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CERTAIN PROBLEMS OF THE HYDRODYNAMICS

OF RELAXING MEDIA

I. P. Stakhanov and
Ye. V. Stupochenko

Moscow

This artlcle examlnes certain general propertles of the equations
of motlon of thermodynamically nonequilibrium media and the transition
to "equilibrium" hydrodynamics in the limiting case of small relaxa-
tion times. Certaln problems of the propagation of small disturbances
in relaxing media are examined 1n a linear approximation.

In any motlon of a liquld or gas, excludlng certain special
cases such as the uniform translational motion of a system as a whole,
disturbances arise in the statistical equilibrium state of <he
medlum. If the gradlents of the hydrodynamic values are not too
large, the equllibrium distribution function 1s only negliglbly
disturbed; however, from the molecular and kinetlc vliewpolnt these
slight disturbances are the basils of all dissipative processes in
moving gases, Introducing terms with coefficients of viscoslty,
thermal conductivity, diffusion, ete., into ordinary hydrodynamic

equablons 1s the means used for calculatling these small dlsturbances
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of atatvietiesl equilibrium; {n these caleulations the thermodynamic
parameters of the mediym are taken equal to their values in a state
of complete thermodynamic equilibrium (local equilibrium).

Hewever, {n a number of cages this type calculation of statis-
tieal nonequilibrium is insufficlent, The time v for establishment
of leeal statlistical equllibrium varies within broad limits depending
on the nature of the process, It is of the same order of time as
the free path used for establishing Maxwell velocity distributions
in a gas and 1s somewhat greater for the case of rotational motion
of molecules, Such rapld processes are outslde the range of applica-
bility of hydrodynamic equations. 3patial regions with substantiate
disturbance of statistical equllibrium of chis type are described in
hydrodynamics by mathematical dlscontinulty surfaces. However, for
the case of molecular oscillations the relaxation time 1s of the
order of thousands and ten thousands of free-path length times. The
exchange of kinetlc energy of translatlonal motion between particles
having great mass — the electrons and lons — 1s greatly hampered,
Finally, conslderable time 1s required to establish chemical or loniz-
ation equilibrium.

If the characteristic macroscoplc reaction time is comparable
in order of magnitude to the relaxation time T for any of the processes
occurring in the medium, the thermodynamic parameters can differ
substantlally from thelr equllibrium values, and the system of hydro-
dynamic equations should be supplemented with a kinetlc equation
describling the relaxation process, These condltlons are encountered
in supersonic flows, for example, 1n the zone directly behind the
front of a shock wave whlch markedly disturbs the state of thermo-

dynamic equilibrium [1]. The other well-known example of motion in
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which cxplicit calculation of the relaxation processes 1s nccessary,
1s the propagatlon of ultra high-frequency sound. The studles of

I. G. Kirkwood and L, I, F. Broer [2, 3] arc devolted .o obtalning

a closed system ol' hydrodynamic and kinetlc equatlons ror different
processed,

We will conslider below certaln general properiies oiff the system
of "relaxatlon hydrodynamic" equatlons, as well as the posslbllicy
of pagslng to the 1imit to the usual "equilibrium" hydrodynamic :,
hydrodynamics at small values of T.

The latter 1y of interest because certaln Imporlant propertles
of "relaxatlon hydrodynamic" equatlions when 1 approaches zero are
not transformed into propertles of the equllibrium hydrodynamlcs
equations, For example, the characterl.;tlcs of equatlons of unsteady
one-dimensional motion lacklng viscoslty and thermal conductlvity
deseribed by L. I. F. Broer [%] do not depend on the value of time
T and do not colnclde with the characteristics of equilibrium
hydrodynamics.

As will be shown below, thls difficulty i removed if we assume
that the equatlions of equllibrlum hydrodynamics are an approximate
description of only the special class of solutions of relaxation
hydrodynamlic equations. These solutlons are characterized by the
fact that local nonequillbrium at every given moment 1s fully defined
by the [lelds of hydrodynamlc values regardless of the previous
history of the medium. Moreover, kinetlc equatlons describing the
change 1n time of the parameters describing nonequllibrium of the
medlum drop out of relaxation hydrodynamics,

We shall also 1nvestligate the propagation of small disturbances

in relaxing media, We shall show that 1in the reglon of the order of
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the "relaxation length" 1, they will be propagated along the charac-
teristics of the cquations of relaxatlion hydrodynamles; therefore
near obutacles weak discontinulties arise whogse directlon does nol
coincide with the usually observed Mach lines and which exponentlally
vanlish at dlstances large in comparlson with 1. At large dlstances
the propagation of the disturbances 15 determined by the cqulillbrium
velocity of sound., However, unllike equllibrium hydrodynamics this
disturbance 13 made up of disturbances arriving from differecnt polnus;
in this case as propagation procceds, Lhe shape of the dlsturbances
changes so that the "fine detalls" gradually disappear.

1. Equatlons of relaxatlon hydrodynamics. We shall assume

that the nonequillbrium states which occur are states of incomplete
statistical equllibrium which can be descrlbed thermodynamlcally.

As the characterlstic functlon determining the thermodynamlc proper-
tles of the medlum, we choose Lhe internal energy of a unit of mass,
e(p, s, ), whlch can be considered as a function of density p,
specific entropy s, and the additional parameter £ (or several such
parameters) [4, 5], which describes the deviation from complete
thermodynamic equllibrium. The physical sense of the parameters £
can be quite different. This can be {or example, the temperature
of the internal degrees of freedom or the concentration of the
reactlng component. In descrliblng the chemical reaction it is
especlally convenlent to introduce the parameter ¢ by means of the

equation [2]:

dl)l( =S E V,‘;‘-dgk

k

Here dmi 1s change of mass of the component 1 resulting from

reactlion k, and Vik 1s the corresponding stoichlometric coefflclent,

T




The actual system, as a rule, is characterized by several such param-
eters 74, becauge geveral reactions may Jsimultancously take place in
the syustem, and marecover both the temperature of the difrerent
components and the temperature of thelr lnternal (ror cxample,
fluctuatling) degrees of freedom can differ., We shall llmlt ourselves
to 4 conslderatlon of the slmplest one-paramet o pelaxatlon process,
ror whlch, however, we can invescligale the characterisilc featurcas
of relaxatlon hydrodynamlcs,

In the state of equllibrium, € .akes the value g(p, s) dei'lned

by the cquatlon

st =0, - s3] (1.1)

The equations of contlnulty, momentum, and energy have thelr

usual {orm

Ip R
L divpy =0

ot
P(g+(v.v)v)=_gmdp+v.n <p=pz[%[§)]m> (1.2)
a

<

z(p—;' 4 pe) = — div{pv(l.;—2 -’r‘m) — (IT-v) +‘1'}

Here v ls velocity of the medium, p 1s pressurc, w 1ls uspecific
enthalpy, q is the denslty vector of the thermal i'low, I 1s the tensor

wlth components Tk deflnable {rom the relation

Py = — pdix+- muyy (1.3)

where P1k is the stress tensor. It further [ollows that I need not
colnclide with the tensor of viscous stresses, The lollowlng Jorm

of the energy equation also follows from (1.2):

(1.4)

e ) d 1 1 dg;  ay, v d
ar = dat p p ox p oy (r




From here and f{'rom the general thermodynamic expresslon

de = —-pd( )4. Tds 4 ey d? (ra("‘) ) (1.5)
L0

L
p Js
where T 1s temperature o' Lthe medlum, we obtaln

3

s l 4!./' . 1 1)1' l‘i a‘h

di T T pren, T T T a

In the general case, thie parameter e at o slven polnt o’ the
medium can vary both duc vo scalar Ilow r and Lo Jhe vector low J,

In the Cuture the physlca:! sense of the parameter wlll not vbe specl-

fied; therefore the physlea sense of {lows roand J may nov oe invoived,

In the partlcular case, when € det'ines the composiilon ol the
gas dissoclatlng according to the equation 2A72 A, flow r wlll be
the dissoclatlion and J wlll be the diffuslon [low.

When defining r and J approprlately the cquatlon for the rate

of change of ¢ can aiways be writien ac
a0z B . )
Pop =7 —divj (1.7)

Substituting (1.7) into (1.6), we obtaln the equation of the

entropy balance

s @ 9 el (1_8)
PJ+E(T*7ﬁ=“
1 or a, 2 e
70 == — g; = S I X AJRC) 1.
Tg U, + 1 G~ e il =T (1.9)
We easlly see that
d (ps) o ]
= =AW b ew) b, = (1.10)

The veclor J. ls the density vector of the entropy [lux, or to
be more exact, that part ol the density of Lhe entropy [lux which 1o

agsoclated wlth macroscoplc motion of the medium; the total density




of the entropy flux 1s J, tp3v.

The right-hand side of (1.8) represents formatlon or' entropy o,
l.,e., the rate of change in the entropy of a unlt volume due to ihe
irreverslible processes oceurding In ft: the thermal conductivivy,
Internal rrletlon, and processes deseribable by Slows roand §J (In the
parclcular case, the piocesses can be chemlea! reacilon and diffuslon).

Here r'lows 1 and forces X In the thermodynamles scnce ol lrrevers-

lor: processes wlll oe Qy» "ik’ e g Ji’ and correspondlngly
19T ’ du, o E
Fin T o —Tgo

satlisfying the relation

0=%2IX (1.11)

By assuming a linear relation of flows to forces, for the lso-

troplc medlum we can write

19T .0
G == Ay g =BT
ol o, o, 26 ey ‘8 f)i’_j]]é .
T R
., av, 1 o7 A K
roe=— N 85'}'1«(‘/';[: L= _CT(’)? DT('I_;‘_/—.

Here A, B, C, D, K', L, M are kinetlc coefficlents which, gener-
ally speaklng, are functlons of the state of the medium, n and { are
the shear and second coefficlents of viscoslity.

The requirements of Curle's theorem were taken intc account.

For example, the tensor force avi/axk and scalar force € cannot enter
linearly into the expressions [or q and J, slince 1n both cases a
vector klnetlc coefflclient would be required, which ls preciuded [ov

the case of an lsotrople medlum., For the same reasors Lhe vector

\




foreces do not enter lnto Jhe expresstons lor "lk and r,
y virtue ol the princlple ol symmetry of kinetle cocf'f'lclent.
B=C, L= =M ()
As 1y apparent, in Lthe cxpresaslon Por Mg there Lo a term that
1g proportional to e. and not conneeted direetly with the defoematlon
ol the velocliy fleld, Thus, the cotal tensor of siresses L vhe

relaxing medlum 1g composed of “hree parts: 1) "thermodynamte

f a £ .
rressure the 5 A ) = 3 Jeous
pressu (with the minus alen) y Lk PEd 2) viaeou
streases, and 3) the term Mby €.. In accordance with (1.12) the

term Ldvl/oxZ appears In the expression tor cealar U'low r,

We note that there 1s no due clarivy concerning the questlion
of these terms in the llterature, For example, De Groot's siudy [0]
assert.s .hat the velocliy oi the chemlceal reactlon does nou depend
on the scalar comblnatlon ot viscocliu, forces ovl/oxi, since hydro-
stavlce pressure does not depend on the occurrence of a chemlical
reaction. It 1s apparent from Eqs. (1.12) and (1.13) derlved above
that within the scope of general phenomencologlcal conslderatlions
these assertions will not be valid. In phenomonologlcal theory,
the questlion of the magnltude of the aforementloned effects remalns
open, They can be estimated in the molecular-kinetlc theory.

The flrst two wquuoions o (1.2), Egs. (1.7) and (1.8) tasether
with (1.12), (1.13) form a closed system of relaxatlon hydrodynamlc
equations. Here we take p, 5, and € as lndependent variables defining
the ghermodynamic state of the medium., The remalning thermodynamic
variables arc determined I'rom the characteristic lunction e(p, s, §),
for example T = (0g/ds)p, €.

When it 1is posslblie to disregard viscosity, thermal conductivity,

and flow J, the system ol cquatlons takes the form

8-




119 . o - dv i
g T edivy =0, Pg v dfad p=0 (1.14)

E
ds oot
‘

p(ﬁ:: l\ -'['.

dt

pd— = - [\"Ei

In these condlitions I, = M = 0, whlch follows, as 15 cviden. 'rom
the condltion

R LeX, Xi>:u
e i (1.15)

From Eq. (1.14) a relation is esvabllahied bewween coel'flclent
K' and relaxatlon time 1 of .mall deviations {rom local thermou,namic
equlllorium., If 1n the expanslon of the right-hand side of the last
of Eqs. (1.1%) 1in powers ot (£ - €,), we limit ourselves to linear
verms and 1f we take into accounc that the changes In entropy based
on (1.14) will be of the magnitude of the second order of smallness,
we obtain
1

i = (1.10)

2. Certaln properties of the equations of relaxation hydrodynanic..

Calculating the curl of the rlght- and left-hand sides of the second

of Egqs. (1.2), we obtain

R t ! !
S Fourl (R X ¥) =5 ypXyp + ourt P — o vo xP (2.1)

Ut
R =curlVv, P=V'”
Il we disgregard viscoslty forces and conslder that hydrostatilc
pressure depends only on denslty, then (2,1) transforms into the
famillar equation for an ideal f1uid

Jai
-(:}-l—-f-cur‘l Rxv)=0 (2_2)

from which the maintenance of circulation [ollows, 1In the presence




the relaxation processes, p o plp, 4, 7), and thus circulation

13 not maintained even In the absence off vizcous stresses (P = 0).
Tt us examline small deviatlons rfrom the state of cquliibelun,

By reialning tn (2.1) ontly e terms of the Uirsy order of smallnedd,

we obtaln

ol w
R R [§ It car)’,

wiiere v ol the distwrbances of velocley, p, and 1 oare the undlaiurbed
values of densi.y and shear viscosluy,

Tnis cquetlion does not contaln sources and since the dlosturbances
arc small everywhere, the flow In Uhls approxlmatlien 13 Irrotatlonal,
By keeping in (2.1) the terms ol the sccond order off smallness, we
obtain

ot” {

r:
e == " o s C b
ot ,,Clr‘ll = Vp . V!’

|
A vy I (2.’ )

’

)
u

In he last cquatlon, the va.ues of che first order ol smallness
are denoted by a slngle prime sisn, while those of the second order
of smallness have double prime sliygn.,  Since entropy changes are ol

the second order of smallness, we can assume that

VP = pove = pyds =5 m=(3), (2,4)
Duc to the irrotational character of {low In the [lrst approxi-
mation, we have
Ly =y (y-v') (2.5)
Thercfore, by setting M = O 1n‘(1.12), we obtain

P ee 1'|$VI + "l‘ TIV\_V'VI) I Yy (V'Vl) =
! y ' 4 1 i
= (g t) vy y) = —(n v

o

- U=




When calculating P" we shall conslder for simpliciiy the coerfi-
clenvg ol viscouslity to be conutant and equal te thelr values in an
unpervurbed medium,

Then
e R ARy (2.7)

Thud

curl I = A R° (Q,d)

Using (2.8) and (2.7), we write (2.2) as:

JaR* ] ., yy il o’

Lot e ot S0 1y 0
- — = Al - A LR Sl i YRR Sy (2.9)

ut fro

Iv 15 known that in an ideal f{1luld, disturbances 1n vhe veloclty
curl are not displaced relatlve to the fluld (absence . iriasverse
waves ).

This 1s readlly seen 1f we rewrlte (2.2) as

aR
=S (v-y)R—(R.g)v-Rdivy =0

dJt

For che case ‘of a purely rotational ficld div v = O and dR'/dt =
= -(R )v. Il then follows that disturbances in the veloclity curl
R are "frozen" into the fluild. The presence of shear viscosity
leads to a displacement of dlsturbances in the curl relative to the
fluid; thils process, however, 1ls analogous to diffusion and not to
the propagatlon of waves, The rilght-hand cide of (2.9) defines the
speed with which the eddy emerges at a glven poilnt due both to
relaxatlon processes and viscosity. In this manner, both the relaxa-
tlon. processes and the second (dilatational) rcsult in an eddy, however

they cannot cause diffusion of the eddy through the [luid.

-11-




Let ua connider the equations which determine the propagation
of longltudinal waves in a relaxing medlum, As we have alrcady noted,
in the absence of viscosity and thermal conductlivity the equatlons
ol' relaxation hydrodynamics can be writicen ln the form of (1.14),

On ecxamlning the small deviatlions t'rom the state off equillibrlum
and ldmliling ourselves to terms of the {irst order of cmarlness,

we oontaln
d £ mees )
3 ei"'"u‘;dp (‘—-10)

3
4 » - ' g ’ PR
Keg = Reg &+ Kepp's & =5

Taking Into consideration (2.4) and (2.10), we write Eq. (1.14)

as:
ap oo, ov; .00 0%
R o pet = 2t p 2 20
3t Tp“d:k 0, Pag T Ceo 01‘1 Pcwl (2'11)
P - A L
. — ) — — = Ne s, £ =P
a X ( £o o G\ (T gL T lp]

Here ¢ 1s the propagation veloclty o the sound osclllatlons
having a [requency w >> /1. 'The primes on the variables of the
tirsc order of smallness (v, €, p) arc omltted.

The formal solution of the last equation of (2.11) i represented

Ut

£, L0
.—_-_R_fi’;\ 1p (A:i—,—ra_l) (2‘12)

13

Here A™' 1s an operator inverse to the operator A. Using (2.12)
we ellminate £ from the second equation of (2.11) and then taking
into consideration that operators A and A™! are commutative with

a/bxi, we obtain

dog o, 0p —EE—"A"@-—O (21))
Pogy Tl g TP Y T

-12-




Dirrerentiating the first of Eqs. (2.11) with respect to x

and Eq. (2,1) with respect to U, we can eliminate p rrom («.13).
oy . iy, tp OWy I
A {T[’- T Dx‘dxk} T P Eo:@:k =0 (2 1 )
As noted carller, in the approximation under consideration

the motlon can be consldered irrotational, and therefore

-—UL A, (2.15)

dt‘d.rk

The equillbrium velocity of sound cy 15 related to ¢, by the

relationshlp [4]:

o =l (2.16)
Using (2.15) and (2.16), we rewrite (2.14) as:
g iy 2.1/
Yl {::l_l— ' AU‘} T o T E Lap, =4 U ( { )

Equation (2.17) describes the propagatlon of longltudinal
di%turbances in the relaxing medium. As 71— 0 and T- «, Eq. (2.17)
transforms inco the ordinary wave equations of acoustlcs, in which
the role of sound veloclity 1is played by c, and Cp respectively.

This equation was obtained and analyzed earlier [5, 7],

It 1s of interest to consider the characteristics and character-

istic form of Egs. (1.14). 1If the disturbances are not assumed to

be ocmall, then

dp L0 ds ot dp . 0%
0Ii_c°°il_z?i+p’5_z_;+pz}'}_r:’ ps:tx'-:p-ﬁsd—p (2-18)

By using customary methods [8], we find that the equations of

the characterlstice for a one-dimensional flow have the [ollowlng form

L I (2.19)

-1%-




Thus, through every point on the surtace x, L pass Lhrec
characterlatics, one ol which colncldes with the trajectory ot
the particle, and the other two colnelding with the "trajeciories"
o' high-frequency disturbances (w »» 1/1) propagating 1un the

moving medium, Introducing the operator

D J d d J
8 pm : . M N -
B W) g F e (

n

.20)

we wrlie he relaxatlon hydrodynamic ecquation (1.14) in the charac-

veristle rorm

'.:“'r'i D'U ' 1):‘s . I)'.E' 5 vt?ps

fo T T8 P TP TP I/\va<—r—l’<) (2.21)
di K o G
ar = o= T hE

2. Transfer to cquilibrium hydrodynamics., Equailons (2.19)

do nouv concaln 1. Therefore, the characteristles o' relaxavlon
hydrodynamlcs do nou change as 1 tends to zero and do not convers
vo .he characieristics of equilibrium hydrodynamics deiinable by

vhe veloclty ¢ Thus, che change to equllibrium hydrodynamics

o
teseribing  movement of the medlum for small values of 1, requircs
speclal conslderacion,

We shall introduce the parameter p = CT/L, where ¢ 1s the veloc-
1cy of sound (¢ oOr cm), L 1 che characterlstic macroscople length
(the distance over which the hydrodynamic values markedly change),
and, assuming p << 1, we chall conslder the solutlon ol system (1.14)
of the form y (W, r, i; wu), where y is some kind of magnitude of

ps v ecc, Thug we are consldering flows in which upatial pradients

ot the n-th order are values of the n-th order of smallncag,

-1l




Expanding 4 In a power serles with reapect Lo u
gy (prg s p) = S (e ) Ayt (e ) A (>.1)

we derive r'rom (1.14) that

di”

a

0,

The last equailon descrlbes the relaxatlon proceuss wlih charac-
terlstle time 1. Changes In density and velocity fields, cte., occur
in the seccond approximation which 1s divergent with tlme., Therefore,
the cxpanslon (7.1) 15 advantagcously used for deserlbing movement
only iInto a f:ow of suffilclently small time intervals., The charac-
terlstlcs of the thus obtained equations are determined by veloclitiy
Coe Consequently, by means of expansion (%.1) we cannot arrive at
the equations of equilibrium hydrodynamlcs. The difficuliles arlsing
here can be due to the small-valued parameter (t) being the coefri-
clent lor higher derivatives (see, for example, Eq. (2.17)).

To change to equations of equllibrium hyd:rodynamics, we shall
consider a flow from the moment that the relaxatlon process in the
zero approximation described by Eq. (3.2) is virtually complete
and at each later moment, the deviatlons of parameter £ from equilib-
rium values are determined by the fields p, s, v. Under these

conditlions we can write the followlng expanslon for
E=E, (p, 8) -+ pE0(urs s, p, V) F WED (uripy s V) L (3.3)

where €(n) are functionals of the flelds p(r), s(r), w(r). Thus,
the coefficlents of expansion (3,3) depend on the time impllcitly
in terms of the [lelds p, &5, v,

»

Under such an assumptlon of the character of the change of £

with time, 1t is evident that the followlng expansilon for 3s/dt etec.,

-15-




1a also valld,

S }‘
l)' . 4 0 (]
5 = BNOR e V) e RN s v) C.H)
:-::. = 'l\'lll (r; fr 8, \') - |l:'\'|3i(r; LS, \') K& o o a (/ . ‘J)
E SRS a8 e e s V) L
(».u)

where the coefflelents In powers of poare algo funculonals off rlelds
p(r), s(r), v(r). The explicit rorm of thesc coelllclents can be
obtalned by equating (5.4) — (2.0) with the expresstons tfor op/ot
ete,, obtalnable trom (1.14), For example, consldering thut ror
grad p and div y there arc values of the order of u, we find lrom
(5.4) and (1.1%)

pNY = — (vegrad ) — p div v, N =AW=y (2.7)

Taklng Into consideration the expansion for p
p=mmw+pcﬁﬁmf.” (5.3)

where p, is equilibrium pressure, from (3.14) and (1.14) we iind
BV = (V) v = gnad g, RV = — < grad (peiW) (5.9)

From (».4) and (1.14%) we find
pS“’ = — (v, grad s) (J~1O)

Leaving terms of the flrst order with respect to u in expansions
(3.4)-(5.6) and taking into account (3.7), (3.10), we obtaln the
equatlons of motlion of an 1ldeal [luid wlth an equllibrium val ue
ol' pressure.

Note that the change to equllibrium hydrodynamic equatlilons by
expansions of type (3.3), (5.4)-(5.6) are completely analogous to

the meChods worked out in nonlinear mechanics and statlstical physics
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in connection with the appearance of secular terms In expansions ol
type (3.1).
To obtain equations of motlon In the next approximation, we

need to find i(l) entering into (3.9).

From (3.3)-(3.6) we find, correct to u®

EM Ok v 930 o 4
D g N ;10‘5 (:.11)

i up
Subsvituting (5.7) and (3.10) into (3.11), we obialn

el . 0%, . .
_aL = = vegrad g — "2 div v (2.12)
! [

On the other hand, with the same approximatlion

o 1
—I\€E= -—}l?

s (Z012)

Substvltuting (3.12) and (%.13) lnto the last o Eqs. (2.21), we

decermine ﬁ(L)

-']l m ()‘in . R
- = - divy
T g (48 P

By substituting thils value of ﬁ(l) into (Z.9), we obtaln the

equavion of motlon as

17 &2
m;ﬁ' = — grad py + grad ({ divv) (5.14)
where
- dp 0%, . -
§= —(;—E)E:z.f%fp when (= 1p (ceo® — %) (3-15)

plays the role of the second coefflclent of vlscosilty.

Thils conclusion assumes u %< 1. The concluslon, however, is
not restricted by the conditions of smallness of the change 1n the
hydrodynamic values and 1s thus also valld outside the framework of
accoustic approximation (compare the studies of V. Finkel'nburg [1]

and V, Granovskiy [4]),.
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The propagation of small disturbances 1n relaxlng medla have
a number of Important features, Due to dlsperslon, a relaxing medlium

does not have a definlte veloelty of sound, althoush iz propertices

can be characterlzed by two magnitudes having o dlmensionalluy of
velooelty: ¢ and ¢4, The complele gel of theye two viiucs, o Wil
ve shown below, f'ully define the law of propagatlon of omal: dlsture-
ances and thus, to a certaln degrece, replaces the veloclty ol sound

In relaxatlon hydrodynamics,

In cqulilbrlium hydrodynamics, small dlsturbances are propagated
alony vhe characteristics, In relaxing medla this assumpolon doces
not hold by viruvuc ol' dlspersion, and thus the characierlstlce dliece-
tlons take on a different meaning. Thils has alrecady been seen from
the fact that the characterlstic directlons of the equatlons off
relaxatlon hydrodynamlics tor all values o!f relaxatlon tlme 1 arvc
decvermined by veloclty ¢ simultaneously wlth the propagatlon off
small disvurbances for small values of T,

To clarify both the laws of propagation of small disturbances
in relaxlng medla and the role of the characteristic direcctions,
we shall consider the following problem [7].

4, Weak shock wave in a relaxing medium. Let a cylindrical

tube be closed at one end by a plston which, when t ¢ 0, 15 at rest
at polnt x = 0, while at time t = O it is set into motion and subse-
quently proceeds wlth constant velocity u, in a positive dlrection
of the x-axls. The veloclty of the piston 1s small in comparison
wlth the veloclty of sound (uo < o 4 cm). Let us conslder the
propagation of digturbances arlsing from plston motlon,

The equation describing propagation of a wsmall disturbance of

velocity v in one dimension has the followlng form (see (2.17))
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0 (0% s 0% dte TA
"ETI(T)T?_C‘“ 5‘-;)-{-57-—:0 0‘,—~0 (1;'1)

The boundary and initial conditions in this problem can be
stated in the following manner:
0 when 0
vie,0) =0wen 1<0 5(0,0) = /() ={ guin 150 (4.2)
A solutlon 15 found only for the reglon x > O, The discontinu-

ous function t'(t) from (4.2) can be presenied as a contour iniegral

=l L 3
10 == (.3)

Then the solution of the problem is also represented by a
contour integral

r JHAx-wl)
u [4

(2, )= — 2

e €3y

dw, k=uw ‘1_“f'r- (4 i)
W € — iC;o(x)T

Integration in (4.3) 1s carried out along the actual axis with
a by-pass of the origin of the coordinates with respect to the
upper half-plane.

In the lower half-plane, function k(w) contalns two branching

polnts

—

_ . o i
0)1——!-2——5—-, Wy = = —
o) T

A

The sectlon for transferring to the other sheet of the Rlemann
surface extends along an lmaglnary axlis between these polnts. Slnce
the path of integration does not pass through the section, we can
select for the entire path one definite branch of the functlon K(w),

namely that for which k = +w/c_ when w— O,




It 1s readily seen that (4.4) satisfles

f 1J_1 1 both differential equation (%.1) and boundary
S e
4 condition (4,2) 1f we represent (i) in the
Ul’
"o, form (4.3). To verify fulfillment of initlal
[
condition (4.2), we note that In the upper-
Flg., 1. part of the halr-plane the lnteprand does not

contaln the characterlstlce r'catures, then the
contour of Integration can be carried out Lo

Infinity along the positlive dirccetlon of vhe

imaginary axls (Flg. 1),

In thls case

IL- N
kr —wt -‘:(1)\‘:)-1—-[):;(,)(_1_._[)
Cas

R cHRl ST X/Cm’ the Integsrand, when

Plg, 2.

integration 1s carrled out to int'inity,

contalns an exponentlally damping coeffliclent, and, consequently,
v(x, t) = 0 when t < x/cm. Hence, in particular, the inltial condi-
tion (4.2) follows for x > O

Let us conslder the behavior of .he solution along the strailght
line x - e b= 0, which colncides with one of the characteristiics of
Egs. (4.1). As shown above, on one side of this straight llne, namely
where ¢ < X/Cm’ the disturbance is absent.

Let us consider the nature of the disturbance when ¢ - x/c00 =
= t!' > 0. We deform the contour of integratlion into a seml-circle
of large radlus located 1n the upper half-plane with segments of Lhe
real axls adjacent to 1t. Such an lntegral, taken from a mirror
image of this curve in the lower half-plane, equals zero, slnce on

integrating to -« along the imagilnary axls the Integrand, when t' » O,

~20~




decreases exponentially, Combining the integrals with respect to

these curves, we represent v(x, t) as an integral over a circle of

large radius with i{ts center at the origin., 1In this circle the

function k(w) can be expanded into a serles in powers of (wr)™

. W a1 3 .} a*
’-—Tm{‘ :.‘&T(z‘“s‘“)uﬁ"*---

(4.5)

Thus, 1f we 1limit ourselves to the flrst three terms ol expan-

sion (4.5), then

v(x,l)z——%oxp(—-%ﬁz)(&)%oxp{i(%—ml')} (4.6)
“ Voo

where

’ 3 . =
x=%(1—7a=)—c—°-‘°;,. o=t (4.7)

By substituting variables w t'/:A = X' , we find

-v(z.1)=—-%&exp(—%~c—i; x)(&;‘%exp{—z}/it_(n—’—i-)} (4.8)

If we use the famillar expresslon for Bessel's f{unctlon wlth

a whole number 1ndex
=l smmer{z: (7)) (+.9)

where the integration is carrled out along any closed contour around

A = 0, and we rewrite (4,8) as

(o ) = ugoxp (= g &) Jo (= 20 VH) (4.10)
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To clarify the criteria o!l' the applicability of the obtalned
expregssion, we retaln terms ol higher order {n expansion (4,9),

As a result we obtain

vnt) = uooxp( — 1——2‘:—1 1) {Jo (— 20 ) ar) ,l 1y (— I/}:t’)} (4.11)

where
2 d 2 o T
1—:\L—?J oy
The e 1 term o I 11) ¢ be weleeted T Y
N soecond Lenrm n N an Coneglieeled, LU . AN A T.

Theretore (4,10) really represents the solutlon In a narrow leld
(less than 1 In wldth) along the characteristic In question.  Jloee
JL(Ei ‘[—;T) = 1 when t' <{ 71, the results thus obtalned can be

wrltten as:

(0 whon ' = {—uric, <0 1o M ag
v(rt) = { wge™ TR Vren U >0, U< (7= 2 r) (h.12)

Thus, along the characteristic 1in questlon, there arlsces a
discontinuilty, whose Intenslity decreascs exponentlally with Increcas-
ing distancc from vhe plston. At the distance of x >> c,T the
discontinulty on the characteristic virtually vanishes alony witn
the disturbance propagating along the characteristic.

To obtain a complete representation of the flow when x >»> C Ts
we must lnvestigate the region far from the characteristic (i.e.,
when t' >> 7). We shall shift the path of integration toward nega-
tive values of the Imaglinary axis (Fig. 2). When t' > 0, the inte-
gral wlth respect to the path displaced toward -« vanlshes, and the
golutlon 1s determined only by the inftegrals around special points.

lot

The integrand contalns the coefficlent e which for w = w,,




w = w. decreases exponentially., Thua, when lw,t' >> 1, and when
fwat! >> 1, {.,e., when t! >> 1, the integral actually reduces to a

remainder near the pole w = 0, therefore

v(x, 1) = g whon I'>Y (4.13)

This also indicates that when t' >> 1, the dlsturbance 1s deter-
mined by small frequencles w << 1/7, as should be expected from
physical conslderatlons, To obtain the dependence of v on the

coordinates and time, we shall conslder the followiny expression

-t 0

(;1" = '2“’; S ctks-wl) dy (4.1%)

Since the Integrand in (4.14) does not contain singularities
when w = O, Integration can then be carrled out along the real axis.

Expanding k(w) into a series for wt << 1, we get

w / P —
I EIEEETE TR kN (4.15)

Co"‘

Substituting (4.15) into (4.14), and then integrating, we find

do : -
5%- = Uol/,—-—(o exp {—v- (et I)z}

2npets ileotz

From which 1t follows that

v=.—i-uotl)(l/m—% (cot——x))--i- const (4.16)

where

O(z) = 1/% \ ey (4.47)

Because of (4.13) the constant in (4,16) must be chosen so

that ve up when t - x'/co— », then
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YL -I: “o{([,( '_'_;:J’r;;‘[:) A [} (M | 1_;5) [
Thus when x 0o ¢ T, the discontlnufty with respect to the
characterlatle pglves way Lo a continuous disturbance whicn arloces
alons the sitralehe 1ne x - eyt o= 0, and whlch docs not oo tactae
with the characierlstlo,  Thne wldth o tne regslon aowhlen aioiart-

dance dppears Lo oof the order of

= (4.1)

LI NTRR
and Lherelore Jts relative ddmenslons deerease with dlstanec Urom

vne plooon

—]/L‘ (4.20)

Thus the small perturbatlon which arloes av a certaln poli

L propasaied close to it (x e 1/a°) along the characterisole
passingg throwsh thlig polnt; however, a5 dlstance lncreases, an cver
greater part ol the perturbatlon 1s dlisplaced I'rom Lhe charactepl.aulc
on whlch It arlses, and finally when x >> c¢_7/a” the propasation of
the perturbatlion 15 determined by the velocity Coe Since there are
no perturbatlons having a propagatlion veloclty greater than ¢
the characterisiic x = c,T separates the unperturbed reipion, However,
due to rapid damplng of the high-frequency components at large
distances compared to C,Ts the boundary between the perturbed and
unperturbed flow does not proceed along this characteristic,
According to the result obtained from analyzing statlonary
solutlons in Waldmann's work [9] (see also Finkel'burg's, et al.
work [1]), a weak shock wave in é relaxing medlum doeg not have to

contaln discontlnuitles, 1Its width is determined in S. P. D'yakov's
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work [10). The resulto obtained in this work illustraic a law, in
accordance with which a weak diacontinuity in a relaxing medium
disappeara, Note, however, as will be shown below, that this
conclusion 13 not wholly applicable to plane flows, Near the barrier
whose width Is comparable with the relaxatlion length 1, and even in
the prescnce of relaxation processes, there may arlse a steady
digcontinulty of arbitrarily small intensity which, however, vanlshes
exponentlially with distance from the wall.

The unrestricted widening of the reglon In which the dlsturbance
arises (see (4.19)) 1s assoclated with neglect of nonllinear effects.
We know that small nonlinear effects accumulate and at sufflclently
great distances lead to marked deviations from a linear solutlon.

For instance, during propagatlion of a dlsturbance arising {rom
harmonic oscilllations, the .cadl:; cdge of the wave front pgradually
becomes steeper. In the case under consideration the same effects
ultimately limit the 1ncrease 1n width of the disturbance.

However, 1f the dlsturbance 1s sufficiently weak and limited
in time, 1t may disappear due to absorption before a steady-state
sets in. Actually, 1f at the moment ¢ = T the plston stop% there
arises a disturbance which propagates according to laws described
above, but at a distance Ax =~ c,T from 1t (taking into consideration

that ¢, = c_). Due to this, when

8=V ngieete = ¢

both disturbances are superposed on and weaken each other, Therefore,
a disturbance of duration T disappears at distances slgniflcantly

greater than coT?/poT.
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5., Flow past a thin wedge, We shall conaider the shape of a

plane, steady wsupersonic flow In a relaxing medium and, 1o partlcular,

the proolem of the r'low past a thin wedge (having an apex angle of
2p) ol a supersonle tlow at zero angle of attack [11, 12). Leu the
x-acls colnelde with the direction of movement o! an unperiuroed

UooWw whose velociiy we denote by U, and let us assume that u .o v

The equatlons of relaxation hydrodynamles tor Lhe plane,

steaay flow are wreitten as (see (1.14)):

o g LT v

P s I -t FE P My
o ay T e Ty (‘ 1)
¢ e
i (i ¢ [\‘r 2
v . ap oy 13}
[ T L . . = ey o
eal R Uy U U, £ ur ! l"uy il
e or ) i g
" o ap - [ s o
GF . = e O, = e d iz v, & e, - = — Ags
G, T It uuy'l vy v LT ludy AP‘

wher Vo vj arce the veloclvy components aion; the x- and j-uxes,
I Chese cquailons, due to thermal conductlvivy and diftuslon, wice
ardsotrople porivlon ot the stress tensor and change i cneropy can
pe negiectved,  The Influence of these eflects 15 evaluated boelow,
Since the perturbations caused by the wedge are negligivie,
Eq. (£.1) can be linearlized by setting Vy = U+ u, vy = Vv, Ccuc¢,

Thus we obtain for v

il N v % e Ot 52 L0
Lforat = B e o —nE- =0 (i-%es) (6:2)

Here M00 = U/cw, Mo = U/cO are the Mach numbers., Similar cqua-
tlony can be obtalned for density and veloclty disturbances along
the x-axls,

Equation (5.2) ls of the hyperbolic type for M_ > 1 and ol the

elllptical type [lor M, < 1. In the first case, three characterlistlcu
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pass through cach point, two of which have the {orm

1= £ VAL = 1y -+ const (5.5)
while the third ls parallel to the x-axis,  The directlon or

these characteristlcs does not depend on T and does not colncide with
the direction of the Mach lines of equilibrium hydrodynamic:,
x = '/Mg - 1y + const. In order that the funcilon exp (Bx - Dy)

represent the partial solutlon (5.2), it 13 necessary lhat

(M3 =) I (Mo} —1) (5.4)
i 41

L
5=

We will conslder the orlgin ag colinclding with thc apex of

the wedge and we shall wrlve the boundary condltlons of the problem as

() when z L0 Z
(5, 0=/ = {qg rem v oo (5.5)

Representing !'(x) as a contour integral, we will write the

solution of the problem In the following form:

uayw=%&%upanuw—umynm (5.6)
where
am)=1/“MwL’”“+“““‘” yoi, y=1 (5.7)

m+1 C

In (5.6), integration 1s cafried out along the real axis with
a bypass of origin of the coordinates in the lower half-plane.

The function a(n) in the plane of the complex variable 1is
analogous according in its own properties to the function k(w)
introduced in Sectlon 4; special points of this functlon are distrib-
uted In the upper half-plane my = 1, 1z = 1(MZ - 1)/(M2 - 1), The
path of integration 1n this case also passes through the cross

gection, When n- » and n— 0, a(n) takes on the real values

ol




o) = $VIF T, a0 = VAT (£.4)

It we select that branch of (5,7) which as yo o approa-hes

+ Jpr - 1, then by transferrlny the contour ol Intesration & -
alons the Imapdnary axls, we can show that the solutton vaedohen whien
2= VMG =1y <0 (L.)

vtherwloe vanloshlng cakes place when

PR B Y S VPR 1

Suvsequently In the solutlon for y > O 1t 1s necessary Use:
that vrancn of the radical (5.7) which corresponds to the plus olpge
In (9.8). ‘The sccond branch should yleld perturbatlions propacatin:
upsiream and which should be dliscarded for physical conuslderavlion,
Wnea ;0 0, we must choose, for the same consideratlons, o oranch
corresponding to the negative sign in (5.8).

Equation (5.9) 1s one of the characterlstlcs passing throush
the apex of the wedge. Let us conslder the behavior of the solutlon
a.on? thls characteristic 1n a layer of width << 1. Deformlin; the

cenwvour of Integratlon in the same manner used 1in the proviem or

Jhe plovon motion, we [ind

( B e
7 (% ) = q WMnL—-V¥fi;:jy<\o (4.11)
LU exp [— 1/ p2 (! DYe (2) when @ — VM08 — Iy >0

Here J (z') 1s Bessel's functilon

y == V=T

ME— M2 . Q)
:f') : : 2 n. =14 <232 ‘:1 + =5 i '):.J“T":l.— ! ——-—-*1**‘])

Viri=io

The functilon Jo(z') ~ 1 1n the vicinlty of the characteristic
Exd)c
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Thus near the apex of the wedge along the characteristic passing

through {t, a discontinuity arises, which, however, exponentially
decreases with distance, When x >> 1, y >> 1 the perturbation along
the characteristic virtually disappears, Here the main contribution

1s devermined by the long-wave components of the perturbation, If

in (5.6) we let the quantity a(n) be approximately Y%g - 1, then
after integrating we obtain a rcsult which follows r'rom cquilibrium

hydrodynamicg

[0 whon &~ VI Ty 20
vz, ) = l

(5.12)

GU wren = VT TTy>0
However 1f in a(n) we take into account the terms of a higher
order with respect to 3, we find that actually there will be no

discontinuity along the line x - '/M; - 1y = 0. Proceeding in

the same manner as in the problem of the plston motion, we {ind

e =5 (=EE ) (20 (5:13)

Here &x 1s the integral of probability (4.17)

Ma—M_2
1o 250
V= (5.14)

Equations (5.13) and (5.14) yield the shape of the Mach line

prodquced by the effect of relaxation processes. The characteristic

width of the line 1s of the order of ¥v2iy.

The flow under consideratlon can be Integrated as a weak shock
wave arlsing near the wedge 1n a supersonlc flow, As noted earlier
[9, 4] in a relaxing medium there can be no discontinuities of small
magnitude propagating with a velocity less than C, to the unperturbed
medium. In the problem in questlon we are concerned with the more

involved case where the value of perturbation (¢U) is small, but
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vhe veloceliy of the wedge 1s greater Lthan Coe In thlu case, as
evident rrom the previously derived solution (5.11), In the vieinivy
o' the wall and in the reglon of the order o’ 1 ~ Ut a astceady
dliceontinuliy of arbiuvrarily asmall intensitly can artse, diintn

che Tramework ol retaxatlon hydrodynamlcs, we have to consider tnls
diccontlnuley as a pjeometrlcal surface.,  Its wldih s devermined

by toe Jlme ot the f'ree-path length,

Arother feature ol thesge diascontlinuitles which arlse neuar Lhe
varrler 1s chat the discontinuities are directed (ror small fntensl-
“1es) «lonyg the characteristics of the relaxatlon hydrodyramlic
cquatlons and thus de not coinclde with ordinary Macn lin:a. ‘'ney
van!.sh when che valoclty of the wedge becomes less than s but not
tess vhan e . This is because Eq. (5.2) becomes elliptica. whon
u . Ce
o c¢llecit the possibllity of experimental detectlon oi Lhese
discontlnuicles, we must evaluate the saild assumptions. Baslcally
the, reduce to neglect of the effects of viscosl.y and thermal
conductlvity., When the solution contalns frequencies close Lo
relaxation, we can neglect the dlssipatlion effects associated with
viscoslty and thermal conductivity. Actually, the effect cxerted by
vhe latter is of the order of ZO/L = TOC/L (10 is free-path length,

T, 1y I'reec-path length time, ¢ 1s average thermal velocity of the
molccules, L 1s the characteristic dimension of the region in question),
on the oihicr hand, vhe Inlluence of the relaxatlon effects 15 of

the order of L/L = UT/L >> LO/L, since 1 >> T

With distance from the wall the Intensity of the discontinultles
under consilderation decrease exponentlally, and thus they can be

detected cxperimentally only provided the "relaxation length",
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l = (c;/cg) U, 1s signiflcant, In particular it 1s necessary
that 1 be significan.ly greater than the *hickness ol the boundary
layer, We readlly sece that under normal pressure, the thlckneuss
of the boundary layer pgenerally cxceeds the dimenuslons ol the
relaxatlon boundary., We know, howecver, that the relatlonship ol

che boundary layer A to ithe characterlistic dimensions of the stream-

lined budy L equals

where R 1s the Reynolds number. Since n 1s approximately 1/3% clo,
A~ 1 L/2M. Since the rclationship L/lo = N> 1 13 virtually

independent of denslity, the relatlionship

=V ank Vi

KATEIRY

decreases as the free-path lenpgth increases, i1.e., the dimensions

of the relaxation zone increase on rarefactlon more rapidly than

the thickness of the boundary layer. Here 1t 1s absolutely necessary
that the free-path length remaln small 1in comparison with L. Because
1 usually exceeds lo by several orders, lo/l = 1/N is a small value

and thus the conditions are possible when

A { 4/ L
T v Vst

desplie the fact that L/lo P

In the case of strong shock waves, the behavior of the shock
wave 1n a relaxatlon zone near the wall should be specially investi-
gated, From similarlty conslderations we can expect that 1In the
vicinlty of the wedge at dlstance x < 1, the [low should be analogous
to a gas [low having a frozen relaxatlon process. Thus there should

arlse a dlscontlinulty whose direction 13 determined by the Mach number
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Mm = U/Cm' AL Lhe same tlme, at distances x >> 1 trom the apex
there should occur an ordinary shock wave (expande: swl:ics . the
eftf'eer of relaxatlon proccuueu), whoase angle of Incllnatlon s
determlned by the velocity ol sound C,e Since the leadlins 'ront
vl ohis cype wave has a dlscontlnulvy whose wldih 1o of the order
I the rec-path length [9, 1], we can also expect thut {n the
cace ol i sorony; shock wave the leadlng tfront 1o curved oo It
approgches the apex of the wedge, gradually assuming: o directlon
characverlscle of a ghock wave 1In a medium lackling Internal degrees
ol freedom,  The characterlstic dimension within whose limits
cwrvlng ls notlceable should be of the order of 1.

In the relaxation zone, the disturbances are propagaited a.on
dlrcevlons differing from those which follow from equilibrium
hydrodynamic conslderations, At distances slgniticantly cxceedln:
vhe zone ol relaxatlon, propagatlon 1s locallzed in & relatively
narrow rejlon along the characteristics of equilibrlum hydrodynamlc..
'he wldeh of this reglon increases proportlonally as the square roou
ol" dilsvance, although 1t does not begln to exert an influcnce on
the nonllinear effects, Thus, the perturbation 1lssulng from two
vurrlers atv a distance L from each other and which merge 1nto a
slnsle Mach line when y > LE/Vzl. In exactly the same manncr the
varrler having linear dimenslons I, ylelds a Mach line of finlte
lengsth, which vaniches at a distance of the order of L?/v¥l from
the x-axls due to superposition of disturbances lgsulng from extreme
polntis,  We shall consider 1n greater detall the change in the nature
ol the dlsturbance as distance from the site of 1its orlgin Increases.

0, Propagatlon of small disturbances in the relaxatlion zone.

Suppose on the llne of flow, y = O, there arises an arbitrary disturb-




ance of' some hydrodynamic magnitude (velocity, density, temperature)
F e O) = (1) (6.1)
It the distwbance 1y steady, It 1y described by the following
equatlion:
Y3 mr‘ GE aF

1‘—'!(.11;—1)* — S M=) - S = (0.2)

e | vsl vyl

which must be Intejgrated wiih boundary conditvion (0.1). In the case
of cqullibrium hydrodynamics, the disturbance 15 governed by the
wave equation

(M=% _.ﬁﬁ:;o (6.3)

which may be obtained from (6.2), having set the relaxatlon lensth
equal tvo zero, If we discard disturbances propagatlng upstiream,

the solutlon of (6.3) for y > O 1o then written as
Floy) =y (z - VIF=Ty (6.4)

Solution of (6.2) can be written as:

. (6.5)
- { (. {r )
Fz,y) = T Sg(n) e.\'p{ln(l——— a(n) I—')fdn
where '
gt = | T Tl (6.6)

and function a(n) was taken from (5.7). When y >> 1, only the

low-frequency components of the initial disturbance ¥(x) contribute
to (6.5).
Expanding a(n) lnto a serles in 7
a(t])=l/11102—1——inf'72+...

and limlting ourselves to the first two terms of the expansgion, we




'ind

Flroy)= SS oxpfin (7 - Vig=id —4)} %

N oxp(— 1]’—1"--\;—)\;) (C)-}—(quc =

[N < 3 e — VMg — iy~
""'::783 o.\'p{n]-}--n'-,}--’;-} LNl l° v—1{) dndy,
where v Lo also determined In the same way as In (9, 14)

Iiesratlng with respect Lo n, we obtaln

. 1 ' I
Bl - “*"(-a@w)w (r = VM= 1y - 3 d} (L))

A ke

Equatlon (u.7) more exactly describes the laws of propagatlon
o small disiurbances for y »> 1 than does Eq. (6.4). OSince in
equlllorium hydrodynamlcs the disturbance at any polnt P(x, 7) 1o
Cus Ly deflned by the value of the disturbance at a definlte poli
PJ(;n:o
L. we .ake Into account the relaxation processes, the disturbancy

, U) ol' the x-axls, whosc coordinate 1s Ky = X = ‘/M - 1y.

as wvidene Crom (o.f), at any polnt 1s represented as che sum off
dlsourbances transmitted by dlfferent polnts of the x-axls, however,
vhe welpght with which the contributlons of the different polints are
Introduced, decrease exponentially with distance {rom the point

P (x,, O); the width Ax of the reglon of the x-axis inrluencing

)

the discurbance at polnt P 1s of the order of

e \/ezyv?
It also follows from (6.7) that the initial disturbance ¥(x)
Is vransmitted with a distortion: the integration results 1n a
sradual smoothing out of the 1nitial disturbance and dlsappearance

of f'lne detalls as distance from the x-axls 1ncreases,
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THE BREAKUP OF DROPS AND A FLUID STREAM

BY AN AIR SHOCK WAVE

A, A. Buzukov

(Novsibirsk)

Whiie studylng the dlsintegration of drops and a t!luld stream by

it shook wave, It was found [1-2] that dlsintegratlon results from the
urotracted effect of the dynamic pressure of gas !'luw behind a shock
wive front, and that the relatlve veloclty of gas flow and drop size
»onclderably affects the nature of disintegration. Here the basic
deflIning parameter is the relationship between the pressure forces of
¢as U'lws on the drop and the surface tenslon [orces, equal to puad/o.
Here u is the relative velocity of gas flow, p is gas density, d is
the parameter of the llquid drop, and o 1s the coelflcient of the
surface tension. From evidence in the literature [3-5], disintegra-
tion does not occur at certain less-than-critical values of this
parameter, and the llquid drops are stable to a gas flow of subcritical
veloclty. This 1s because the capillary forces whlch impede break-
down ol the drop's spherical stability predominate over the dynamlic

pressure straining forces,
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At relatively low supercritical flow veloclitles, the strains
produced by dynamlce pressure increase and the drop begins to break up,
The mechanism of this breakup 1s as follows: the windward side of

the drop 1s pressed inward and the drop becomes parachute-like. The
thus formed liquld film, convex In the flow dlrectlon, bursts, fourm-
Ing numerous minute droplets. In certaln cases, drops can be broken
up by increasing osclllati-ns of the drop.

If the velocity of the gas [low greatly cxceceds critlical veloclty,
the drop disintegrates by scparatlon of the windward surface layer of
the llquid from the drop, whercas 1ts bulk ls displaced and deformed
negligibly. It was noted that thls disintegratlon process ls preceded
by the emergence of minute capillary waves on the drop surface.

Whereas the mechanlsm of drop breakup at critical and low super-
critlcal veloclitles has becen sufflclently well studled and can be
thevretlcally described [6-8], the circumstances of the occurrence of
"supercritlical" breakup at gas llow velocitles comparable to sound
velocitles are Insufficilently clear.

Described below are the results of an experimental study of super-
critical breakup of droplets and streams of water by an air shock
wave, We also studled the qualltative picture of breakup and have
proposed certain empirically verifiled formulas for breakup time. A
value was found for the critical relationship between the governing
parameters at which the aforementioned supercritical mechanism of
disintegration starts. '

1. Description of experimental seftup. Flgure 1 shows photo-

graphs of the breakup process of water drops at different instants
after passage of the shock wave (the numbers below the picture indicate

in microseconds the time elapsed from the start of shock wave flow
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past the drop), and Fig. 2 shows photographs of the breakup process
A water streams by a gas flow behind the shock wave front: (0-1) is
the time of the preliminary breakup stage, (1-2) 13 the time of the
actual breakup. In the photugraphs, the veloclity of gas {low lg

des brunted In m/:;ec (the number 6 In the last photopraph o orresponds
qovel vy o 172 m/sec).

These photographs were obtalned In a shock tube (Fig. 3) of
©notant cross sectlion (110 x 110 mm), which ensured u greater than
2 msee duratlon of virtually constant pressure and gas I'low veloclity
b the sheek wave,  This duratlon of gas flow of constant parameters
wis centirely sufficlent for completing the entlire breakup process.
The pas 'low veloclty behind the shock wave front, which was varled in
dirrerent ezperiments from 50 to 200 m/sec, was determined by the
presoure In the hlgh-pressure sectlon, whlch was separated I'rm tne
workling part of the shock tube by a cellophane diaphrapm. T obtain
the required pressure difference, the diaphragm was shot out of an
alr gun. A dlagram of the experimental device s shown In PFlg. 3,
where 1 is the working part of the shock tube, 2 the high-pressure
section, 3 the water inlet nozzle, 4 the pressure-sensitive detector,
5 2 double pulse osclllograph, 6 a delay line spark light source, 7
the aperture of the phototracer, and 8 the photorecorder magazlne.

A part of the shock tube was made out of plexiglass 1n order to
see the breakup process. The photographs were made by the open
shutter method, using a spark impulse.bias lighting triggered at
regulatable time intervals from pressure detectors. Moreover, to
obtaln a continuous time exposure of the breakup process we used a
camera which enabled us to evolve an image on a film moving at a

speed of 100 m/sec.
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Along with photographling the processes, shock-wave pressure
dlagrams were oscillographed l'or a more accurate determination of
flow veloclity and gas denslity,

The droplets and streamlets of water. whogse dlameter In different
experiments varled rrom 0.8 to 3.5 mm, were created by using droppers
ingerted Into the shouck tube through the upper wall.

2, Experimental results. It lg apparent from the plctures in

Filgs. 1 and 2 that from the moment of the passage of the shock wave
past the drops or water streams, the entlre disintegration process s
distinctly dlvided into two stages.

During the flirst stage, the prellminary stage, the drops or
water streams remaln intact, however, disturbances of the surflace
caplllary wave type occur on thelr surface. These disturbances
increase with time and are transformed into stable crests, whose
crowns are on the slde surfaces of the drops and streams.

The formation of these crests, from which a gradual separation
of water beglns, concludes the first stage — preparation for breakup.
Depending on size, the shape of deformed drop and the number of crests
can differ. For example, while relatively large drops of water with
diameters of 3-4 mm have two or three series of crests from each of
which disintegration of the water occurs, drops with diameters up to
1 mm are surrounded by only a single crown of the crests.

The second stage of breakup (1—2.1n Fig. 2), which lasts until
total dilsappearance of the drop or stream 1s the stage of actual
disintegration., During this stage, there formg a Jjet of atomlzed
water consisting of almost Imperceptible droplets and vapors. No
speclal study of the degree of atomlzation was made, but individual

photographs under the microscope show that the atomization jet contains
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l1quid droplets with dimensions of 20-50 y, During the secound stage
we observed nonuniformity In the atomlzatlon process. By the degree
o opaclty of the atomlzatlion jet, 1t Is posslble to distingulsh
between the tnltial ejectlon of water, evidently agsoclated with
Minnl formatlon of crests, the Increase of low rate to maximum, and
the tlual, rapld dimindshing ot t'low rate by the crd Jf atomtoatton
The thmes ot the flrst and second stages depend essentlally on
ve.oclly I pas flow and dlameter of water streams; when 1w veloclity
drops o 60-70 m/sec and stream diameter decreases to 1 mm, the change
i1 the mechandism of atomlzation is noticeable. The breakup of the
streams beglins to resemble disintegratlon Into relatively large pleces,
and not t'lnely dispersed atomlizatlon. An example of thls type of
dlsintegrat!on 1s shown in the fourth photngraph from the top In Fig. 2,
It must be polnted out that at the gas flow vel citlcs beln:
qonsidered, both the times of the first and second stapges of at.omlia-
tion arc su small that there 1s insuffliclent time for the streams or
drops to be gubstantlally displaced and the internal streams do not
have enough time to develop so Intensely in them. Therefore, longl-
tudinal Instabllity of the drop, which generally influences the dlis-
integration process, 1s less substantlial. 1In addition, this explains
the lact that the flow rate proceeds from the windward sidce while the
lecward side of the drops and streams remain undisturbed for a long
time.

3, Atomization time of drops and fluld streams. To calculate

the time ol the preparation stage of atomization during which surface
waves and crests form on the surface of drops or the stream we use
the equation of steady motion of a fluid

4] |
i “Fograd) v =— = grad P vav (3.1)
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Congldering water as an ldeal liquld, In the equatlion we can
dlsre-card the term wnich takes Int. account viscous f'riction {urces.
Since the surface crests arce small relative Lo whe over-all dimens! o
o the drup or stream, we can alsu discard the second term of the

equaticon. In thls case, Eq. (3.1) takes the form

AL L (5.2)

[«t us estimate the ovrder of the left-and »ight-hand sldes of

Eq. (3.2). For the left-hand slidc we have
Avodt~ gt (}3)

where the dlameter of the drop or stream d ls taken as the character-
Istic dimension, and where the tlme of the preparatlon stage of atom-
lzati.n t, ls taken as the characteristic time. Slnce here we .ire
considering a mechanism of atomlzatioun corresponding to large va.ues
of the parameter puad/o, we can conclude that the chiel force deform-
ing the drop surface 1s that ol the dynamic pressure of the oncuming

gas flow. By taking this into account, Eq. (3.2) is presented as

E'_‘L‘_l'.\,"'“: (B-M)

o ol

where p, ls the density of water, p is the density of gas, and u is
the relative velocity of the gas flow. Combining (3.2), (3.3) and

(3.4), we finally obtain

d o
w=nz )/ (3.5)

An analogous dependence for the disintegration time of a liquid
drop in a gas 1s carried out in Gordon's work [6], where the propor-

tionality factor is taken to be 2. As follows from our measurements,

"
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value for the factor 1s overeatlimated, This !s understandable
the author in hig calculations assumed the detformations
be comparable

this

ol the

.
Salice

drop determining the time required for disintegration t

with the infttal diameter, an assumption which In the case of "super-

critieal™ atomizatlon Jo false.
atumication, Lthe

shown emplelcally, durlng the time of actun!

Ao
ol the drop or

quld riom opeels from the windward side ctream. Here
‘s oapproprlate to consider the actuatl atomization process as a
proocecs o the spreading of water over the clrecumfluent pas 1w,
T™ls spreading !s observed when the fluld isplerced by a !lqulid
"hammerhead." Therefore, to determine the actual atomizat!ion time
we can use the expresslon for the depth of the opening belng per-

torated by a cumultatlve stream (9]

3 zl/r:

Here 1 1o lenpth of stream, p, 1s density ol the ctream matter,

and p is density of the matter comprising the barrier. Ildentifylng

depth of the opening with the length of the drop In the gas [low,

Lhe

we have
L~tu
(3.7)

llence
(3.8)

d p—
{3 = ’l'-z‘u‘ /?,!

stream 15 taken as the char-

llere the diameter d of the drop or

acteristic dimension of the drop or stream,
For verifying the obtalned

4. Comparison with the experiment.

calculated relationships, we carried out a scries of experlments to
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determine the tlme of the prellminary stage and the actuanl atomlzat!lon
time by measurlng the dlamcters of the streams and the pgas [low veloc-
Itles within a wide range.

On photographs simllar tou those shown In Fig. 2, the followling
measurcmenté werce carrled out: the preliminary stage tlime, t,, was
determined, countling it trom the Instant the shock wave (0) flows
past the stream up Lo the Instant of the appearance of the flrst
gjection of water (1); the time of actual atomizatlon, ta, was deter-
mined from the appearance -f the first ejection of water (1) until
a maximum flow rate of water or until breakup of the stream 1s
achlieved (2). 1In each experiment, we recorded the Initial diameter
of the stream and the veloclity of the shock wave front, thus makling
it possible to calculate the propourtlonality factors k; and kz in
Formulas (3.5) and (3.8).

The results of measuring k, and kz in relation to parameter
puzd/o are shown in Figs. 4 and 5. It turns out that at values of
this parameter of 10°® and greater, which correspond to flow velocities
higher than 60-70 m/sec and to diameters of the water streams greater
than 1 mm, the values of ki and kg vary negligibly, thus indicating
the correct cholce of force factors used in evaluating the atomization
time, With decreasing velocity of the gas flow and with diameters
less than the indicated limits, the values of k; and k start to
increase sharply, because of the increasing effect of the forces ex-
erted by surface tension during deformation and breakup of water
streams. It 1s evident here that the proposed mechanism of atomiza-
tlon becomes invalid.

Experiments on spontaneous measurements of atomizatlon time of

sperical drops were not conducted, although the dimensional relation-
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ships (3.5) and (3.8) alao hold for them with a slight difference of

ky and k» on the decreasing side.
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THE STRUCTURE OF A FLAME FRONT

A, S. Pieshanov

(Moscow)

We found In the first tw, approximations (from the square of the
Mach number, Me) solutlions of hydrodynamic equat ions with respect to
chemlcal reactlons., We noted that In the statlonary case the pressurc
in front of the flame front, which varies proportlonally as M?,
increases when P > 1 or decrcases when P ¢ 1 (P is the Prandtl number).
For the nonstatlonary casc, qualltatlive distributions of temperature,
pressure, density, and veloclity are given with respect to the flow.

In the presence of diffusion processes and chemical reactions, to

the familiar hydrodynamic cquations

o,

;)—[—*I-thvpv:.-ﬂ (1)
dv, ap s’y 2
R (2)

)= = fnlos3) - ool .
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(the notattons here agree with thoge of L, D, Landau [1]) we must

add K cquattons of continulty for cach chemical component K, (1 =
i

=1, ..., K) parttetpating tn R reactions, R, (v =1, ..., R)., The

rollowlng form ol these cquatiovns 18 uded below:
de, \
f P ‘h'l‘_. .;‘lll‘\'l.(l" (}5 )

1]
.

where o e poartion of the mass, 1, la diffus! o flow, m, ‘o the
i ’ .'l ) 1

modecuar welght [p/mole] of the componernt Ki’ and then .. ‘s the

velooity 1 R [mole/em® see] and Vig Iy stolchlometrle coctfleleont
e}

For ane-dimenslonal steady flows, a single Integration of the

extracted equations yleld (in Landau's notatlions [1])

x

pre i Cugegi i b my, S gl = oy (3 ‘)’/"
1 ( Dot -y o — umz [
T s e () e (5)
¥ /I 7% .
e t3) = (i) o= e, (6)

wherce C with the subscripts are constants of integrations. We shall

introduce f'or consideration the expression for thermal flow [1]
dT

1
9=—%7 ‘f“%,u-‘il
and the dimenslionless variables
T P v Pz

.
,-::‘ .BI 0::__ 0 )| G, l::—;—-—:———
X ,& ® o T’ e’ Vi p

Considering the thermal capacities constant, we represent (5)

and (6) in the dimensionless form

' d(h—1)
—1 1 ey p T
(n )+Te[(k )P 7 ]—0 (7)

R et (R B T

X

dx X 1,1 4 Ii

RS = (“an+t)o,
(r=2.0, Dvmiwy, VE=tiys = L p LT (8)

#f




(the subscripts 1,2 refer to the states for ) = F = respectlvely),
Here Qpn 1s the molar thermal cf'fect of Rs when p = const, My,a 1o
the Mach number, and P 1la the Prandtl number).*
We take the equatlon of state In the form
A0 0.-é%)

For slow combustlion the parameter € Is small, and therefore we

will seek the solutlon oI' the extracted system In the form

/ | 1 .\;l ‘A'/Ul)

A on

For gslmpllielty we shall conslder P = const.
It Is easlly conflrmed that only the identical solutlons 0 =

=T =X = 1 correspond to the state behind the flame front ( > 0),
For the condlitlion In front of the flame front (4 < 0), 1n a zcro

approximation we have

al® =0, 0™ =A™= e S0,
> (9)

where C, 1s a constant definable from the condition of joining solu-
tions., The expression for 9(0) is the famillar Michelson solution

(1]. 1In the following approximation

n‘”:T(l’-—-UOm) L - 0(1)__,[(!)(1 + 0(0))

0“)=C,cx—T—;l[(EP—1)0(0’-{—2(1’—1)1]0(0) (10)

where C, 1s a constant analogous to C;, and, finally, in the second

approximation

-1 :
n(2)=___l(l2_)[(2p_1)0(0)_*_2([;_1)]0(0) (11)

* The Prandtl number used here, 1f we abstract 1t from the
second }iscosity is 4/5 greater than the customary expression
ER=ln e/

p
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T change the preasure 1n front off tne flame 'eont, we pet

L=r
"

i A —lll'T|73 + 0wy (1)
It 's essential that when P> 1, the pressure In ' ont o the
Ulame ol lnereaSes on approach to tne I'ronl and o aversely, waer,
P 1, the pressure deercasce,  Note, that an inercase o tne presoure
e dront 6 the flame ront when P> 1 coan be v conire o disturtance,
Forotne state i the burning »one, we have i the cero approxl-
B

\

(n) q dgth i ‘v '
1 n, o “("l S N qolr
C e YD d -
de el s 'l, (15)
and o the flrst approximat!
4 TNV e )
‘ o= \ e (1)

g 0

These results are obtalned provided P =1, and p = 1, ltor clec-
Lr .chemicear reactions 1t 1o evident that w(l) < 0,

Thug, I in front of the flame front we have 5p1/p1 > 0 or
pl/}Jl <0 for P> 1 and P < 1,respectively, and Is proportioial to
Mi, then in the repglon of the front 5p1/p1 < 0 and is proportional to
M1® (q/c1?) (q s the thermal effect of the reaction [cal/p]); here
M2 << 1 and g/ci ~ 10, 1f, for example, Qp ~ 10% cal/mole, g ~ 50
g/mole, and ¢; ~ 300 m/sec,

Iet us now consider the nonstationary system of equations out-

side of the flame front. It 1s more convenilent to usc in place of

Eq. (3) the equivalent form:

dw dp | ary .
Par e Vw gy, — dive
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Conslidering as before the thermal capaclty of the medlum to be

congtant, let us examlne the last equatlon In a zero approxlmation
(with respect tu M°)

‘, ol Ey .
f“’p(jﬁ T O T div(x¥

Combining thls equatlon with the equat!on of continulty (1), and

o by using the cquatlon ot state, wherce po= const, we get
' v v — vy, Wv”JVV (15)

(In the cylindrlical and spherlenl cuses vi,.z = 0),
In the same approximaticn the cquatlion for determining p for

centrally symmetrical flows has the furm

ML IR 0

;p lll‘. TI_

where n = 0, 1, 2, respectively, In the plane, cylindrical, and spherical
case, Thus, the calculation of these flows in the zero approximation
reduces to a solution of one nonlinear parabolic equation, for which
it 1is still necessary to formulate specific initial and boundary con-
ditions,

We turn now to the calculation for changing the pressure, limit-
ing ourselves to the one-dimensional case. The combination of Egs.
(1) and(2) yields the expression‘

0%p o0*

P 4 v
ity I_P+Pl"-(’§ n - C);;J
Hence
4 an Pp '
P (_S n+ C)i]; — ot = Ssal—,dxdr»}-const
In the dimensionless variables already used, and also in the new

ones

L n
AN
v=0pa)\ -t V== s
: I& % pua’ g Vi
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the last equatlon has

the faorm
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Instead of (15) and (10) we wil! have, respectively

‘,0(0) )\,(nl dyil N
-, St = (),

(0}
dl i34 uy (I‘l‘

]

After appropriate substitutions in (17), we obtaln

IR dst0
SR LIRS IR e

It can be shown that for centeally symmetric flows the corre-

sponding equation for p fn the tunctlions p and v has the form

o (b L ] o2

] el

A comparlison f (12) and (10) with conslideration of the equa-
tlons deflining 0(0) In both caces, leads us to the conclusion that
when the Inlitlal temperature dlstributlion colnclded with stationary
steady solution In the case of a subsequent Increase in temperature,
unsteadiness Increases, wlth respect to the modulus, the change in
pressure in front of the flame frint (because 89(0)/61 > 0). The sign
of pressure change 1s usual'!y determlned by the slgn of the inequallity
p 2 1. Unlike the stationary case, the states behind the flame front
here can be described not only by ldentity solutlons,

If' the temperature distributlon ls a monotonically increasing
function of the coordinate, its curvature behind the flame front 1s
negative and the sign of the change in pressure behind the front is
the Inverse of that ahead of the'flamc front. Irom considerations of
continulty, the pressure distribution when P > 1 should in thils case
have a maximum at the leading edge of the f{lame front and a minimum
at the trailing edge; for P < 1 the pressure distribution will be a
monotonically decreasing function of the coordinate (in any case
exterior to the flame front). The density distribution as evident

from the equation of state, when p = const, willl be monotonilcally
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decreaslng functlon of the coordlnate (In any case outside the
Ilame front). IFrom (18) we see that here the veloclity In a zeru
approximatlon should pass through the maximum at the flame front.

11 the temperature distributlon has a maximum at the flame [ront,
Itg curvature ovutslde the front at a suffleclent distance from it are
positive, and the changes In the sign of the pressurc In f{ront of and
behind the front are ldentlical. When P > 1, the pressure distributlion
should have a maximum at the leading edge of the flame Iront, and
for P < 1 It should have a minimum at the tralling edge. The density
distrlbutlon should have a minlmum at the f[lame front, and the velocity
distribution will be a monotonlcally Increasing function of the co-
ordinate (in any case outside the flame front).

To 1llustrate the obtained results, Figs. 1-4 show qualltative
graphs of the dimensionless characteristlics of the flow (the tempera-
ture 0, pressure m, density v, velocity o) as a function of the
dimenslionless coordinate x. The numerals I, 11, and II1 on the graphs
correspond to the reglons up to the flame front, the flame front,
and behind the flame front, respectively. Letters A and B refer to
the two posslble temperature distributions: the montonically Increas-
ing distribution (A) and the distribution with the maximum at the
flame f'ront (B). The numbers 1,2 refer to the cases P> 1 and P < 1.

IFor dlscussing this work, we are indebted to L. N. Pryatnitskiy,
who also directed the author's attention to the possibllity of increas-

ing the pressure at the leading edge of a flame front.
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