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¥the trajectory coordinates £111 s 3 dizensional
volume whosa anwelape sefines the"
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BALLISTIC RESEARCH LABDRATORIES

MEMORANDUM REPORT NO, 1535

DIIunn/WeDotson, Jr./3k
Aberdesn Proving Groungd, M.
February 1964

A METHOD FOR ESTIMATING UAWGRR AREAS IUE
TO RICOCHETING PRNJECYILES

ABSTRACT

The ric~chet studles of Birkhoff ané Hitchcock are summarized. A theory is
develuped for ricochet of projectiles off inclamed plares. and this theory .is
appliea to obtain z procedure for the estimatio.: uf danger areas duve 1. ricochewving

rrojectiles.
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I. INTRODUCTION

In several instances over the past few years it ns: been necessary to estimatc
{the danger aree resulting from the ricochet 01 projectiles coff various surfaces
durinz outdcor treining exercises or tnsting operations. Of poarticular interest
was the laterel extent of the danger zone. To supply these estimates, an analyti-

cal nrocedure was worked ouf and is described in the present report.

Bascd upon a large collection of experimental data on ricochet off lsnd
«urfaces, the follo.iag empirica’ furmuius were publiched by G. Bir’:’.hcf‘fl in 194
{BRL Report No. 535):

l

{vi - El .
-~ = 1.0 -0.5 3 [
!ul [+

@ )

KT {2

Where (see Figure 1): © = angle of irpact, |§‘! = magnitude of velceity of
impact, ¢ = angle of riccchet, l;ft = magnitude of velocity of ricochet, and
ec = the critical angle for the prc,jectile/ soil (or impact ma*‘cerial) combination
end is defined as that angle of impact above which ricochet nccurs less then half

the time.

In 1047, H. P. Hitchcockzpublished a large collection of additional experi~
mertel date on ricochet off lend surfaces (BRL Repovt Ho. 525). Cunsidering these

additional data, D. J. Dann obtained the following modifi=34 Birknoff formmlas:

ﬁ?x = 1.0 - .t & weo) {(3)
Y b . U. 4% ‘_"'9 1% < Hc] \>
iui c

= 0 (ezec)
£ - 35-28 & (0.9 ) (%)
S R < 5

Graphs of Equations (3) and (%) are presented in Figure 2. These nodified
Birkhoff formulas &re currently used at BRL for compubation of velocity and angie
o2 ricochet from velocity and azgle of impact. The critical angle Gc is a function
of the nose shape, impact velocity, hardness of the projectiie pose and hardness
of the ricochet surfave. The velue of Gc is obtained by cearching througn tie
ricochet literature ror an experimentsl value corresponding to the approrriate

5
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set of parameters. Notice in Equetions (3) una (L), or in Figsure 2, that both
ﬁ"l and ¢ increase with an increase in Qc -- assuming givap values of the impact

pu.
conditions |u{ and 6. Conseguently, for computatior of dang.> zones, Qc should
be choser ss large as realism permits in order to avoid underestimating the size

of the danger zone.
II. THEORY OF RICOCHET OFT INCLINED PLANES

Considcr the impact of a given projectiie on an inclined plane compesed of a
given material, We assume that the c¢riticel ensgle, Qc , for the projectile/impeot
material combination has been determned {or appropriately chosen). The roint of
impact is taken as the origin (0, 0, 0) of an xyz rectangular coordinate systeu,
Pigure 3. The y axis 15 an extension of the radius-vector from the center of the
eszth to the origin (0, 0, 0), and the xz plane is perpendicular to the y sxis.

The % axis is chosen so that the impact velocity, Tx‘, of tha projectile is contained
in the xy plene; end the 2 axis is then chosen so thet the xyz system wili be right-
handed. Unit vectors along the x, y, and z axes ars denoted by :: -3, T;, respectively.

Henee, we hiave

S el -

3 s uived (5)
> _J2,. 2 .
lul = '\/ux+uy %)

We assume that u, and u_ arc known from the output of a two-dimensional trajectory
computation terminating =t (0, ©, 0). Hence, ru"l is also known. The orienta-
tion of the inclined plane is specified Wy a upit vector R perpendicular to the
inolined plane at (0, 0, 0). Ve have

> > - ()

u = .uxi + ny:, i nR {7}

= 2

13 = Vol en®+p® 2 (8)
x 'y 2

The two components n, and ny will be arbitrarily specified, snd a, will then ve
determined, except for sign, from Equation (8). Adopting the convention tusi

L, 0 {(which amounts tc considering half of a symmebrical distributicn cof possible
orientations of “he ;ch]ii;xéé Tlans -- i.e. symmetricsl about the xy plane) we have

n iJ,i-nﬁ-ﬁf {9)

Z hog
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Tre orientation of the inclined plane cen, of .course, be varied by varying n,

end n_. For any particular orientation, our known quantiiies are U uy (end
hence Ut ), Ds By By, and O In terms of tnese known quaniities, we must
cal~ “Inte (1) the magnitude, (V1 , of the velocity ¥ of ricochet, (2) the
angle & thet the vector ¥ mekes with the xz plne, end {3) the angle V ihat the
vrojection of 7 on the xz plunie mekes with the x axis (see Figure 3). The
initias condrtions (i.e. initial velocity end angle of elevation) for the ricochet
trajectory are |T"i and Q, ana tie range of the ricochet trajectory must be

plotied s0 as tc form the angle ¥ witn the x exis.

We will begin by dGetermining the angle of impact, @, thet the vector % makes
with the inclined plane {see Figure 3). We have (see Figure 4):

-3 - - -
%.n = 12l Il cos(90° + @)
= 1Ti ( - sin @) (10)
— - - - - —
But, since u=ui +uj end since n = nxi + nyj + nzk , we have
- - - (l )
u.en = “xnx t uyn”v 1

Equations (10) and (11) yield the Ffollowing colution for © in terms of the known

-\
guantities w, uy, D Dy HECS B

u n_+ u n
e=sin1{’(”~_: yx} (12)
{ul
In generel we hame wo> 0, n, < 0. uy < 0, n‘y > 0, so that 6 will generally turn

out to be s positive angle.

We nov know |U} , O, and 9, ; end so we can compute ﬁ"[ and ¢ from the
wodified Bickho,i formulae, Equations (3) auwa (4). Of course, this ¢ is the angle
that the veotor '\? mekes with the inclined plane., Hence, we can now add ﬁ\i
and ¢ to our list of known quantities. To determine the angles @ ana ¥, we need
to find the components ol the vector ¥ in the X, ¥, end z directions. We have

b - - - _
vevitvitvk (13)
X ¥ 2

end sc

Jors
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2 P I t—"{a‘.
Y 7 'f‘.'z = tvi

X Y

—~

Stnee (V) 2 45 sovn, Equation (14) is one condition for the determination of tle

urkacwns Ver Vop Ve We need two more cenditions. We wiil assume t.at the vector
pu'y . v . 3 -2 . .
<7 lies in the wlane determined by < and n (see Tivare %), This assusmption can

Ye stated
- - -
(¥ xn).v =0 (15)
Since S a2
R
A A
auxn =} v, u 0
£ Y
n.n. n
X'y 2

ani since ¥V is ziven by Bquation (13), Equaticn (15) reduces to

vhv -vauv +v fug -un)=0 (16)
X'z'y yzzx z VXY Y x

Referring to Figure 4, we have
-b -k
u .V

= 19 iVl cos(e + @) )

-

and w.., since .V = L + uy vy , we have from Equation (27)

-
+ = !-‘4 s (0 + {z8
Ve Uy TV u, ul (vl cos ( 8) {z%)

The only unknowns ip Equations {16} and (18) are v_, v , v, ; and {16) ara (18)

are linear in v, Vgr Ve Hence, it is easy to solve (16) and (13) simultaneously

for v end v_ in terms of v, end known gquantities. The results are as follows:
x

u_v (uynx - uxny) + un ﬁ;] ﬁr‘] cos {0 + @)

v, = =—iE — X2z {19}
x - 2
nz 3'.;,
- -
+ &) - - )
nu, uf 1Vl cos(e + 4) wv, (uynx un ) o
Vy = ey

2
-
n, ful
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Substituting Equations (19) =nd (20) for v, end v in Equation (1}4), we obtain
an equation in which the oply unknown is Y This eouaticn is easily solved to

give

_ A% sin {0+ §) (21

v
2 4
un -un
\/1+ _}'_.X__..__.’_“._Y_)
n, fu'l

Ve and v can now be computen by substituting this solution for vz ints Equatio
(19) and (20). Finally, we have (see Figure 3):

- —
a = sint v/ 1¥1) (22

tan™t (v,] +,) (23

p.4

<
1]

IiI, ESTIMATION OF DANGER AREAS

The theory developed in Section II can be applied to estimate danger arees
due to ricocheting ﬁrcjectiles. For che particular projectile, gun and line of
*ire under consideration, the veiocity of impact 1?1‘{ and angle of fall are known
or cen be computed for any range, R. Consider a particular range, Rl' e
suppose the projectile strikes an inclined plane at Rl . As the orientation

of the inclined plane is varied, by varying the valuec of n_ and n the

Y

»
various ricochet vranges are determn.ed by meens of the theory cf Secti

n TT an
cLel (oxy 28 LLSCTY 3

the rest coordinastes after ricochet are plotted in the <~z plane. This procedur
is repeated for other pertinent values of R, say Rg, R5, ..... Rn , end for =ach
range the set of rest coordinates is xlotted. An envelope of the family of set
points is sketched in 4o form the boundary of the danger area. In the interes*
of safety, it is generally sgsumed thet the projectile filys lust ec well
efter vricochet as it did before ricochet -- i.e. the same ballistics are used
to run the ricochet trajectories as were used to rua the originsl trajectories.
Cne exception to this is that windshields are assumed tc hreak off after imnact
on herd swiaces, ITu any cuse, however, it is sssumed that the fiight o the

3

projectile after impact is stable.




N

"

K GANGON 0 oo F X 00 e g D 20

o B g

An example of = Jenger area, constructed accurding to the above procedure,
is given in Figure 5.

IV, VERTICAL DANCER AREA

In certein coses a training area mey be located in the vicinity of an eirfield
and training exercises mey be in progress while aircraft are tsking off or landing.

g A
i hecausc

it is of initsrest to determine The vesiicval avca dsngsrovs *o the airvera

of ricocheting projectiles., This prublem *= o spzeial case of the leteral ricochet
problem already described except for the following specializetions. Tne valuss

of the ricochet varisbles V and # are uced to compute the zenith coordinates,
instead of the rest cocrdinates, after ricochet. As before, the coordinates ure
cuapated for eacn location end oricntation of the ricochet plene. 'Uhe totality of
the zenith coordinates £111 a 3 dimensional volume whose envelope defince the
boundery of the verticel danger area. The bowndary is now a surtace instead of a
line. The section of the envelope in the vertical plare which conisins the line

of fire is ordZnarily of most interesi since this section includes the highest

zenith points.
W 1 4 wra

D. J. DUNN

W. G. DOTSON, JR.

1k




FIG. 5
4 LATERAL RICOCHET AREA OF THE 105MM M392
APDS-T PROJECTILE OFF A SAND CR CLAY SURFACE
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