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ABSTRACT

Borensions are dseived for the subtual cpd self-
radiation impedances botween the elements in sn arrsy of
coexisl, fres-flooding, &xiaily szsced rirg tranaducars
undergoing axisymmeiric, redisl wibratlcns. Fluid circu-
1ztion through the gaps betrman elements and around the
array extresities is sccounted for ipg s Torsmlaiion of this
problem shich was presented in a rocent study of aingie
*squirters®, {CAA-Ropore-U=2PPohlln  An intezrel egquation is
constructed which defines the unkmown radial velocity dis-
tribution a(z) between elements end on the tuo semi~
infinite cylindrical surfsces which bracket the array. It
is shown that the radiation impelance i3 Lhe zus of two cce-
psonents: (1) toe ‘rpadance eveluated by weans of the mathe
emptical model origiimied by Robey, which sssumes thet the
active array *lmant is locsted on an iafinite rigid cylin-
drical tafile, axd (2] the impedancs associsted with the
uaknown velocity 2istribution a2z}, which is therefere in
the nature of 8 correction feclor to Rodey's impedance.
Four methods are presented for obtsining the runctton afz):
= perturvation solution whick cin be used &5 tie stording
point fu a more refined iterstice-~type soluticn, 8 finite-
difference solution of the integral e —ation &5 figsily S
variational soluticun. gUnfortunately & varisticael aslu-
tion is less attracti?® in the case of the arrey prodlem
than in the case of the wyingle "squirter” vscBuse only ibe
gelf-radiation Smpsdance be chtained directly from the
stotionary Dumetionsi in terms of wkich this approach is
formulated, The mutuel izpedances must be yvalusted trom the
undeterained coafficients in tesss of which the trial func-
+ions afz) are expres.ed.

Dr. J. 2. Greensporn, of ¢ 5 Engineeriny Bopesrch
Angoziates, ovaluzted the {nverse Fourier transforms in
tarms of which the solutios $8 presonted; snd obteined
quantitative results bosh for the sirgle cylinder apd rTor
tixe arrsy. He will zresent this mmterial in & seoparave
report eatiilesd “Axially Symmetric Green's Ructions far
Cylinders.”

LN A bl RSN 12 ORE 3308 | INAVOMIILD 631 0" 2l .

sl

"

=
3
Z
=
3
i
b}
B
3
;




P R R L TRl AL LA TP -0

Rt
.

-

0
S

g
E

avemg oy rN.u’

5w i

ver asn J—— . won——y

eseviny

[

AP el

TABIS OF CONIITS

Aexnovleduent. o+ o v ¢ o o v s v o 0 o o
ADSETBCE. o « o ¢ ¢ - 4 o s e 8 s 0 e s

iasr of Symvole

NTEEP - * 6 ¢ & & & e v s & e s o

135 OF FIGUIES o v o o o o v o o s o o &

Scope and Backgrourd of This Study
Forzalation of the Frovlem « « « &
Radsation DecedBnse. « o v o o o o

4R

<

.

Ferturbation apd Iteration Solutfon of the Integral

BQURLION « ¢ o + o 5 o o 5 o o a0 s e 0 0 e s s 2

vI Finite-Diffexence Solution of the Integral Eguaticn.

vix Varistional Soluticn of the Integrel Bguatiom. . o

RBefCronotSGe o o » o o o o o o ¢ o 3 5 o o 4 ¢ s a o a o o @

143

.

Formilation of the Problem in Yeras of Symmetric {Fven)
ent Antisymmetric (0d3) Veloeity Distributions « . » . .

Par

S0P ARSI MUALITT  APESE G4 (VW e e s

Nee A A BB KRR AR E LIRS (a2

[T

i




£
b3

o
[V

Yo s .o
N v, oM Sy b gy om0

L.

-#

NI jﬁ‘ﬂ"ﬁ“

e P GlCOE RN G

[P ——— oy

————

i

o] 6 o m
5 (3

t“?\‘nﬁtu’

Lol
»

e

.

)

“
n

U

syEaLs®

{83ternative suvscripts, viz. e, are used to condense two egustions

into ane, the upper subscripl on the left s5ids of the equstion being
&zsociated with the upper signs and subscripts on the right side of the
equution, snd vice verso.)

mean redius of "sguirter” (Fig. 2)

ioner &nd outer rédius of “squirter,” respectiveiy (Fig. 2j
kalf-vidth of ghp between clements (Fig. 1)

gound velocity in fluid mediwm

L’Go’am’gos’sie’soa’r’r r A,As apd Aa Green’s functions and related

s 8’
functions defined in Tabic 1

Hankel function of the f£irst kind, of order m. {Thir function represerts
outgoing vaves for the sssused time dependence exp(-~imt)]}

half wall thickness of "squirter” (Pig. 2)
Bessel “unction of order &

vave mumber. equas - ofc

-1dinl vave mmber, equal to (3:2-?::)é

axiel vave puiher

half-length of arrey element (Figs. 1 epd 2)
half-length of array (Pig. 1)

sound pressure

cylindrire) ooacpdimmtes

rsd4al velocity axmplitude of active erray element (Figs. 3 acd &)

u{z),ul(z),u {2} radisl velocity distribution over cylindrical surfaces {r=a),

u (z),u (2) symuetric (even) and antisymmetric sodd component of
7elceity distributicn over cylindrical surface (rea) {Pig. &)
Z 33 seif-radistion Lupedence of array element j, in units of foree/velocity,
r (g
equsl to ‘(z.;.:)r + (z,“)a]
2, cutual radistion impedsnce experienced by array element X as 8 reault
o= of vibration of array element J, in units of force/veloeity eaual to
e, .+ (2,
(z Jk)r redistion impedence obtained from Robey's mathematicsl model for which .
ofz)=0 (transducer eleoents located on infinite, rigid, cylindricsl baffle)
(ka)a correction fuctor ssgocisted with velocity distrivuticn afz), to be

r«-gi) and (r-—ao) respectively, positive outwvard (Fgs. 2 and 3)

added to (2 Jk)r

®other gynbols arc defined in the text.
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region of z-axic consisting of tLhe Zaps betwesn array eiemenis, and
o2 the tvo semi-lufinite svlizirical surfaces (z>2, z <1} <@den
brecket the arrsy (Ms. 3)

poeitive half of 2z,

location of midplans of gaps between neighboring array elements (Fig. 1)

loc=tion of midpisne of ective array eloment (Mg. &)

location of midplane of arrsy elemen’ (ug 1); in impedance calculu-
t4cns. locaticn of imactive element (Fig, &)

radial velocity in the region z, (Mg. 3) norsalized to velocity
agplitude U of active elcaent‘iﬁ‘nmy

a (z) 2, (2) sysmetric {even) and an.isymmetric 5«1&) component of velocity

ai-"go

8(z-z’)

#(r,z)

distrivution in region z, , normlized to U/2

coefficients in the relation of the velocity U of the mean transducer
surface with, respectively, uy and u o? defined in Eg. II.3, 81 for
saall hfs

Dirac del®a function, fa(z') 8lz-.") az? = u(z)

-

Poisson's ratic of treusducer material
dersaity of fluid medium

velocity potential {outward velocity iz -38/dr); cubscripts "i" ard

"o rersr, regpectively, te regions r <ayend T > &,; subscripts "g"
and "a® refer, reapectively, to symmetric (even) and antisymsetric
(0ad) components vith regard to z

circular frequenicy {vith this notatiok, 5 massive reactance is negative;

ksroonic time dependence factor exp(-iwt) vhich sultiplies the
velocities eand the potentials, has been suppresscd throughout this
report]
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Scope and Beckground of This Study

The purpese of this study is to evaluate the rediation impedances for the el-
ements of an array coasisting of identical free-flooding coaxiel =ing transducers
vibrating in their rsdial, axisymeetric mode (Figures 1 and 2). The transducer
elements ave scparated by equal axisl distances, thus permitting the acoustic medium
to flow both exially at the ends of the array and radially between elements. ‘'The
impedauces take into aczaunt the combined rndiation losding acting on the inner and
octer faces of individusl transducer elcments, when amly one element in the array

active. The resuls of this study will thus de fu the form of self- and mutusl
iwpedances of the array elecents. Computations will be perforsed in the rescaant
frequency range of the transducer elewents, the variable paramseter being clesent
spacirg. Even though this study vas stimulated by the promising experimentel re-
sults recently obtained by the U.S.Kaval hesearch Ieboratory op an array of mgpe-
tostrictive ring transducers, the present anclysis is not limited to meguetostric-
tive transdncers nor, in fact, tc free-flooding, axially speced elements. When
cozbined vith the analysis of individual free-flooding or sclid cylindrical radia-
tars presented in en esrlier report ,1 the present analysis can be applied to the
evalustion of mutual impedances of ring snd pistun eloments on & cylindrical
baffle of finite lenyth.

The array andlysis can be followed independently of seferencr 1 if the resder
is willing to accept without roof certain results derived therein. It wves showm
in thiz earlier study that the radistion impedances of an isolated transducer ele-
ment can be expressed as the sum of two components:

222 +2, (1.1)

zr is the irpedance computed by Robey,2 Greenspm,:"b apd Sha'mnh from Robey's

mathermtical model vhich is freguently used for c¢rlipdrical trsmsducers. This
mode) assuzes that the radiating surface is extended to infinity by rigid cylin-
dricai baffles vhich prevent circulsticno of the 7luid srcumd the Svemsducer edpgen ®
This assumption, in cozbination with a Green's functiocn constructed so as to have
1ts radiel derivative 3G/dr’ venish on the ocuter transducer surface (r‘aa),

*The radistion loading on the fuside of a free-flooding cylindricel trspzducer
was also studied by Bobey by means of two lifferent models, shich unfm‘tumtely
also place restricticns on the fluid flov arownd the tremsducer edges.’
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eliminates the peed of solving an integral equation to obtain the potentiels.
¥ith this wmodel an exprezsion for the far field potentlsl Tea 12 obizined ana-
1ytically in closed form.” The impedance Z, in B I.1 is in the nature of & cor-
rection factcr associsted with the radis® flow velocity distrioution afz) ecross
the cytindrical surfece extending the transducers. Z, 18 in the farm of sn iute-
gral vhose imtegrand is proportional to a{z). The function fz) satisfies & non~
homogeneous Fredholm fategrel equation. Unfortunstely a direct solution of this
equetion is not practicable. The analyticel effort is therefore mostly directed

at approximating the unknown function a(z).

In ref. 1 & variationsl technique vas developed vhich parallels the Levine-
Schainger varistiomal procedure for compucing scattering cross sections ip d4f-
fracticn problems.® In this procedure, a functiopal J{a} is constructed from
the integral coguation. This functionel can be shown tc be staticnary with respect
to first omler varisticns sbout the solution a(z) ¢ the integral equation. 1r
+he =atio of trepsducer wall thickness to radius is smell; the statiosary value
of J{7] is proporticnal to Z,. A Rayleigh-Ritz-type calculation §s used to com-
pute Z,, starting with a trial function for afz). The wost comaon use of the
Bayletgh-Ritz method is the eveluation of the patucel frequencies of a8 vibrating
system. These fm-juencies are tne roots of the determinant of tue coefficients
1n 8 set of sicultencous homogeneous equaticms derived from a variaticual prin-
ciple. T matural frequencies o therefore be evaluated withwt baving to
cocpute the undetermiped coefficlents ir the assumed nodel configuration of the
ibrating body. In the smalynis of the single, thin-walled "squirter,” za can be
similarly obtcined without yreviously solving for the unknown coefficients ia
terms of vhich a{z) has been espressed. Uafortunstly, only its self-radiation
izpedance ean b determined in this fachion Sien the transducer is o2 element in
an array. In srder $o cvalunte the mutusl irmadances, the set of simultanecus -3
gebraic equations derived from the veristicnal principle must be sclvad for the
unknown coefficients in the trisl functicn a(z). Thus, vidle in the single trans-
ducer problen the varistion:l mothod is considersbly cove effiticut ISn Si% -
tive methods for solving th: integral squailon, «his {v not the cze in the array
problea.

We will therefore prenent several other techrigues for dealing with the
tavegral equztion. Hufporierce vwith mzmerical sslcurations will show ihich

¥A comprebensive bibliogrophy of variaticmal analyres of 4iffraction prodlems
is glven in the bibliogrephy of refl. 1.
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px;ggag.!ue-u most efficient for & given- combiistion of aryey-perameters. me of

the- rcm'*tscﬁniqm bere- prescatel davolves «'mmmm caiculaticns. Even
thoigh such caicilations have Tecently been-uaed by various Suthars®? to solve
the mﬁm.ts ntegrel: mttm tormilated in térms. ot*txa rm.spm Green's
function, their- forsulation of tae problem is basioally awérm from-the present

one. Inutemm&ud%themtcueﬁminthe&mleqmﬂm”th

"7- potential oi the 85144 surfsces vhich constitute the mu of the acowstic

mediue. In the case of sg army, Meﬁswﬁegwng;@egu_i‘mcunu
vell s active arrsy clements. In the soalysis preseuted bere, the usknown fumc-
tion 1s a(z}, the radisl velocity distribution in the sacular space between the
ring elesents and in the two seml-infinite azpulor spac:s xtending thé array.
This wknown func o afz) mkes # less imporiant comtribmticicto the.redistion
fwpedsnce then does the unknovr potentisl over the trsnsducer surfaces in the
abore-aiiioned ammiyses. A compareble sccuracy in the impedance cslculaticos
can therefore be expected from the present approsch usiang s cosarser finite-

di 2ference spacing. )

Quantitative results viil be presented in a sepsarate report by Dr. J. K.
Greensgon, of J G Bugineering Ressarch Associates, eatitled "Axia)iy Gymmetric
Green's Functiops for Cylinders.” Dr. Greesspon i5 obtaining mumericsl results
for the transducer psrameters corresponding to the £, srrsy.

II. Formulation of the Problem

Following Robey's exsample the potentials ars cxpressed in terme of two
Green's functions vhose radial derivatives vanish on one or the other of the two
infirite concentric cylindrical surfaces om vhich the faner and outer trapsducer
faces lie. Two potentisls are thus constructed 'o’ in the ocuter regiom r > &
oad & 1n the inncr, cylindricsl region r <8 (Pi3. 2). These potentisls sre ex-
pressed in terms of the radisl velocity distridutions ui(z) snd uo(z) over these
tvo coaxial cylindrical boundaries:®

Qg(r,z) =% aag .[ ug(z') Gg(r.ag, zez’) az’ (z1.1)

®Here snd elsevherc in this report alternative subscripts and signs have been
used to condense two equations into ome, the upper subscrivt an the left pidn of
the equation being sssociated with the upper signs and subseripts on the right
sida of the eguation, and vice varsa.

R P v




B e s o ol A4

AT Attt . . e o e 5 raer

mmwmhhumrk‘ mctiumum mncclndothcm\m
constant, sey U in the reglok whiere the active transducer-is Socated.® The am-
Iyticel aifffeciiy lies in the Tact that the radis) welocities lreénmm only on
the trspsducer surfacss (Fig. 3). ‘Before definitg the Green's functions it is
cocrenient to express the walocitles u (..; udu(.)irtem of the velocity
u{z) of the mean surfece (r=a}. For thin PUIDOMG we ASIUKE SR JncONpTessible
potwtininthaamntrmeeai<r<- s This iwplies that the ratic of Wil
thickness to acoustic vevelength 1s negligible.™ With this assumpticn, the bal-
ance of mass- inflov anu outflow yields the following relstions betwoen velocities:

~

ug(z) = u(zf(ﬁ: %)’1, for = in region Z,. {i1.2e)

The reglon z, eacompasses those portions of the anmuler spaco‘-’(ni <r< °o’

vhich coatain acoustic fiuid, rather then transducer elsssuts. ¥The region z, thus
inciudes the gaps between the array eloments and the two semi-infinite annuli

s < £ and z > £, waick extend the arrsy:

fr [y [ ]

vhere z_ i3 the coordinete of the plene of symeetry of 8 gap between two neigh-
borﬂsggmyelemnts. The values otzgaregiveninthehblem!’ig. 1. Tae
coordinates Zy of the plane of symsetry of the elemsnts are aleo given in this
Pable. The velocity of the inner and cuter tramsducer faces are related to the
velocity of tha msan fragsducer suriBes &s follows:

ug(z) = u(z)ag( ) for z 5‘1‘ <t <t J+L {(1x.2)

where the coefficients 8 ezbody the Poisson's rstio of the transducor mterisl:

52 « (1t -E)(Li !—;;-) for piezoelectric tramsducers
8 0" (t BHos B for msgnetostrictive transducers {xx.3)

Whhe time dependence exp{-fnt) has been suppressed throughout this report for
the sake of breviiy.

*91¢t vas pointed out in ref. 1 that cowpressibility of the fiwid in the snmalar
region could be inzluvded iz the mmism thet this would result in tus coupled
fntaral ascetioms (nDissl oF & Sihgio IGWELMEI SquRDicE. 4n W otoe of tha EHL
stgoetostrictivs array, tbe imtio of well thicrness to scoustic wevelenzth is 0.07.
Phe ascumptig of an incompressidle potential is therefore Justified vithin the
1inste of necurscy required for dasign paposes.
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The subscript J ¥ill be used for the activs transducay, and the subscript Xk for
the inactive cransducers. The origin of the z-coardidats $5 located in the plase
of sysmetry of the array.

The redial velocity distribution over ihe mesn cylisdriosl surface, {r=sj, is

expressed 83 follove (see Fig. 3}: .

u{s) = U  on sctive arrsy 3; 2, b <2z L

3 f)
=G o{z} for z in regios z,
=0 oo inactive array elements, z,-L <z < 4% (see Table
in Fig. 1) (11.%}
The unknown function afz) 13, in gepersl, complet.
e Green's fimctions for the tvo integrals in 9. II.1 are in the form of
inverse Fourier tracofores:

Gg(r,ag,z-z') = }2'; fcg(?;ag:kzjexl’[ﬁz(z'z')} nz {3x.5)

ath

where the trapsforms of the Greea's function are

B {xr)
Go(r:aoskz) = ':al':; kr;l irao (II.Gn)
6, (r,, ) = - 5 elar), (r1.60)

R R AT

It cen be verified thot
6 Y/axv' =0
l=ag

The potentisls can be obtsined by evaluating the inverse Fourier lransfernz,
Eqs. I1.5, and tien performing ¢be z’-integration indicated in Eq. II.1l. Alter-
rativaly, tho order of integration can be reversed. Wbea Eqs. 1I.5 are substi-
tuss? 45 By. II.1, the z’-integration can be perforeed fr¥st, by making use of
the definition of the Fourler iransfarem of the velneity distrivution:

=

{

afk,) = Ji u(z’) exp(-ikz:') &z’ (11.8)
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The potentials in Bj. JI.1 caa then be written in the faum of an inverse Pxurier
trapsforns:

toled = 2o i e sl demelins) o, (=)

As the development of thic analysis nced not be specislized to one or the other
of those procedurea, their relative convenience can be compiyed after mors ex-
parience has besn cbtained in the eviiuktion of numerical resulis.

Whet we substitute Bgs. 1I1.2 end b in B3, IX.1, ve can express the potentials
generated by tnc vibrations of the jth element of the array 28 follows:

+L -

s gv,a ,z-zfdaz’ + f ofz’ )Go(r,ao,z-s')dz'} {1x.10)
1

&

z
g(r2) =2 ¥ 2xa U(B [
g -L 2

by

Tre unknown velocity distrivution afz’) in these integraie is defined by the to- !

quirenent ibat 8t every location the rressure Aifferentisl between tae concentric

cylindrical surfaces (ms_) and (r:eo) balsnce the radiel compoment of the tner-

tia force exerted by the £iuid in the ansular region betveen these two surfaces.

The radisl acceleration evaraged over the radisl thicknesa of the zanulus is,

taken positive outward

ifz) = - soba(z) for z in region z, {1r.11)
The recinl component of the inertis force associsted with & differential volume
element Ahadpdz of the fludd anmulus is therefore

apP{z) = 2%aia(z)p hody dz {11.12)
The outvard force sasociated with the pressure differentisl is

> " -} o 11.12

a8(z) » [a,p,(x) - e p (2)] o az {I1.132)

In turms of the potentisls ond of the mean radius and shell thickness this

baconas

a¥(z) = ~topai(1- 2o {ny,2) - (1 Fiigleysedl % @ (zz.130)

When we sot the s of Eqs. I1.12 snd 13b, equsl to zero, es reguired by
d'Alesdert's principle, ve ohtain the following relstin btetween the potentials

ew
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and the unknowm velocity dfstimsttes afs):
(2 %);o(go,z) - {3 i-‘-)(i(ai,z) = -2tz for = in region z,  (IT.1%)

For two of tbe configurations amslyzed in reference 1, viz. the infinitely thine
walled, cylindricei rediator, and the so0ldid cylinder, the right hand side of this
equaticn vanickes and Eq. II.1% reduces to & comtinuity requirement of §; and 4,
on the surface (r=a). When we substitute the expression for the notentisls,

Bgo. IT.1G, in Eg. I1.14 we obtain the non-homogenecus Fredholm egquation which
defines ... unknown fuaction afz):

z 4L

3
[{I‘{z-z')&» i—’;é(z-z')]a{z')dz' = -J &(z-2')2z%, for 2 in region 2, {13.35)
'zf zJ-L

In this cguution the syebels T and 4 have been used to reprosent two linear com-
binztices of the Green's functicns (?r5 and Gc:

Flzez’) = (1 2) 6 (s 8 ,2-2') + (- B) ¢, (a, 0, ,2-2") (11.1%)
a{z~2’) = B, (2 %) Go(‘c"o'z'z') +8i(1- -2) g,(a, ;o 1,2-;') (11.16%)

Having tbus derived the integral equationa vhich afz) must satisfy, we proceed
to express the izpedsnces in terms of this ssme velocity distributtcn afz).

III. Badiation Impedsnce

The radistion loeding exerted by the jth element of the array on the kth
element i3 obtasined by integrating over the surftce of the latisr the pressure
differantial, Bg. I1.13b, vhere <he potextialsz are associated exclusively with
the motion of the jth transducer elamont:

;kfl;
2reino he 1)
z"k bl U J [(1 + ;Ieo(dotz) - (l" E)‘i(ai,z;} az (m'l)
2}:‘1'

A redislly inward directed rodiation losd s positive in this notation. When we
suhatisute the «pression for the poientisls, Bg. II.10, and saking use of the
sthreviations for conbinations of Sreen's functions, Bgs. II.)6, we finally odtain
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the folioving expredsion for the radistion impedsnce §

2 4L 74T ‘ '
Zy = - {en)"':mf tf ’ 8(z-z") a2’ + fa(:‘) P(e-z’) @2'] a= (xx.2)
zk-L zs-h Ze

As in the cese of the self-iwpedance of the zisgie treniducer, the matual iwped-

amnes 2rc Séch to De the sux of tvo components: (1) the impedance ocbtained frum
Rodey's mtheantical model:

+L z.+L

@g), = -(en)%i f 8z-z"} a2’ & (m.3)
-L zJ-I.

and {2) en impedance component azsocieted with the urimown wvelocity distribution
alz):
+L v
(2l = ~(eralton [ aleIens’) 0 2 © ()
Il zp

The probler 1s thus to find the soluticn &) of the integral equation, Bq. IX.15
and to substitute this solutioc in the sbove expressions for the radiation
impedances. The velocities of the individual transducer elements can then be
obtained from the usual array smalyzis. Finally, the velocity distribution afz)
can be used to obtain the far ficld potentisls from the expressions given for the
single "squirter” in Sactions VII and VIII of ref. 1.

IV. Formulation of the Problem in Terms of Symmetric ‘Erenz end Antisymmetric
- Velocdty Distributions

In Robey's mathemstical model the veloecity distribution, snd hence the poten-
tial, are elwsys symmetric shout the plane of symeetry of the sctive transducer
rirg. In the present model, »hich allows for fluid flox between elemsecnts, this
{5 not the case except when an sctive element is located &t the center of the arrey.
In tvo of the four solutions presented in Sections V to VII, it s advantagecus to
consider the velocity U of the active arrsy element £~ the resultant of two cospo-
nent velocity distrivutions, one of vhich is syme. .. 2: about the plans of symmetry
of the arrsy, (z=0), sud the other antisymeetric. 5 seen fros Fig. %, this asounts
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to considering the velocity U of the sctive element,

uw(z) =0 for 2 ~L<z<:J+I. (z7.18)

as the superpasition of (1)} the velocity distridution asscciated with tvo ele-

sents located, respestively, at zj apd -zj, excited in phase, with hWalf the
original agplitude

g

ufs) =3 Sorlz, ~L<z<tz +L (Iv.1n)

J 3
and (2) the velocity ddatrituticn of the sexe two elements excited out of phase

i
us(z)s-a- forza-l.<z<zj+l~

g
u(z) = -5 for 2y -L<z<-z,+L (1v.1c}

For 2 centrully located element, the antisymmetric velocity distribution does not
arise, apd

ufz) = us(z} =0 for-L<z<li (sto) (Iv.13)

Because of the lirearity of the problem, ve can solve independently the symestiric
case, E3. IV.1b, vhich givea rise to a symwetric potentisl,

§s(r,z) = és(r,-z) {1v.24)

aud the outisymmetric case, Bq. IV.le, which gives rise to an antisymeetric po-
tantisal,

3, (r,2) = - 3 (r,-2) (1v.2v)
The unknown velocity distridutions correaponding to these two potentimls
batiafy gimflar symmetry relstions:

03(3) = as(-z)
a () = <« (-2) (1v.3)

It is advantsgecus to normulize the two compuents of the unknown velocity dise
tridution to Uf2. With this convention, ind using Bgs. IV.3, the velocity dis-
trihution in region 2, can be expressed as

ufs} = -g [cxa(z) + aa(z)] for z >0

in region Zp
ufz) -g {aﬁ(z} ~a(z)] forz<o ( (1v.b)

14

9

SR b dna R A o R SR BNy

-

o



2
EN

3
£,

4 . i g Shrae S gl et
U e s e S e T

e

A
vy

ittt

e
NS

LU,
SRS P

o o
b N A 3 (0

P N
P 213§ 3 WS

o
g

2 " 4
shombi e e i d T

0t
A
3

o .
b W e

‘

L]

It is seen frcm Egs. IV.% =nf 3 thet 4f & cnd @ satiafy the integrel equatiions,
Egs. IL.1k and 15, in thé poaitive balf of the region 3, they sutomaticelly zatisfy
toesé oquaticos in the.megative BR1f of T, The seme spplies to 4, and G,. We can
therafore confine the ixtsgrel ezustion %0 the positive lwif of the region Zp) vhich
will de designaisd hanceforih by the s@ol L The adventage in splitting the po-
tentiel into syswrixis and entisymmedric ccaponetits results from the fact that, with
tue finite.difference and wariationsl techniques derccribed below, it is less labo-
ricus to satisfy two separsie Integral equaticns in the subregion Zog? t3#an to sat~
isfy cve integysl equaticn over all of the regilon o,. ’

The resultant potentisl generated by the active tranducer located &t 3, s
¥r,2) = 4,(r,2} ¢ 8,(r,2) {1v.50)
which, {n view of 8gs. IV.22, can be uritten 2s
#r.tz) = 3 (x4 z]) £ g (rle]) {Iv.5n)

Wz pzed therefore only evajuate the two component poltentials for positive vaiues
of z to obtain information on the resultant poteatiel ovar the whole range of z.

Bestriction of the ansiysis to poeitive velues of z does nct interfere vith
cbteining 811 of the desired radiation impedanczs. ZThe m:tual frpedance is dster-
=ined only by %ay separation !za-vzk‘ bstveen the activs and indctive arrsy element.
The self-impedance is the ome for elepents syometrically located st 2z 3 20d -2 %
We can therefore rest~¢.. %ie analysis to active elements for vhich % 20, but 7
can cf course be negative as il ss positive.

we shall now derive the cosponent Greeo's functions vhich are spplicable to
the gpysmmotric and entisymmetric potentials. The Green's functions in Bg. IX.5 cen
bs expresssd in terms of an inverie Fourier cosire trapsform by noting that the
imaginary component of the expGiential does mot contribute to the value of the in-
teginl, becsuse the Green's functicn g even in Xz:

- 4
69(r,ac,z-z') s -i- j Go(r,af,ks) cos{kz(x-z')] dk, {1v.5)
3 X o ¢
Exponding the consins {n the {ntegrand, the Green's function csu be written ss the
sum of & compodent vhich is ever, or symEmetric about both z=D and z':o, and of &
sosgxnent vhick {s odd, o antisyimetric:

-

ty(riganct), - & f Oyfringss,) conliedeosle,s’) o, (xv.7e)
)
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8a(r,8q,2-2"), = a‘-fso(r,c .k ) sinik sjaials = y ax, (v.m)
F ol 2 x.g b g z 3

If Yoth the Green's functicn and the velocity distributic , Zu the integrand of
Eg. IX.1, are expressed as a sum of symmetric asd antisymmetric terms, tha cross
terms are found not to contribute to the value of the integral:

tole,5)e 22 l’ togle*), gl mpuazlyppleldgelemanst) s’ (2v.8)

The two products in the integrand thus correspord respectively to 's and Ea

Bince the contributicn of the integral to these twe wvotentials is the ssee for
the positive and negative halves of the t’-sxis, these two components can finally
be written as

3 (r,z)5 e ¥ hae

g

Ol

u (.'.')s gg(r,sng,za-z')a ds’! (iv.om)

22 ¢

and
L
ég(r,:)a =ty 2[ vz’ de go(r,ao,zn= Je 2’ (1v.50)
The integretion over z’ csn be performad befo'e the k . ~integration iniicated in

Eqas. IV.7 by =making uvae of the Fourler transcforma of u, and u, respectively:

D

ég(r,a)s t2 2]02& “g’ka) u(k ) coe k.2 dk, {xv.10a)
é?(nz}a ] sf;(G?(r’zg’k"‘) u(isz)‘i sin k2 & (Iv.10b)
)

The linear combinaticns of Green's functichs, EQs. IT.16 uzed in the inteprsl
equation, Eg. IX.3R cen mow S1sc beo splivt 1nto symseiwic und antisymmetric come

ponents:

r(ema’) = O Raglegngiame’ly + (- ) gylegngee)y (rv.210)
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8y€e-x") = Bolar Qe fag i n-s) + 8,0 Dy lny 0, 22")

The two compopent velocity distrituticus, a1, &pd @, satisfy the two uncoupled in-
tegrsl soastions vhich take the place of Xg. IT.15:

+L
f {T (z-z°) + —-2:;6&-2')10 (z')az’ = - ! 8 (z=2z’) a2’ for z in regton =z
bo 2 g ¢ 2,~L t *
J (=v.12)
Robey's rediation impedance, Eqs. III.3, now Lacomes
zhu, 4L
(z Jk)r - ~(2x0)%4sp I f {As(z-z' )+ 8,(2-2")) az’az (1v.13)
zk-L za-i

The correction fector sssocisted with the rediel velocity distributics afz) s

X
(Z)x = -(2x2)P1m0 f fo (20 fz-2’) ¢ 0 (=) (2-2")] as'a:  {IV.24)

oL e

If either z, or 2 aze zmmmmnmemr.m%mmot
the integrands in Egs. IV.13 and 5. If 81l the elements in the exmay are _ienti-
cal and driven with the seqe signel, the velocity listridution and hence the fur
$1eld potentisl do not contain sny sntisymmetric coxpopents. We will nov discuso
four approaches to the solution of the integral equation.

¥. Perturbaticn snd Iteration Solution of the Integral Bqustion

Io these two epproches nothing s gained by dealing separately vith sy~
wmetric and sntisymmetric velocity coxpoments. The crudest of the four spproaches
to be dcgeribed iz the perturbsticn solution in vhich we actually circumvent the
need of solving the integral egustion. This spproach starts with the neer field
potentials sasocisted with Robey's aodel. They are computed from Eq. II.1v where
afz’) 15 set equal to zero. Destgnating these wperturbed potentisls by 30) ona
substituting them in S5. IZ.1%, ve can sclve directly for the perturbaticn solution
for afs)

@(0)(»‘-) -

(e By - 0- D6, )
- (v.2)

{Tv.iss}

e L
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When ve swetitute the unperturbed poteatinls as computed from EQs. XI.10, vhere
oz} bas been set squal to zero, and using the OCvsans function combination in
Bg. IX.26b, Eq. 7.1 can then be wrivles more explicitly as:

J+Ia
u(e)(z) s - -:—1'-— J; 8(z-2’) as’ {v.2)
zJ-L

In the componsnt subregicns ofz:v!mh correspond to the gaps between the urray
elesents, & somewbat more refined solution for afz) can be obtsined if ove defines
an sffective radisl anmilar uidth equal to the trsnsducer well thickness {2h) in-
crensed by « length Ah esbodying the accession to insrtia of a glit in a haffle.
The introduction of an accession t2 inertis 13 nct uselul in any of the other ap-
proaches, shere the potentisls §° and !" themselves embody this resctive imped-
ance component.

Bince, for design purposes, we probeadbly need & more accurafie expression than
the perturbation sobztion, ve use the value '), By, V.2, s & start for an
steration procedura. The first step consists in computing values for 8) by
substituting the perturbetion solutica al®) in Bg. IT.10. When ve subshitute the
potentiels thus computed in the integrsl equation, Z3. XI.15, we obtain the follouw=-
ing wore rafined expression for Gia):

+L
a(l)(z) = - %5-» { fJ A{z-2’) az’ + j!‘(z-z')a(o)(z') az’) {v.3)
zJ-L ze

This iteration can be repeated yntil the fluctuations of successive soluticas

afz) sre decmed sufficiensly seall. Comverganoc of this process can best be test-
ed expirically by perforuing e actunl nasericsl calculstions and comparing the
results of susssssive {teratizas with rusults obteiped froa the other approaches to
the gnlution of the imtegral equatiod.

VI. Paite-Difference Solution of the Inte wation

I this sppromeh, the region z, is davide2d into & mumber § of subreglons.
Eich subregion iz !dentifled by me.coord.imt/.- zq of its plene of gymmetry. It &s
sssuzmed that G{z) hes 8 comstant, gemerslly coagplex, valwn of @, in e2ch one of
these sudregicas. Thy axisl dimensiop 2<‘zq of these sybregiony can be taken smaller

13
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in the vicinity of the sciive trensducer to account fou “he more rapid
decay of afz) neer the redirting surface. The z,~integral in the in.egral
equation, Eg. II.15, is now replaced bty & cummiion over the § sudregions. The
integral equaticn must be satisfied st discrcts points zp in the region :

f:
zdil.
< h . F :
r - - - . »
2 dq{(zpzq;-l-tsm";aq-.j 8z 2" ez (vr.1)
o= =z ,.~L
3

where quisthexxme&erdelta function which equals 1 vhun peq and zero vhen
Pf9. If p is successively set egual to ail valves of g, from 1 to Q, & set o' Q
simjtaneocus linear equations in aq is odbtained, In this particular spproach
there is an cbvious advantage at evaluating seperataly the symmetric and enti-
syzmetric velocity cooponents. The two uncoupied inmtegrel equaticus, Bqs. IV.12
nov give rise to tvwo uncoupled sets of simitancous linour equations. BRovever,
since the two incegral equations, Ega, IV.12, only extand over the positive hals
of the region =, the sume finite-difference sphcing results fn Q/2 (instesd oz Q)
simultoneous eqrations for (qu)s , &nd in the sam: nuaber of eguations for (f:q')n.
rable accurscy is achisvaed b \ tvo matrix ons of order
MQ/2, instead of the singlc matrix equation of order § which muz% be solved if
the velocity distribvution is not spiitc 1o This fashion. zse metrix equations !
are of the foru:

[ 17/
'e-x% * ?‘dlrgeo) ad,‘_,fg\-rza) et “nrg(‘:"x! (ag)ﬁ (’3(21
2ayTyzo%) =+ 20} - o (a‘)a}- A
DI I 22
T (- -
Ledllg(“ﬂ 1 2 T 2“1;3(0)1 k(ag)lé kg(‘u
vhere
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Like the Gréen’s functions of hich théy aze composed, the functicus I (z-z')
Iave & singularity at zes’. -The disgonal Teris in thé matrix do-uot, lmmer,
displsy a singularity since they are equivalent to sn integxal of I'(z-z’) over 2z’
vhich, like the potestials, is a well-behaved funeticn.

¥hen this watrix is solved for the values of G, the radistica impedances I,
are cbtained in the form of & sumaetion '

N z4L

(z.;k)a = -2(2xa)%4mp Zd- j [a“P!(z-z.) @yl ‘(z-z‘)] dz {VI.h)
- 51 zk-h .

VII. Varistiooal Soluticy of the Iategral Equation

Az in tha fintte-difference solution, it will be found advantageous iu the
present spproach to handle separately the symsetric and antisymsetric cosponents
of the unknown velocity distribution. Our purpose in this section is thus to
find a varisticosl solution to the uncoupled integrel equations, &p.‘ Iv.12, which
define the unknown velocity distributions uy ﬁ@i’ The procedurs 45 to con-
struct functionals J{x] vhich are staiiomery with respect to first order varia-
tions &f tha soluticns sg(z) and a.(z). The steps ¢~ Geriving this functionkl
paralilel those prezented 1o £752. 1, Section V. Both aides of the iategrsl egui-
tion are wiltiplied by a(z) and irtegrated with respsct to 2 over the region z .
Cne thus cobtains & relstion between two functiooals

B{ﬂg} Bz - A[ag] (VII.I)
where
=J¢L
A[agl = j ag(a){ [ . Ag(z-:') az'} 4= (VII.28)
s 3
3[331 = f fag(:)[rg(z-z') + -2-3; G(z-z')}ag(z') az’ az (vII.2»
e “re

¥ien we divide both sides of Eg. VIL.1 by Ao{a) and tske their rociprocal, wo
cbtain the following relstion”

2.
%r‘hal 8 e k{al (m'3)

%scnpts s and a8 will ba omitted in subsequent JUITIVES,

b5
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The: lumeticnal vhich dieplays the desived stationary cheracterirtics is defined
by the left side of te abave cquatica

2. 4.
~ &G
e 3 3l

(m-h)
“Tha dncrenent 83fx] sssocinted vith an iInciament i can bo writtea ey \
T sar
P L] -
£3[a] = {8lal + Alo}} -‘f%&l f j &{z=" §53{z) 8z’ as {¥ix.5)
LR CH Zes zJ-L

For the details of this trapsforzmiion, the reader is referred to ref. 2,
Bection V. The functionsl J{a] is stationsry if 8J=0. Bince neither the retio
20/8° nor the doudle integrel 4s fdsntically zero, the cosd  uns reggped fo
meke the incresant 8J{G] vaniah ¢= shat the tarm in hraces ha zero. 1}5 oan ha
verified that ¢his amounts to requiring that the functionsls Afo] and Bic)
satisfy 5q. VII.1. This equation 15 Gerived from the integral eQustiosa,

Eqs. IV.12. It 4s therefors satisfisd dy functions which are sclutions of the
integral zguation. The fazcticns vhich satisfy the intearal equstion iterefore
2)s0 weke &J vanish. We bave ¢:us showe that the functicnal defined In Be. VIIY
is stationsry with mespect to vartations 4 sbout the solution afz) of the orig-
inal integrsl equatsion.

This variational principle can be used to obtain spproximste Taluss of the
radiaticn impedance in much the same vay that the RayleigheRits Getbiod ylold: ex-
pressions for nstursl frequancies of viGisting systemz. The procedure wes prve
gented in 434211 ip ref. 1, Section VI end will therefore only ba briafly re»
vievcd. In the Rayleigh-Ritz procedure & trial functicn fo= afz) is comstrusted
in terzs of undetermdzed cocfiicients associasted uwith various powers of z: It was
shown that in the far fieid, afz) suest b2 of 2%z form

e{z) = 55-;%%-1-)- for k1§ iarge
tA ]

In the near-field of the erray, for valuas of = only slightly larger tham £ ¢
sore rapid decey with inciweasing ¢ can be agsumed to similate near fieid condi~
tioms. It i thus expedient to irclude a term proportionsl to z™5. Whes the
gaps between 870ty dements ase narrov, toe radisl velocity through these gaps
ap be tsken egueld ¢o & comstant, xs, vwhich of course differs from gap to gep.
Praze shifts betueen the radial velssitisn in Aifferent gops are tuken into

(vz1.6)
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sccoumt By the fact that the coefficients X are, in genersl, corplex. Since
splitting the velocity distribution into sysmetric and antisyxs7tric components
confines the integral equstion to the swiegion LN the_trm function need be
defired only for positive velues of z. A trial functtsn in the following form
is thus obtained

LR .

afz) = (-5 + 5) exp(tkz) forz> ¢ {vIzT.79)
2 «

a(z)axs for zg-b<z<z£, with :g?_ﬁ« (VIT- )

{sce Table in Pig. 3 for values of xe). & refipement which will be required when
ihe gaps betvesn the arrsy elements are large, iavolves tsking into account the
change of radial velocity within the width of each gep. Instesd of %g. VIX.Td,
we can now assume

afz) = Xgo ¥ %g? for zgob << zg+b, vith 2. > 0 . {¥it.7¢c)

Brperience with mmerical calculations, and in particular comperisan with the
approaches dascribed in sections ¥ and VI, will indicate shether the radistion
impedance 18 sensitive to the selectica of the trial functixm afz). Simce the
resultant velocity distribution is ks s of two trial functicns a, and a,sa
fairly modest number of v.xuown cosfficients allsws considersble flexibility.

As an exsmple, let us consider 8 three~clement srray exdx dying relatively
nerTow gups. The trial function in Egs. VII.7 now bacomes

e

afz) = (%+ xz)g'zp(ﬂ;z) for z > 3L+ 2
4 z

a(s)sx3 far L<z<lL+2d {vIz.8)

By virtue of the variational principle derived sbove, the best values of the un-
knovn coefficients are those which give o steticpary value to the functicnsl J{aj:

Ar{alf « O withn = 1,2, and 3 (vi1.9)

¥hen we substitute the definttion of J{a), Eg. VII.5, end multizly all terms by
Bla}, thyse equations Decome

-1y
2 ‘5%:‘1 Afa) - %’ Jia} = 0, withn = 1,2, end 3 (vi1.20)
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When“be functicpsls Afa] ere Blal, Egs. VII.2 are evalmted in terse of
Zq. VIX.8, the former functioml is found to be & loear fnctics of 4hs wEaova
coefficlants in afz), and the latter & quedratic function:

3
A[a]. .;‘nzn’ %n ‘8 {V1X.12s)
Ys"' 2 :
Blo] ~ (bxn-l-e;b x x )
é_‘t o o m

%; =2bx +2 S;wa- {vir.1v)

Toe coefficients ‘n’bn ars bm are known, cowpiex constents. When Zgs. ViI.11
are substituted in the simuitoneous veristiovel equations, Eq. VII.10, a set
of lineer equutions in tbe undetermined coefiicients X, is cbtained:

3
(&i - v Jlal)x + S-'(nzai - b Jlaiix, = 0 for nel,8, ani 3 (viz.22)
=

These equations being homogeneous, they admit non-trivisl solut{cus only if the
determinant of their cosfficients vanishes. One thus obtains s characteristic
equation whiech can be solved for J{a}:

ai - le[a] a8, - bmJ[a] 88, ~ bla.)‘[a]
8,8, - by,Jla] & - &ofe] 8,85 - by,dfal | <0
ooy - ygflal a5, - by 3la) a§ - bydial (vIz.13)

In contrast to the Raylaigh-Ritz matursl frequency calculstion, which yieldd #
mmder of roots 2quil to the order of the metrix of the charecteristic aqua-
tiocus, E3. YII.13 adnits only occe pon-vanishing root, * e., cns value for the
functionsl J{e]. 2 resscn is that 31l terma except those contsinipg the two
highest povere of J[a] cezcel. This result 1s cousistent with the fact that the
ton-bosogensous integral equaticn edmits only cne non-trivisl .clutica. The
7siua of J{a] cbtainsi from Eg. VIL.13 is given in ref. 1, p. M3, Bq. VI.1Za,
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The sdvantege of aaslyzing the sntisymmetric snd the symnrtric cosponents of
the velocity distridution sepuretely is that if M unknown coefficients are used in
each of the tvo trisl functions vhich deacriba the resultant velocity diatribution
(aam‘), tvo deterninants of order M mast be solved. If the velonity distriduticn
1s not splst in this feshion, & detersimant of order 2M must be solved to schieve
8 solation of comparsble accurtcy. This, of course, is wre lshorious.

It {s showm in reference 1 that vhen h/a, the trezstucer sall thickness to
radius ratio, is sufficiently emmll to sake the guantity

%(1-\’) - (%)‘ v << 1 4n the case of magnetostrictive transducers

%(1- %) - (%:-)a -1-‘» << 1 4n the case of piesoelectric tremsducers {VII.1h)

the coefficients 91 and Bo can be set equal to unity. This 1o turn sakes the-
Green's function combirations I {z-2’) =22 4 {z-2°] in Bgs. IV.11 equel. With
ihis assumption, and waking uce of the fact ﬁm the functioms ©'_(z-2°) are
symmetric in (z-z’) to invert the order of integration,” the mgtioul in

Eq. VII.23 can be written as

z 4L

Made {1 (f @l (er) 0ty (viz.15)
aglaj gz gz-z z .15
2L Zrs

When az) satisfies the integral equatiom, Eq. VII.3 sppiies, and the functiomel
J{a}, 9. VII.4 equals -Ala]. If ve nov cowpare Egs. VIL.15 and IV.1h, we ges
that (zJ J)“, i.e., the couponent of the self-impedance sssocisted with the redis)
veloeity distributicn (a-aswa), is proporticoal to the sum of the ronts, Jla }
and J(ag], of the characteristic equations, B, VIX.13:

(2y3)q = wolesa)® (o] + 3o, 1) (vI1.26)

Thus for array clements shose ratio h/s is sufficiently ecmall, the self-impedance
of any element can %e obtained directly froe the characteristic egmaition withouat
previously having to compute the undntermined coafficients in the trial functions.
If the resic kfa §s too large for this spproximation, the values of the functionals

> sion “"symsetric” mecans that z and =’ can be interchanged, f.e., that

The
T(z-5'}u{z'-2). In Section IV, tho term "symmetric” refers to the fact that
chonging = doto -z does pot change the value of Tg. [, 1s "antisymsetric” in z,
because thanging the eign of © 8lters ths sign of I,, but it 13 symmetric in (2-2')
baceuse interchenging these two varisbles does not alter [,.

19
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J{x_ ] mst be substituted back into the corresponding set of M homogeneocus equa-
tiogs, Eqgs. VIX.12, esch of which will yield (¥-1) ratios of undetermined coeff-
icients,

Fimally, the valus of cee of thcie urknown coefficlents, say %, 15 cdbtained
by substit=tiig those retios in the functicoal Ala] as given by Eq. VII.1la. is
noted earlier, this functional equals ~Jfa], for the value of a(z) vhich satis-
fies the integral equation. Therefors, setting Kg. VII.1la equal to the value
of J[a] obtained from Bg. VII.13, ve can solve for the resaining undetermined
coeffictent. Thus, for trial functioms involving these undetermined coefficients,

=J{a]
) ) (2]

An altermative procedure iz to seiect the rommining undetermined cosffi.
clents so as 2o satisfy ¢he original integral equstion itself. Unless the func-
ticual dependence of the trial function, By. VII.B, on z is the correct one, this
coefficient can not be selected zo 45 to satisfy the integral equstion over ithe
whole region 2, It is adventsgeous to select the cosffisient =0 as to satisty
the equation for & value of z associsted with a relutively lerge velue of afz),
i.e., a value of z which lies close to the active trapsducer element. In the
case of a three-clement array, and for the trisl function assumed in Eq. VII.S,
one might select x. 50 28 to satisfy the integral eguation at zsi4b. Praviocusly,
one would substitute in the set of homogencous equations, Eqs. VIE.12, the value
of J{&) as obtained from Eg. VII.13. One can then solve for the retios xl/x3.
The integral equatien, Bg. IV.i2, then yields

2L
- j a(140-2°) az’
z J-L
1(3- To50 = " (VII.lB)
-2% + T{irbez’ )dz’«l-f T{1av-2’ ){;—13- -(:]7)-5 + ‘;‘:2- -%—é-]exp{m')dz'
Ia2b 3 (z’)

(mce again, the subacripts "™ 2ad "a” have been cmitted in this cquation

Esving thus determiosl the coefficients {n terms of which the trisl functions
are expressed, the self- and zutual impedance correcticn factors, (2 ) and
(zax)a’ are computed by substituting the triel functioas im Bq. IV.1h. The far

fi2ld potentisls can also be obtained, by using the expressions given in ref, 1,
Sections VII and VIIZ.
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It vas zepticued in the intrcduciion thet the spplicetion of the veristicnal
principle {c the srrey is less adventagecus than its epplication to the single
"squirter.” The rooson is precisely 1¥st, ip contrast to the self-lwpedance, the
mtul ispedences csmact te cdteined divectly from the value of Jix] computed from
g, VII.16, tat require tivt Mgs. VIL.1Z be solved for the undetermined coeffi-
cients X It is posaibls that & more sophisticeted wariatiooel syproach, wherchby
the mutual as well as ihe self-radintion impedsnces cen be found. directly from
stationary functionsls, con be evolved dy formulating the array snalysis s3 & mul-
tiple scsttering problem. In this formuintiom the scattering cross sictions of
the arrsy elements would be expressed in terms of statiooery fumctiomels constructed
in sccordaace vith the levine-Schvirger waristional formilation of diffraction
probless. The radfation impedunces would then be related to the scattering cross
gections.
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