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SUMMARY

The objective of this study 1s to develcp a
theoretical model for the structure of turbulernce in
the atmosphere and to solve the equations for the
distribution of wind and turbulence in the planetary
boundary layer. Starting with the basic squation of
motion for an incompressible fluid, it is modifiled to
incorporate the mixing-length hypothesis of Prandtl to
relate the turbulent stresses to the mean flow
characterlistics. It 1s assumed the atmosphere 1s
adiabatic, barotroplc, and in a steady state. These
assumptions are not all essential to the solutiorn,but
do simplify the discussion. iased on the assumptions,
a relation for the mixing-length distribution within
the boundary layer 1s developed. Using this relation-
ship in the equation of motion led to a set of second
order, nonlinear -ifferential equations, which were
solved on a digltal computer. Universal profiles of
the wind, stress, and eddy viscosity were fixed by
invoking the important notion of similarity; that is, .
it 1s assumed the scale of turbulence is uniquely
related to the gross dimensions of the boundary layer.
The requislite universal constant is evaluated from
experimental data. Possible applications of the model
to practical problems are outlined.
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NUMERTCAL SOLUTION OF THE DISTRIBUTION
OF WIND AND TURBULENCE
IN THE PLANETARY BOUNDARY LAYER

DA Task 1-A-0-11001-8-021-08

1, INTRODUCTION

Meteorology has long been divided. into "he

subordinate fields of macrometeorology and micrometeorology.
This division has not been entirely arbitrary, for the

interests and successes in these two arezs have been

rather widely separated. If we were to select the most
characteristic elements from each of these divisions,
the most logical are the pgeostrophlc wind to characterize }
macrometeorology and the logarithmic wind proflle for
micrometeorology. Both of these relationships are
rather successful formulas. The geostrophic wind equation
has been used to evaluate the pressure distribution {rom
the horizontal fleld of wind in the free atmosphere,
whereas the logarithmic wind profile equation has been
used to relate the vertical distribution of wind speed
immediately above the earth's surface to the momentum
transport and the roughness characteristics of the
surface, On the face of 1it, there does not appear to be
any direct connection between these two relationships
for they deal with different regions of the atmosphere,
However, it is the intent of this report to present a
hypothesis which unifies these two concepts in such a
manner as to predict the vertical distribution of wind
and turbulence characteristies within a barotropic,
adiabatic, steady~-state planetary boundary layer.




11. DEVELOPMENT OF THE MODEL

The vasic principle which is involved in this study
15 the equation of motion:

d~\; 33 > 5 "+",1 >
a-t:"—-a-g+ VOV = = 20 X V g v - Vor

: (1)

where v 1s the vector wind velocity relative to a point
on the earth's surface, 0 is the anrular velocity of
the earth's rotation, § in the acceleration of gravity,
and 1v 1s the stress dyadic. Equation (1) is notoriously
difficult to solve withoéut considerable simplification.

For this study a number of simplifying assumptions
are invoked., We assume that the wind is steady and
uniform in the horizontal and that gquasi-hydrostatic
equllibrium exlists along the vertical axis. As a result,
equation (1) can be written as

1 1 3T,
~fu=-3%% __ =t
o) ay - o} 92
fv = 1ap _ 1 2y
p ax P Jz

(2)

-+ -
where v = ui + vj , 2084n6 where 6 is the latitude,
p is the pressure, and Ty and ty are the stresses in
the 1 and J directions, respecthely. At th.s point
it 1is possible to introduce the geostrophie wind (G)

which is defined a8 s = g, 1 + G 3 = 1 (22 0 )
pf \ay Ix °
Substituting in equation (2) we obtain:

£(Gy-u) + ! 2y
) 3z — ©

F’

-f(G -v) + ! ot
Y P 3z (3)

(@)




with few exceptions, the atmospneric boundary
layer is [ully turdulent and thus for practiecal purposes
the stresses of equation (3) are wholly the Reynclds
stresses., The XKevnclds stresses are essentially
statistical quantities that express the covariances of
the turbulent fluctuations. The solution of equation (3)
thus requires a knowledge of the statistical functions
describing everywhere the turbulent motions. Although
there have been in recent years si,nificant advances in
understanding the nature of turbulence, our knowledge
still remains inadequate to derive transport relation=-
ships from the primitive equaticons. Consegquently,
almost every attempt to solve turbulent transport
provlems must lean heavily cn seml-empirical or pheno-
menological theories. The "mixing-length" hypothesis
of Prandtl has played the leading rcle in the area for
three decades., This concept continues in one way or
another to be used in turbulent transport models simply
vecause 1t gives useful results, For thils very reascn,
we shall utilize the mixing-length hypothesis to solve
ejuation (3) knowing full wzll that the results will
not be precise, but yet believing that they will be
useful,

For our purposes, the mixing-length relationshnlp
can te expressed by

/o = Ui = (p 3U )2
dz (4)

vnere Uy = (/02 is the {riction velocity and £ is the
nixing length. This expression is more commonly seen
in tne form:

{

Qr
L

1/c = Ugd 3

(o]

= K

i
I

Qr

(5)

=%
N3

2

wnere X 13 the eady viscosity. There have been
cenflicting views as to what factors control the magnitude
of the mixinz length. on Karman took the view that the
magnitude cf the mixing lengtnh is determined by local flow
ccnditions, Tne von Karman naypothesls has certain
undesirable {eatires and in general, has -not been accepted,.
(See Lettaul!). On tne other hand, the notion of Prandtl
nas generally been that the magnitude of the mixing

lengtn depends upon gross features of the flow. In the
case of free turbulence, the mixing length would be
assumed constant in a cross section of the mixing zone

it}




and its magnitude proportional to the width of the
mixing zone. On the other hand, in a wall turbulence
regime it 1s assumed that the magnitude of the mixing
length is proportional to the distance from the wall.
For our purposes, this can be expressed by

£ = kz (6)
where k is von Karman's constant, Using eqguations (4)

and (6), the logarithmic wind profile for the surface
boundary layer can be derived by integration, that 1s

U = Ugln(z/z )
ke (1)

*
where zZ, is the roughness length.

Neglecting the varliation of denslty with helght,
Je can incorporate equation (5) into equation (3) with
the result:

f{(G_-u) + a_ Ug £ _3__\_/_ -
X YA 3z 0

-f(Gy~-v) + 3_ Uy & 3u _
Y 9z * 3z 0

(8)

In actuality, equation (7) is a contradiction to
equation (8). The logarithmic wind profile is based
on the notlon that the shearing stress Uy £ du is

z
constant with height,whereas equations (8) clearly
reveal that the vertical gradient of sheaing stress
1s actually greatest near the boundary. Thls paradox
can be reconciled by recognizing that the percentage
rate of change of stress near the boundary 1s so small
‘that for practical purposes the velocity profile is
essentlially logarithmic, At the other extreme of great
height, the stress will -anish and by equation (8)

s A more genersl discussion of the roughness length
can be found in ERDAA-MET-T7-63 report, "A Model for
Wind Flow in an Idealized Vegetative Canopy."”




the wind becomes geostrophic, thus the solution of
equations (8) should possess the requisite features
deslired 1n our objective.

The most notable early attempt to solve equations
(8) with variable eddy viscosity was that of Rossby
and Montgomery2., They proposed a two-layer model.
In a relatively shallow layer near the ground they
assumed the mixing length was linearly increasing as
indicated by equation (6). The eddy viscosity was
assumed to be a nmaximum at the top of this layer.
Above thils was a relatively thick transition layer in
which the eddy viscoslty decreases as a quadratic
function of height. The model of Rossby and Montgomery
was a definite improvement over previous models which
assumed a constant eddy viscoslity. The major criticism
of the Rossby-Montgomery model 1s that the manner in
which the eddy viscosity 1s specified is quite arbitrary.
It is the intent of this study to obtain unifled
solutions of equations (8) on the basis of an assumed
mixing~length distribution., It 1s proposed that on
the basis of similarity the magnitude of the mixing
length 1s determined by gross features of the flow.




111. NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS

According to equation (5) the eddy viscosity is
equal to the product of the frictlon velocity and the
mixing length, and according to equation (4) the
friction veloclty depends on the mixing length and the
wind shear. In the surface bhoundary layer the frictlon
velocity behaves as if it were nearly independent of
the height, whereas at great helght the wind approaches
the geostrophic wind and the friction velocity becomes
negligible., On the other hand, the mixing lengtnh,
according to equation (6) should be valid ad infinitum.
The outer portion of the boundary layer behaves more
like a region of free turbulence than of wall turbulence,
and consequently, one would be led to propose that the
mixing length approaches a limiting value in the layers
remote from the boundary.

In this study, it is proposed that when the
planetary boundary layer 1s in an adiabatic steady
state, the mixing length increases with height at the
rate glven by von Karman's constant, but that there 1is
a diréct linear feedback which prevents unbounded
growth. This notion 1s expressed by the following
differential equation:

where L 1s a constant,
The solution of equation (9) statisfying the boundary
conditions 1is:

(10)

where £ /L = k, This equation has the characteristics
that ¢ gssentially increases llnearly with helght near
the boundary,but approaches the limiting value £, at
great height. Figure 1 compares equation (1) with the
mixing-length distribution as computed from Lettau's?3
reanalysis of the Lelpzig wind profile. Equation (10)
fits the data reasonably well except in the upper
portion of the profile. However, in this region the
evaluation of the mixing length 1s much less reliable
because of the small values of the velocity derivative,

10
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For this study equation (10) has been utilized as
a general expression for tne mixing length. Having
this expresi.isn it is possible to solve for the
velocity profile in the planetary boundary layer. For
computational purposes, it 1s necessary to express the
equation in nondimensional form. For this purpose we
define the following variables:

U= (Gx—u)/G, v = (Gy-v)/G, 5= Tx/oGz, t= ry/pGZ,
= = 2 2yl /y = =
T = U,/G = (s2 + t2) !/ Ro G/fzo X z/zo

where R_ 1s termed the Rossby number. Using these
expressfons, equations (3) can be expressed as

v=R 385 =R 23t
° 3% , ° 3x (11)

and equation (5) can be expressed as

_ U = - v
S = = T(Ko/zo)y . t T(lo/zo)y %

(12)
where y= 1 - exp(-z/L). If we differentiate
equatlions (11) and substitute the results in equations
(12), we obtain

2 2
s = ATy 2°t ¢ = - a my 3°s
° w7, ° " Xz (13)

where Ay = Rg £o/zo. Equations (13) are the basic
equations to be solved for the boundary layer model, -
The boundary condition requires that s = ¢t = o at

great height and we chose axes of orlentation such that
at the lower boundary t = 0 and s = s,. For each

value of the parameter A,, there must be a corresponding
value of s . However, the actual relationship of s,

to Ay cannot .be determined until the solutlions are
known. To obviate this paradox 1t is necessary to
rewrite equations (13) in a form contdining only a
single parameter. This was done by defining new
variables as follows:

P = Aol @) =(Ao )2 R = [ho 2
1012 » 1012/ S 10z °

12




Utilizing these terms, equations (13) become

: 32R - 32Q
Q = 10 ZPY-B—X—z-; R = - 10'2Py 577

(14)
with the following boundary conditions

x = 1 Q= q, R =0

X + = Q =R = P =20

From equation (14) and the boundary conéitions, it
can be seen that a particular solution 1s completely
specified by the quantity Q, provided vy 1s solely a
function of proximity to the boundary.

Considerable difficulty was encountered in solving
equations (l4). It was necessary to assume that Q and
R became neglipible at a finite but large helpht H
rather than at infinity. Numerous mathematical methods
were tried to solve the equations,but the solutions
were finally achieved more by utilizing physical
Intuition than mathematical prowess. DBriefly, the
method of solution consisted of transforming the o
independent variable to y = 2.0 x and then establish-
ing a grid of 100 equally spaced points in the y domain
between x = 1 and x = H. The derivatives at the grid
points were approximated from second-order Lagrangian
polynomials utllizing the values of the variables at
adjacent grld points. On the basls of the ordinary
differential equations, a form of parabolic partial
differential equation was assumed and the final solution
was derived throupgh integration until the solution of
the partial differential equations decayed to the steady
state ordinary solution.

Choosing z, /2, = 3.125 x 10~ °, numerous solutions
of equations (84) were computed for boundary conditions
of Q. ranginpg over three orders of mapgnitude. The =~
solufions can be applied to any arbitrary roughness by
accepting as the boundary conditlion the values of Q ‘
and R at the corresponding height in the solutions. The
roughness plays a significant role in translating the
solutlions of Q and R into terms of real physical
variables, By definition, we know that the real veloclty
is zero at the roughness height z5,. In terms of the

13




nondimensional variables this means that u? + v2 = 1,
This can be expressed according to equation (10) as

2 35 2, 3t 2 _ This equation can be used to
R — +  —— = 10
0 33X IxX
determine the surface Rossby number, R_, for a given
solution at any roughness z. by the eaguation

o]
" 2 - 2Q? aR? 1/2
. (ZO/ZO) (_a._).(._ + 3_;— ) (15)

or the quantity G/f¢ = (z2,/4,)3 (3@2 + 3353 /3
X X /
(16)

From a practical standpoint it was found that the
evaluaticn ©f the derivatives of Q@ and R at the lower
boundary could not be adequately determined from finite
difference formulas. Consequently, an approximate
analytical solution was developed. Q and P are nearly
invariant with height near the lower boundary.
Therefore, we can express Q and P in terms of their
average value between adjacent grid points in the first
meter above the lower boundary. Furthermore, we know
from equation (6) that y = (2./L)x near the boundary,
Consequently, the first equat?on of equations (1Y)
can be approximately expressed as

32R _ LQ- 1
axZ  10!'2Pz_ x
© (17)
where the bar designates average values, If we
integrate equation (17), we obtain (let Ly . )
12%
10 on
.?.._R. = .B.B.l + A ln x
X X (18)

where the subscript 1 refers to the lower boundary at
which x = 1. Integratinpg equation (18) we obtain

dR
R=R, + gx (x=1)+A(x1lnx-x+1)

(19)

14




If R and x correspond to the first grid point above
the boundary, then the derivative at the boundary can

be evaluated by

dRy _ By = Ry, %2 1m X2 4
ax Xz-l (Xz-l) (20)

wnere P and = are the average values of @ and P in the
layer from x = 1 to Xj.

Using equ-tion (19) we can express the second o.
equations (14) as (let L = 5)

l —ﬂ
1012Fz

324 . ‘R 3R ) 1 ‘}
- 21 1 =4 ’

(21)
Integrating eauation (21) we cbtain

JECTNE T PR _ aE ¢ ifx 1n % - (x -
== axl :[(R1 + A ax) In x A{x In x (x l)}

+(%§1 - A)(x - lﬂ (22)

Integrating equation (2! we obtain

3a . 3% .
v =3, 0t Eil(x - 1) = ZJ\R; + A - 3;‘{x In x - (x -1;}
(x = ) (x + 1)

+ % {x2 in x - /2\ - (x - 1)2}

3K ) (ko= 1)
*(Ti"”) > ] (23)

[
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Using the values ol « &anc x at
tne Tirst cerivative can te eva

Sa1l = 32721y ) 5, - &30 4 4 (2210 X2 4
ax Xa=1 X Xo~= 1

}v-' cr

(24)

3 term on the right of equation (24) is
~y trivial in comparison with the first

ericzl values of the derivatives obtalned
Trom equat ons (2J)) and (24) can be used to evaluate
the derivatives at any arbitrary helght x from eguations
(18) and (22). Therefore, the Rossby nunmber and G/f
can be determined for any arbitrary roughness length
from eguations (15) and (16). Table I presents the
values .0f the FRossby number and G/f£_ for varicus
rougnness lengths as determined from the various solu-
tions. It is to de noted that for each solution G/f£
decreases with increasing roughness,

A graphical reoresenvation of us/G as a function
of G/fto and zo/io 1s presented in Tigure 2. The
guantity us/3 = C is analogous to a drag coefficient,
rom Tilzure 2 the magnitude of ux/G can be determined
for any combinaticn of G/f{  and z,/% Thus, the
surflace shearing stress can be determgned when the
gecstrovhic wind is known; that is,

.= o ce 32
(25)
Trne angle tebtween the surface wind and the
fecscrovhle wind can be evaluated by

a = arsten As / 32 < aretan (R/.)
IX <« (26)

e the derivatives are referred to the roughness
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Figure 3 represents a gréphical representation
of a as a functlon of G/FZO and zo/lo.

According to equations (11) the velocity defects
(U, V) are proportional to the derivatlves of the
shearing stress components. These derivatives were
determined from the approximate analytical solution
near the surface and the renaining derivatives at grid
points were approximated from second-order Lagrangian
polynomials using values at adjacent grid points.
Once the derivatives are determined and the surface
Rossby number 1s computed {rom equation (15) the vertical
distribution of the velececlty defects can be comp..ted.
From the detined variables the ncrmalized stresses,
friction velocity, and eddy viscosity distributions
can also be found., These parameters were tabulated
for each of the solutions,

19
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IV, BOUNDARY LAYER MODFL

To this point we have been purely formal in that
we have stated the requisite differential equations,
postulated a particular functional fom for the mixing
length,and then proceeded to find a number of solutions
of the equations using the assumed mixing-length
relationship. The next important question is Which of
these solutions are relevant to the real atmospheric
planetary boundary layer? In attempting to answer this
questlon we shall invoke the important notion of
similarity. Briefly, we assume that cie Reynolds
number of the planetary boundary layer is so large
that there exists a universal equllibrlium structure for
the turbulent eddles, and that the scale of the turbulent
eddies as measured Ly the mixing length 1s universally
related to the gross scale (depth) of the boundary layer
for any piven Rossby number, It remains to determine
what scale parameters are to be used to measure the
eddy sizes and boundary layer depth. It is immediately
apparent from equation (10) that elther €; or L is
adequate to characterize the eddy structure; however,
the selection of a characteristic scale length for the
~boundary layer 1s somewhat more difficult. The
following lists some of the possible scale heights:

Hy = G/f

Hy = ug/f

H3 = h (gradient wind level)
(c/f) c? |

lig = (G/f) C% cosa

Hy

Hg = (G/f) C2 sina

A relatiohship sueh as H| wes Useéd 1k the first paper

Ly Blackadar“, but his second report5 used a relation
that can be reduced $6 Hye Hi 48 a slmple and direet
scale length analogous to the boundary layer depth in
fluld mechanles. Hy is the ratio of surface stress to
pressure gradlents, l.e., t_./{(3p/3y). Hg is an

integral scale which can be shown to be equivalent to

He = fg (v/G)dz, that is, the integral of the normalized
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cresz-fcoctaric flew., This_sczle heleht has the
interesting ororert L2t :355 i the teotal mass
transfer acrcss the ilsetnrs., H:, znother intesral
scale, iz eauilvalent to ¢ (u/3)4n, the interral of
the iscbaric flow and o3icg 13 2h2 tefal mz2ss transcort
aleng ths iscvars, Thsre 1s ne 2 gricrl rezcon fer
selectinz on2 scazlins len~th over ancLner. Hence a
conrarison of ¢we uasic raramenters thnat result frem
the mecdel was rade Tor ench ¢l the scaling len~ihs.
“hese are the relatiorshits Tetieer tire zanrle (o)

°md o the recsirenhlis cdrar coeflisient, resnectliwelr, and
the surface Rossby numoer,

%) tends to result in nhigner than observed drax
coefficients at hizh surface Fossty numbters, althcuszh
a's are nulte small as observed., =H; and H3 rive
nearly tne same results and sive more reascnatle dran
coclficients, but slicntly larser angles Gy ounid
s again :1vc comparatle results. e d = coeffieiants
are more in agrearent with aservatiOﬁs, Ut the a's
arain are larger thnan observed, g tives z 4draz
coelfficient in closer azreement ith observaticns, nhut
nas the. poorest “%reenent for a's,

we nave selected H3 &s our characteristic lenctn
scale pecause c¢f its simplicl ané beczuse orellinminar:
results snow 1ts edaptadbility to tThe thermal wind case,

fccercéing to our notion of sirilarity, the nuanticy
(“3/LC),reyresenting the ratio of tne lensta scale of
tne sdundary layer and the lensiz scale of the =23dv
structure, is z unliverszal constant, 7o determine i=s
magnitude we resort to the data Trom the Leinziz wing
crofile, These &atz are 1, = 107Zm and L, = 32n ith
the result thatg 53/£D = 3,44, UWith thils constant we
are avle ¢ select tRe scluticr. which is nrozosed 23 She
universal scliution of the steady state, baroftrcric,
neutral planetary odoundzry larer, Tatle II presents this
sclution in terms of the nondimensional variables,

we can ncw Jdemcnsirate o Tnls soluticon is ussl to
deterrmine the Zistribvuticn ¢ wind znd turculence In
the tlanetary bcundcary izver., =2 gan =2lsc i1llustrase
some sallient feztures ¢l tne mcdel, 7o use the mciel,
it is neresszry vo stecily the tnree pararmeters wrhich
determine thne surface ¢SSty numier—rnansly, the
recstrconic wind, the lztitule, =nd the surface rcurhness.,
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The geostrophlc wind can be readily evaluated from
synoptic (or prognostic) weather maps, while several
sources ®~7 can be consulted to evaluate the roughness
at the site,

The relationship of Hf/G and £,f/G to the surface
Rossby number as derived frem the model is lllustrated in
Flgure 4. The magnltude of Ly, and H ean be determined
from Figure U4; consequently, the nondimensional height
(z72.) of Table 11 can be cenverted to true height z.
Deta?ls of the computation of this and other dis.ensional
parameters for the boundary layer are gilven in Appendix A,
From Figure 4 1t can be seen that for a fixed (G/f), an
increase in roughness increases the depth of the boundary
layer (H) and the limiting mixing length (£,). In a
like manner, for a fixed roughness, an increase in the
geostrophic wind increases (H) and (20). Decreasing the
latitude tends to increase these parameters. It should

be noted that the boundary layer depth is rather insensitive
to roughness.

We can also determine the relationship of the angle
of the surface wind and the geostrophic drag coefficient
to the surface Rossby number. The model relationships
are illustrated by the curves of Flgure 5. In addition,
all known observations (Table III) have been plotted to
permit comparison with the results of the model. Small
angles of the surface wind are assoclated with strong
geostrophic winds, low latitude, and small roughness. The
trend of the geostrophlic drag coefficient is similar to
that of the surface wind. Unllike fully turbulent flow
in ducts, the drag coefficient of the planetary boundary
layer is not independent of the flow velocitv: thus,
the surface shearing stress as evaluated fron equation (19)
is not proportional to the square of the geostrcphic
wind, but to a power less than two, Comparing Figure 4
with Figure 5, it 1s apparent that the surface wind angle
and the geostrophic drag coefficient are less sensitive
to changes 1n G/f than are H and £,. With the exception
of the Leipzig wind profile, the avallable data do not
satisfy the conditlons of the model (barotropic, neutral,
steady state) or the method of computation used to analyze
the data is of doubtful validity.~ There 1s qualitatilve
agreement between the model and the observatlons, but the
scatter is too great and the observations are too few to
permit a formal statistical analysls of the results,
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Graphic presentations of sallent features of the
model are presented in Firures 6 through 9. FPirure 6 is
7 hodograrh of the wind vector in arbitrary units. To
use the praph a line 1s drawn, as illustrated Iin the
figure, from the origlin to the point on the hodorranh
corresponding to *he value of z/ﬂo. This. line renresents
the eostrophic wind vector, The velocity at anyv
arbitrary height z is determined by drawing a line fronm
the point on the hodorraph corresvonding to z /£ to the
desirea z/& In.a similar manner, the hodorraph of
the shearin& Stress vector 1s shown in Fipure 7. 7o
determine the mzynitude of the surface stress, we obtain
the geostrophic drap coeffilclent from Firure 5u and then

use equation (19).

Firure € shows the vertical distribution of the
relative eddv viscosity k/£. G, ¥rom orevious discussion
we concluded that for a fixeéd roughness and latitude,

L, Increases with increasing rmeostrophic wind. Therefore,
tge eddy viscosity is proportional to the meostroonhic

wind to a power sreater than one., A simple computation
shows that the maximum of eddy viscosity occurs at a
height approximately one-{ifth of the pgradient level.
ivure 9 is a mraphlc reoresentatlion of the vertical
distribution of the relative viscous dissination (580/03).
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V. DISCUSSION

Tne planetary boundary layer model which has
been presented contains the features sought 1in the
objective. In the "ree atmosphere, the wind approaches
the geostrophle wind, while 1n the surface boundary
layer the vertical distribution of wind 1s logarithmlc.
However, 1t would be misleading to imply from this that
the idealized planetary boundary layer model could be
a5 successful a5 these two otherwise Ilndependent concepts.,
The success of the geostrophic wind ecuation lies in the
fact that the wind appears to respond quickly to pressure
mradlent changes, with the result that the wind is
auast-geostrophic in the free atmosphere even when condi-
tions are not ideal. In like manner, the wind profile
responds gquickly to stress and roughness changes in the
surface boundary layer. However, Batchelor (Reference £,
p. 256) has emphasized that the stress at the ground is
likely to resvond to pressure gradient changes slowly,
with the result that a true steady-state planetary
boundary layer would be a rare phenomencn in the real
atmosvphere. In reply, Lettau (Reference 8, p. 257) has
stated that in the lower portion of the boundary layer
the profile will respond relatively aulckly to pressure
rradient changes, but more prolonpged inertial oscillations
will compllicate the upner portion of the boundary layer,

In the course of solving equations (13), the authors
met a problem of computational instabtllity in the upver
vortion of the boundary layer sclution. Thils instability
had all the appearances of inertlal oscillations of the
type expected bv lLettau. However, iIn spite of these
oscillations, the lower portion of the profile was
stable and the distribution of stress was in consonance
with the steadyv-state solution. Tnis result is rather
encouraging; 1t implies that at the houndary such
features as the stress and angle c¢f “he wind are 1n
valance with the recostrophic wind, sven if the upver
portion of thé boundary layer remains in osci.lation.

In any event, the assumption cf stezdy-state sets a
restricition on the utility of the toundary layer solutilons,
A auantitative evaluation of this limitation would

reauire that the "time constant" of the boundary laver be
evaluated throuch non-steady sclutions,
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The rest r;rt;hp of tne medel to ndizbatioc conditions
is ancther otvicus limitatlon of th2 madel., A steady-
state neutral doundary layer rmedel s rot likelw to be
arplicavle to cleer s« ccnditions cver land, idHowever,
it sheould be often zapplicenle tc conmaiticons over the sen
cr over land surfsces witn overs=st sulex,

The restriction ¢f trhe szlutions $¢ tarotrovnic
ccnditions wail net essential, but 1t did ~rently
simplify the protlem in terms of the number of solutions
reguired. Turthermore, it weould seem that Tor the aase
of conscznt thernzl wind, the toundar: layer nmodel in
terns of the deviation of the wind freom the reostroanice
wind weuld remein vzlid, Conseguently, excent for extreme
trhermzl wind, it is likely thzt the btarenlinie nmedel ean

tie
te arrroximared by inclusion of thermal wind in the
sarotronic medel., The valicity o
remains a matter to be tested,

it 15 not too difficult to viszuallize the limitatlon

of the model due to the assumpticns of steady-state
varotropic and adlavbatic conditions. Aside from these,
the critical issue recarding tne planetary boundary lu'er

model 1s the assumptlion involved in exrressing the stres
in terms. of the mean velocity. Here it was necessary to
introduce the concerts of the mixing-length hyoothesis,
in some circles, the nixing-length hypothesis is in
disfavor since 1t 1is based more on intuition than
fundamentals., severtheless, the mixinp-length apprcach
nas veen suceessful In some areas of turbulence and it
remains today the only vractical approach for predicticn

models.
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ANGLE o<

VI, COMPARISON WITH OTHER MODELS

Similar models based on the mixing-length hypothesis
have teen reported by Blackadar“~5 and Lettau®. Each
model 1s based on a slightly different mixing length and
the equa‘’ s were solved by different numerical methods.
Lettau used a mixing length derived from duct flow and
Blackadar used an emplirical mixing length similar in
form to the on2 used in this study.

A romparison of the drag coefficlents and surface
wind as functions of surface Rossby numbers from
the three models 1s shown in Figures 10a and b. It can
be seen that the three models give simllar results.
Comparing these results with the observation on Figure 5
indicates that one model cannot be singled out as belng
in better agreement with observatlons than the other.
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VII. CONCLUSIONS

We belleve that the development and solution of these
planetary boundary layer models represents a significant
step forward, since it furnishes a connecting link
between micrometeorology and macrometeorology. We do
not contend that the model presented is the final answer
as it is based on several hypotheses which require
experimental verification. The model is restricted to
a class of atmospheric conditions. lowever, it represents
a foundation whieh can be refined as more experimental
data become avzilable, and extended to cover a broader
class of meteorologlcal conditions.

The present model has strateglic and design applica-
tions which require a knowledge of the distribution of
wind or turbulence characteristics for differing situations,
For example, it is bellieved that the model can be used
to evaluate the effect of roughness on the diffusion of
CUBR agents. Such a study 1s now under way. In like
manner, the model can be extended to a broader class of
micrometeorological problems such as determining climatic
and synoptic estimates of evapotranspiration from large-
s5cale watersheds, and turbulent transfer of heat, water
vapor, and carbon dioxlde from the earth's surface.

From a long range standpoint, one of the preat
challenges facinp meteoroclogy 1s the development of a '
truly diabatic model for the prediction of the hemispheric
circulation., An lmportant feature of such a model would
be the energy dissipation associated with the planetary
buundary layver. The model furnishes estimates of the
dissipation and surface shearing stress derived from
knowledg: of only the geostrophic wind, latitude and -
roupghness. , - S

It is concluded, therefore, that the planetary boundary

layer model presented has useful applications and is worthy
of extension to cover a broader class of situations. .
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APPENDIX A

Computation of Dimensional Panamelens of the Boundary Layenr

In order to compute dimensional parameters of the
boundary layer, the gcustrophic wind, latitude (Coriolis
parameters) and surface roughness for the partlcular
situation must be determined, Then the surface Rossby
number and G/f can be computed. From Figure 4 the limiting
mixing length (£o) and the boundary layer depth can be
determined. The re~l helght 2z can then be obtalned from
the z/£, column of Table II., The real wind components u
and v for each level can be computed in two ways depending
on the orlentation desired. In the original orientation
with the surface winds along the x axls, the following
equations are applicable:

u = [cosa, = r/rqy cos a ]JG and v = [sinao- r/rysin a]G

If one desires to orient the geostrophic wind along the
x axis, the equations are

u (I~ r/r, cos (a-ay)]G

v {r/r, sin (a=0,)1G

1
. 2 /2
where ry 1s the length of |[G,-u) 2 [Gy-v
G z, G z

o}
at the xO/ILo helght and r 1s this quantity at specific
levels; a, 1s the angle between the surface and geostrophic
wind; a = arctan (G,-v)/G/(G,-v)/G. To simplify the
computation, valuc- gf r and % as functions of z/£o
are given 1in Table IV. Figure 11 shows Lg as a function

of surface Rossby number; a, can be found from Figure 10a,

The shearing stress components are obtalned in a
similar manner., Flrst, the drag coefficient Usx/C must be
determined from Figure 1l0b; 1t 1is then obtained from the

equation 1 = p(Us)2 G2 ; 1, and T, can be found from

the following equgt ons depending on the deslred orientation.
For the surface wind oriented along the x axis, the
equatlions are

T (t/tocosw)ro

Ty = (t/tosin?)to
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r, t, a and ¥ as functions of z/zo

z/9.o r

53.1 0
50,0 .0023
45,0 L0067
40,0 .0150
35.0 .0207
30,0 .0lU66
25,0 .0721
20,0 .1054
15.0 . 1475
10,0 .2013
6.4 .2485
5.0 .2699
2.5 .3195
1.0 3717
0.5 . 4085
0.25 Lauu2
0,10 . 4908
.01 L6440
©,001 .7910
.0001 .9300
.00001 1.069

.000001 1.209

Table IV

382.2
309.4
258.5
237.2
183.7
154.1
129.1
108.8
87.2
73.4
68.0
571
48.6
43.6
39.7
35.4
26.6
21.2
18.0
15.5
13.7
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tx103

.0009
.0035
.0093
.0152
.0k449
.0802
.1332
.2091
3144
L4117
U549
.5418
5999
.6206
.6320
.6383
L6413
6426
.6428
L6428
6428

324.,2
261.9
211.0
187.5
134,3
105.2

80.8

24.7




S0

90

40

8'0

60

el

£l

9 13 1]

Y A
[e]] c'6 6 e 8 [*¥ F3 3]
rirrrrrrr Yy 11T 11 VP 1T 1T 1T T TPy PV T Ty vTriryrrri

‘ON ABSSOH 32V3M¥NS 3IHL 40
SNOILONNd SY ¥ aNV v

1170

oy

T1TrTrrrrrri

by

9149’

8199’

+74 22

r+4 A

»HY

92v9’

-T4 2-0

(340

<Ol X °Y

01 X °¥

36



For the geostrophlc wind oriented along the x axis

-
L4

X

t/tocos(ao-w\ro ,

1 t/tosin(uo-w)ro

Y
where t = [(Tx/sz); + (Ty/sz)Z]l/z ; t as a function of
z,’i.O is given in Table IV and t, is given in Figure 11 as
a function of surface Rossby number; V¥ = arctan
(ry/oGZ)Z/(rx/sz)Z is also given in Table IV as a function
of"z/&y ; ¥5 = 0 and ag is the angle of the surface wind
with the geostrophic.

The fri~tion velocity Ux is a scalar and can be
found by multiplying the column Us/G by a constant. The
simplest method of determining the constant is to compute
the ratic of the Uyg/G glven in Figure 10 for the desired
surface Rossby number to the (Ux/G) in Table I1I for the
required z,/4, helght., This ratio must be multiplied by
G, the geostrophic wind speed,

Thus Us = A Gﬂ%
G z)

where A = (U;/G)R /(U;/G)zo/zo G
- o)

To determine the dilstribution of K with height, the
value of K/£,G, found in the last column of Table II must
also be multgplied by a constant. Since K = Uy, the
above constant (A) times £, is used.

Thus K = (K/LOG)z AL
A sample computation for all parameters of the Leipzig wind
proflile follows

geostrophic wind (G) 17.51 m/sec
surface roughness (zg) 20 m

Coriolis parameter (f) 1.14 x 107 4sec™!
air density (»p) 1.15 x 10=3

R, = G/f z5 = 7.75 x 10%; log Ry, = 5.89
G/f = 1.538 x 10°
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To compute real helght and depth of the boundary
layer from Figure 4, (Hf/G) x 103 = 7,0 ; (L,£/G) x 10%= 2.1

H = 1075; £, =‘32.3 3 2/t = 6.19 x 1073
To compute u, v, Ty and T |
from Figure 10 a, = 25.5 and Ug/G = .039 = C
from Equation2s 1t = pC2G2 = 5,36 dynes/cm?
from Figure 11 r, = .683; t, = 0.64253 x 1073
To compute Uy
Ux = A(gﬁ)z where A = (U*/G)RO/(U*/G)zO/zo G

from Table II, UxG at z,/&y5 of 6.9 x 1073 = ,0253

A= ,039 x 17.51 _
0353 =27

Ug = 27 x .0253 = ,683 m/sec
To compute K

K

(K/LoG), AL

,00009 x 27 x 32.3 = .078 m%sec

Using these values, Table II and Table IV glve the results
shown in Table V. Figures 12 and 13 glve a comparison of
parameters derived from the model with those computed by
Lettau 3»10 from the Leipzlg profile.
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