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A mathenatical model is described, which hba been devised for idproving
the physical understanding of helicopter ynamic instability in hovering
(two degrees of freedom). A demonstration model has been built according
to this principle. The influence of parameters. artificial stabilization
and sling load on the dynamic characteristics is shown.

A short 16 m film is available.

SONAIIE

On ddcrit un modble mathdoatique qui a dtd conqu pour mndliorer la
ccmprdhension physique de 1' instabilitd dynnmique des hdlicopt~res en
planant (deux degrds de libertd). On a construit un modble pour
ddoonstration conform~ent & ce principe. V influence des paromntres.
do la stabilisation artificielle et de la charge dlingude sur lea
caractdristiques dynamiques est montrde ici.

Un court film 16 ma eat disponible

533.6.013.4: 533.661
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NOTATION

Se Fimre 1 for Positive directions

esle between thrust end rotor shaft cantreline

daming in pitch or roll = huange In a per unit In aplar velocity ofthe rotor head. Including the effect of artificial rate stabilization

a4 % + h

a speedstability = p In a per mit Inlinear velocity of the rotor
bead

9 acceleration due to gravity

h distance of the rotor head above the helicopter oetre of gravity

I helicopter moment of inertia about axis through centre of gravity

N helicopter mass

q

' horizontal velocity of helicopter centre of gravity

e angular attitude of fuselage

) linear scale of mechanical model with respect to mathematical model

mas scale of mechanical model with respect to mathematical model

t _v



MOBIL FOB UELICOPTNA MYNANIC lTABILITY INVISTIIATION8

L. L Lucasseno and P. J. Stork*

1. INTRODUCTION

It is known from exporienoo that the notion of a normal helicopter without special
provisions is dynamically unstable. This is also proved by several theoretical
considerations, in uhich it is pointed out that certain criteria are not met or
unstable roots appear. Only relatively seldom 1t a mechanical approach used in order
to Improve the physical understanding of the behaviour.

The main object of this RUeort Is to give a contribution in this direction. firstly
by making us of a rather simple mathematical helicopter model. Thereafter it in
explained how this model cam be built at a redoced sine for demonstration purposes.

S. TNEORETICAL ASPECTS

3. 1 Gemeral

Before dealing with then models, it is necessary to recall some Important
theoretical aspects of hellopter and rotor dynmics. In order not to confuse the
derivations with too mano details, it has been attempted to consider only essential
quantities. This has resulted in the adoption of some rather drastic simplifications:

(a) hovering helicopter.

(b) mall deviations of the helicopter in two degrees of freedom (roll and
side slip or pitch and forward speed).

Other assamptions are mentioned in the next two sections.

3.3 he Selloopter

The helicopter quantities uhich are Important for the analysis are:

(a) the helicopter mass V,

(b) the distance h of the centre of gravity below the rotor head,

(a) the moment of inertia I about the axis through the centre of gravity about
which the aircraft Is free to rotate.

Boas additional ssumptions are:

(i) helicopter oentre of gravity on the shaft oentreline,

(ii) rotor thrust equal to weight.

V eationoal Lucht- en fuiateuvartlaboratoriuam, Amsterdam, Netherlards
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3.3 The bter

An important parmeter in the theory of ttnmmi stability In the angle a betwem
the contreline of the shaft and the thrust. This angle is generally asmined to be
linearly dependent on the angular velocity of the rotor head and its linear velocity:

a = aq + %(u+h•). (1)

(Ses Fig. l(a).) The damping in Ditch a% and the speed stability su depend on
geometric, mass. and operational characteristics of the rotor blades. The sign
convention, as indicated in squation (1) and Figure I(&). leads to positive values for
% and %a in the normal case.

In Equation (1). two terms are proportional to 6 . Taking these together, then

a = + %u (2)

where

a' + (%)

As a' depends an h . it is strictly speaking no longer a rotor quantity.

However, hau is generally small In comparison with a% , so that al O a% is still
mainly determined by the rotor.

The eccentricity of the blade flapping hinges is &snmed to be zero. This leads to
zero moments from the rotor on the shaft.

2.4 Helicopter Dynmics

The equations of notion for the helicopter in two degrees of freedom are, according
to Figure I(M):

translation: Mi = Ug(e - a), (4)

rotation: I# = -biga . (5)

After snbstitution of Equation (2). these become:

Ni mg(8- a,6- %u) , (6)

I# -hUg(aS + a.u) (7)

These equations, although based on several assumptions as mentioned before, give
very reasonable approximations for the type of notion, the period and the dawping
tine of a hovering helicopter.

ynamic models, representing the helicopter, should also obey these equations.
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a. 5 Mathematical Moiels

In order to Improve the phyical understanding of the helicopter dynamio behaviour,
it has boen attempted to devlie a mathematical model shich In simpler than that shoan
in Figure I(&). This model 1i indicated in Figure l(b). An important feature is that
it does no longer Include the rotor. On the shaft centreline. a point has been

indicated at a distance X above the helicopter centre of gravity. This point Is,

for reamos vahich will soon become clear, called the deeper point. It moves with the
helicopter fuselage and. because of the chosen distance, its horinontal velocity

compments due to rotation end translationare an and u respectively. The ratio

between thes velocities is exactly equal to the ratio of the rotor forces NgaO and
Ugu , these being two of the three horibontel components of the thrust. If therefore
a borimontal duper is asmmed to act at the doaper point, this will exert forces
dependent on dend u In the right proportion. It is Important to note that the
distance between the damper point end the helicopter centre of gravity is by
definition constant and almost fully determined by rotor quantities (if the small
correction ha. on %q is disregarded).

The damer point should not be confused with the so-called neutral point above a
rotor, which is sometimes used in rotor theory. particularly of Gormm origin. The
neutral point is related to the moment shich a rotor exerts on the shaft, for Instance
due to eccentric flapping hinges. BuSa moments are not considered here.

For normal helicopters, .2. may be of the order of 100 feet. so the damper point

is considerably above the rotor.

The doaper constant, being the ratio of the damper force and velocity, should be
equal to faga in order to produce a force of the right magnitude.

The third horinontal component Mge of the rotor thrust in the mathematical model

is assumed to act at the helicopter centre of gravity. This guarantees the absence
of a moment dependent on 0 . as is in fact required b1r Equation (7).

The equation for the horizontal notion of the mathematical model appears to be:I+ MCI = i - e +(8)

and this is equivalent to Equation (6). In order to fulfil the moment equation

(9n. (7)). it is necessary to scale the moment of inertia with the factor
h--

The reamo for this scaling can also be explained in other terms. Consider the distance

w. which is larger than h. However, the damper force Is equal to the two horizontal

components of the rotor thrust. Therefore the moment will be larger and. in order to
obtain the me angular acceleration, the moment of inertia should be scaled up.
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The corresponding equation is

which Is identical to rusation (7). The mathematical model will therefore have the
same dynamic characteristics an the helicopter. The time scale of the notions is
equal to one.

These considerations show that the action of a helicopter rotor Is equivalent to
the combined action of a physically more understandable damper at the damper point
and a force Meg at the centre of gravity, both forces being horizontal.

Some general results may be obtained by paying closer attention to this model. It
is. however, preferred first to proceed to the description of the mechanical model. The
discussion may be found in Section 4.

3. NECHANICAL NODEL

In developing the mathematical model, the questions did arise whether it would be
possible to materialize this model and for which purposes it could be used.

The first question is probably best answered by referring to Figures 3 and 4,
showing a diagram and a picture of the mechanical model. This is similar to the
mathematical model, but constructed at a length scale X and a mass scale IA . It
consists of a horizontal rail, along which a car is allowed to move. This car
represents the centre of gravity of the helicopter. A bar, representing the moment
of inertia of the helicopter, is mounted on pivots in this car. The upper end of the
bar, corresponding to the damper point, is equipped with an air damper. In order to
exert the force MNg at the centre of gravity, the car is connected to a second car
on a sloping rail. Its gradient is varied by a servomechanism. This receives an
input from a potentiometer in the first car, measuring the attitude angle 0 of the
bar with respect to the vertical. The weights of cars end bar together correspond to
the helicopter weight (scale jL ). As only the second car is on the sloping rail, its
gradient is somewhat larger than, but proportional to, the attitude angle of the bar.

With regard to the model scales, the following remarks apply (Pig. 2). All lengths

of the mathematical model are reduced by the linear scale ?. As .. q is large, k. must
au

be chosen rather small in order to obtain reasonable model dimensions.

For the time scale, one must remember that g , having the dimension [L/t9 , is
equal for the mathematical and mechanical models. So a time scale of A must be
accepted. Independent of these scales is the mass scale t . Scales for other
quantities such as I , damping constant, etc., are combinations of k and J .

The model as shown in Figure 4 has been built from a universal construction system
(Swedish FAC X-2), a servo-component kit (bnglish Feedback Ltd.) and some model
railway elements.
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4. DISCUSSION

4.1 General

Having described the mathematical and mechanical models, it is possible to go into
some more detail. The discussion will be given in terms applying to the mathematical
model (Fig.l(b)); for the mechanical model, the scales have to be taken into account
(Fig. 2).

4.3 Period

The length !i of the mathematical model may for a moment be considered as the
adlength of a simple pendulum. Its period of oscillation would then be

27r 01  " This equation for helicopters was first derived b flohenenser in 1944

by starting from the equations of motion and neglecting the helicopter moment of
inertia. This approximation is, however, seldom appropriate. The mathematical model
shows two reasons. First, the helicopter moment of inertia (compound pendulum instead
of simple pendulum) leads anyhow to larger periods and It had to be scaled up withS a'a
the factor .5. . Secondly, the upper point of the length .aq is not fixed to space

but attached to the damper. This also leads to an increase in period.

4.3 Helicopter Instability

The action of the rotor thrust and weight on the helicopter may, according to the
models, be considered as being equivalent to that of two horizontal forces (Fig.l(b)).
The upper force, depending on a' and au , is purely damping. 3nergy Is permanently
withdrawn from the system at the domer point. The only reason for instability must
therefore be sought in the force 1Wi . If at and sa were zero, then the damper
would exert no moment about the centre of gravity and the angular velocity 6 would
be constant. The translational motion, which is then only influenced by the force
1gW at the centre of gravity, will have a linearly increasing acceleration, which is
obviously unstable. The introduction of the aforementioned damping leads to a
statically stable motion, but the bnemnc instability remains in the form of diverging
oscillations.

4.4 Artificial Stabilization

In its simplest form, artificial stabilization is obtained O cyclic control inputs
to the rotor which make the thrust angle a dependent on fuselage attitude 0 :

a = a1 + un +,. (10)

Substitution in the equation of motion (S. (5)).shows that artificial stabilization
leads to an extra moment on the helicopter of -hugave about the centre of gravity.
In terms of the mathematical model, this means that the force MgO , or more

precisely NO6 (1-as), should act at a point 64a% below the centre of gravity.
An
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It Is now obvious that such a force tends to decrease the angle 9 , thus having a
stabilizing effect on the motion. As the moment arm io proportional to % , larger
values of this coefficient will naturally be more favourable.

4.5 SlIng Load

Helicopters are often used for the transportation of external loads. In several
cases these may have an unfavourable influence on the flying qualities, thus
restricting the operational possibilities.

In order to avoid such restrictions, different methods of load suspension have been
devised, their common idea being to avoid moments of the load about the helicopter
centre of gravity.

Some preliminary tests on the mechanical model have been made to demonstrate the
influence of the sling load on the notion. Figure 5 shows this model with the sling
load attached. Because the bar represents the fuselage, the load may be directly
suspended from this bar.

5. CONCLUSIONS

Theorstical considerations end experiments on models, reproenting the dynmic
characteristics of a hovering helicopter with two degrees of freedom,-with mnd without
artificial stabilization end sling load, have led to the following conclusions:

(i) The daper point on the rotor shaft centreline at a distance S5 above the
au

helicopter centre of gravity is a concept which may be used for improving
the physical understanding of helicopter instability.

(ii) The complicated action of rotor thrust and weight on a helicopter may for
stability considerations be replaced by that from two horizontal forces: one
at the dower point and the other at the centre of gravity, proportional to
the attitude angle.

(iii) It has appeared possible to construct a simple mechanical model, on the basis
of the mathematical model, which can be used for demonstrating dynamic
characteristics and, emongst others, the influence of artificial stabilization
and/or sling load on the motion.
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