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Estimates of the Bispectrum of 

Stationary Random Processes * 

M. Rosenblatt and J. W. Van Ness 

1. Introductlnp. 

A random process, ix^w)}, is ^ indexed set of 

random variables. Here t is an element of the index set T0 

The random variables and the index set can have quite general 

forms; however, usually the random variables are taken to 

be either real-valued or vector-valued and the index set is 

taken to he either the real line or the positive and negative 

integers. A time series, {xt}, is a chronologically arranged 

set of observations from a random process where t is thought 

of as time 

Modem time series analysis has been said to en¬ 

compass three fields: (i) the statistical theory of harmonic 

analysis, correlation analysis, and regression analysis, 

(ii) statistical communication and control theory, and 

(iii) the probabilistic (and Hilbert space) theory of random 

processes possessing finite second moments. The present paper 

is concerned with a particular area of harmonic analysis, that 

of the estimation (from a time series) of the bisnectrum 0f 

a random process, where the bispectrum can be thought of as 

the Fourier transform of the third-order moment function (or 

sequence) of the process; 

^ îhe ot Naval Research 
own University. Reproduction 
for any purpose of the 
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Almost all work done heretofore on’ estimation and 

practical applications in the area of harmonic analysis has 

been concerned with the spectrum of the random processj the 

Fourier transform of the second-order moments. There is a 

vast literature in this area. For surveys of the theory see 

Bartlett [l], Hannen [7], Blackman and Tukey [2], Grenander 

and Rosenblatt [6], Jenkins [lO], Parzen [l4], [15], 

Rosenblatt [l6], [17], and Tukey [l9l* The applications of 

this theory are numerous and occur in a number of quite diverse 

phenomena — signal detection, meteorological events, economics, 

genetics, aerodynamics, etc« 

Recently interest has arisen in applications of 

higher order spectra and in particular in the bispectrum^. 

While existence problems in higher order spectral theory have 

been previously discussed , statistical problems have not. 

The present interest is primarily due to a desire to study 

various nonlinear effects in random phenomena. The spectrum 

(or second-order theory) provides insufficient information 

about such effects^ while the bispectrum does furnish a first 

glimpse. Such was the case in a recent study by Hasseilman, 

Munk, and MacDonald [8] where the bispectrum is used in 

■'■See, for example, Tukey [19] p. 312 and Hasselman, Munk, 
and MacDonald [8], 

2 
See, for example, Blanc-Lapierre and Fortet [3]. 

3 
See discussion beginning on p. viii of Blackman and Tukey [2]. 
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connection with oceanographic problems, among which, as the 

authors state, a number of interesting phenomena such as surf 

beats, wave breaking, and the energy transfer between wave 

components can be explained only by the nonlinearity cf the 

wave motion« 

The text of the present paper begins with a discussion 

of the bispectrum itself, some of its properties, and some 

assumptions on it and on the process. Intuitive reasons for 

choosing an estimate of the form discussed here are then given 

along with some convenient expressions for this estimate. 

Section 4 describes a further assumption on the process charac¬ 

teristic of this paper. This assumption involves the concept 

of cumulant functions1 of the process. Sections 5, 6, 7 and 

8 are concerned with the statistical properties of various 

estimates; that is with the asymptotic bias, second-order mo¬ 

ments, and distribution of three estimates i (i) the third-order 

moment estimate, (ii) the weighted bispectral density (the 

bispectral distribution function) estimate, and finally 

(iii) the estimate of the bispectral density itself. 

1 
See, for example. Stratonovich [ 18] , Chapter 1. 
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2» &£¿to.lnarY qpfInitions and assumptions. Symmptr^s 

of the bisDPctrum„ 

Let ÍX^.}, EX^. = 0, EX^ < oo, be a real-valued, sixth- 

order weakly stationary random process* so that for all t, 

EXtXt+v = m2(t,t+v) = r(v), 

EXtXt+v1xt+v2 = ni3(t,t+v1,t+v2) = r3(v1,v2), 

. • (2.1) 

EXtXt+v1***xt+v^ = œ6(t,t+v1,...,t+Vç) = 

Throughout the paper, the index set, T, will be taken 

to be either the real line (in which case the process is called 

a continuous parameter process) or the positive and negative 

integers (in which case the process is called a discrete 

parameter process). 

Both r(v) and r^v^v^ are taken to be in (or \) 
and} in the continuous parameter case, they are assumed to be 

continuous. It is well known from spectral theory that r(v) 

has a Fourier-Stieltjes representation in terms of the spectral 

distribution function, F(^), Taking F(\) to be absolutely 

continuous with a continuous density, f(\), this representation 

becomes^ 

'C afj61* a ^orraula number denotes the formula is written for 
the continuous parameter case, similarly a "d" denotes the 
discrete case. 
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CO 

r(v) = eivX f(\)d\ 
' JX> 

Tt 

r(v)=j eivX f(\)d\. 

Further 

-n 

OU 

f(X) = ^ I e“lv^r(v)dv 
L 

f(\) = A yD-iv\ , X 
2ti Se r(v)‘ -co 

Similarly define the bispectral density function as 

oo 

= -p H e 
Cuy 

1 i'," -iv^-^^ 

-oo r3^vl’v2^dvldv2 

/\ \ \ ■*■ -*i^i^i“ÍVpX- 
g C \-| ) \o ) = TV X 'i SS P ¿ ¿ V ( »1^ 1’ 2 (2n)¿ v1,vj=-ooe r3^vl,v2' 

(2.2c) 

(2.2d) 

(2.3c) 

(2.3d) 

(2Ac) 

(2.4d) 

and, assuming g(X1,X2) ^ L1(R2) (or ^), 

00 iv X +iv X9 
r3(vl>v2) = !J 8 (2.5c) 

—Do ± 

r \ I I71 ^V1X1+^'V2X2 
r3(vl'v2) = IJ^ e (2.5d) 

Since the process is real, the following symmetries 

occur in the third-order functions: 
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r3(v1jv2)=r3(v2>v1)=r3(-v1,v2-v1)=r3(-v2,v1-v2) 

= r3(v2“vi>“vi) = r3^vi-v2»“v2^> 

(2.6) 

6(X.2>^1^ =: = 8(^2J”^i"^2^ 

(2.7) 

= g(-X1*\2»^l^ = g(-X1-X2»X2) = gl-X^,A2) etc. 

The symmetries (2.6) imply that ^(^»^ is completely 

specified over the entire plane by its values in any one of the 

six sectors,0 through .0 , shown in Figure I. These sectors 

include their boundaries so that, for example, spctor 0 is 

<co , (2.8) 

Similarly g(X1,X2) is, by (2.7), completely specified by its 

values in any one of the twelve sectors (including boundaries) 

shown in Figure II. Further, in the discrete parameter case, 

the periodicities of gCXp^) imply that the sectors need only 
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be of finite extent and natural regions to choose are those 

shown in Figure III where, for example, region (T) is given by 

0 < ^ 0 ^2^271-2^, (2.9) 

It is also worth noting that the symmetries indicate 

that the integrals (sum) in equations (2,4) and (2,5) can be 

taken over one (or more) of the sectors instead of over the 

entire plane. For example, (2,4c) becomes^ 

1 p /1 
g(Xl>X2) = (äö* J0dvlJoav2 r3(vl>v2)- 

-iv.X.-iv0X- -iv0X.-iv. V, -iv 
(e 11 2 2+e 2 1 1 2+e 

+ÍV- (XT+XpJ-iVpXp -iv-X^+iVpiX, +Xp) 
+ e1J- , 

(2.4c) 

1X2+iv2(X1+X2) 

+iv, (X1+Xp)-iv/3X 
+ e 1 1 2 21) 

giXl’X2) = (2^ IJ/Vld'12 r3(Vl’V2>' 

(e"iVlXriV2X2+e"iVlXl+iV2 (X1+X2J 

+ivn(X1+X9) - iv^Xp 
+ e 1 1 2 2 2). 

(2.4"c) 

■^See Tukey [19] for a concise notation. 
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3. . Estimation: 

Given observations, x^, for 0 £ t £ N, natural esti¬ 

mates for the bispectral density, are those based on 

a function, gjj(X^,\2), which is analogous to the periodogram^ 

of second-order theory. The usual estimate for r^v^Vg) is2 

PK(v1.v2) = ff J 11,.+ dt (3.1) 
B,j(vi,*2) 1 2 

where the interval DN restricts and to the 

domain in which they are defined: 

f 
DN^v1,v2^ = ^ ® |v^| or |v2l or |v^-v2l >N 

i- 
I [-min[0,v1,v2],N-max[0,v1,v2] ] otherwise. 

It is intuitively plausible that if r^Cv^Vg) is replaced by 

in resulting function is an estimate 

of g(>^, )^), thus 

gN(XiA2) = (2^)2! 
■lvIXl"iv2X2 

PN^V1»V2^ dvidv2* (3.2) 

1See, for example, Rosenblatt [17] for a discussion of periodo- 
gram theory. 

2 
In Sections 3 through 7 all equations will be written for the 
continuous parameter case and the "c" will be omitted from the 
equation numbers. Except for Theorem 5 and definitions, the 
alterations for the discrete case are obvious. 
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There are tvo customary requirements made of such 

estimates : 

(i) the estimate should be asymptotically unbiased, i.e* the 

expected value of the estimate should tend to the actual 

value of the quantity being estimated as the sample size, N, 

tends to infinity, and 

(ii) the variance of the estimate should go to zero as 

N ~> oo. 

Theorem 1 states that under certain conditions on the process, 

(Xt), Pjj(v^>v2^ has both properties. However, 

the periodogram, has only property (i) and not property (ii)'1'. 

Prompted by the results of second-order theory, one corrects this 

difficulty by considering weighted estimates of the form 

(3.3) 

where ViK^,^) is a "bispectral averaging function" to be de¬ 

fined later. By Theorems 2 and 3» below, it is seen that under 
$ 

certain conditions on W and the process, g^(W) is an asymptoti¬ 

cally unbiased estimate of 

(3.4) 

1 See Appendix for a discussion of the variance of the 
estimate (3.2), 
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and that /(G*(W)) -» 0 as N oo. Therefore suffices 

as an estimate of (3.4) but it obviously is not an asymptotically 

unbiased estimate of 

To get an estimate of the bispectral density itself 

with both properties (i) and (ii), a sequence of weight functions, 

can be used so that 

gN^l’^2^ =JJ^ ^ ^1^42 * (3*5) 

The use of the weight functions tends to give property 

(ii). As N increases, the weight functions narrow the region 

averaged over (that is they tend to behave more and more like a 

two-variate 6-function with the "spike" at the origin); this 

tends to give the estimate property (i). A proper rate of con¬ 

centration by the weight functions must be chosen so that (under 

certain conditions on the process and on {wN}) both properties 

can be obtained simultaneously (see Theorems 4 and 5). 

Before continuing, it should be noted that when written 

in terms of the observables, x(t), (3.2) can be put into several 

forms. One form which appears quite convenient is 
T HT it(k.+\«) », — iV.Xn 

gNaiA2,= toj¥Íle XÍt)dt I6 lt<Vl>dVl 

I 
N “iv2^2 

xtVgMVg. (3.6) 

Also note that is subject to modifications corres- 
t " 

ponding to those of giX^,^) illustrated by (2.4 ) and (2.4 ), 
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4,. Hypotheses characteristic of this Paper. 

Fourth and sixth-order moments arise during the 

investigation of the covariance properties of the estimates. 

It is necessary to make some kind of assumption on these 

moments, A very advantageous assumption involves the use of 

cumulant (semi-invariant) functions^. These functions are 

defined in a manner completely analogous to the way ordinary 

cumulants are defined for a single random variable. 

Let a random vector i)= ('Ip * ” »1^) be given. Its 

characteristic function is 

9, (ai,**’,ak^ = Ee (4.1) 

Assume E|i]Jn < co,then the mixed moments 

(''l—’V V1 V. 
m - Et^ • • • \ 0f,2) 

exist for all such that vj 0 and V]_+*,*+\ 1 n. 

Consequently has the Taylor expansion, 
V. + • • • +v, . . 

, \ _. i1 k (V!,-**^^.) Vl _Vk 
œ (.ni » • • • ,01., L — --—■—m c., • •-0., 
Yf] 1’ 7 k Vl+,*»+vlc¿h i 1 k 

+ o((|o1l+* *,+|ok|)n) (4,3) 

■^See Stratonovich [18] Chapter 1 and Leonov and Shiryaev [11] 
for a discussion of cumulant functions. 
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where-the sum is over all non-negative whose sum 

does not exceed n. Furth-rmore, log <p has a Taylor expansion 

exactly as in (4.3) except with m replaced bv the 
(vl,.Wk) (V‘*‘,vk) 

coefficient s . The quantities s are 
( V-i • • • • « V, ) 

called the cumulants of the vector q. Also m 1 K can 
(r l’,,*’rk) be expressed as a nolynomial in the s 

0 ^ Yj ^ ^ = 1»***»^ (and vic® versa)^. For a process with 

zero mean, the two expressions needed in the following are 

mlf(vlJ*,,»V4)=slt(v1,*“,vl4.)+is2(v1,v2)s2(v2,v1+)}3 (4.4) 

l 

m6^vl» ***>v6)=s6(vl’* *' ’v6)+^s3(v1»v2’v3^s3^v4’v5,v6^]0 

+ ís2(v1,v2)slf(v3,«*»,v6))1?+ís2(v1,v2)s2(v3,v1+)s2(vç,v6)}l5 

(4.5) 

where ( for q = X )) 
v6 ; 

for example 

s2(vi,v2) = s(1’1’0’0’°»0), 

s2(vi,v3) = s^1’0’1’0’0»0^ 

1 
See Leonov and Shiryaev [11] p. 320 
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s3^vl’v2’v3^ = 

sif(vl»v2»v5»v6^ = s^1»1»0»0»1»1^, 

s6(vi,..o,v6) = S(1»1»1>1»1»1)J etc., 

and where the notation {'jj denotes the sum of all J different 

terms obtained by interchanging the arguments of the terms 

in brackets (the order of the arguments of the s1 being im- 

material) « Thus (4.4) is 

VV'Vi*) = Vvl»“#»v4) + s2(vi»v2) s2(v3»v4) 

+ S2^V1,V3^S2^V2,+ s2^vl,v4^ s2^v2’v3^# 

Note that in the case of z»ro mean, 

s1(v) = 0, 

s2^vl,v2^ = m2^i*v2^» (4.6) 

S3^V1>V2»V3^ = m3^Vl»V2’V3^° 

See Tables Ij II and III bricw. 
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Due to stationarity, we write 

s2(t,t+v) = Í 2(v), 

• (4o7) 
e 

s6(t,t+vi,***,t+v5) = 56(v1,“*,v5)0 

Then the basic assumption on the process used in the following 

is that^4(v1,v2,v3)é I1(R3) and £6(v1,-..,v5)¿ Rj). 

This is a large class of processes which includes, for example, 

normal processes (trivially) and linear processes, 

=1 coaJCt-j (1+.8) 

where iaj] is an ¿2 sequence of constants and ÍÇJ, EÇ,=0,$^ 
J J J 

is a sequence of independent identically distributed random 

variables1. More significantly, it includes all k-step 
2 

dependent processes (linear or nonlinear) which have sixth-order 

moments. The assumption that £ L^.RO was used by 

■^For the process (4.8), 

Vwy = s, 

a; 
z 

3=-tx. aJai + v1aJ+v2ai+v3’ 

CO 

Vc) = 3’C 4j ajâj. ..0,0, 

6j=-cc 3 á+v 5 
A A 

where s4 and s/- are the fourth and sixth cumulants of the random 
variable Ç. S£e Bartlett [l ] p. 14?. 
2 
See Hoeffding and Robbins [9] , 
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Magness [12] and Parzen [13] in works on spectral theory. 

If one wishes the results written In the “frequency 

domain“, a further assumption on Ç ^ and ^ g is employed solely 

for convenience in writing these results. This is that they 

have Fourier transforms, so 

that 

and similarly for ^ and h^. Moreover, all the functions 

fjgjh^ and h^ are presumed to have the property that (for p and j 

integers, 0 ¿ p < j), 

(4.10) 

where is )^(1^,...,4 or g^p^ß^jpV 

or f(^1)h1+(ti2jM-3>)J-i+) or fi^) f(^) f(p.3) and the expression 

(*V-on right hand side of (4.10) is zero when 

p = 0. 
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5. Third-order moment estimation. 

It was stated in Section 3 that,under certain restric¬ 

tions, is an asymptotically unbiased estimate of 
2 

r3(vi,v2) and that 0 ~>0 as ^ ~>oo. The specific 

result is 

Theorem 1: (a) ^), EX^.=0, is a real, 6th-order 

weakly stationary process, 

(b) r (v), r3(v1,v2), ^(vpVpV^, ^6(V;l,...,v5), 

g(^2,^2) C' 

(c) Y00 is a real function that is oOO 

*=> (1) lim YOOlEjpj.Cv, ,V2)-r^(v, ,v?)| = 0, (5..1) 
N—>co 

(2) N C0VtPM(vl»v2)» % (v3>v4)] 

CO 

= J dy [ r6(v1,v2,y,y+v3,y-h»4) 

r3 ^ 1 ,v 2 ) r3^v3’v4^ 
00 

= J dy [^6(v1,v2,y,r-v3,y+vi+) 
-jOO 

+ im3(0,v1,v2)m3(y,y+v3,y+vlf)}10_1 

+ [m2(0,v1) s4(v2,y,y-»v3,y+v4)}l5 

(5.2) 

+ (m2(0,v^)m2 (v2,v)r.2(y+v3,y+v4))^,-] 

whe re 
{m^iOjV^ jVpîm-, (y,y+VT,y+vO ] 

o - ¿ o 0 . Jxo-l 

= im3(G,v1,v2)m3(y,y+v3,y+v4)}io- r3(v1}v 2)r3(v3,vi.). 
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[Note: Equation (5*>2) can be written in the "frequency domain" 

(using (4,10))as is done with the result in Theorem 3,] 

Proof: Assertion (1) is immediate and (2) is almost as im¬ 

mediate but will be proved in order to introduce some notation« 

m[ (pn (v1,v2)- (v1,v2))(pN(v3,v4)- îîPN(v3»vif))] = 

If = -h J dt J dT[m6(t,t+v1,t+v2,T,T+v:3,T+vi+) 

'% (vi,v2) yv3’V 

-r3(v1,v2)r3(v3,v4)]. (5«3) 

Let y = c - t. t = t to get 
N ^|'Pvijv2’v3’v4* 

J dy--- [r6(v1,v2,y,y+v3,y+v1+) 
-II 

r3(v3’v4) ^ (5.4) 

where is defined as follows (see Figure IV): 
A 

1. construct the set DJiT(v1,v2) XDj.iv^v^) = D^, 

2. take the intersection of this set with the line 
A 

't-t=y and call that segment C^, 

3. then Cjj(vpv2» v3>v4.>y) is equal to the length of 

the projection of Cv onto either axis. 

Note that can be written out analytically in terms of its 

arguments but the expression is cumbersome and not as enlighten- 
Cvt c 

ing as Figure IV. Also, 0 < ~ < 1 and -ÿ —> 1 as N —>oo 
JW 
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uniformly on any fixed finite set of C 's arguments. Using 

0+,5), (5.^) becomes 

N CK 
J dy y ^6(v1»v2»y»3rfv3»y+Vi+) 
-N . 

+ Ùn3(0,v1,v2)m3(y,y+v3,y+vIl)}10_1 

+ {m2(0,v1)slf(v2,y,y+v3,y+v1+)}1^ 

+ im2(0,v1)m2(v2,y)ni2(y+v3,y+vlf) J^], (5.5) 

Tables I, II, and III display the individual terms (later called 

minor terms) which make up (5o5)» Looking at each of these 

minor 
term 

i number 

1 

3 

4 j 
5 

6 

2 ^(vpy) 

r3(v2,y) 

r3(y+v3 -v2,y+vi+-v2) 

r3(y+v3-vi,y+vvi) 

8 

9 

7 

i’3(v1,y+v3) 

^(vj^iy+v^.) 

r3(v2,y+v3) 

r3(v2,y+vi+) 

r3(y,y+v3) 

^3(7,7-^4) 

r3(y-v2»y4v4-v2) 
r3(y-v?,y+v3-v2) 

r3(y-v1,y+V4-v1) 

r3(y-v1»y+v3-v1) 

r3(v2-v1,y+vlf-v1) 

r3^v2"vl’y+v3"vl^ 

r3(v2"vl’y'vl) 
10 1*3 (y+v3,7+74) 

TàSIE I 

The ten terms which sum to give the expression 

^3(0,v1,v2)s3(y,y+v3,y+vl+)}10, 
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j minor 
! term 

number 
m2(» ,•)3^(^) 

1 

2 

3 

5 

ó 

7 

8 

9 

10 

11 

12 

13 

14 

! 15 

r(vi) VV^'W ' 

r(v2) 
J J 

r^v3^ H(vi»v2»v4+y) 

r(v4) ^if(vi;v2»v3+y) 

r(y) ^(v2“vl»^fv3"vi^if-v1) 

r(v2“vl) ^ 3 »V 4) 

r (v 4-v 3 ) ^if(v1,v2,y) j 

r(y-vi) V^y^y^V ! 

r(y^3) ^4(^-7^2^^4) ! 

r(y4v4) ^4^^7,^2-7^3) 

r(3r+v3-v1) ^4^2,7,7-^4) j 

r(3r+v3-v2) ^4(v1,7,7+v4) 

r(7^4-v1) ^4^2,7,7^3) ! 

r(7+V4-v2) ^4(^,7,7+-^3) , 

TABLE II 

The fifteen terms which sum to give the expression 

[s2(01v1)sl+(v2,y,y+v3,y+v4)}l5. 



minor 
term 

number 
S2(•)•) s2(* ,•) S2(*.*) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

r(Vl) 

r(v2) 

rCv^^) 

r(v2) 

r(v2) 

r(y) 

r(y) 

r(y) 

r(y+v.j) 

riy+vi^) 

r(y+Vß) 

r(y+v^^ 

rty+v^) 

rCy+vi,.) 

r(v2-y) 

riv^^-y) 

r(y+V2*v2) 

Hy+v^-v^) 

r(y+vl4>-v2) 

rijr+v^-v^) 

r(v2-v^) 

r(y+V2"vi) 

r(y+v3-v2) 

r(v2-vi) 

r(v2~V]_) 

riy-v^^) 

r(y-v2) 

rCy-V]^) 

r(y-v2) 

rCv^-v^) 

rCv^) 

Hv^) 

r(v3) 

r(v3) 

r(v4"V3) 

r(y+vi+-v2) 

riy+v^-v^) 

riv^) 

r(v3) 

r(y+v4~v2) 

riy+v^-V]^) 

r(y+v3-v2) 

r(y+v3-v1) 

TABLE III 

The fifteen terms which sum to give the expression 

[s2(0,v1) s2(v2,y) s2(y+v3,y+vlf)}1ç. 
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4o terms separately,it is obvious that the expression in 

square brackets is absolutely integrable with respect to y on 
N oo 

(.. 00,00), Thus writing j dy as J dy xN(y) where xN is the 
«•N -oc 

characteristic function of the interval [-N,N], (5.5) can be 

looked upon as the infinite integral of a sequence of functions, 

XN(y) n [«••]» which (by the properties of C^) tend to zero 

pointwise and are dominated by the fixed, 1,(- co, co ), function 

given by the absolute value of the expression in square brackets. 

Consequently, Lebesgue's dominated convergence theorem gives 

the result. 
Q. F. D. 
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Next consider estimates of the form (3,3), 
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'■Aj 

gN(W) = Jj W(^2) dfi2. (3.3) 
-00 

The following conditions will be placed on W, 

Definition 1: A bispectral averaging function, 0f 

order a > 0 is 

(i) real-valued, 

(ii) 6 ^ L2, and 

(iii) its Fourier transform (which is bounded and L2), 

] -ÍV,^U-ÍVo^ 

W VV2 H 6 (6.1) 
-OG 

is such that |w(v1,v2)| = 0( | v11+| v2 |)’a . 

Condition (iii) could be weakened. Note that (iii) im¬ 

plies there are constants Kx and b > 0 such that for-all IvjJ 

and/or |v2| ^ b, 

Iw(v1,v2)| ^ K1(|v1|+|v2l)“a. (6.2) 

Theorem 2; (a) {x^.} is 3rd-order weakly stationary, real, 

(b) r2(v1,v2), g(\1,x2)? ^(^), 

(c) W(p,^,|j,2) is a bispectral averaging function 

of order s+e, s>0, 0<s<l, 

—> lim NS|Fg*(W) - g(W)I = 0» 
N—>oc ^ 
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Proof: By (3.2), (3.3), and (6.1) 

* .00 
E gN(W) = E j£ 

oc 

= E JJ W(jj e PN(v1,v2)dv1GV2 }i^2 

“N 
= E Jj v;(v15v2)pN(v1,v2) dv1dv28 

-N 

Therefore 

tS| r. */ 
N I Egjj(W)-g(W)|-N I Ej w(v^,v2)[pjj(v^,v2)“r2(v^,v2)]dv2dv2 

-N 

JJ w(vi»v2)r3(vl’v2)dvldv2 I * (6*3) 
I v1l orj v2l >N 

The second integral on the left hand side of (6.3) tends to 

zero in absolute value by the bounded property of w(v^,72) and 

the L1 property of r3(v1,v2). The first integral is 

< r CN(V1»V2) 

-N 
w(vi,v2)[l-jp-I]r2(v1,v2)dv1dv2 I (6.4) 

where 

cN(vl»v2) = nin C °n(v1’v2)» 

A 

C>N^V1,V2^ = nax flvll ilv2l >lvi-v2^* 

Since Cpj £ |v^|+|v2l and by (6,2), the integrand of (6,4), 

?N(Vl’V2) , N 
j^l-s vr'v]_>v2^I,3^viiv2^5 bounded in absolute value on 
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(- 00,00) by K2|r3(v1,v2)| for some K2. This integrand 

converges pointwise to zero so that again by Lebesgue's 

dominated convergence theorem the result is proved. 

Q. E. D. 

Property (i) of Section 3, the asymptotic unbiasedness, 

is therefore shown. Now turn to property (ii) of Section 3. 

Theorem 3: (a) (xt} is 6th-order weakly stationary, real, 

(b) r(v), r3(v1,v2), ^(v^v^), 

£¿^1,-• • ,v-), g(v-^,v2)íí L^, 

(c) j=l,2, are bispectral averaging 

functions of order l+ej, 

(1) lim N cov[g*(W ), g*(Wp)] = 

^ > °oo 

= ÍJJJ| dvi**-dv4dy w1(v1,v2)w2Cv3,vlf) • 
- OG J 

* ^6^vl»v2’y»y+v3>y+vlf^+^m3(0,v1,v2)m3(y,y+v3,y+vl+)}10 ^ 

+ {m2(0,v1)sl+(v2,y,y+v3,y+vlf)}1^ 

+ ím2(0,v1)m2(v2,y)m2(y+v3,y+v1+)}1ç], 

(6.5) 

(2) Equation (6.5) is written in the "time domain"; if 

relations like (4.10) hold,the result in the ''frequency 

domain" is 
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SrÜi5>œN COï[%(V> eÑ(w2,] 

(X 

S° 1A Ä AA 

+ -^^)^2(-^2,-¾) + ^1(41»-42-41)W2(-fi3^2-^3)] 

g 2 )g( ^2 »^3 )(^1^2^3 
00 T A 

+Lt?',l(l‘l’0)W2(',“2'-,13) + ^1^2^3^2^1.0) 

Ia a LA A T 
+ i^1(41,-41)W2(4i2,-|x3) + ÿ1(42,43)W2(li1,-H1)J 

f )^ ( 0 2 ,^3 ) 1dji2àp.3 

A AA 

1(42»li1-42)W2(-H1,-Ji3) + W1(^1,^3)W2(^1,-^2) 

Ia a j a a 

+ 2 1 >P>3 ^2 ^ “42 * ^1^2 ^ + Ç^i^H'2’4i"42^2^3+^1,”^3^ 

f (4! )^(^2 »43 )^^2^3 

00 A 

+J^Cwl(0,4i)W2(0,42) + |wi(0,li1)W2Oi2,-^2) 

+ ^(-^2,^2)^2(^,0) + ^ -^)^(^2,-42^ 

f(41)f(42)f (Oid^cl^ 
°° * a 2 A A 

^^4]_)i’(42^^4i+42^4i 1^42 (6«6) 

A 

where Vi(41,42) = W(41,42) + W(42,41). 
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Proof: Recalling the proof of Theorem 1, 

!» E[(4(W1) - I?6|(W1))(g*(W2) - EgJ(W2))] = 

=NE[JJ w1(v1,v2)(pN(v1,v2) - EpN(v1,v2))dv1dv2 

N 

* J'/nW2(v3,v^KpI\t(v3,Vi+) ’ EPN(v3»\))dv3d\^I 

^ , V V*>\,y) 
=JT|J/wi(vi,v2) ^yV --- 

^6(vi»v2»y>y+v3»y+v4) + ^m3(0»vi)v2)ln3(y?y+v3»y+v4)}10 

+ im2(0,v1)slf(v2,y,y+v3,y+vlf)}15 + 

+ im2(0,v1)m2(v2,y)ra2(y+v3,y+vl+)}1^]dv1* ‘»dv^dy. 

(6e7) 

CN 
There remains to show that the integrand with the ~ term 

replaced by 1 is absolutely integrable on (-co,oo). To do this, 

consider the right hand side of (6.7) as made up of four "major 

terms" or 40 "minor terms", where the first major term and the 

first minor term are identical and the remaining minor terms are 

enumerated in accordance with Tables I, II, and III, 

Each minor term is treated separately. Minor term 1 

is obviously summable since w1 and v2 are bounded and 

Li(R^). The remaining minor terms are grouped according 

to the major terms within which they are contained., 
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Lernna^l: (a) hypotheses of Theorem 3 

DO 

^ (1)JJJ7J i^3(oivL»v2)m3(y,y+V3,y+vlf)}10_i 
-cc 

wl(vl’v2) ^2(V3>V * ¿^•••dv^dy < oo , (6.8) 

DC 

(2)i/JJj * M°>Vs4(v2’y>y+v3>y+V}i5 

v V2)w2(v3,v1+; I dv1***dvlfdy <oo, (6.9) 

DO 

ÍÍIlH ^n2(0»vl) m2(v2’y^in2(y+v3»y+v4)}i5 
-oo y 

wl(vl»v2^2(v3>v4) I dv1***dvlfdy < œt (6.10) 

PEfíof: Let w be a bound on both lw^(vi»v2) I 

and lw2(v3,V4)|,£ be such that ^^(v^ \^)| dv^ ¿ f, 

and ^ be such that 4^2»VgjV^) jdv^dv^v^ ^ C4. The 

first minor term involved in result (1) is then (see Table I) 

Jjj r3(vl’y)r3(y+v3‘V2»yHv4"v2) 

wl^ l’^í^í^»^) dv, • • «dv^dy. (6.11) 

Ä A 

Let v3 = y + v 2 - v2, v4 = y + - v2, then the absolute 

value of (6,11) is (using (6.2)) 
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<w Jj dv^yl^ív-py) |j dv2 v2) I 

A A a A 

jj dv3dvlf|r3(v3,v4)| 

Kn 
¿ w r JJ dv^ylrjivj.y) | [ ^dvjW* f dv-—^ ] 

w r2 [2bw + 2Kn-r—]< oo. 
1 E! 

Simple modifications of the above argument show that the eight 

remaining minor terms in major term 2 are also bounded. There¬ 

fore turn to result (2) and major term 3* Here the proof is 

just as easy. For example, the least obvious situation is 

represented by minor term 12: 

oo 

1 JM 
-oc 

wl^vl’v2^ w2^v3’'O dv1*“dv4dy| 

¿r J dy jj dv2dvlfklf(v2,y,vi+)| j dv1|w1(v1,v2) I J dv3lr(^)| 

~e i 
AAA A b ^ 

¿ w ^ r [2bw + 2K^ —— ] <co. 

Finally look at result (3) concerning major term 4, It is 

easily seen that by proper changes of variables, all 15 minor 

terms can be gotten into the form 
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GO OO c.;. co 
IJ dy T(y) j dv1r(v1) j dy(^) j'j d^dv^ 
-GC -OC -CC -CO 

Wl(kl(vrv2»v3»\»y^v2) w2^k2ivl»v2I ^6#12^ 

where and k2 are some linear functions of five variables, 

Using the boundedness properties and (_6e2), (6.12) is 

^ * h'"1 * 

< r-3 [2b1w+2K1 —I [2b2w+2K2 —^—] < œ. 

q. e. d, 

Returning to the proof of Theorem 3> the previous 

statements and Lemma 1 show that there is an upper bound 

CN 
for all N on the integrand. Therefore the properties of ~ 

and Lebesgue's dominated convergence theorem give (6.5). 

To get (6.6) simply take each of the 40 terms of 

(6.5)» write the cumulant functions (or moments) in terms of 

their transforms and apply (4,10). 

Qo F. D. 
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7. Estimation of the blspegtral density. 

The most interesting properties are exhibited by the 

third form of estimate introduced in Section 39 

CO 
$ 

gN^l’^= JJ WN((3*5) 
-cc 

Properties (i) and (ii) of Section 3 will be discussed not 

for the general form (3.5) but for a subclass of estimates 

described by first defining a bispectral estimating kernel. 

Definition 2: A bispectral estimating kernel, wtv^^^of 

order a > 0 is 

(i) real-valued, f L2, 

(ii) |w(v1,v2) |.< M. < co, 

(Hi) w(v^,v2) = w(v2>v^) = w(-vpv2-v^) (same 

symmetries as those of r-jCvpVg)), 

(iv) for every s > 0 there exists an 

M2 such that uniformly in v2 , 

i li I w^viJ v2} I^vi ^ e» |v1I>m2 

(v) and 

, , |l-w(v1,v2)| 
(a J x 

w - SUP V vliinso -T all possible vl’v2-^° (|v U|v |)a 
paths 1 ¿ 

is finite. 
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Letting ÍBjj) be a sequence of positive constants tending to 

zero as N -» 0D,the estimates then discussed are of the form 

* 1 M -iX^v.-iX^Vg 

JJ e w(BBvl’BNv2>pN(,l>v2)avldv2- 

^ (7 1) 
By condition (i) above, w(v,,v2) a Courier transform 
in the Ij2 sense, 

QO *■ i ^ «i *• i V p \p 
w(vi,v2) = JJ e (7.2) 

Using this, (7.1) can be rewritten as 

gN(Kl’X2)=JJ -*B^)gN(n1,^)d^1dli2 (7.3) 

which is of the form (3*5). Parzen [13] , uses an analogous 

estimate for the spectral density. The rate at which Bjj -X) 

governs the rate of concentration of the weight functions. 

For convenience of notation, define the generalized 

bxspectral derivative, g^^(p,. j^). by 

6 JJ 6 f|^¾l)q-3(v1^v2)àvldv?,• 
•■OO 

2' 

(7.4) 

Then the bias of (7*3) satisfies the following : 

IltëLQX£IH, 4« (a) [x^.] is 3'rd-order wealtly stationary, real, 

(b) r3(v1,v2), g(\1,\2)C L1(R2), 

00 
(e) jj (|Vl| + IV21 r3(vi,v2) dv1dv2 <oo, q>0, 

-CO 

(d) w(v^,v2) is a bispectral estimating kernel of 

order a ^ q, 
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(ö) chosen such that as N —> œ 

(i) bn -> 0, 

(ii) BjjN —> co if q 1 1 

B^N —> co if q > 1 

** Jim VlEg*^,^) - gíjip^)! 

=0 if o > q 

= if a = q 
(7.5) 

where in the case a = q, wiv^Vg) is assumed to have the 

property that for almost all (v1,v2), 

1-w(Bnv1,Bnv2) 
lim 
n-í>oo(|bnv1Mbnv2I)<i 

= w (q) (7.6) 

P£oo£: Break up the bias expression into three terms, 

V 
(2^)' -n 

(w(Vl>BN,2>"1,r3(vli,2)dvldv2 

N -i|i1v1-lti2v2 mln[mx(|v1l,!v2|,|v1.v2|),N] 

-N N 

* w(BNv1,BNv2)r3(v1,v2)dv1dv2 

v-L |or| v2I>N 

-ip.1v1-ip2v2 
e r3(v1,v2)dv1dv2]. (7.7) 
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The third terra is 

N* 
1 (NRjq JJ lr3(v1,v2)|dv1dv2 

w |v1|or|v2l>N 

¿TÑÍ¡)5 (l'll+l',2l)‘1l>-3(v1,v2)|dv1dV2 

-> 0 

by (c) and (e). The second term of (7»7) is 
N 

'StT 1], (|,ll + |v2|)|r3(vl'v2)|dvldv2 (7.8) 

First suppose q <1, then (7.8) is 

K1 "(Iv^ + lvjl)1-’ 
- (NBjj)') JJ. (lv1l + |v2l)‘>|r3(v1,v2)|dv1dv2 

-> 0 

by (c) and (e). Next suppose q > l,then (7*8) is 

mJ n ( *Vl VV ldvi^v2 
NbN -N 

-i> 0 

again by (c) and (e). Therefore 

ï1". VqiF'%< - g(u1,p2) I = > oo 



(2K) N -íce 

r': -ip.. V.-ifipVp 

J^|BNq J J e L w(Vl’BNV2) '1 ] 

3^ 

-N 

r3(v1,v2)ilv1dv2l 

N 

lim 
(2i02 N -> ce 

i-i|i1v1-iH2v2 
( I Vjl + |v2 |)q 

-N 

w(B,tVt jB.tVo)-! a-q 
— -5- ( |BkvxI +1Bnv2 I) dv2 

C I+Ibnv2^ 
. (7.9) 

Since is a bispectral estimating kernel of order a, 

there exists a constant such that the integrand of (7.9) 

is bounded by 

^3(1 vj + lv2! ^3( 'V v2) I 

which is integrable. The result follows imnediately from 

Lebesgue's theorem. 
Q. B. D, 

Secondly, the variance of (7.1) also behaves itself 

under the assumptions listed in the next theorem. In the proof 

of this theorem the following lemmas are needed. Lemma 2 is 

motivated by the Pdemann-Lebesgue lemma. 

Lemma 2: (a) hypotheses of Theorem 

(1) JJ 
-M 

dv1dv2 e 
.iv1^riv2(p2/BN) 

w(BNVl>v2)r(vl) 

-i> 0 unless p2 = 0, as N oc 
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(2) 

M 

-M 

j dv, ... dv^dy 

w(vl»BNv2+V4)w(BNV3+Vl,Vl+)r(y)r(y+V3)r(y-V2) 

-» 0 unless ^ = ^ = 0. 

Proof: First look at result (1). For |i 2 / 0 

-iv fi -iv A; ) 
dv1dv2 e 11 2 ^ A 

-M 

M 
( v2+(TTBN/fi2) ) 

M 
T 

w(B,,vi, v2)r( vi) 

J 
-M 

dv^dv2 e 
w(BNvl»V2)r(vl} 

Twice the integral in question i: 

M 
I -ÍV-.JX-, rM -KrVBJv 

J.Mä,le ‘■''’l1 U.J, dv2e ^ tw(%vi>v; 

^Bvt "j 

- w(Bsv1,v2 .^)1 + 0(¾) j. 

imd this in absolute value is 

M 

Í JJ I w(Bkv1,v2) - w(Bnv1,v2 - I1) I + 0(¾). 

-M 

By (e) of Theorem 5j the integrand converges to zero a.e. Thus 

Lebesgue’s dominated convergence theorem proves the result« 

Result (2) is proved similarly. Twice the absolute 

value of the integral in question is for ^ / 0 
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lw(vl»EKV2+vif)w(BKv3+v1,vlf) - 

/ 71 °R 

w(vl “ 117“ » BNV2+Vw(BNV3+V1 - iïf* vlf) I 

|r(y)r(y+v3)r(y-v2)|dv1...dvlfdy + 0(BN). 

This again tends to zero by the properties of w. A similar 

argument shows the result for / 0. 

q.e.d 

Í£]SSâ_3‘ (a) (y(H,N) j is a sequence of constants , 

(b) y(M) = lim yO'{>N) exists for all M. 
N ^00 * 

(c) y = lim y00 exists, 
M ->oc 1 

(d) for any e > 0 there exists an HQ(e) such that 

for all N > M > M0, !y(M,N) - Y(N,N)I < e, 

lim y(N,N) = y. 
N-»oo 

Proof: Take any e > 0. First fix an M such that by (c) and (d) 

I YÍM) - yI < e 

Iy(M,N) - y(N,N) I < e . 

Next choose NQ > M such that by (b) 

Iy(M,N) - y(M) I < e for all N > N . 
0 

Then for all N > N0(e ) 

Iy(n,n) - y! < Iy(n,n) - y(m,n) I 

+ I y04,N) - r(n) I + |y(m) - y I < 3e 
for arbitrary e , 

q.e,d. 
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Theorem S'- (a) tet}, 6th-order weakly stationary, real, 

(b) r(v), r^iv^,V2),^(v^,V2,v^)v^,...,Vj), 

g(\^,^2^ ^1’ 

(c) w(vpV2) is a ^ispeatral estimating kernel, 

(d) is a sequence of positive constants such 

that 

(i) Bjj —>0 as N —>00 

(ii) B^N—>co as N —>00, 

(e) w(v^,v2) is continuous a. e. and for a <00 

w(BKa,V2)—'>w(c,v2) for almost all v2» 

(f) for brevity in writing results, take 

(^,^2^ 311(1 i° their first sections 

of definition as shown in Figure II, i. e, 

0 i ^ 0 ^ ^ Mi» 0 ^ ^ ji3, 

Jîf>00NBN C0V ^eN^l’^2)> 

= ^ff(H1)f(ji2)f(M1+M2)f‘(M3)f(M4)i,(M3+M4)]1/2* 

[w1 6(^2)6(^4)^+26(^)^1+20(^3)] + (7,10) 

W26(^-p,3)6(42”lA4)(^6(113-^^)+46(^^)6 (f^) ll, 

where ^ 

WjL =( J w(C,v)dv]2, 

w (v1,v2)dv1dV2 , 
-00 

r 1 

6 (x) 

X = 0 

x + 0. 
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Proof ! Recalling Theorems 1 and 3, write 
2 % * \ 

NEt cov [ 

N 
-ili1V1-iR2 Vg+ii^V^+iji^ Bjt Í 

= ¡J]]dVl-dV4e 
vl’* * * ’V4’^^ 

w(BNv1’BNv2)w(^v3»Bnv4) dy -Ñ-* 
¿N 

[^6(vi>v2*y»y+v3»y+v4)+lrn3(0»vi’v2)m3(v’y+v3’y+v4)}io-i 

+im2(0,v1)s4(v2,y,y+v3,y+v4))l5 

+ im2(C,v1)m2(v2,y)m2(y+v3,y+vl+)}1^]. (7.11) 

VN 
The boundedness of w and -jj- and the L^(R^) property 

2 
of ç6 imply the first major term is O(B^). Further, 

Lenma 4; (a) hypotheses of Theorem 5 

^ (1) 4 I JJJjJ dvl*,,,3v4dy w(BNv1’BNv2) w(V3,BNv4) 

-N 
im3(0,v1,v2)m3(y,y+v3,y+v1+))10_1l = 0(^), 

N 

(2) BNf jjj.)7 övr--dv4dy w ^^1^23 w(BNv3’V4 

(7.12) 

im2(0,v1) slf(v2,y,y+v3,y+vlf))l5 | - 0(^). 

(7.13) 

Proof: First consider result (1). The first minor term is 
V 

< B2 I’l’j'i ['dv1...dv1+dy | w(BNv1,BNv2) w(-BNv3,RIJvlf) | 
y 

|r3(v1,y) r3(y+v3-V2»y4\i+-v2) I • (7.14) 
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A A 

Let V3 = v^+y-v2, = vl++y-v2, then (7.14) is 

N N N 

- Vl / dvl J dv2lw(B?Tv1,BNv2)| j dy|r3(v1,y)| 
-N -N -N 

A A 

N+y-v2 ^ N+y-v2 

J i\lr3(S’VI 
-N+y-v2 -N+y-v2 

nBn 

< J I w(BNv1’v2^ dv2 = 0(BN) 
-NBn 

by the properties of a bispectral estimating kernel. The remain¬ 

ing 8 minor terms are treated by quite similar arguments. 

Result (2) follows by like reasoning. For exanole, minor 

term 15 is 
N 

-BN jj/Ji av1...dv4dylw(BNv1)B1Jv2)w(BKv3,BNv4)| 
-N 

I r(y+v1+-v2)^if(v1,y,y+Vß) I. 
A A 

Let vif=vi++y-v2» v^v^+yjthen (7.15) is 

(7.15) 

N N N N+y a ll+y-v 2 

dy •I' «Í dv2 IwiBj.v, ,EN^)| J dv-i J 
^ J _n -N 1 -N ¿ N 1 N 2 _N+y *_N+y_v2 ^ 

|r(v4)^(v1,y,v3)| 

NB, 

^ I Iw(®jjv^5V2)| dv2 = OiBjjj), 

-NB» 

The proofs for the 14 other minor terms are just as simple. 

q. e. d 
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By Lemma 4, 

j2 

N^oo^N 

N 

BN iffff -¿Vn-^pV^VH^ 

= N^^J^dVl-dVye 
-II 

W(B V ,B V )w(B V B V, ) .^ w^Nvl»öNv2;w'‘£iNv3»öNV n 

im2(û,v1)m2(v2,y)in2(y+v3,y+v4)}lÇ. 

Look at each of the 15 minor terms, listed by Table III, 

separately. 

Minor term 1: 
N 

lim 
N -»oo (2*) 

i, II....... V .-‘-v»,vw-.. 

-N 

/ V / % VvmW) 
w^BNv1»BNv2^w^BNV3,BnV N 

r(v1)r(v2-y)r(v3-vit). (7.16) 

A A A A 

let y = y-v2, = v4“v3> v2= BjjV2> = Bjjv^jthen (7.16) becomes 
A A 

, .x ,% . ,kbn . ,•»- S . X- ë . 
iim -1 dv dv dv ^ dy 

N—>oo J 1 J 2 J 3 J Vt 4 J Vp 
U7lj -N -NB« -NB-, -N- ^ -N- ^ 'N Bn Bn 

*iVllil"iv2 + e 1 1 2 BN e " BN w(Bnv1,v2)w(-v3,Bnvi+)- 
A A 
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A 

*1 Ä 
+ R >y+ bn 

r(v1)r(y)r(vlf). (7.17) 

An inspection of Figure IV reveals that for fixed v1,...,vlf and 

y the sides of the rectangle % grow by An when N increases by 

An, Likewise the sides of decrease in length by at most 

Avj+Avg and Av^+Av^ if ^ increases by Av^ v2 by Avg, by Av^ 

and by Av^, Finally if y increases by Ay with DN fixed, Cjj 

decreases at most by Ay. All this implies that 

„ / v2 Vî Vo 

N 
1 as N ->oc (7.18) 

since it at worst behaves like (for A and B some constants) 

N 

which still tends to one as N oo . 

Denote by the j-dimensional hypercube centered at 

the origin with sides of length 2M paraillel to the j axes. The 

dimension, j, will be obvious from the context. Also let J~L 

denote the complement of GM in Rj. 

(a) hypotheses of Theorem 5 

for any e > 0, there is an i^ie) independent of N such that 

for all M > Hg and for all N, 

lw(BNvl>v2)w^3»BNv4)r(vi)r(y)r(vlf) |dv1.,.dvltdy < e . 



P£Oo£: The integral in question is 

!w(BNvi>v2)w(-v3>BNV4)2*( '*L)r(y)r(^f)ldv1...dvlfdy. (7.19) 

Each of the five integrals, by the property of r(v) and prop¬ 

erty (iv) of a bispectral estimating kernel, can be made arbit¬ 

rarily small uniformly in N by choosing M large enough. 

q. e. d. 
Let 

M -iv1|i1-iv2|i 

iv, + iv 
3 % Vif 

w^BNvl,v^w^"v3»BN\^r(vi)r(y)r(vlf), 

Ï,(M) = lim y,(M,N), 
* N*^ co 1 

Lemma 5 and (7.18) indicate that the limit (7.17) is the same as 

N^!> 2 says that y^iM) = 0 unless 

Using the bourdedness and continuity properties of w and 

Lebesgue’s convergence theorem, 

Y1(M) 1 

(2n)4 
fJp/ dv1..,dvltdy 

-iv1^+ivlfnlf 
e 



By Lemma 3» 

lim ^(N.N) = Jjw1f(0)f(1i1)f(^)6(^)6(^), 

Minor term 2: Interchanging the roles of and ^ appropri¬ 

ately in the above, the limit is 

^ W1f(0)f(n2)f(n3)6(|l1)6(,i3+|1|t). 

Minor term 3¡ letting y = y+vj-vj, , 

this term is seen to be (omitting the "hats") 

dvidv4 dvjdv, 

-NB^r 

rCv^riyMv^), 

As in the term 1 argument, still tends to one, and 

Lemmas 2, 3, and 5 say that the above equals 

f(0) lim iilf« 
M -> 00 J -M 

-iv^+iv^^ 
w(0,v2)w(v2 ,0) 

r(v1)r(y)r(v1+) 6(ji2) 6(jiO 

= ¿ wx f(0)f(^)f(^)6(^)6(^). 



Minçr ^ Interchange vx and v2and/or v and 

correctly in minor term 3 to get, in the limit, respectively 

¿w-l f(C) (^), 

^ Wjl f(0) fi^) b (^), and 

w1f(0) f(ji2i f (^) 6(^) 6(^). 

Mlflop t^erm 2* By the same reasoning used on previous terns, 

the seventh becomes 

f(e) f(u3) 

ilinpr tprm ^ a Slight variation occurs with the eighth minor 

term. Put v3=v3-v1, 02=v2-^, C1=BNv1, ^if=BNvl+ 

to get (again omitting the "hats") 

v4 v. 
N-git N.J. 

NB, 

(Sit)4 N^cd -ÍL dVldVlf [ vlfdV2 ( ^ 
N "N“W~ “N-pT 

N 2,1 

e wt''l>V2+\)''(BNyvX'\) 
H r Æ ., Zk .. , V1 vl+ 

dv^e N 

-N 

r CN(VV2+V V y) 
dy " Ñ — r(y)r(y+v3)r(y-v2).(7,20) 



N Ar a in it is sepn that —^ —>1 as N—>oo. Corresponding to 

Lemma 5 is 

Lemma 6: (a) hypotheses of Theorem 5 

=»> for ary2>0, there is an M^e) independent of N such that 

for all M>Mß(e) and for all N>M, 

JjJ/jdvi”,aVylw(vi.Biiv2-,,’it)w(BNv3+vi>\) 
□m 

r(y)r(3h-v^)r(y-v2) I < e 

Proof : The integral is 

oo 
< [JJJ dv2dv3dy jj dv^v^ + JJJ dv^v.dy JJ dv dv^] 

n' "°o n J | v1 lorjv^I >M 
UM —'M 

lw(vi»BNVv4)w(%v3+vi»v4)r(y)r(y+^)r(y- ^ I (7.21) 

Schwarz's inequality implies 

jj dVidv^lwCvijEjj^+v^Mßjjy^,^)! 

¿[jj dv 1dw2(v1,BNv2+vl+) JJ dv1dv1+w2(BNv3+v1,vlf)]1/2. 
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Using this, the first integral of (7.21) can obviously be made 

small since w(v1,v2) ¿ L2(R2). The second integral, which is 

“ JJ/ dv2dv3dylr(y)r(y^v3)r(y-v2)|» 

[ |/J|>MdVld^u2<Vl’^)/¿ ávldvlf ''2(vl>\,]1/2. 
1 or 

can also be made small since eventually becomes < a < 1. 

q. e. d. 

Define 
M 

T8(M,B) |J:y'/dvr..dvltdy e 
-1V1 

iv3^3+iv4 

w(v1’BNv2+v4)w(bnv3+vi»v4) 

r(y)r(y+v3)r(y-v2), 

r8(M) = lim Yo(M,N), 
N oo 

Lemma 2 and Lebesgue's theorem imply 

y8(m) = '¿yr Jj^jJdvi---d vye 
-iv^2+iv3n_ 

wC(v1,vlf)r(y)r(y+v3)r(y-v2) 6(^3)6(^-^). 



And Lemma 3 gives minor term 8 as 

ItajefN,!«) = ¿„2 

Mippr term ¿i Following the proof of minor term 8 get 

2½ w2 f(M'i)f(M-2)f(H2+P’2^ 

Mlh°r tfír.ins 10 nj The reasoning for minor term 1 shows 

that the respeutive limits are 

iünor tfîrm 1£: Set y = y+v3, v1=''3+v1, vl+=v1+-v3-v2, v3=BNv3 

v2 “ ®NV2 ^ minor t^rm 12 becomes (omitting the "hats") 

NB, N- N 
V-+V^ 

_3 ¿ 
X N 

K->co!L äV2dV3.(j3. X^2 âv4' 

w(bNvi"v3»v2)w(-v3,bnVV2) 

V3 V2 V3 V^+V9 V, 

CN CC » V .'"»y-'^') 

B.. 

4i+:í2+^-> 

V:5 f—-X 

Nx 
jNy 

B B ’B J rt St’ IS: 

N 
N r(y)r(y-v1)r(y+V)|). 

(7.24) 

Again i¡-> 1 as N->co and Lemma 6 permits (7.24) to be replaced 

by lim T12(N,N), v-here 
N 00 



M 

Y12(m,n) = ~-)Tj'f{|j'av1...dvltd7 e 

.i, n ,lv 
1 1^1 1V2 Bn 

IS -S iv 
B, 

+iVu 
N 

w(Vrv3>v2)w(-v3>EA+v2) 

r(y)r(y-v1)r(5H-vl+), 

Y~2(H) = lim Yto(MjN), 
N-i> co 1P- 

As tafora 

l'* Y12(N,N) = lin r10(M) 
i- -> co x M —>-o 1¿ 

W2 

MÍa..^—Qd.J-^: These terms are the sane as term 12 

except for certain interchanging of indices and therefore tend 

to 

1 
Wo 1 (|io )i'(iS)f(^+.%) 6(^-^4) 6( 1^+^3+^4), 

27c w2 f6(^-¾)6 (¡J^+Mk+U^), 

2n W2 f 6 (^-^3)0 (^+^+^4). 

Restricting |i2, P3, and ^4 as in hypothesis (f), 

the result is obtained« 

Q. ?.. Ü. 
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Certain generalizations of Theorem 5 could readily be 

obtained. For example, two weight functions, ^ and w2,could 

be usedj different (but interelated) sequences, and 

1% }, could also be us«d; and as pointed out earlier certain 

restrictions on w and the process could be relaxed slightly. 

It is also interesting to look at r^al and imaginary partsj 

this is done to a certain extent in the next section. 
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8. Asymptotic .distribution of the estimates. 

The final property of the estimates to be discussed is 

the asymptotic distribution. The estimate of interest to look 

at here is as given by (7.1). This estimate will, 

under certain conditions on the process, {X^}, have a distribution 

which tends to a complex normal distribution. In this section, 

one such group of conditions is investigated. The process will 

be a discrete parameter process and will demonstrate how argu¬ 

ments are carried out in the discrete case. 

Consider a real, strictly stationary process, {X^.}, of 

the following form. Let 

T = (..., *)Q» np ••• ) 

be a doubly infinite sequence of independent, identically dis¬ 

tributed random variables. We could take the tj's to be uni¬ 

formly distributed on [0,1] or normally distributed. let T 

be the shift operator on q, i.e. 

T f) = (..., qo, Tg» •••)• 

Take h to be a Borel measurable function of the doubly infinite 

vector and define 

Xt= MtS) t = 0,+1, ... . (8.1) 

Also let 

Xt,k = EtXt ! T1t-k»,,*> ^t+k^ 

(i.e. Xtjk is the projection of Xt onto the Borel field, 

generated by nt-k’^’^t+k^ and 
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.(oSk)(v) = EXJC tt+v,k * 

,(k,k) 
(v) = EXt,kXt+v,k » (8.3) 

r3 ’ ,k)(vl»v2) = Extxt+v1xt+v2,k » 

and similarly define r^°C’k’k), r^k>k»k), rJx»c;'»cc’k), 
r(k,k,k,k)) r(oo,oc,oc,k,k,k) andr(k,k,k,k,k,k)# Bponding 

to these there are as in (4.4), (4.5) and (4.7) 

£(f>k)(v), ^^»Ä;(v), (k,k), 

^OC>0o»k)(v1,v2), ..., ^k»k»k)(v1,v2), 

ç(cx.,00,00,k) (Vv2,Vß),.,., ^k»k»k>k)(v1,v2,v3), 

^60O,0O,r'O,k,k>k)(vi»*»*>V5)» and ^k,k}k,k»k,k)(v1,...)v ). 

(8,4) 

Next, the definition of the bispectral estimating kernel 

must be adapted to the discrete parameter case. Conditions (i) 

and (iv) of Definition 2 become (letting, for convenience, 

AM = be an integer for all N) 
IN tíN 

(i1) for any e > 0, there is an H-^(e) such that for 

all M > and uniformly in N > M, 

|vJ,Tv2i > MA» w2(BNv1,BNv2) < e» 

(iv*) for any e > 0, there is an M2(e) such that for 

all M > M2 and uniformly in N > M and in 

S |w(v^>Bj^v2) I < e. 

Iv2l > ,4N 
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Further, the continuity conditions assuned in Theorem 4 become 

that (condition (v) of Definition 2 is not needed in the 

following) 

(V) for all fixed numbers a and b, any fixed M > 0, 

and for any e > 0 there is an N0(e,il,a,b) such 

that for all N > N , o1 

2 I1AN 
BnL . 2 

VV2 = -lftN W(BH W ' BN v2 >w(BN V1. 

S ..2 
vl'v2 = -¾ 

W (%vl>%v2)l < t 

and 

iMan man 

i wiB,,Vl’Bt,a) ' Vl = '''Vi-0)' <£- 

Tnis last condition is certainly satisfied if w(v1,v2) i 

tinuous. 

Tj]g(?rgp 6: (a) {xt} is a process as defined above , 

(b) ExJ2 < oo , 

(c) all cumulant functions, 

• • • >, 

<4.ç6. 

are ¢. uniformly in j , 

(d) the hypotheses of Theorem b (adapted to the 

discrete parameter case1) 

s con- 

1 ^ 
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</N BN^i^- Eg|ç(ix1,^2)] 

convexge s in distribution to a complex normal random variablej 

X+iYj where Á and Y have zero mean, are Jointly normal, are 

independent and have the following variances^-: 

2 W1 
0 ^ = 2rc + + A + B, 

ö2(Y) = A - B 

where 

A = 2 á f^1^^2^^1^2^^1 + 6^1“^2^[1 + 6^+2^2-211) 

+ 6(2^+^2-211)] + 4ô(ii1)), 

B = 2 if ^2)1(^^2) 156(^) 4i2)[1 +6(^-,)]}. 

--00^ Bue the length of the proof, a precursory sketch will 

be given. The random variable of interest, VN, (see (8.5)) is 

first approximated in mean square by (see (8.8)) uniformly 

in N for M large. Next is similarly approximated for fixed 

h hy V^} (defined later) for k large. A lemma is then quoted 

to show that 

, > dist. 

VHM N(0><,1&R> öMkI,rKlP as N 

^ Note that if lies inside the region (T; and not 
on its boundaries the variances reduce to 

ö2(X) = ö2(Y) = I 2^ fO^) f(|Í2)f(ji1+R2)* 



where N(0,dR,dj,r) denotes a complex normal random variable, 

mean zero, real part variance d^, imaginary part variance dj, 

and covariance r between real and imaginary parts. It is also 

true that d^j -^dMI, and r^ —>rM as 

and that dJiR —»dR, d^j and rM r as M —î><^ , 

Recall the weak convergence metric, L(F,G), for two 

distribution functions, F(x) and G(x)1: 

L(F,G) = infinium over 5 such that for all x, 

F(x-6) -6^ G(x) < F(x+&) + 6. 

In carrying out the proofs, one does not deal with the complex¬ 

valued random variables themselves but rather with linear com¬ 

binations of their real and imaginary parts. Denote such linear 

combinations by affixing a "hat" to the notation so that, for 

example, VR = \ 1 Re VN + \2 Im VN. In addition let 

A 

Fjj(x) be the distribution function of VN, 

FNIj(x) be the distribution function of VNj.j, 

FNMk^x) be the distribution function of , 

Gjflr(x) be the distribution function of NiOjdj^jd^j, rMk), 

Gm(x) be the distribution function of NÍOjd^jd^-,!«J » 

G(x) be the distribution function of N(0yd R,dj,r) » 

1 See, for example, Gnedenko and Kolmogorov [5]j P* 33 
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Then by the previous statements, we first choose M(e) so that 

(i) L(Fn,Fnm) < e uniformly in N, and 

(ii) L(Gj^,G) < e , 

Next choose k(e,M) so that 

(iii) L(FNM,FNMk) < e uniformly in N, and 

(iv) ^(G^jGjjjP < e » 

Finally, choose NQ(/,M,k) such that for all N > NQ 

L(FNiik*G¡<üP < e * 

In conclusion, by the properties of a motrie, for any 

e > 0, there exists an N (e ) such that for all N > N ' 
u o 

L(FN,G) i L(Fn,Fnm) + L(Fnm,G) 

i + L(FNH»FNMk^ + L^FNMk»GMk? 

+ L^GMIc,Gi^ + L^G¡4)G) i 5e , 

and the theorem follows. 

To get to the detail, separate 

VN ‘ E«N(lA1^2)) (8.5) 

into its real and imaginary parts 

B N 

ReVw = (iijïi v1,vE2¿NOOSÍ,‘lVl+,12V2>W(BllVl’BNv2) ' 

t fc N 1* 2J 

(8,6) 
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- 
IraV,T = 

N = 2 2_ sin^ViV^víB^Ví*). 
vl,v2="i'i 

t e DI^(v1,v2) ' r3(vl’v2))' 

(8.7) 

Truncating the v2 summation and extending the t summation, 

define 
B MA». 

, - N „ _N -i|‘1v1-V2v2 
'NM “ Or- EE ® 
Nh (2n)2/K v1,v2=-MAk 

N 

w(BNv1»BNv2)’ 
(8.8) 

t21(XtXt+v1Xt+v2 " r3(vi»v2^* 

Lemma 7: (a) hypotheses of Theorem 6 

=$> for any e > 0, there is an M0(e) such that for all 

M > M . N > M : o' 7 

ö2(VN ‘ VNM^ < 6 * 

Proof: Let be Vjj with the domain of summation, %(vi>v2)> 

set equal to [l,N] for all and v^. Then 

i o2(vrt)1/2 + «2(% - %;>V2. (8«9) 

First bound N 
a Rf 

<,2(vrvN) Í K" v1^.^=-N|w(BN,1>BNv2>w(BN,3'BNv4)I 

N 
[ E + z 

N 
Z 3' 

t=l 'CéCN(v3,vlf) ti.BN(v1,v2) 

|m6(t,t+v1,t+v2,x,T+v3,x+vlf) - r3(v1,v2)r3(v3,vlf)| (8.10) 
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where 

V'l’V = tl.WlQDdivpVj) 
is the syrametric set difference. Looking at Figure IV, (8.10) 

yields 

a2<W * bn 

N 

Z Z Z Z JwiBjjV^v ) 

|v-l + |v.| N 

w Bi'!v3>®NVlf) N 2 + 
y=-N 

IvJ + |v2l 
N — 

N 

S ] 
y=-N 

+ im3(0>vi>v2)m3(y>y+v3>y+v4)^io-i+ 

+[m2 ( 0, vi) s^ ( v2,y,y+ , y+v ^)} {m2 (0, v ia2 ( v2, y ) m2 ( y+, y+v^)} |. 

(8.11) 
It is readily seen that this tends to zero by arguments similar 

to those used in the proof of Theorem 5 only here, instead of 

T7- 1, the expression 
+ 1 

—> 0 occurs. Next 

<,2(Vvnh> i B !N 
N 

2 Z Z E z 
y=-N 

i\i 

lw(BNvI»BNv2)w(BNv3>V4)^6(vl»v2»y’y+v3’ir+vlf) 

+ ini3(0,v1,v2)m3(y,y+v3,y+vlf)}10_1 + 

+ {m2(0,v1)s4(v2,y,y+v3,y+vlt)}1? + 

+ [ni2(0,v1)m2(v2,y)ra2(y+v3,y+v4)}1^] |, 
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N 
< TSH T 

DkNn dN y=-N 
I |w(Bwv1,BNv2)w(BNv3,BNvlf) 

{m2(0,v1)in2(v2,y)iD2(y+v3,y+vlf)}1j| + OCB^j) (8.12) 

by the discrete analog of Lemma b. Again each minor term must 

be treated separately. The first minor term is, letting y = y-v2, 

= vif-v3, 

r\ 

2 

rCv^^íríyirív^) |, (8.13) 

which can be made small by choosing M large as is seen by break¬ 

ing (8.13) up into four sums similar to (7.19) and using the 

properties of w and r. Minor terms 2, 10, and 11 follow simi¬ 

larly. It is even simpler to bound terna 3, ^ 5 and 6. Minor 

term 7 is also bounded by (8.13). Minor terra 8 is 

N 

yLN 1 w<BNv1,BNv2+BNv4^ 

2 

w(bnvi+bnv3,bnv4) r(y)r(y+v3)r(y-v2)l 

N 

< B^ Z |r(y)I{ Z Z |r(y+v,)r(y-v9)|• 
y=-N J d 

2 
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oc 

^Vl> V*^ w2(BnVi,BNV2 + %V* 

+ 

oc 

S 2 |r(y+v:))r(y-v )j.[ 

v2>v3=^ 3 2 

Z Z 
(YVe □ 

, ^(EjjVi.BuYSnV 

• Z Z 
□î, 

w (BNv1+BNv3 )B^,v 'Nvlf 
]V2} 

MA. N 

and again this can be made small uniformly in N, Minor term 9 

has identical behavior. Minor terms 13, 14, 15 and 16 are only 

trivially more complicated. 

q.e.d. 

lemma 7 indicates that the asymptotic distribution in 

question is the same as that of V^. The second modification 

is to replace the Xj in VN¡1 by Xj>k to get V^. The next 

lemma shows that this can be done — that can be 

made smaller than any previously chosen e > 0 uniformly in N 

for k sufficiently large (M being fixed). 

ISMâJl: (a) hypotheses of Theorem 6 

=¿> for every M, e > 0, there is a ko(e,M) independent of N 

and a constant K independent of both ¡I and N such that 

for all k>k0(e,M),* 

«2(VN¡.rVNM)) ¿ * + K% • 

Note, the conditions are sufficient to remove the KBN term on 
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the bound (see remark at end of proof). 

Piogf: 2 N N 

d2(V ,-V(k)) 2 1 
0 uNirvNM j ^ N t=l t=1 

|w(BjjV^,Bjjv2)w(Bjjv2,Bjjvif) I 

lEtVt+v/ t+v2“r3 ^ vi > v2^ Tf v^+v ^ v3 > vif ^ 

-EtXtXt+v1Xt+v2-r3(vl»V2)^Xx,^+v4,lc-r3k’k) (V3»V4> ^ 

"Efxt,kXt+v1,kxt+v2,k"^3k,k)(vl, v2) ^XtXt+v3 XT+vlf-r3(v3»V ^ 

+EfXt,kXt+v1,kXt+v2,k"r3k,k) v^jk^+v^k 

-r^k,k)(v3,v4)] I, 

(8.14) 

As in the beginning of the proof of Theorem 5, and using the 

discrete version of Lemma 4, (8,14) is 

% N 
< B2 IZZS m S r7|ím2(0»^)02^v2»y)in2(y+v3»y+v4)^15 ^ N Vh...,vi=-1-ÍAm y=-N ^ ¿ ¿ ¿ -3 ^ x? 

+ {m2k,k)(0,v1)m2k,k)(v2,y)m2k,k)(y+v3,y+v4)}1j - 

- 2{m^*»,)(0,v1)m^»')(v2,y)in^»*)(y+v3,y+vlf)}l5 |+ 0(BW) 

(8.15) 

where (•,*) stands for one of either (k,k), (k,co)j (ocjk) or 
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(oojoo) depending on the arguments of mg* Looking at the first 

minor terms of (8.15) > 
N 

£222 2 lw(BjjVi,Bj|V2)w(BjiV3,B^vif) | 
”^N y=”^ 

|r(v1)r(y-v2)r(v4-v3)+r(k’k)(v1)r(k»k)(y-v2)r(k»k)(v4-v3) 

-r(v1)r^00,k^(y-v2)r^k,k^(vlf-v3)-r^k,k^( v1)r^00,k^ (y-v2)r(v4-v^)| 

mN man-v3 n(1-t) 

= BN v^v2S,v3=-Mn v4=-i%-v3 y=-N(l-^) 

v(-Bnv3,Bnv4) I |r(v1)r(y)r(v4) + r(k»k)(v1)r(k’k)(y)r(k»k)(v4) 

- r(v1)r(o°»k)(y)r(k»k)(vlf) - r(k»k)(v]L)r(oc»k) (y)r(v4) I 

2ml} N+jMAn 

£ w2 ï S S IrtvJrtylrCvO + 
vi>V-2MV=-H-'% 

r(k,k)(vi)r(k,k)(y)r(k,k)(Vlt) . r(,1)rKW(jr)r(k,k)(Vlt) 

- r(k>k)(v1)r(t>i>k)(y)r(v1() | (8.16) 

where ^ 

bN V iux> |w(a,BNv2)| < w for all a. 

This can obviously be approximated arbitrarily closely (uniformly 

in N) by a finite sum. Then having only a finite number of terms, 

the fact that r^’^tv) -î> r(v) and r^k,ji^ r(v) gives the 
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desired result.1 A similar argument holds for all other terms. 

Due to the fact that EX^2 < <», all the moments defined 

in (8.3) have the property that they tend to the corresponding 

moments of the Xt process. Thus one would not need to eliminate 

the contributions of the first, second, and third major terms as 

was done in (8.15) but treat them the same as the fourth major 

term thereby making the 0(BN) in Leama 8 unnecessary. q#e,d. 

To apply a central limit theorem, write 

where 

'iM) = ReV™1 = 4. s , 
R NM ,/n 1 6 

MA> 

y(k,N,M) _ —N__ j; £ cosip.^vn+jipVp^ 
t (2m)2 2=-l% 

w(BNv1,BNv2)[Xt>lcXt+Vi>lîXt+V2>k " r3 * * * ^vi»v2^ 

and is as above except with a sine instead of cosine. 

For any two real parameters, and Xpj form 

UN(Xi,X2) =X1uj^ + X2UjN^ (8.17) 

Vith = J.(x 4M,M) +, z(k,»,M)). 
‘ ,/H 1 ' 2 * 

Note that the sequence is a 2IiAN+2k step dependent 

1 See, for example, Chapter VII of Doob [4] on martingales 
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process.1 This prompts cne to use the following lemma from 

Rosenblatt [16] p, 262. 

lemma 9: (a) [V^ ] is a sequence of d(N)-dependent strictly 

stationary random variables, 

(b) d(N) as N -i> oo , 

(c) —> 0 as N oo , 

(d) E |v[N) 12+6 <oo for some 6 > 0, 

(e) t(K) is an integer-valued function 

(i) t(N) -» 0 

(ii) d(N) = o(t(N)) 

(iii) t(K) = o(N), 

(f) for (r^ } the covariance sequence of 

z Iv!r(i,) = o( z rv(,I)t(K)) as » ~ , 
IvU t(N) v |v|¿ t(N) v 

(g) 

t(N) 

-J_ 
(N) |2+ 6 

% d(N) (K, l4& 
irt(N) ( Z rCvh))1+5 

-d(N) v 

0 as N -> oo 

-í> ¿ t is asymptotically normally distributed with mean 
± 

zero and variance 2nNhjj(0), where hN(K) is the spectral density 

of {v[N)}. 

To apply this lemma to (8.17), put 

yW _ rj(k,N,M) 
t “ t » 

d(N) = 2MW + 2k , 

1 See Hoeffding and Robbins [9]« 



too = Mjj , 

64 

6=2. 

Conditions (a)j (b), (c), and (e) of Lemma 9 are certainly 

satisfied. Condition (d) is satisfied since there is a constant 

K so that ^ 

E|v[N)|lf ^ ^ r . . . Z 

I w(B^V2>BjjV2) ••• w(BjjVyjBjjVg) I*KEX; 

S AexJ2 -2-— < 00 . 
t (»B2)2 

Condition (f) involves 

, , 22 IvIrW 
M v v ““9 r(N) 

jvfi HA2 V 

Z , r”''ms u 
|v|£ *jj v lv| Í *v 

2 « r; 

But. 

N ï 2 r(;!> = N 
¡1 m N 

Z 9 ev^n^v^n^ 
|v|£Ma2 o V 

B 

(8.18) 

r ''o 'L- I -..2 I ,2, cos(ji1v1 + H-9V9) + 
[2Trj I V ¡ ^ MAn |v-¡J ) I v2 I ^ 1 11 22 

\2 sin01v1+u2v2)] w(Bnv1,Bnv2) 

Iv^ cos(li1v3+u2vlf)+X2 sin^t^^)] 

v(DNvj?V4;Lr6^lïv2?v'v+v3>v+v4^ “ r3(vl»v2^r3(v3>v4^ (8cl9) 
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and this, from earlier results, converges absolutely uniformly in 

N. Therefore provided Nhw(0) ^ 0 and since converges to 
m^n 

zero pointv/ise, (8.18) tends to zero. Finally condition (g) 

leads to 

E[f» V««]4 
- . 

N i&2(Sr(vN))2 

The denominator ~ -½ by (8.19). Define 
KBN 

d3 = 

i d(N) 
2 't 

t=(j-l)d(N)+l 

(N) 
1 1 i ^ 2u , 

(8.20) 

»I 
2uq = largest even integer £ , 

2u +1 o 
= < 

min[íiA^,(2u0+l)d(N)] 
.(N) 

2u0 d(N)+l 

KAy = 2u d(N) 

^ > 2uod(N) , 

2u0+2 

0 

2 V 
(2u +l)d(N)+l z 

(N) 

MAjj ^ (2u0+l)d(N) 

Vikl > (2u0+l)d(N) , 

2 V 
t=l 

(N) _ Uo+1 Uo+1 
Z D2M + ^ D2j * 

j=l 

then 
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By Minkowski‘s inequality, the fourth root of the numerator of 

(8.20) is 

< tE<¿ Vl)lt]3A + ¢(¾1 “2J)4]V4 . (8.21) 

Note that the Dj*s in the first term are independent of one an¬ 

other and have zero mean so that 

u-+l 4 u.+l 

“.ï ■ Â ! *1 “4r> 
uo+1 

“ 3 j=l ED2d-l ED2j-l • (8.22) 

Further 

d(N) B4 d(N) MAn 
Ë( 2 Vt)4^-| Z ... E 2 ... 2 M4 

1 N tp...,^=1 v1,...,v8=-^t 1 

lE^xt1,kxt1+v1,kxt1+v2,k " r3k,k)(vi,v2)] ... 

[\^\+v7il\+vBik - r3k,k)(v3>v4)]}l* (8-23) 

To get a bound on this recall that the Xj k are k-step dependent 

and have mean zero. This implies that each Xj k must be within 

k-steps of at least one other X^k otherwise the expected value 

of the procuct is zero. Hence the sum in (8.23) has many zero 

terms. The fact that EX^ < oo says that all non-zero terms 

are bounded. Thus we can get a bound by enuiaerating the non-zero 

terms. look first at the terms with indices such that all XJs 
J 

are 'tied together", that is there is no way of dividing the Xj’s 
J 
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into 2 groups so that one group of random variables is inde¬ 

pendent of the other. It is easily seen that there can be only 

CKdGOk^) number of such terms. One could proceed down the 

line and look at those groups of indices such that the X^'s 

divide into 2 and only 2 independent groups of 2 in the first 

group and 10 in the second or of 3 in the first and 9 in the 

second, etc. then go on to the various combinations of 3 groups, 

1+ groups, 5 groups, and lastly 6 groups. It is seen that the 

highest order number of non-zero terms occurs when there are 

6 independent groups (implies two X^s in each group). Here 

there are 0(d (N)k^ such non-zero terms. This means that the 

first term of (3,22) has 0(u a£) non-zero terms all of which 
Bu r' are 0(-5-),30^ that the contribution of it to the numerator of 
M¿ AJ 

(8,20) is 0(-5) and comparing this with the denominator obtain 

A K 
0(/) 0. 

The next term in (8.22) is 

u d(N) 
3( ZU ED?. ,)2 = 0(u d(N) 2 r(N))2. 

1=1 0 -d(N) v 

Comparing this with the denominator get 

0( 
A^xr^)2 

ví’TtV ö ) = o( 0) 0. 
NB' U 

The third term of (8.22) is contained in the case just discussed. 

Thus Lemma 9 applies. 

The proof of the theorem is complete except for the 

evaluation of the variances and covariances of the real and 
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imaginary parts. Lem.:a 9 states that 

Re v'jf + i Im ->*' xi(k) + iï“0 as N -*> 00 

where and are jointly normal with mean zero and 

p/y(k)\2 -/.-2 
E(XH } -^kMR» 

Mïivl } - 0 ki-TT » kill 

ecxm ym } - rk:i * 

üSk->oc, d|?>¡R -» öf1R , ö^HI , and 

rk >; rH* A lemma is needed to evaluate , d?^ , and r¡r. 

IQ i (a) h(x), h(x,y) are bounded and their respective 

sets, and D2, of points of discontinuity 

have measure zero, 

(b) Àjy and Bj., as in Theorem 6, 

(c) ii,|Ap are real constants 

(D Bp 2 sin v^h(B»,v) —^ 0 as N-»c>o , 
1 V =-îfcN 

;^K 
(2) B». I ' cos vji h(BT,;v) -$> O as ÍI co 

V =-Mâ W 

provided p= 0, +2m, ..., 
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% 

(3) ^ V ¿ a sln V1 ‘‘Isin h(Vi>V2> 0 
1’ 2 k 

as N oo , 

(lt) BN vf.v^-iÄK SlnVlt‘l C0s h(Vl>BHV2) ■> 0 

as N Co , 

2 

(5) 3,1 V \ - HA C0S '’l'1! C0S V2^2 »(Vl-Vz5 ->0 v1,v2—mK 

as N->cx; unless = 0,+2it, ... and = 0, +2ti,... 

Proof: For (1), note that if H = 0, +2*, ..., the result is 

trivially true, so assume /0, +2it, .... Let hq(x) be a 

step function with q "steps". It follows immediately that the 

lemma holds for h = h ¿ for example, let q = 2 and l^Cx) be as 

shown in Figure V, Then 

Bn Z sin vp h2(BNv) = 

-1% 

V iaAjj MAjg 

= Bj^c^ s sin vp, + Bnc2 Z sin vp 

v =“% V > aAN 

r2 cos ^p- cos(MAn + ^)p - cos(aAN + |)p 
= c^L — r 

2 sm 2 [J- 

cos(aivN + ^)p - cos(MAn + ^)p 
-5-] 

2 sin ^ p 
+ c2BN[' 

= 0(¾). 
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ïhe generalization of this argument to any hq(x) is obvious. Now 

for any e > 0, there exists an h^Cx) such that 

.M 

I |h(x) - h (x)| dx < e . (8.24) 
q 

Also 
man 

|Bn 2 sin vji (h(BjjV) -h (BNv))| 

-han 

^ Bn Z |h(Bjjv) - hq(BNv)| . 

mîS 

For N large enough this approaches to within e 

] |h(x) - h (x)Idx 

which is small by (8.24), Thus by choosing N large enough so 

that in addition .,. 

|bn 2 sin vp hq(BjjV) | < e , 

-i'AN 

the lemma is proved. 

The arguments for parts (2), (3), (4-) and (5) are analo¬ 

gous. In the two-dimensional cases h (x,y) is taken co be a 

function which is constant on each of q c-isjoint rectangles whose 

union is [-M,¡î] X [-H,M] • 
q »e »d. 

2 2 The three quantities , o,v,j and r^ must be evaluated 

separately for each of the fifteen minor terns of major term 4-, 

Due to the number of calculations, only minor terms 1 and 8 will 

be calculated. The other terms follow by similar proofs. Hence¬ 

forth, consider the 6-function as periodic in 2%» 
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(i) Calculation of 
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Minor term 1: 

,2 MA. 
B: 'N N 

Lsess 2 Mil 
(2it) ~ "MAjj y=-N 

cos(vlli1 + V2J12) 

cos(v^[i^ + v^2)w(B^v^,B^V2)w(BjjV2>Bj^Vif) 

r(v1)r(y-v2)r(vlf-v^) 

By earlier results, this behaves like 

2 
liûLBj Z 2 T, T cos(v^^+v^i2)cos(v^(ji^+ji2) + ^2vlf^ 
(2n)3 vi> ••• jV^-MAjj 

w(0,Bnv2) wí-BjjV^jO) r(v1)r(v1+) 

using the modified continuity conditions, (v*), Using trigono¬ 

metric identities this is 

% f ( 0} ^ 
■A1 ^ 2 Z E E [cos cos - sin sin V2ji2] 
(¾) 

[cos V2(ji1+^2)cos * sin v30A1-ni2^sin 

w(0,BNv2)w(-BNV3,0)r(vi)r(vif) 

,M ^ 

J^ w(0,v)dv Z Z cos cos 

(8.25) 

r(v1)r(v2) Mh2) 

w 
= ¿ f(0)f(p.1)f(^2) 6(^2) &(^2) 

by Lemma 10, 
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Minor term 8: 

MA 
N N 

Z ~i; 2 Z Z Z Z cosiv^n, + Vpji-)cos(v-|i.+v. n5) 
(2ti)^ v1,...,vlf=-MAN y=-N -1 1 22 J 1 ^ 2 

w(Bnvi,bnv2)w(bnv3,bnvi+) r(y)r(y+v3-v1)r(y+vlf-v2) 

-, J% N 
4 2 2 Z Z Z cos (v^^v^JcosiCv-j^+v^Jii-L + (vg+v^)^) 

_7/A M y=-N 

w(BNvi,BNv2)w(BNvi+BNv3>BNv2+%vlf) r(y)r(y+v3)r(y+vif) 

2 N MA. 

= ^ .» r(y) ^ SÍ“5'^! + V21 + 
N 

cos(2v^+2^2)cos(v^+v ^2^ " sin(2v1n1+2v2p.2) • 

sin(v3^2+ v4^2^î w^jiv2->®nv2^w^Nv',.+^Nv3,^v2+^Kv4^ 

r(y+V3)r(y+vlf). (8.26) 

Again applying lemma 10 this 

1 íH 2 1* , 
J.„ W (,l,V2)dVldV2 J 1,1 2 cos^v3t1l + 'V2) 

N 

[l + 6(2p1)6(2p2)] r(y)r(y+V3)r(y+vlf) 

-, 
2 2ti 

M 

-M 
w (vl»v2)<iv1dv2 f(fi1)f(p2)f(p.1+Ji2) 

(1 + 6(2^3)6(2^2)). 



(il) Calculation of ö jjjj 

Minor term 1: In place of (8.25) get 

[sin cos Vgjig + cos sin 

[sin V 2(p-cos V4jig + cos v^iXj+ji^sin v^] 

w(0,Bnv2) w(-BNV2>0)r(v1)r(vlf) 

r M _ ^*//\\ I ^ 00 
-T £ J w(0,v)dv ] 22 sin v,p,, sinv.ji5 
(2n)3 -M mco 2 

r(v1)r(vlf) 6(^2+^2) 6(h2) 

= 0 

since f(\) is real. 

term 9 » In place of (8*26) the imaginary parts give 

N MAn 

Z r(y) E Z E E^{ cos(v^2 + v1^2^ 
4 

(2it) -N -MA. N 

- cos(2v2ji2+2v2M2) cos(v^+v^g) + sin(2v1ji1+2v2^2) • 

sin( + ''4^) } 

1 iH ? 00 
"(270^^ -M W ^Vl,V2) ûvldv2]s:s2 r(y)r(y+v3)r(y+v4) 

cos(v3^2+ v^) [1 - 6(2^2)6(2^)) 
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(iii) Calculation of r- 

J.: Equation (8.25) now becomes 

2 2^2 [cos v1p,1cos v2[i2 - sin v^sin v^] (2^ 

[sin v^í^+jigjcos V+ cos v^(ji1+ii2)sin v^] 

w(0,Bnv2) wí-BjjV^O) r(v1)r(vlf) 

= 0. 

Minor term 8: 

N 

2 

-N 

Here (8.26) becomes 

i1/vN , 
r(y) 2 2 2 2 ¿[siniv^ 

+ cos(2v1jx1+2v2^2) sin(v3n1+ v^) + sin(2v1ji1 + 2v2ji2) 

sin(v3li1 + vMx2)} wiBjjV^BjjVg) vtB^ + + B^^) 

r(y+v3) r(y+v^) 

0 . 

Q.E.D. 
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Appendix: The asymptotic variance of 

IMorem: (a) Is a pure white noise process (discrete 

parameter) with moments E£t = 0, = a, E^ = ß, 

E^ = Y and E^ = 9 all finite, 
co 

(b) Xt = t = 0,+1,+2,..., (linear process) 

where (a^} is a sequence of constants with > 0 

and 

==> ö2(gN(0,0)) - N. 

Proof: 

= _I-1.J2|j;e'iVl>‘l*i''2X2+iv3Xl+lv4X2 
(27t)4 -N 

N cn 
yLN ^6^1^2^^3^^ 

+ {ni3(0,v1,v2)m3(y,y+v3,y+vl+)}10_1 

+ im2(0,v1)£l+(v2,y,y+v3,y+vlf)}15 

+ {m2(0,v1)m2(v2,y)m2(y+v3,y+v1+)}15], 

Now it is not difficult to see that1 
00 

CXJ 

^ ^5vo^ = ß 2 a4a ., a . 
312 j=-oc 1 J+Vi 0+v2 

(A.l) 

(A.2) 

See a partial verification in Bartlett [1] p. 147. 



00 

= jiLso aJaJ+v1aj+v2aJ+V3’ 

00 

Ç6(v;if0-.Y5) =K6 2 aj+V » 
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(A.2) 
Cont'd. 

j=UX3 ü “ l °"5 

A A 

where and Çg are respectively the fourth and sixth cumulants 

of 

The term of (A.l) is then 

\K, M 
< —Ä- r. 2 SE 
— rJ 

N oo 

m" .~,Tv^=-b y=Z-N ¿0|alaí+,ia3+'r2ai+yaJ+rv3a3+JH-V4l 

= 0¾) 

since The second major term is 
J *■ 

i N , 
< 11^(0,v1,v2)m3(y,y+v3,y+v4)} | 

= 0(1) 

looking at Table II and using (A.2) and hypothesis (b). 

ly the fourth major term is 0(1). Hence 

ö2(gN(o,0)) = 
(2u) -N 

Similar- 

(A.3) 

(m2(0,v1)m2(v2,y)m2(y+v3,y+v^)} + C(l). 

Due to the fact that the a., are positive (A.3) must be ~ N. 

Q .I ' «D • 
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