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ON A PROBLEM OF OPTIMUM PRIORITY CLASSIFICATION 

1.  Introduction and Summary 

In certain traffic and storage operations many types of cus- 

tomers use a common service facility.  At an airport runway, for 

example, landings and departures may consist of many types and sizes 

of propeller and jet aircraft, each with different service char- 

acteristics.  It is often possible to assign each customer to a 

priority class n = 1, 2,..,,N + 1 and devise an ordered servicing 

rule, as a function of n , which leads to better performance of the 

service system than could be expected if customers were serviced in 

the order of their arrival. 

When arrivals to the service facility are Poisson, service times 

of each priority class are independently distributed positive random 

variables, the order of service within each priority class is first- 

come, first-serve and the service of a customer, once begun, is never 

interrupted, expressions have been obtained by Cobham ^1' and by 

Kesten and Runnenburg ^ for the stationary probability distribution 

and moments of waiting times of each priority class. 

Under these same conditions Cox and Smith^ have established 

that the priority rule which minimizes expected queueing time of all 

customers gives? high priority to those classes with low mean servicing 

time.  In other words, the optimum priority rule is simply one of ranking 

the mean service time of each priority class and does not require any 

restrictions, other than existence, on the distribution function or 

higher moments of the service time.  In the proof that such a rule is 



optimal it is assumed that the a priori arrival and service distribu- 

tions of each class are known and are unchanging with time. 

In some traffic systems, on the other hand, the arrival of a cus- 

tomer may lead to different a posteriori statements about his, service 

time distribution.  This new knowledge suggests that the overall per- 

formance of the service system may he improved if a customer, upon 

arrival, is segregated into a priority class. 

In this paper we consider the extreme case where the service time 

of an arrival is known exactly once he joins the queue of the service 

facility; prior to this moment his service time is sampled from a 

stationary distribution function common to all customers.  We pose 

the following problem: with a fixed number of priority classes, how 

should one assign priorities to customers in order to minimize ex- 

pected queueirg time of all customers using the service system. 

It is shown that this decision problem can be formulated in 

terms of a non-preemptive priority queueing model and that the mathe- 

matical optimization can be expressed as a functional equation in- 

volving two variables:  the number of priority classes and the trun- 

cation point which separates two priority classes.  Using results from 

(5) the theory of Dynamic Programming   , it is possible to express re- 

sults for the H priority class problem in terms of a two-class problem 

and obtain monotone sequences for average queueing time and the trunca- 

tion point for each priority class.  These results converge, in the 

(h) 
limit of large H , to the results obtained earlier by PhippsK '. 

g.  Expected Queueing Time 

The expected queueing time of customers in the  jth of  N + 1 
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priority classes in a Poisson-fed queue with non-preemptive service, 
O 

each priority class having independently distributed service times 
a G 

with distribution function B.(x) is 
0 r- 

Xv(2) 

(la)   vj=2(i-?' )(i-r.)      J = i, 2,...,N + i 

where f. < 1 and 
J 

db)      > = X^ 
N+l 

total arrival rate into the system. 

(1c)    a. = A A  = the fractional arrival rate of the Jth 

priority class. 

(Id)     — = average service time of the jth class. 

(2) 
(le)     vi  = second moment of the service time,  jth class. 

J 

J 

i2£) pj = ^J^j ^j = I pi ^o = 0 • 
i=l 

J    J j 

The expected queueing time for the service system is defined as the 

sum of the w.' s weighted by the fraction of arrivals into the jth 
J 

N+l 
,(2) 

priority class: 

N+l 

(2) -1 
J=l 
I Vj = ^-{ I d-r.Jd-r.)} 

j=i 

If we segregate the arrivals in a single stream of Poisson traffic 
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into N classes so that the customers in the nth priority class 

have service times in the interval (y , , y ) they constitute a wn-l '  n 

fraction, 

(3a)     a = a(y    y ) = B(y ) - B(y . ) v-^       n     n-1 '  n    wn/    wn-l 

of all arrivals.  The distribution of customer service times in this 

priority class is 

Bn(x) = 0 0 ^x f; vi 

B(x) - B(yii 1) 
(3b) = B(yn) - B(yn.1)      

yn-l < x ^ ^n 

= i yn   < 
x 

and hence the fractional utilization (if)  of the service system by 

the nth priority class is 

ik&)        pn = Piy^i , yn) - xj      x dB(x) 
yn-l 

(*)   rn = r(?- 
N = xj  x dB(x) . 

1       (2) We see that the total arrival rate, A , and the moments,  — and V 
\^ 

are independent of the choice of y .  Substituting Equation (ja) and 

(i4b) into (2) expresses WN ,  as a function of the n truncation 

points yt    and yN+1 = " . 

N+l 
, (2) r >r    a(y . , y^)   1 

(5)       wN+1 = Vi^i' ^ • ■ •'V = V- { I ri^f^rfeni} 
n=l n"x n 

In the  proofs which follow we assume   continuity  in the  distribution 



function B(x) which implies continuity in a(y, x) , r(x) and W 
'  N 

5-  A Functional Equation for Expected Queueing Times 

The problem posed in the introduction to this paper is one of 

finding the location of the y (when they exist) which minimize ex- 

pected queueing time in Equation (5). 

*■ 

W
N+l=0<^,...yN^l 

possible to imbed the solution of W„ in the solution for W* 
" N+l 

By considering a service system with one less priority class, it i 

possible to imbed the sol 

To simplify notation, let 

f  (x)- m* Y     "^n-l^n^ 
N+I^   ^y^...,y^x L  (i-r(ynl))(i-r(y ) x ^    r,=i      n-1       n 

with the understanding that r0 = 0 ; yN+i = x and r(x) < 1 . 

fN+l(x) differs ^om W*+;L by the factor Av(2) and the fact that 
2 

the truncation point is x < « .  To show that fN -.(x), and hence 

W    satisfies 

we pick a sequence 

0 ^x*(x) ^x*(x) ^ ... x*(x) ^x 

such that for any 

0^xlSx2^---S
x
N^
x 



N+l       #    #        N+l 

f9)      f  (*)        Y Q(Xn-l- Xn\     , V     "^n-V Xn) 
^;     rN+1^j - ^ (i-r(x* ))(l-r(x*)) ^ L   U-T(xn 1))(l-r (x )) 

Pick any number y and sequence 

0 g x£(y) g x^(y) ... x^Cy) <; y 

such that for any 

N N 
Za(x' ^ j, x1;       v-i    a(x ,1.x) 

(i-rCx; )j(i-r(x')) < A (i-r(x 1))(I-T{X ): 
n=l      n~1       n    n=l      n"1       n 

* 
Now, pick 0 < y <^ x such that 

* 

^0)   V^) + (i-r^)ki-r(x)) ^ fN
(y) + Ti-rtW-li*)) ' 

Since the inequality also holds when x  is substituted for y in the 

right-hand side of (10) we have 

(:a)    V3^+ d^))?4(x)) ^ fK+i^) 

But the defining equation (7) for f , (x) reverses the inequality of 

(ll) and we have therefore shown that f _(x)  is the solution of 
N+l 

Equation (8): 

_   ,   s   Min J „ / \      «(y. x)     L 
fN+i

(x) =o<y<x I fn
(y) + (l-r(y))(l-r(x)) J 



k.     Results for the 2 Class Case 

The structure of f  (x)  and the location of the minimizing 

sequence  (y , y2,...,yN) proceeds by   induction on n from 

results for the two class case.  We have 

(12)       f=lx) "o^x ^l(y)     * C-rlyiihMr.)} 

^y^ 

Min jg^y^j- = g1(y*, x) 
0<xx 

Assuming a continuous distribution function, an interior solution 

for y.  occurs -when it is the solution of 

(13)     r(x) _ , >vy 
B(3Fy  1 + >y B(y) - r(yJ 

This result can be obtained by observing that the derivative of 

g (y , x) with respect to y can be written as the product of two 

factors, one of which is nonnegative, the zeroes of the other corres- 

ponding to the relative extrema of g (y , x).  Substituting this im- 

plicit solution for y  into Equation (12) gives 

B(x)~rCx)B(y£) 
ilh) f2(x) = a~Ta))(i-r(y*)) 

1  .  r(x) 
Äyf   i-r(x) 

The functions fn(x) , f_(x) are non-decreasing functions of x . 

Since a(0,x) is non-decreasing and 1 - xi*)     is non-increasing, 
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iA%)     ±s nöH-d66röSs±hg and its  digfiirätiiri  can "be trftten' 

where ^(x.) £ i + Ä I -B(t)dt. is a cöiäTfex f'ünctio'n of i , Tb« 

derlfatife bi1 (ii^) f8r tue two ciaös case Sifi a.iso 'be M§rBiiei in 

terais of the bjitiMi truncation point    fAi)    to give 

'i&f'(W 

inhere 

iSb) ü„(x) 
i-t"(x) + um*) ~ Mfji 

i-t(y 

As one mi&f w --^t^r J,  tf.jL(.*)  '~*n "be viewed as a special case of u (x) 

where y,(x) = 0 

To obtain-upper :an^. lower hounds   on     u (x)'    «c  flist show that 

;LUlxj > 1  •     Since  the numerator of  (l6h) :o^n he-"written 

' Säi-^hxUL+ 7VX[B(X) - s(ym:=ti-rCyJ * >, / „(x-t) dB(t) 

it is obviously greater than or equal to l-r(yf') for %> ^^ ^ and 

therehy establishes a lower bound of unity for u0(x) . We also note 

that u (0) = u1(0) = 1 . 

To show that    u  (x) ^ u  (x)    we assume the  contrary;  namely,   that: 

u  (x)   -  AxB(y  ) ^ 
(17a) u-(x) = -^ j ^- >  u   (x)'     y    1 x 

i-rCy^  ;■ 

The right hand inequality implies 



(17b)    7x  B(y1) < u1(x) ri^) 

which can he rewritten in the form 

(17c)    x < u^x) v(y1) 

-1    I  Z 
with the understanding that v(z) = B (z) / t öB(t) is the condi- 

J 0 
tional mean searvice time of those customers having service times 

In (O, z) .  The solution for y in Equation (13) can now he 

written as 

(18)     y* = u^y*) v(x) 

u (y) 
and this equation in combination with (17c) and the fact that   

j 

is a decreasing function of y leads to the inequality 

u (y )  u (x)    ,       ^ 

We observe, however, that the requirement that the two class system 

In (1^4-) have average delay less than or equal to the one-class system 

provides the additional inequality. 

(19b)   -Ä.    r(x)   B(X) 

^i 

which, by cancellation of the common term 1 - rCx), Implies that 

y. ^ v(x); i.e., that the point separating two priority classes lies 

to the right of the conditional mean. With the non-decreasing property 

of the conditional mean we therefore obtain the ranking 

(19c)    v(y*) ^ v(x) ^ y* ^ x . 
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The left-hand inequality of (19c) contradicts the strict inequality 

of the left and right hand side of (19a)j hence the assumption that 

u (x) > u (x)  is false.  To summarize the results of this section, 

we have obtained hounds on the truncation point y = y^x) and 

shown that 1 ^ u (x) ^ u (x) .  The latter inequality implies that 

(W      äTZur and fi(x) ^ f2(x) • 

In the following section we obtain similar results for the model of 

N > 2 priority classes. 
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The M-Class Case 

Denote by y* = y*(x) the largest value of y which is a solution 

^0)    Wx) = .^1 {fN
(y) + (i-?iy)ki-r(x)) } 

In other words  v  is the optimal truncation point separating the 

Nth and (N+l)st priority class where y = Max (y  (x)) and y  (x) 
— — M   1 

are solutions of (20).  Generalizing our earlier notation we write 

and can only obtain an interior solution for y  when 

^N _  te(y) f l-T(y)-AYfB(x)-B(y)^"1 

(  }     dy " (1.r(y))2 L     l-r(x)        J 

 N . . b(y)   v(y  x) 
^  (i-T(yr 

changes from negative to positive values with increasing y ,  By 

definition,  vCy, x) equals the expression in square brackets.  In 

analogy to Equation (15) the derivative of fjrW  can be written in 

terms of the optimal (H-l)at truncation point,  yw.!    ' 

dfN(x)  ö   a{hi^' 'A-'\        _ b(x)Vx) 

(22)   ~Sr   " S (i-r(y|_i))(i-r(x}) ' (i~r(x)F 

whence   it  follows  from the   defining equation for    v(y  ,   x)     that 

(25a)       uN(x) = vfx, yN.1l^,' = 
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By factoring out the term b(y) (l-r(y))'2 which is common to 

all terms in Equation (21) we see that y* is either a root of the 

equation, 

(23b) uN(y)   - v(y,   x) = 0   , 

or  is a point where the  left hand side  changes discontinuously from 

negative to positive.     To offer a proof, by Induction on    N ,   of the 
df ^ 

monotone  convergence of     f^M   ,  ~    and    y  (x)    we first show that 

v(y,  x)   in Equations  (21) and  (25)  is     (i)     a convex function of    y 

for fixed values  of    x  ,   (ii)  a non-increasing function of    x    for 

fixed    y ;> x ,   and    (iii)    a non-decreasing function of    x    for fixed 

y ^ x   .     To show     (i)    we consider the partial derivatives of v(y,  x) 

with respect to    y  : 

(2te) ±^1 =  - A(l-r(x))-1[B(x)   - B(y)] 

2 
(2iA) 2_| =      >(l-r(x))-1h(y) ^0 . 

äy 

v(y^ x)  plotted as a function of y may consist of several straight 

line segments where b(y) = 0 ;   in particular if b(y) = 0 in the 

neighborhood of x , the relative minimum of v(y, x) Is not unique. 

To show  (ii) and (iii) we write the partial derivative v(y, x) with 

respect to x as 

(25a)    ^ *) =   *W.£  r>x(l-r(y)) - >y(l-r(x)) - >2xy(B(x)-B(y))]. 
(i-r(x)) 

Integration by parts and cancellation of terms  of opposite sign gives 

av(y,   x)      >yxb(x)       "l^ 
—SE

2—- (i-rw^ [-7- 
(25b) ?WCv     v1!       ■Xw-hCv1;      _ui^) ^(x) 
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We recall that    u (x)/x    is a decreasing function of    x ;  hence, 
Vy) u (x)    1 
—— < —=—~ for y > x ,  The inequality is reversed when y < x . 

The sign of the terms in square brackets in Equation, (25h) determines 

the sign of ■^- and, in particular, is only zero when b(x) = 0 or 

x = y . 

Ve observe that UjJ0) = 1 , u (y) > 1 for B(y) > 0 . 

v(0, x) = (1 - r{x)) ' > 1 and v(x, x) = 1 . 

Hence, there is at least one point y <^ x where u (y) - v(y, x) 

changes from negative to positive values.  Denote the points where 

such a change takes place in increasing order by 

(1)    (2)        (m) 

One of these points is yN(x) .  To show that yH(x) is a non-decreasing 

function of x , we first note that for b(t) = 0 in the interval 

x <£ t <_ x + Ax ,  g(y, x) = g(y, x + Ax) for all y , and hence 

y.T(x + Ax) = y^Cx) , For b(t) > 0 in the interval, v(y, x + Ax) > 

v(y, x) for all y <_ x ,  Let 

(1) (2) (p) 
0 ^ yN(x + Ax) < yN(x + Ax) <., .< yN(x -f Ax) < x 

be the points vhere    u  (y)   - v(y,  x + Ax)     clranges from negative to 

positive values.     Note  that 

(1) (1) (m) (p) 
yNU) ^ yH(x + Ax)    and    yN(x) ^ yH(x + Ax) 

which establishes yn(x) ^ V-K^ 
+ te*-'1     in *':ie case m = p = 1 .  In 

the general case assume yTO(
x + Ax) < y (x)«  Using the properties 

of S-.Xy,   x)  established in the appendix, we have 



Ik 

> gjjCyj/x) , x ■»• AX) - 8H(yN(x + Ax) , x ♦ AX) > o 

which Is a contradiction and therefore implies that yN(x + Ax) ^ y (x). 

Since uN(x) is discontinuous only vbere 3rn(x) ba8 dlecontlnuities, 

the above result implies that discontinuitlea of ^W » at x < say> 

are such that u^(x ') > VLJX ) .  Hence, at the points where ^»(y) " 

v(y, x)  changes from negative to positive values, \x„(y)  Is continuous, 

and these points are roots of u_(y) - v(y, x) - 0 .  Two consequences 
a 

of these results should he noted: yN(x) < x; i.e., y„(x) lies in the 

#     * 
interior of the interval 0 <; y ^ x , and yN(x) < yH(x + Ax) unless 

b(t) = 0 in the interval x ^ t ^ x + Ax . 

*/ \ To prove the monotone convergence of yN(x) , we assume that 

yH_1(x) ^ yN(x) .  Since, for a given x ^ y , v(x, y)  is a non- 

increasing function of y 

(26h)    y*(x) ^ yJ^Cx) =^ ^^(x) ^ UjjCx) 

df     df 
which in turn implies (Equation (22))  that —ST^ ^ äx  '  If there 

is a unique root to u^ (y) - v(y, x) = 0 , then 

(26c)    ^xCx) ^ Vx) ==i> yN(x) ^ yN+l(x) 

because the zero crossing of u  (y) - v(y, x) has positive slope. 

In the case of multiple roots label them 

0 1 yN00 < yN(*) <• • .yN(x) < x 
(1) (2) (m) 
yN(x) < yN(x) <---yN(j 

o^^i1(x)<föl(x)<...kil(x)<x 'N+r^' v 'N+I^' ^•■•■'N+IV 
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Similarly to the single root case   (26c) 

, v (D     (1) M (n) 
UN+I(X) ^ Vx) => yN

(x) ^ Wx) and y
N
(x) ^ yN+i(x) • 

If we now assume that yN+1(x) < yH(x) , then from the appendix 

we also obtain the contradictory inequalities 

(26d)    0 ^ gN(yN(x), x) - g (y* (x), x) 

^ sN+l
(yNfx}' X) " gN+l

(yL(x)' X) > 0 

and therefore conclude that yN ■, U) ;> y*(x) . 

Since we have shown (Section k)  that these inequalities (Equations 

(1?)^ OS.)  hold for the K = 1 case the proof of the monotone 

properties of the sequences in Equation (27) is complete: 

(27a)    i^T = ri(x) ^ f2(x) ^ • ^ fN(x) ^ fN+l
(x) - fM I  0 

(27b)    ^V^   ^1.^-   .^N^^l  df  0 
(i-r(x))2  ^-^= tfdx^to   dx^u 

(27c)    0 ^ v(x) ^ y*(x) ^...^ y*_1(x) ^ y*(x) - y*(x) ^ x 

The behavior of the limiting functions f(x) and y*(x)    are dis- 

cussed in the follcwing section. 
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6.  The N = oo Case 

In the limit of large N we obtain uniform  convergence of the 

optimal policy yN(x) and f„(x) , 

Lxm f (x) = f(x)   ;   Lim y*(x) = y*(x) 
N - oo N -♦ « ■" 

Since we have 

fN+i(x) = s(yj(x), x) 

♦ a(y*(x),x) 

= VV   + (i-r(y*(x)))(i-r(x)) 

for every N and x it can be shown by arguments identical to those 

presented by Bellman in Chapter IV of Reference (5) that f(x)  and 

y (x) are unique solutions of the functional equation« 

(28) f(x) = Min |f(y)+    °%*L_) 
o<y<x ^    (i-r(y)}(i-r(x)) J 

A necessary condition for a solution y (x) < x is that 

this statement is equivalent to finding the root of 

(29) u(y) - v(y, x) = 0 

where u(y) = Lim u (y) and convergence of u^^y) follows from 
N-MO " N 

Equation (£7). 

We shew that the limiting function u(x) = 1 (independent of x) 

provides a solution of (28).  In this case the unique root of (29) is 
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y (x) = x which occurs at the relative minimum of v(y, x) (recall 

that v(y, x)  is convex In y).  The limit of both sides of Equation (22) 

provides us a solution for f(x) by integration; namely. 

r X    b(t)u (t)       rx     , . 
(50)     f (x) = Lim /   S_ dt =  /    m*} 

K~»
J

O   {i-rit)r       Jo (i-r(t)r 

which also satisfies Equation (28) when y (x) = x . The interesting 

feature of this solution for the infinite priority system is that the 

lowest priority class corresponds to the customers with longest service 

time, a special case of non-preemptive priority queues studies, by 

(k) v 

Phipps   .  Stated another way, we find that at each instant in time 

there are as many priority classes as thsre are customers in queue. 

The first customer selected for service Is the one with the lowest 

service time. 
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7-     A Numerical Example 

In Figures   (2) and  (3) we  obtain results for a three priority 

class problem vhen the a priori distribution function of service 

times  is that given in Figure  (l).     Service times of customers are 

equiprobable in the  intervals   (1,   2)   (3,   h)   (5,  6) and (7,   8).    We 

observe in Figure 2 that the truncation point,     y1(x),   separating 

two priority classes has  corners at the end points of these  intervals. 

The results  of Section  (4)  and  (5) were used to obtain the  corres- 

ponding curve for    yp(x)  In Figure  5.     Since    y_(x)     is the trunca- 

tion point separating the  second and third class the bottom curve 

in Figure  5 is obtained by substituting   y_(x;    for    x    in Figure 3. 
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Appendix 

Assuming a continuous dlstrltution    B(t)    we can write 

y Ögjt,  x) 
(y,  x) =   j      -^ + C 

To show that the assumption    yN(x + Ax) < yN(x)    leads to 

(26a)  in the  case where    v(y,   x) < v(y,  x + Ax)     let    y^'^x + Ax) < 

yN(x)^yNJ)^+Ax)  and y^W ^y^+Ax)< yNi+1)W •   " 

follows from the definition of yN(x) and the fact that u (t) - 

v(t, x) ^ 0 in the interval y^^x) ^ t ^ yN(x + Ax)  that 

(i)      0 ^ gN(yN(
x). x) - gjjC^ix), x) ^ gN(y*(x), x) 

- gN(yN(x + AX), x) 

Similarly,   from the definition of    y (x + Ax)    and with    u (t)   - 

v(t,   x + Ax) ^ 0    in the Interval    y*(x) ^ t ^ y^^x + Ax)    we 
Nw ^  ^ 'N have 

(1) * 
(11)     0 < gN(y^'(x + Ax), x + Ax) - gN(yN(x + Ax), x + Ax) 

■X- * 

<.  SN(yN(
x). x + Ax) - gN(yN(x + Ax), x + Ax) 

Since uN(t) - v(t, x) > u^t) - v(t, x + Ax) for 0 ^ t ^ x the 

right hand side of (l) Is strictly greater than the right hand side 

of (ii), which completes (26a). 

To prove that the assumption y^+1(x) < y*(x) implies (26d) , 

let yj^Cx) < y;(x) ^ yÜ)(x)  and y(l)(x) ^ y*+i(x) < y(^l)(x). 
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The same arguments as above establish (26d), replacing y^J   (x + Ax) , 

y^j)(x+Ax)  and y*(x + Ax) by 4+i1^) ' yNil(x)  and yN+l(x) 

respectively, gN(y, x + Ax) by gN+](y, x), and uN(t) - v(t, x + Ax), 

by u  (t) - v(t, x) , and recalling that u^Ct) ■■ v(t, x) > uN+1(t) - 

v(t, x). 
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