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ABSTRACT

When fine wires are exploded by discharging a capacitor,
the circuit. exhibits damped electrical oscillations as an L-R-C

circuit; however, the resistance varies during the explosion

which complicates the analysis, To date the resistance has been
calculated either by integrating twice in succession the recoxrd
of the rate of change of the currentl, or by the current-voltage
method?, A different approach is proposed in which the curcuit
equation is differentiated with respect to time and then solved

by a method similar to the WKB method, The method will be
discussed, original data provided, and values of calculated
resistances obtained by the double integration method will be

used to indicate the validity of the solution,
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f. INTRODUCTION

As svidenced by publications in the lterature, conferences such as the
present one, and excellent adaptations to industrial fields, experimenters have
been successful in using expleoding wires for tnany different tasks., They have
done this with a minimum of theoretical work and a maximum of experimental
effort. This work represents another attempt to combine empiricgl measure-
ments with basic theory to determine whether 5 postulated resistance varia-
tion can fit the observed.data.

We shall solve the circuit equation with a constant resistance as a model;
solve the saine equation wi.th a resistance that varies with time ueiné a method
similar to that used by Wenzel, Kamers, & Brillouin to indicate the algebraic
{form required for the resistance; use this form to establish the terms of a ser-
ies solution for the current in the cirf::uit; and lastly show how the solution can

be made to fit the observed data,

II. MATHEMATICAL PROCEDURE

The basic circuit equation for the capacitor discharge circuit is (as usual)

(1)

t
dI 1
Lm—'f'RI‘f'—C—I Idt-Vo
(]

where L is the inductance of the circuit, I is the current in the circuit, t is the
time measured from switch closure, R i3 the sum of the wire resistance and
the resistance of the circuit clements, C is the capacitance of the circuit, and

V, ie the voltage to which the capacitor wae charged at switch closure time,




T'o solve this equation, it is [irst differentiated with respect to time to eliminate
the integral. In this work the L, C, and Vj are assumed to he independeat of

time.4 The equation becomes

2

d’t dI dR 1
L—d-:T *R*E-'FI’T{.""E"O (2)

A. Solution with R Constant
At the risk of repetition we will solve this equation with a constant
resistance to form a limiting case for a later solution. One assumes a solu=

tion with two constaats A and B which are evaluated with the initial conditions,

3

1=Ae™ 4 Be¥" 3y
w and w* are taken to be complex conjugates with A the real part and B the
imaginary part.

w = a + ib ' (4)
The assumed solution is set into the differential equation, By setting the
coefficients

2 1 " a2 x 1
W
AeWt(Lw + Rw + —c-) + De (L\5 +Rw 4 —C—) 2 0 (5)

(8%




of the expenentials independently equal to zero éne solves for a and b in

terms of L, R, and C, This leads to

®
.- e 6
a 5T {6)
2
1 R
b = + \/ - (7)
- 2
LG "
Thus,
2 . 2
'l Rt 1 R Rt — . 1 R
I=Aexp{- =—=— + it — - ——=(+Bexp{- = + at - —
2L — 1L.C 4L2 2L LC 41‘2
(8)
With the usual initial conditions that -
t L]
1 =[ Idt = 0 (9a)
“o
t=0 (9b)

the current is found to be

Rt 2
¥ _ exp- — 1 R
z = o__pi 2L sin ¢ E L4 ——2 (10)
I\/ 1 RZ 4L
LG 41.2




B. Solutios with R a Variable {n Time

The WKB method of solving this type of equation assumes that the
variation of R is small with respect to itself and takes place in a time short
compared with the basie period of oseillatien, While R dees vary during 2
small portion of the base wave leagth in the solution, it varies by a Yarge
amount, therefore, we shall not be able to follow the WKE method completely
to simplify the differential equation. Ilowever, we shall use the genezal pro-
cess to obtain an equation for solution. .

As before, we assume a solution but allew the w's (which tneans the
a's and the b's also) to be a funetion of time. In this case, with seditraty

constants C and D intendeq to be determined by the initiel conditjoas, .wc have

¢ t .

I = Cexp [J' wdt] + Dexp [ I w*dt] (11}

O (-] .

in which the variation of w with time is inserted by employing tae integral

representation. This solution is swbstityted into the eudation to ohtain

35
dw 2 dR X)
Cexp[J'owdt](Lm-+Lw +-a—t~+Rw+-E
; dw* x dR |
* w ' %*
+DeXp[J°W dt]<+LEt—+ Lw +T:0+RW QT)UO
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As before, we substitute in the original equation with w a + ib; set the
coefficients of the exponential terms separately equal to zero; separate the
real and imaginary parts of these equations and solve for a and b in terms

of R, LL, C and t. This process leads to

75 Lde e (13)
dR
2 2 B
2 R it
zlb dg - 32 (%Pt—) ¢ B = gtL T EEpt P (Ehr
ot 4b 4L

The equation for b obtained by using w* = a - ib will ba the same as Equation
14. ;

At this point in the WKB process, the second derivatives and products
of first derivatives are assumed to be small enough to be neglected. In
Equation 14 the solution for b would be at hand howevear, glven the solution
for b in that case the term with the first derivative Is n# lenger neglectable.

If one includes this term and solves for b, he finds that the value of the second
derivative term is now no longer neglectable, Theref®re, no terms are
neglectable in this case. The complementary sdlution of Equation 14 s found

to be

i i s’
B S Wrrese  BGWEETED e 3 el (15)




in which r and s are the two undetermined constants required for a second
order differential equation,

The particular solution of this equation depends upon the form of the
right hand side since it is the driving function. Usually a solution is rela-
tively easy to obtain if the driving function is of the same form as the comple-
mentary solution, Therefore, we let R be expressed in the form of a truncated
series, Then, b may be obtained as a series of this same form that might
hopefully be truncated without a great loss of accuracy. A series for R with

terms similar to Equation 15 if s is suppressed in favor of r might be

V4
f
R =k + h + g + + c (16)

tte (t+g)2 (t-!-g)3 (t+g)4

as an equation in which k, h, gf f, e and g are constants. > We assume accord-
ingly a series solution for b
m .

S
b =2 B el (17)
j=0 (t+r1)J

set it into the differential equation, set the coefficients of (t + n)-J terms
separately equal to zero and determine the coefficients mj.

After a series of algebraic manipulations, b is found to be

2 2 3
b= W 4 S ( 1 >+ ( P S )( 1 ) +< S B S
W \t+g AT AR Py
PS Q 13 sp p>  3ps? 1752
] 3+zw)(t+)+(‘ A gt 5
4W g 4w 8W 16W 32W
554 sQ M =
- s - 3 + = o + .. (18)
128W 4W" g




and a is determined as

o M Y O S IR ()
_ %(;354 " 43?4 ; ;je ; 2332 +iL)<H‘g )4 P (19)
wh o - 4“52 (20)
s = -2 (2%
0 - L (B0 - ()
= () D (R (R ey
e B = B ()

t
The first three terms of the exponent (J wdt) are given as a real part
o

h \/ 1\
_h o, ttg <2_)K—L) 4 t

g ]
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and an imaginary part
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(26)

Given the initial gonditions and the terms E,. and E;, one finds that the expres-

.

sion for the current is as could be shown in part A

L i eXZE[_Er] sin [E1] (27

i
Ldt

C. Comparison of Solutions
The following statements may be made about the solution for the
constant and variable cases:
(1) The solution for the variable R case being a series should reduce
to the constant R case in the limit. We find this to be so: when h=g=f=e =0,
E, in Equation 25 reduces to Equation 6 and E; reduces to Equation 7.

(2) From experiments, the current approaches a damped oscillation

which implies fairly constant resistance. We find that R approaches a steady




value given by k as the time gets large., Looking at E_, we find that the third
(and succeeding although not shown) terms approach a steady value because
t_:-_g approaches one., The second term continues to increase but not as
rapidly as the first term. Thus, the curve decays at a slightly larger rate
for the variable than for the constant resistance.

Ei exhibits the same behavior. However, since E; is the argument of
the sine function, the main effect is to produce a modulation of the phase or
frequency. Thus, one wo uld expect a large variation at the beginning of the
discharge and slower one at the end of the discharge. These changes will
cause the curve to be nonsinusoidal.

The amplitude factor contains dEi/dt which is also a function of time.
Initially the variation is large but will damp out because the time varying

terms have t in their denominator. Thus, for long times we find that

dE, 2
. approaches — ., e (28)

L 2

dt 1.C 4L

which is found in the solution for a constant R. (See Equation 10,)

III, EXPERIMENTAL DATA
The above expression for the current should be fitted to the data so
that the various constants might be obtained. Because the various terms
are made up of a series expansion such curve fitting would be quite compli-
cated. In place of this method we shall use the double integration method to

determine the value of R.




From the original circuit equation the resistance is given as shown

in reference 1.

t
d1 J
T Gt 2 T
(o)
R = dtI C Jo (29)

Since the rate cof change of the current is measured with a Rogowsky loop, the
current is obtained by integrating once and the integral of the current by inte-
grating twice. Withthe calibration constant one can obtain the value of the
resistance as shown in the equation. If one uses a current shunt, the other
terms are obtained by differentiating and integrating the data for the current.

Since every experimenter has different equipment and since his results
are largely a matter of his instrumentation, Figure 1 shows the exploding wire
apparatus used to obtain our data. The 12 capacitors can be charged to 50 KV
thereby having a storage capability of 104 joules., The ringing frequency is
275 kilocycles so that the pulses are made up of 3 or 4 cycles that carry the
bulk of the power. The wire commonly used is 2 mil tungsten 1/2 inch long.
Figure 2 shows the cartridgeochamber housing the wire,

A Rogowsky loop measures the rate of change of the current as shown
in Figure 3. The sweep speed of the Tektronix scope is 2 microseconds/cm
which sp;aed is used to obtain the values of L and R in the main part of the
pulse. Figure 4 shows the pulse taken at 1/2 microsecond/cm. This shows
the shape of the first half cycle., After reading the deflections with a 12X

microscope, data from the curve is plotted as shown in Figure 5.

10




The frequency is determined from the cross over points thereby giving

the inductance from the formula

2
1 1 R
V = —— — - ——— (30)
2m 1C 4L2

Using curves as shown in Figure 3 the value of R in the steady portion of the
decay curve is found to be about 0.030 ohms. Using this value of resistance
the inductance is found to 0.111 x 10-6 Henries. Using these numbers, numerical

integration gives us

ft
dl
(0]
t t ’ t
I
— t - 32
JdtJ = d J 1dt (32)
O (0] (0]

from which the circuit resistance is obtained for each interval of time. This
relation is also plotted on Figure 5,
By standard curve fitting methods the equation for the resistance curve

may be obtained, when t is expressed in microseconds and R in chms,

o 025 > o 0 0. 000271
R = 0.030 - 0.0244 " 0. 048 - 0065 a (33)

' 2 3
S OR Bl Lo el (t +0.01)

This shows that the resistance is approaching the limit 0,030 as time increases,

Italso indicates that many terms are needed to get an accurate value because

11




the coefficients do not decrease rapidly. This indicates that many terms will
be needed in the expression for the current,

To obtain a possible rationale for the particular form of the equation
for the resistance, one might propose the following derivation. According to
Lin® (and Bennett7) the radius of the shock wave proceeding outward from a
line explosion is proportional to the square root of the time since the explosion,
If one thinks of the current path as being the material behind or within that
shock wave, then the cross sectional area will be proportional to that radius
squared. By the simplest theory of conductors the resistance is inversely
proportional to the cross-sectional area. Therefore, the resistance of the
circuit will have a constant term for the busbars and other items, and it will
have a term for the wire or plasma or gap that is inversely proportional to a
time interval. Since the resistance is also a function of the number of current
carriers, their mean-free-path, and their temperature or internal energy, it
is not surprising that other terms should be included in the series expression

for the total resistance.

iv. CONCLUSIONS
(1) The circuit equation was solved by the series method. (2) A pro-
cedure was shown that indicated the type of series that should be used., (3)
This series was found to be amenable to the data, but a series was obtained
that converged rather slowly. (4) Terms were found in the series which would

represent variations.in frequency and/or phase,

12
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FIGURE 3. DECAY CURVE FOR ROGOWSKY CURRENT LOOP-

FIGURE 4. DEGAY CURVE AT FASTER SWEEP SPEEDS
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