WoaTpm)COS A Z e

A similar substitution into Egs. (29) and (30) can be made

for the displacements and stresses in the thick-walled cylinder.
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The ratio Pb/Pa for plane strain is foind, either by
applying the first Eq. (42) to satisfy continuity of dis-
placement using (31) and (40), or by imposing the conditions

‘m m m
on the first Eq. (46).
The result is
/ _(1-v)k ( - ( ] 4R )
P/P, = =5 [3,(kb)Y,(kb) - Y (kb)J (kb)] 48
where
1 o
D= [(1-v)k Jo(ka) + \2v-1‘§ Jl(ka)]Yl\kb) -
; 1 2 a0
- [(1-v)k Yo(ka) + (2v-l); Yl(ka\]Jl(kb) - (49)
_ 2R%GA
(2v-1)d[2G/(1-V) - R®pw?
with
1 1
o = [(l-v)kJo(ka)+(2v-1)§J1(ka)][(l-v)kYO(kb)+(2v-1)ng(kb)] -

- [(l-v)kJo(kb)+(2v—1)%J (kb)][(1-v)kyo(ka)+(2v-1)§yl(ka)]

1

(50)
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V. NUMERICAL EXAMPLES

In order to illustrate the results of the analysis in
the previous sections, certain numerical calculations were
carried out, It was assumed that the internal pressure in

the thick-walled cylinder was of the form Paci't

with Pa
constant, This latter assumption is, of course, an approxi-
mation, since it is known that a well defined smooth burning
surface would not exist even in a solid fuel rocket motor

1 Therefore the tran-

which initially had a circular bore.
sition region where tne burning takes place is not being con-
sidered. The overall effect on the remainder of the pro-
pellant is assumed to be taken care of by an equivalent pres-
sure distribution. The effect on the analysis of the moving
internal boundary is also neglected. However, a step by

step increcase of the ratio a'b 1is felt to be a rcasonable

approximation of this moving boundary.

Computations were made for the circumferential stress
19 at z = 0 on the inner surface (r = a) of the thick-
walled cylinder and at the interface (r = b) for certain combi-
nations of parameters, At r = b the quantities Trr, T o
and u_were also computed for one combination of parameters,
Fcr the numerical calculations, the following dimen-

sionless parameters were fixed:

1) The ratio of the length to the outer radius of the
thick-walled cylinder (L/b = 5.0)

2) The ratio of the shear modulus of the shell to that
of the cylinder (G/G = 10%)

=P =




3) Poisson's ratio for the thick-walled cylinder
(v = .4) .

4) Poisson's ratio for the shell (V = .3)

5) The ratio of the mass density of the cylinder to

2

that of the shell (,/; = .5)

Certain other parameters were varied as indicated below.

1) The ratio of the inner to the outer radius of the

thick-walled cylinder was given the values

abdb: .25’ ~5' -75) -)5

2) The ratio of the outer radius of the thick-walled
cylinder to the thickness of the shell was given

values
b/d = 500, 750, 1000

3) The specific damping in the cylinder was varied by
allowing the ratio of the imaginary to the real

part of the complex modulus to assume the values

G/6 = .1, .2, .3
Each diagram illustrates the frequency dependence of the

quantity which is plotted. The independent variable in each

case is a dimensionless frequency defined by the equation

— _ a5 od (/P
w =103 V&

All calculations were done on the IBM 7090 Date processing

system.
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VI. DISCUSSION AND CONCLUSIONS

All computations were made for m 1 i.e., for the
first barrelling mode of the structure. This 1s associated
with the first term of the expansion for the internal pres-
sure, Figure 2 shows a comparison of this 'm 1 term with
a sum of the series and it appears that this first term is a
good approximation for the behavior as a whole in the con-

sidered range,

An independent computation of the natural frequencies
of the thick-walled cylinder shows that i1n the range under con-
sideration there are fewer rootsof the frequency equation than
there are natural frequencies of the combined structure of the
cylinder and shell Fig,7a. In each case the first natural
frequency ot the shell in this mode is beyond the range of
interest., It is therefore evident that additional resonant
frequencies are encountered in the range of interest because
of the coupling of the motions of the cylinder and shell.
Figures 3a and 8a indicate this increase in the number of
natural frequencies. Figure 3b illustrates the effects of
very small damping (GP'Gl = ,001) on the circumferential
stress at the bore for a,/b .5, b/d 1000, L/b = 5.0 .
It can be seen that all the resonant peaks are still clearly
defined. Figure 3c indicates the effects of higher damping
(GZ/Gl = .1, .2, and .3) on the same stress for the same
geometry. Here it is clear that some of the resonant peaks
have already been completely damped out for the value
G2/Gl = .1 . It seems apparent therefore that since the

cylinder is in its first breathing mode, the resonant peaks
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which are so ecasily damped out must be associated with sec-
ondary shearing cffects that are coupled with the barrelling
motion. For higher values of damping (G G1 .2 and .3
there still remains at leastonc prominent resonant peak.
This 1s assoclated with the first resonant frequency of the

breathing mode of the structure,

vl

Figures 7 to lba,b,c 1llustrate the effect of changing
geometry on the response 1n the range of 1interest. It is
clear that as a b -1 Figs. 3c, 7b, vb, 3b) the dominant
resonant frequency shifts towards a value which is the first
resonant frequency of the shell by itself. As the change
takes place, i.e., as the visco-elastic cylinder gets rela-
tively thinner 1t 1s also clear that the amplitude of the
responsc at the resonant frequency increases in magnitude
tending towards the limiting case of the infinite value which
would be associated with the elastic shell at its natural
frequency. A similar shifting of the frequencies can be ob-
served as b,/d varies from 1000 to 500 Figs. Tb, 10b, 14b).
This amounts to a relative thickening of the shell. 1In this
case however, the effects of damping do not disappear as
fast, since in this case, the reclative thickness of the
cylinder is held constant while the shell 1is made thicker,

A study of Fig. 7 to 10b would therefore indicate that there
is a certain set of ratios a’/b and b’d for which the
maximum effect of the damping in the thick-walled cylinder

would ke achieved.

Figures 3d and 7 to 1bc illustrate the effects of damp-
ing on the circumferential stress at the interface (r = b).
It is clearly noticeable that in certain cases (Figs. 3d,
10c and l4c) where the cylinder is still much thicker than

“he shell, the amplitude of the stress at the interface is
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very much smaller than at the bore even though the resonant peaks are
still cvicent. jiowever,as is seen in Figs, Jjc. l2c and l6c as
a/b - 1 the amplitude again becomes very large as the reso-

nant frequency approaches that of the clastic shell by itself,

Figures 4a,b and va.b show one case of the radial stress
and displacement at the interface for 2 O. while Fig. 5a,b
shows the shear stress at the interface for =z 1L 2 . As
would be expected for this mode the shear stress is much
smaller in amplitude tnhan the circumferential or radial
stresses. However. it 1is interesting to note that in this
case there is still evidence of all the peaks for G G1 .1
whereas for the other stresses most of these have al}cady
been completely damped out., Therefore, there scems to be
evidence here to support the ecarlier conclusion that those
pecaks in the cSther stresses which disappeared for very low

damping were due to frequencies associated with shearing.

It 1s apparent from the results discussed above that
values of G G1 = .1, .2, .3 have a drastic effect upon
the amplitudes of tne frequency response functions which
were computed. Since these values are smaller than values
measured experimentally (G G1 .35)Y" it scems reasonable
to conclude that any analysis of a solid fuel rocket motor
which does not take into consideration the visco-elastic
effects of the propellant would not give a true overall pic-

BUNEE o

The variation of the ratio a/b , as a simulation of
‘he state of the structure at various stages of burning,
indicates for certain ranges of frequency, a considerable
increase in the amplitudes of the computed functions., This
implies that, in fact, in a structurc of this type, the

critical period would be in the later stages when the pro-




—

pellant is almost completely burnt out, From this point of
view, the important frequency might be close to the first

breathing frequency of the thin shell.

However, the diagrams indicate that for certain re-
stricted ranges of the forcing frequency a judicious choice
of parameters may be enough to ecliminate the possibility of

large amplitude resonant pcaks.
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APPENDIX A

HIGHER ORDER SHELL THEORY

In cases of dimensions and loads for which membrane
theory is inadequate, a higher order theory is required. The
theory presented here includes the effects of rotatory

inertia and shear.?!?®

For the radially symmetric case the displacements are

\

ur(x,z,t) = w(z,t ‘
A‘Al)
uz(x,z,t' u(z,t) + xy(z,t)
with u, w, as shown in Fig, lb., x = r-R and ¢ the angle

of rotation of fibers which in the initial state are perpen-

dicular to the middle surface.

The relevant strains are

u
p _ L
4 R
Au
z
“zz ~ Oz (a2)
du du
Z X\

_ iz  _r
“rz 2(3x + dz

Although unrestricted Poisson's ratio =2ffect is allowed
in the radial direction and at the same time the displace-
ments seem to imply €rp = 0 , the contradiction can be re-
moved by first eliminating €y from the stress-strain re-

lations.
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Thus

706 = T-v rr t 1-v €96t 1y €2z
‘zz = I¥7 ‘rr + %%% €on t f%% ‘zz ~Aj)
Vg = 2Ge rz

If o is now considered to be zero the stresses are

rr
2G |w ,du )
6 = 1-v {R+ ViSz T X3z

5 - 26 (gu e w
2z l-v {:z i Sé v R} (Al

where K% 1is a constant as used in Mindlin's plate theory
to adjust the limiting velocity for short waves to that

given by three-dimensional theory.*

Integration of the above stresses through the thickness

of the shell gives forces and moments in terms of displace-

ments as
Ju
N, = r[62 tv R]
w du
N, = ;’w['ﬁ + v ’é—z-]
. (A5)
_ s OV
Mz =9 dz
oY
_ oy
MB = vb Sz
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0, = v+ 5 (A5
with
_ 2dG | a°c . e
S VA T o(l-v) !

All other forces and moments are zero, Application of the
necessary conditions for equilibrium of a section of the

shell results in three uncoupled equations on u, w, and |,

o Q32U W, "
(R See + v Sz’ + R pz - RMu = 0O

W 3“ a \ W, v 2\
Blg+v3,) - «(R§g+R5;Z) -~ Rp, + RMé =0 AD
r‘R 62 - R + R ﬂ\ - R g - RI. O
R 572 - VR Sz 2 b '

where M 1is the mass and I the moment of Inertia per unit

area of the middle surface of the shell.

It can be shown that a unique solution of the system
(A6) can be obtained if one quantity of each of the pairs

Nzu, Mzw and sz is prescribed on boundaries 2z = constant,

It can also be shown that Egs. (35) can be obtained very
easily from (A6) by letting ¢ = -dw/dz and neglecting ro-
tatory inertia (I = 0) and bending rigidity (6 = 0). If the
loading is the same as given by (36) in Sec. II, the solu-
tion procedure is analogous, the only difference being that
in the case of the higher order theory, the expressions for

Ej in (44) will contain an additional term due to ¢
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Numerical calculations were made using the higher order
theory in this section for the same range as for the simple
shell theory, and 1t was found that in this range, the re-
sults were identical. This agrees with the results of

Greenspon, ¢
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APPENDIX B

SOLUTIONS OF HIGHER ORDER SHELL EQUATIONS
FOR LONGITUDINAL LOADS DISTRIBUTED OVER THE ENDS

Solutions to Eqs. (A0) are taken of the form

1( Az+w
u = Uel 2+t
w w@1\~z+;t (B1'
v = ?el\\z+pt

Substitution of Eqs. (Bl) into Egs. (Ab) gives a system of

equations on U, W and Y which is homogeneous (p = U ,
P, = 0) as shown in Table B-I,
TABLE B-1
— B
U W y J
—b/\z + mz % Vl\ | O O
| |
B v > 2 2 .
H ViA éﬁ + YA Mo yin | 0
0 -yiA S50 -y 4+ Iw® 0
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In order to have a non-trivial solution of the system
given in Table B-I, the requirement 1is that the determinant
of the coefficients of U, W and Y be equal to zero.
This expanded determinant 1s the frequency-wavelength rela-
tionship for the shell,

If a dimensionless wavenumber . d* 1is defined it can
be shown that there are threec limiting values of the fre-
quency o as this wavelength approaches zero. These values

are determined by the roots of the cquation:

m 2nc<(1l=-v 2nt(1l-v
with
Y. < ¥ —F . L d’P
d d“ 'R and T E E;va—

0: Temed— . wod . (53

el

The first root —1 0) corresponds to a rigid body
displacement of the shell in t he axial direction. The re-
mainder of the branch which passes through this point gives
frequency-wavelength relations for purely axial motions (ex-

tensions) of the middle surface of the shell,

The second root (° - d” /2n?(1-v)) corresponds to the
lowest "breathing" mode of the shell. The motion in this
mode can be compared to the vibrations of a circular ring in

its plane.?*®
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The equation for the actual frequency is in this case

2
2 _ 2l+vlg Lp .
wz "R (1-v=) T 1- (BY

v

where p refers to Timoshenko's value for the frequency of
the lowest mode of a vibrating ring.15 The factor (1l-v“)
appearing in the denominator is a correction which is due to

the effect of the adjacent rings of the shell upon each other,

It should also be noted that {im o° = 0 indicating
that this mode could not exist in § 51§te.

The third root (& = 3/m°) corresponds to the cut-off
3]

frequency for axial shear in the shell.

The expansion of the determinant given in Table B-I,

has three roots \° which are frequency dependent,

In the range where these are real, the solutions (B-I)

become

3 ) \ .

W= 5 Uk el\tkk\u}z+1t)
k=1
3 '1“

w= % wk el(t‘k w)z+wt 15)
k=1
3 sfay |

y= 5oy, el(t\k(m)z+wt)
k=1

It is also possible to determine ratios

S
=~

ﬁvi%k(w)
- Rﬁxi(w) - RMw

=]
<

=
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, K .
W, I - 7y - ";'. ) BO)

Symmetric portions (symmetry with respect to =z 0) of the

solution are therefore

2 \ L q
go= 3 ?g ; . _k-k? k Qx“t
3= S S
3 :
w o= 3 wk cos A lu el“t B7
k=1

()
; yAk u,wk sin \k“ 2 S
a

v I = &)

k=1 7 ~ X
Using these latter equations it 1s now possible to determine
eigenfunctions and natural frequencies for symmetric motions,

by imposing the necessary bounaary conditions,

Using Eqs. (B7) above and Egs. (A5) the following

boundary conditions are applied:

w =20 b

M, =0 ?z:iL'Q (B8)
_ iwt

Nz = N e )

Substitution of Egqs. (B7) into (B8) results in the system
shown in Table B-II.
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T I -] B
Wl W W
2 3
= 5 g == T ——— :*— — :
cos «lL 2 | cos A L ’ cos A\ L/2 0
3

,xi cos A L/2 y\2 cos A L/2 y\° cos A L/2
2 2 a 3
To* - 7 - 5% Tof = 5 = 6 W2 Io” - 5y -6 a | °
— 1 1‘ - T
BVMy® cos nP/2 VM cos \ L/2 vMp© cos A L/2
4 £
R(Mw® - f3 \217 R(MoZ - D A2) | R - B A | N
. 2 [ - 3 i
This system can now be solved for W, (k = 1,2,3) in
terms of N the amplitude of the applied load as follows:
N '))\g ,/\‘3 . )
w1 A Y- In® + OA° Yy = Iw® + &N cos A L/e cos qL ¢
b2 3
N Y)\i ,\‘l / / { \
el T - = S=or A / A {
w? Ay - In® + 6A° v - Iw® + ‘\i cos 3L/2 cos lL’Q \B3)

N i .
— y - % vy I r /r
&

These quantities can then be substituted into Eqs. (B7) and
then combined by Eqs. (Al) to give the displacements in the
shell as
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3 >
u, = b3 W, cos \k‘ﬂ s
k=1
3 [ " o
u, = 2 T - 2 22 B10O
z k=1 R Mup k¢
X , : iwt
+ 4 2 SR A i
= 1. + “R , J ” wk sin x4 zZy)e

Since the problem is linear, the results above can be
superimposed upon those given in Sec. II to be used as a
solution for the combined loading of internal pressure on
the thick-walled cylinder and longitudinal loads on the ends
of the shell,

The super-position could be carried out by first ex-
panding the results (Bl0O) into Fourier Series and then com-

bining the results with the series given by Egs. (39).
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