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weather forecasting.

AUTHORITY

Authority for this task is contained in letter,
OCLigO, SIGRD-8b-5, dated 13 August 1957, "Proposed
Coordinated Signal Corps Meteorological Program."

Best Available Copyi
1



SUMMARY

The objective of this study is to develcp a
Theoretical model for the structure of turbulence in
the atmosphere and to solve the equations for the
distribution of wind and turbulence in the planetary
boundary layer. Starting with the basic equation of
motion for an incompressible fluid, it is modified to
incorporate the mixing-length hypothesis of Prandtl to
relate the turbulent stresses to the mean flow
characteristics. It is assumed the atmosphere is
adiabatic, barotropic, and in a steady state. These
assumptions are not all essential to the solutioi. ,but
do simplify the discussion. Based on the assumptions,
a relation for the mixing-length distribution within
the boundary layer is developed. Using this relation-
ship in the equation of motion led to a set of second
order, nonlinear differential equations, which were
solved on a digital computer. Universal profiles of
the wind, stress, and eddy viscosity were fixed by
invoking the important notion of similarity; that is,
it is assumed the scale of turbulence is uniquely
related to the gross dimensions of the boundary layer.
The requisite universal constant is evaluated from
experimental data. Possible applications of the model
to practical problems are outlined.
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NUMERICAL SOLUTION OF THE DISTRIBUTION
OF WIND AND TURBULENCE

IN THE PLANETARY BOUNDARY LAYER

DA Task 1-A-O-11001-B-021-08

I. INTRODUCTION

Meteorology has long been divided, into 'he
subordinate fields of macrometeorology and micrometeorology.
This division has not been entirely arbitrary, for the
interests and successes in these two areas have been
rather widely separated. If we were to select the most
characteristic elements from each of these divisions,
the most logical are the geostrophic wind to characterize
macrometeorology and the logarithmic wind profile for
micrometeorology. 3oth of these relationships are
rather successful formulas. The geostrophic wind equation
has been used to evaluate the pressure distribution from
the horizontal field of wind in the free atmosphere,
whereas the logarithmic wind profile equation has been
used to relate the vertical distribution of wind speed
immediately above the earth's surface to the momentum
transport and the roughness characteristics of the
surface. On the face of it, there does not appear to be
any direct connection between these two relationships
for they deal with different regions of the atmosphere.
However, it is the intent of this report to present a
hypothesis which unifies these two concepts in such a
manner as to predict the vertical distribution of wind
and turbulence characteristics within a barotropic,
adiabatic, steady-state planetary boundary layer.
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I1. VEVELOPAIENT OF THE MOVEL

The basic principle which is involved in this study
is the equation of motion:

- =- + vovv =-2 x v + g + -VO T

where v is the vector wind velocity relative to a point
on the earth's surface, Q is the anriular velocity of
the uarth'u rotation, v ia the accoleratior of gr'avity,
and i is the stress dyadic. Equation (1) is notoriously
difficult to solve without considerable simplification.

For this study a number of simplifying assumptions
are invoked. We assume that the wind is steady and
uniform in the horizontal and that quasi-hydrostatic
equilibrium exists along the vertical axis. As a result,
equation (1) can be written as

= 1 1 i-flu =  T. V__ _
p ay p

fv = a p T x
P ax p Z

(2)

where v = ui + vj , f = 2Qsine where e is the latitude,
p is the pressure, and Tx and T, are the stresses in
the i and j directions, respect vely. At th-s point
it is possible to introduce the geostrophic wind (G)
which is defined as G - i + Gy =

of (ay ax •

Substituting in equation (2) we obtain:

f(Gxu) + I aTy
S3z =0

-f(Gy-V) + __ =0op Yz 
(3)



:.ith fe;. exceptions, the atmospheric boundary
layer is fully turbulent and thus for practical purposes
the stresses of equation (3) are wholly the Feyncl s
stresses. The Reynolds stresses are essentially
statistical quantities that express the covariances of
the turbulent fluctuations. The solution of equation (3)
thus requires a knowledge of the statistical functions
describing everywhere the turbulent motions. Although
there have been in recent years si.,nificant advances in
understanding the nature of turbulence, our knowledge
still remains inadequate to derive transport relation-
ships from the primitive equat z-s. Consequently,
almost every attempt to solve turbulent transport
problems must lean heavily on semi-empirical or pheno-
menological theories. The "mixing-length" hypothesis
of Prandtl has played the leading role in the area for
three decades. This concept continues in one way or
another to be used in turbulent transport models simply
because it g;ives useful results. For this very reason,
.e shall utilize the mixing-length hypothesis to solve
e ' uation (3) knowing full well that the results will
not be precise, but yet believing that they will be
useful.

For our purposes, the mixing-length relationship
can be expressed by

2
= = (~ y U ) 2

z (4)

;nere U, = ('/J)V 2 is the friction velocity and t is the
,,)ixing length. This expression is more commonly seen
in the form:

/ = U,£L ;U = ;T-j

7(5)

.here K is the eady viscosity. There have been
conflicting viewas as to what factors control the magnitude
of the mixing length. .on Karman took the view that the
magnitude .the mixing. length is determined by local flow
conditions. The Von Karman hypothesis has certain
undesirable featires and in general, has -not been accepted.
(See Lettaul). On tne other hand, the notion of Prandtl
has generally been that the magnitude of the mixing
length depends upon gross features of the flow. In the
case of free turbulence, the mixing length would be
assumed constant in a cross section of the mixing zone

4.7



and its magnitude proportional to the width of the
mixing zone. On the other hand, in a wall turbulence
regime it is assumed that the magnitude of the mixing
length is proportional to the distance from the wall.
For our purposes, this can be expressed by

t= kz (6)

where k is von Karman's constant. Using equations (4)
and (6), the logarithmic wind profile for the surface
boundary layer can be derived by integration, that is

U = Uln(z/zO )
(7)

where z is the roughness length.0

Neglecting the variation of density with height,
.e can incorporate equation (5) into equation (3) with
the result:

f(Gx-u) + a U, t v 0-z z 1

-f(Gy,-v) + a U, t au = 0
S(8)

In actuality, equation (7) is a contradiction to
equation (8). The logarithmic wind profile is based
on the notion that the shearing stress U, t du is

constant with height,whereas equations (8) clearly
reveal that the vertical gradient of shea-ing stress
is actually greatest near the boundary. This paradox
can be reconciled by recognizing that the percenta~e
rate of change of stress near the boundary is so small
that for practical purposes the velocity profile is
essentially logarithmic. At the other extreme of great
height, the stress will *anish and by equation (8)

* A more general discussion of the roughness length
can be found in ERDAA-MET-7-63 report, "A Model for
Wind Flow in an Idealized Vegetative Canopy."



the wind becomes geostrophic, thus the solution of
equations (8) should possess the requisite features
desired in our objective.

The most notable early attempt to solve equations
(8) with variable eddy viscosity was that of Rossby
and Montgomery2 . They proposed a two-layer model.
In a relatively shallow layer near the ground they
assumed the mixing length was linearly increasing as
indicated by equation (6). The eddy viscosity was
assumed to be a maximum at the top of this layer.
Above this was a relatively thick transition layer in
which the eddy viscosity decreases as a quadratic
function of height. The model of Rossby and Montgomery
was a definite improvement over previous models which
assumed a constant eddy viscosity. The major criticism
of the Rossby-Montgomery model is that the manner in
which the eddy viscosity is specified is quite arbitrary.
It is the intent of this study to obtain unified
solutions of equations (8) on the basis of an assumed
rixing-length distribution. It is proposed that on
the basis of similarity the magnitude of the mixing
length is determined by gross features of the flow.

9



111. NUMERICAL SOLUTION OF DIFFERENTIAL EgUATIONS

According to equation (5) the eddy viscosity is
equal to the product of the friction velocity and the
mixing length, and according to equation (4) the
friction velocity depends on the mixing length and the
wind shear. In the surface boundary layer the friction
velocity behaves as if it were nearly independent of
the height, whereas at great height the wind approaches
the geostrophic wind and the friction velocity becomes
negligible. On the other hand, the mixing length,
according to equation (6) should be valid ad infinitum.
The outer portion of the boundary layer behaves more
like a region of free turbulence than of wall turbulence,
and consequently, one would be led to propose that the
mixing length approaches a limiting value in the layers
remote from the boundary.

In this study, it is proposed that when the
planetary boundary layer is in an adiabatic steady
state, the mixing length increases with height at the
rate g'ven by von Karman's constant, but that there is
a direct linear feedback which prevents unbounded
growth. This ndtion is expressed by the following
differential equation:

d= k - /L
d _z (9)

where L is a constant.
The solution of equation (9) statisfying the boundary
conditions is:

t - t (1-e-z/L)
0 (10)

where t /L - k. This equation has the characteristics
that t 8ssentially increases linearly with height near
the boundary,but approaches the limiting value to at
great height. Figure 1 compares equation (1) with the
mixing-length distribution as computed from Lettau's 3

reanalysis of the Leipzig wind profile. Equation (10)
fits the data reasonably well except in the upper
portion of the profile. However, in this region the
evaluation of the mixing length is much less reliable
because of the small values of the velocity derivative.

10
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For this study equation (10) has been utilized as
a general expression for tne mixing length. Having
this expresLion it is possible to solve for the
velocity profile in the planetary boundary layer. For
computational purposes, it is necessary to express the
equation in nondimensional form. For this purpose we
define the following variables:

U = (Gx-u)/G, V = (Gy-v)/G, s= Tx/0G
2 ' t= Ty/OG 2 ,

T = U./G = (s2 + t2) 1 /4 Ro = G/fz o  x = z/z o

wnere R is termed the Rossby number. Using these
expressions, equations (3) can be expressed as

V = Ro  11- U -- - ao t
ax , ax (11)

and equation (5) can be expressed as

s T(to/Zo)y LU t = - T(t /Z )y
0 0 x, 0 axx, (12)

where .y= 1 - exp(-z/L). If we differentiate
equations (11) and substitute the results in equations
(12), we obtain

s 0 Ty a2t t = - AoT 2s
a(13)

where Ao = Ro  0/zo . Equations (13) are the basic
equations to be solved for the boundary layer model,
The boundary condition requires that s = t = o at
great height and we chose axes of orientation such that
at the lower boundary t = o and s = so. For each
value of the parameter A0, there must be a corresponding
value of so . However, the actual relationship of so
to Ao cannot be determined until the solutions are
known. To obviate this paradox it is necessary to
rewrite equations (13) in a form containing only a
single parameter. This was done by defining new
va 'iables as follows:

p AoT 2 R (Ao 2
1012 1 1012) S 1012

12



Utilizing these terms, equations (13) become

a2 R a2Q
Q = 10 1 2 py - ; R = - 10 1 2py j-

(34)

with the following boundary conditions

x = 1 Q= Q R =0

X Go Q R = P =o

From equation (14) and the boundary conditions, it
can be seen that a particular solution is completely
specified by the quantity Qo provided y is solely a
function of proximity to the boundary.

Considerable difficulty was encountered in solving
equations (14). It was necessary to assume that Q and
R became neglifgible at a finite but large height 11
rather than at infinity. Numerous mathematical methods
were tried to solve the equations, but the solutions
were finally achieved more by utilizing physical
intuition than mathematical prowess. Briefly, the
method of solution consisted of transforming the
independent variable to y = 2.0 x and then establish-
ing a grid of 100 equally spaced points in the y domain
between x = 1 and x = H. The derivatives at the grid
points were approximated from second-order Lagrangian
polynomials utilizing the values of the variables at
adjacent grid points. On the basis of the ordinary
differential equations, a form of parabolic partial
differential equation was assumed and the final solution
was derived through integration until the solution of
the partial differential equations decayed to the steady
state ordinary solution.

Choosing z = 3.125 x 10- 5 , numerous solutions
of equations (?4) were computed for boundary conditions
of Q ranging over three orders of magnitude. The
solutions can be applied to any arbitrary roughness'by
accepting as the boundary condition the values of' Q
and H at the corresponding height in the solutions. The
roughness plays a significant role in translating the
solutions of Q and R into terms of real physical
variables. By definition, we know that the real velocity
is zero at the roughness height zo . In terms of the

13



nondimensional variables this means that u 2 + v2 = 1.

This can be expressed according to equation (10) as

R2 ;S 2 at 2 _ This equation can be used toRo 7i- + a-x =

determine the surface Rossby number, R0 , for a given
solution at any roughness z0 by the equation

(o/Z )2 _(Q2 +H2 )1/2 (15)

o" the quantity G/fZ = (zo/Ln) 3 (Q2 + _.2 '12

(16)

From a practical standpoint it was found that the
evaluation 6f the derivatives of Q and R at the lower
boundary c6uld not be adequately determined from finite
difference formulas. Consequently, an approximate
analytical solution was developed. Q and P are nearly
invariant with height near the lower boundary,
Therefore, we can express Q and P in terms of their
average value between adjacent grid points in the first
meter above the lower, boundary. Furthermore, we know
from equation (6) that y = (z /L)x near the boundary.
Consequently, the first equation of equations (141)
can be approximately expressed as

a211 LZI I
a x- -  1012FZ° xl1P 0 X* (17)

where the bar designates average values. If we
integrate equation (17), we obtain (let L7__ A )

i012z °

aR _R 1 + A ln x
x x (16)

where the subscript 1 refers to the lower boundary at

which x = 1. Integrating equation (18) we obtain

dR1
R =R, + S-! (x - 1) + A (x ln x - x + 1)

(19)

1 1;



If R and x correspond to the first grid point above

the boundary, then the derivative at the boundary can

be evaluated by

dP.1 2 in !2 (20A)

dx x 2 - 1 x2 - 1) (20)

where F and Q are the average values of Q and P in the

layer from x = I to x 2 ,

Using equ:,tion (19) we can express the second

equations (14) as (let L _3)

10 12"Ze

2 _ 1 (- A )x

(21)

Integrating equation (21) we obtain

ax ax ax

+ - A (x . (22)

Integrating equation (2-' we obtain

+ -4(x - 1) - + A - Inx - (x -i)

+ A X2 in x ,(x - )X+ ) - (x- 1)21

3A xx - (3
\X - '2 J(23)



Using the values of i and x at the seccnd grid point,
the frst dervatve can be evaluated "b"

_i = _.ji+ [ (.I 0 + A (L in x 2  I
dx x2 - " x2-x X-

', \ X2 .- 1. 2 ;"x" 2

(24)

!he second term- on the right of equation (24) is
Cenerally nearly trivial in comparison with the first
term. 7he nu.erical values of the derivatives obtained
from equations (2)) and (24) can be used to evaluate
the derivatives at any arbitrary height x from equations
(18) and (22). Therefore, the Rossby number and G/f
can be determined for any arbitrary roughness length
from equations (15) and (16). Table I presents the
values .of the Rossby number and G/ft_ for various
roughness lengths as determined from0 the various solu-
tions. it is to be noted that for each solution G/fZ o
decreases with increasing roughness.

A graphical representation of u,/G as a function
of 3/ft and z A 0 is presented in Figure 2. The
q.uantity u,/3 _ C is analogous to a drag coefficient.
From Figure 2 the magnitude of u,/G can be determined
for any combination of G/f0 and z /Z. Thus, the
surface shearing stress can be determned when the
gecstroThic wind is known; that is,

= o C 2 (25)

The angle between the surface wind and the
gecstrophic wind can be evaluated by

a = rz'n -- /R - arctan (R(26...... A 3 (26)

where the derivatives are referred to the roughness
height.

.~e



m t--00Co'-:-Ch.o f %.ao
N 0 r-l0 I 0t-nH0

I %q * * . . . . *

W~g 0

U2 0 ~ 'IN) -, V -4 VNM\CT\ ( 00 0

0 x . . . . *

-4 C n:Z r -

0 r0

-H N m UIN()t 0 m- r
04.) t N I0 07 aO~% 0N

-4ri H UI m

cdS 0 r-4'. (Yo O moo Ci(Vr% r-4
J- 11 c0 t-m10X ~ ( 1 -=_ H

S E-4 0 0 C)t-0 (j tl- U'% P-4 0 0

1-4. V x . . . . 0 . *

5 0 U2t- ~

utn H 0 t-M n 7\U'lzLnH-

() N 0 a\ mL% Lr - Ta

0 tl l . 0k4 r C\-.

tou x
0) X 0

0) 0 0 0 t-aOm \ \Lfl 400 C

O Lntl-(

0
to

ID 4o cf t m f" N

> ri 4H i Hr-lHr-
000000000 x

0 I r -4HH\HnLnn r\ 4H

17



0

00

c. 0

100



Figure 3 represents a graphical representation
of a as a function of G/ft° and zo/ o.

According to equations (11) the velocity defects
(U, V) are proportional to the derivatives of the
shearing stress components. These derivatives were
determined from the approximate analytical solution
near the surface and the remaining derivatives at grid
points were approximated from second-order Lagrangian
polynomials using values at adjacent grid points.
Once the derivaties are determined and the surface
Rossby number is computed from equation (15) the vertical
distribution of the velocity defects can be comr ..ted.
From the delined variables the normalized stresses,
friction velocity, and eddy viscosity distributions
can also be found. These parameters were tabulated
for each of the solutions.

19



II

00

#00

Ct

4:0



IV. 6OUNVARY LAYER MOVrL

To this point we have been purely formal in that
we have stated the requisite differential equations;,
postulated a particular functional fo..'m for the mixing
length,and then proceeded to find a number of solutions
of the equations using the assumed mixing-length
relationship. The next important question is Which of
these solutions are relevant to the real atmospheric
planetary boundary layer? In attempting to answer this
question we shall invoke the important notion of
imilarity. Briefly, we assume that che Reynolds

number of the planetary boundary layer is so large
that there exists a universal equilibrium structure for
the turbulent eddies, and that the scale of the turbulent
eddies as measured by the mixing length is universally
related to the gross scale (depth) of the boundary layer
for, any given Rossby number. It remains to determine
what acala parametera are to be uaed to neaure the
eddy sizes and boundary layer depth. It is immediately
apparent from eqv-tion (10) that either eo or L is
adequate to characterize the eddy structure; however,
the selection of a characteristic scale length for the
boundary layer is somewhat more difficult. The
following lists some of the possible scale heights:

i - G/f

H2 = u,/f

H 3 = h (gradient wind level)

H 4 = (G/f) C
2

115 - (G/f) C 2 cosM

[b - (a/r) 02 aina

A i'-iabibhship ,th as q1 wa6 Used ih th fi st papk
by Ulaakadar4, but hio secord report s used a relation
that Can be rduetd to 112- 11 ICA Ai ttPle atid dile"t
scale length analogous to the boundary layer depth in
fluid mechanics. H4 is the ratio of surface stress to
pressure gradients, i.e., To/(ap/ay). H s is an
integral scale which can be shown to be equivalent to
H5 = f$ (v/G)dz, that is, the integral of the normalized

21
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tne result that '23 /Z -3..4 .t tis constant ;;c
are able to select. ite solutiorc :hc is norooses; as te
universal solution of the steady state, barotrop : c,
neutral Plan etary bounC.ar-; la:er. "-able T' presents ti
solution in terms of the noncu'-I,.mensional variables.

"..e can nsv.. z-emsnstra te '-o,: -rnis solution is used, to
cietermlne tne distribution of .i2anci, turbul. ence 'n
the zlrea:bcunar layer. ecan al-c Ilsrt
some salient feat-ures cf tne eobe. '-o use the nc,;e1,
it is --- essary to szoecify-. t:;e tree ar an e t ers .I
determine the sur"face Fcs:n-z . er-namely,, the
:ecstrophic wind,, the :ttde nd the sur face rcu-hness.
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The geostrophic wind can be readily evaluated from
synoptic (or prognostic) weather maps, while several
sources 6-7 can be consulted to evaluate the roughness
at the site.

The relationship of Hf/G and tof/G to the surface
Rossby number as derived from the model is illustrated in
Flgura 1. Th tti agilLudd of I. and H can be determined
from Figure 4; consequently, the nondimensional height
(Z)P I of Table II can be co-verted to true height z.
Detalis of the computation of this and other diLensional
parameters for the boundary layer are given in Appendix A.
From Figure 4 it can be seen that for a fixed (G/f), an
increase in roughness increases the depth of the boundary
layer (H) and the limiting mixing length (t.). In a
like manner, for a fixed roughness, an increase in the
geostrophic wind increases (H) and (L0 ). Decreasing the
latitude tends to increase these parameters. It should
be noted that the boundary layer depth is rather insensitive
to roughness.

We can also determine the relationship of the angle
of the surface wind and the geostrophic drag coefficient
to the surface Rossby number. The model relationships
are illustrated by the curves of Figure 5. In addition,
all known observations (Table III) have been plotted to
permit comparison with the results of the model. Small
angles of the surface wind are associated with strong
geostrophic winds, low latitude, and small roughness. The
trend of the geostrophic drag coefficient is similar to
that of the surface wind. Unlike fully turbulent flow
in ducts, the drag coefficient of the planetary boundary
layer is not independent of the flow velocity- thus,
the surface shearing stress as evaluated frot,, equation (19)
is not proportional to the square of the geostrophic
wind, but to a power less than two. Comparing Figure 4
with Figure 5, it is apparent that the surface wind angle
and the geostrophic drag coefficient are less sensitive
to changes in G/f than are H and 0,. With the exception
of the Leipzig wind profile, the available data do not
satisfy the conditions of the model (barotropic, neutral,
steady state) or the method of computation used to analyze
the data is of doubtful validity.- There is qualitative
agreement between the model and the observations, but the
scatter is too great and the observations are too few to
permit a formal statistical analysis of the results.
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Graphic presentations of salient features nf the
model are presented in Firures 6 through 9. 7irlare 6 is
ahodograph of the wind vector in arbitrary units. To

use the rraph a line is drawn, as illustrated in the
fig-ure, from the origin to the point on the hodoF~raph
correspondingc, to -he value of z/Z0. This. line renresents
the g7eostrophic wind vector. The velo'city at any
arbitra 'ry height z is determined by drawinr a line from
the point on the hodor.iaph correspondinr to zoIL to the
desired z/Z In-a similar manner,. the-hodorrano of
the shearin stress vector is shown in Figrure 7. To
dectermine the magnitude ofl the surface stress, we obtain
the geostrophic drar, coef'ficient from Fir~ure 5b and then
uise equation (19).

Figure 8 shows the vertical distribution of the
relative eddy viscosity k/Z 0 . From orevious discussion
we concluded that for a fixed roughness and latitude,
LIncrea.ses with increasinr, geostroohic wind. There Core,

tf~e eddy viscosity is proportional to the rgeostronhic
wind to a power ireater than one. A simple computatlon
shows that the maximum of eddy viscosity occurs at a
height approximately one-fifth of the gradient level.
!i'i,*fure 9 is a igraphic representation of the vertical
distribution of the relati-7e viscous dissination (EZC /G3 ).
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V. DISCUSSION

The planetary boundary layer model which has
been presented contains the features sought in the
objective. In the '-ee atmosphere, the wind approaches
the geostrophic wind, while in the surface boundary
layer the vertical distribution of wind is logarithmic.
However, it would be misleading to imply from this that
the idealized planetary boundary layer model could be
as successful as these two otherwise independent concepts.
The success of the geostrophic wJ,nd equation lies in the
fact that the wind appears to respond quickly to pressure
gradient changes, with the-result that the wind is
quasi-geostrophic in the free atmosphere even when condi-
tions are not ideal. In like manner, the wind profile
responds quickly to stress and roughness changes in the
surface boundary layer. However, Batchelor (Reference 8
p. 256) has emphasized that the stress at the ground is
likely to respond to pressure gradient chanres slowly,
with the result that a true steady-state planetary
boundary layer would be a rare phenomenon in the real
atmosihere. In reoly, Lettau (Reference 8, . 257) has
stated that in the lower portion of the boundary layer
the profile will respond relatively quickly to pressure
gradient changes, but more prolonged inertial oscillations
will complicate the upper portion of the boundary layer.

In the course of solving equations (13), the authors
met a problem of computational instability in the upper
portion of the boundary layer solution. This instability
had all the appearan:es of inertial oscillations of the
type expected by Lettau. However, in spite of these
oscillations, thE. lower portion of the profile was
stable and the distribution of stress was in consonance
with the steady-state solution. This result is rather
encouraging; it implies that at the boundary such
features as the stress and angle of The wind are in
balance with the reostrophic wind, even if the upper
portion of thO boundary layer remains in oscillation.
In any event, the assumption of steady-state sets a
restriction on the utilityf of the boundary; layer solutions.
A nuantitative evaluation of this liitation would
require that the "time constant" of the boundary layer be
evaluated through non-steady solutions.
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'The restriction of tr"e :rcie: to o-dibati conVtt.,nr,
a.. another obvious li itr .t, f " "- - -A stear'

state neutral boundara., layer -.cel is not like-,, to bea-_-clicable to clear -s," c ' i n-c,, nd....abe to c1 e . ccr<::.- on'-' over land. {o'..ever,

it should be often an...licP."I'  to r.....:it..ns ver the se-.
cr over land surfaces ' r-t ve.st ,ie-

The restriction cf t.e soltions to barotronic
conditions wa: not essential, but It 7!iC -re.tlvy
sirnrlify the problem in terms of the nu-mber o solutions
reciuired. Furthermore, c :uId s ee that o.r the c -
,: con.::-nt theri-mal wind, the ,oun ,-.r.. lhyer modl in
terms of the deviation of the wind from the -._ostro,)ic,'
• -nk would remain valid. Consenuentl:i, except for extre e
therrre.l wind, it is likely that tue mcr ini7 mde can
:d ajrroximatea by inclusion of thermal wnino In the
aarotronic m-odel. The validity of this postulate
r...ains a matter to be tested.

it is not too difficult to visualize the limitation
of the model due to the assumptions of steady-state
barotropic and adiabatic conditions. Aside from these,
the cr tical issue recardin- the planetary boundary layer
model is the assumption involved in expressin- the stress
in terms of the mean velocity. Here it was necessary to
introduce the concEpts of the mixing-lenth hypothesis.
,n some circles, the mixing-length hypothesis is in
disfavor since it is based more on intuition than
fundamentals. Nevertheless, the mixing-length approach
has been successful in some areas of turbulence and it
remains today the only oractical approach for prediction
models.
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Vi. COMPARISON WITH OTHER MODELS

Similar models based on the mixing-length hypothesis
have been reported by Blackadar 4-5 and Lettau 9 . Each
model is based on a slightly different mixing length and
the equa''ons were solved by different numerical methods.
Lettau used a mixing length derived from duct flow and
blackadar used an empirical mixing length similar in
form to the one used in this study.

A comparison of the drag coefficients and surface
wind as functions of surface Rossby numbers from
the three models is shown in Figures 10a and b. It can
be seen that the three models give similar results.
Comparing these results with the observation on Figure 5
indicates that one model cannot be singled out as being
in better agreement with observations than the other.
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FIG I0 A COMPRISON OF THE SURFACE WIND ANGLES AND THE DRAG

COEFFICIENTS PREDICTED BY THE THREE -MODELS.
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VI I. CONCLUSIONS

We believe that the development and solution of these
planetary boundary layer models represents a significant
step forward, since it furnishes a connecting link
Detween mic-ometeorology and macrometeorology. We do
not contend that the model presented is the final answer
as it is based on several hypotheses which require
experimental verification. The model is restricted to
a class of atmospheric conditions. However, it represents
a foundation which can be refined as more experimental
data becume available, and extended to cover a broader
class of meteorological conditions.

The present model has strategic and design applica-
tions which require a knowledge of the distribution of
wind or turbulence characteristics for differing situations.
For example, it is believed that the model can be used
to evaluate the ecflect of roughness on the diffusion of
C1.31 agento. Such a study is now under way. In like
manner, the model can be extended to a broader class of
micrometeorological problems such as determining climatic
and synoptic estimates of evapotranspiration from large-
scale watersheds, and turbulent transfer of heat, water
vapor, and carbon dioxide from the ealth's surface.

From a long range standpoint, one of the great
challenges facing meteorology is the development of a
truly diabatic model for the prediction of the hemispheric
circulation. An important feature of such a model would
be the energy dissipation associated with the planetary
boundary layer. The model furnishes estimates of the
dissipation and surface shearing stress derived from
knowledg( of only the geostrophic wind, latitude an'd
roughness.

It is concluded, therefore, that the planetary boundary
layer model presented has useful applications and is worthy
of extension to cover a broader class of situations.
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APPENVIX A

Computation o6 Dimensional Parameters oj the Boundary Lay

In order to compute dimensional parameters of the
boundary layer, the gcstrophic wind, latitude (Coriolis
parameters) and surface roughness for the particular
situation must be determined. Then the surface Rossby
number and G/f can be computed. From Figure 4 the limiting
mixing length (f ) and the boundary layer depth can be
determined. The fra height z can then be obtained from
the z/Z0 column of Table II. The real wind components u
and v for each level can be computed in two ways depending
on the orientation desired. In the original orientation
with the surface winds along the x axis, the following
equations are applicable:

u = [cosa o - r/ro cos a ]G and v = [sin o- r/rosin G

If one desires to orient the geostrophic wind along the
x axis, the equations are

u = [1-- r/ro  cos (c-ao )]G

v = [r/r o  sin (a-mo)]G

where ro is the length of[+ 2

at the xo/L height and r is this quantity at specific
levels; aois the angle between the surface and geostrophic
wind; a = arctan (G vV)/G/(Gy-V)/G. To simplify the
computation, valur- 9f r and % as functions of z/t.
are given in Table IV, Figure 11 shows t as a function
of surface Rossby number; ao can be founa from Figure 10a.

The shearing stress components are obtained in a
similar manner. First, the drag coefficient U*/G must be
determined from Figure 10b; To is then obtained from the
equation T 0 = P U*)2 G2 ; TX and Ty can be found from

the following equati ons depending on the desired orientation.
For the surface wind oriented along the x axis, the
equations are

tx = ( toC°S0)1o
Ty = (t/toSiny)ro
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Table IV

r, t, a and Y as functions of z/ o

z/i r a txlO 3

53.1 0 0
50.0 .0023 382.2 .0009 324.2
45.0 .0067 309.4 .0035 261,9
40.0 .0150 258.5 .0093 211.0

35.0 .0207 237.2 .0152 187.5
30.0 .0466 183.7 .0449 134.3
25.0 .0721 154.1 .0802 105.2
20.0 .1054 129.1 .1332 80.8
15.0 .1475 108.8 .2091 58.4
10.0 .2013 87.2 .3144 38.2
6.4 .2485 73.4 .4117 24.7
5.0 .2699 68.0 .4549 20.0
2.5 .3195 57.1 .5418 10.5
1.0 .3717 48.6 .5999 04.8
0.5 .4085 43.6 .6206 2.5
0.25 .4442 39.7 .6320 1.5
0.10 .4908 35.4 .6383 0.3

.01 .6440 26.6 .6413 0

.001 .7910 21.2 .6426 0

.0001 .9300 18.0 .6428 0

.00001 1.069 15.5 .6428 b

.000001 1.209 13.7 .6428 0
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For the geostrophic wind oriented along the x axis
= t/tocos(ao-YYr0

y t/tosin(a o-Y)T o0

weet/G)2 2 '/2
where t = [(rx/pG2) z + (T/PG2)z]2 ; t as a function of
z/i' is given in Table IV and to is given in Figure 11 asa function of surface Rossby number; Y = arctan

(TY/pG2)z/(Tx/pG2)z is also given in Table IV as a function
of z/to ; To = 0 and ao is the angle of the surface wind
with the geostrophic.

The friction velocity U, is a scalar and can be
found by multiplying the column U,/G by a constant. The
simplest method of determining the constant is to compute
the ratic of the U,/G given in Figure 10 for the desired
surface Rossby number to the (U*/G) in Table II for the
required zo/t o height. This ratio must be multiplied by
G, the geostrophic wind speed.

Thus U* = A

where A = (U,/G)R /(U*/G)z /t G

0 00

To determine the distribution of K with height, the
value of K/t G, found in the last column of Table II must
also be multiplied by a constant. Since K = Ut, the
above constant (A) times Zo is used.

Thus K = (K/toG)z At0

A sample computation for all parameters of the Leipzig wind
profile follows

geostrophic wind (G) 17.51 m/sec

surface roughness (zo ) .20 m

Coriolis parameter (f) 1.14 x 10-4sec -1

air density (P) 1.15 x 10- 3

Ro = G/f zo = 7.75 x 105; log Ro  5.89

G/f = 1.538 x l0
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To compute real height and depth of the boundary
layer from Figure 4, (Hf/G) x 103 7.0 ; (toef/G) x l04= 2.1

H = 1075; to 32.3 ; zo /to = 6.19 x 10 -

To compute u, v, Tx and Ty

from Figure 10 a. = 25.5 and U/G = .039 = C

from Equation 25 r0 = pC 2G 2 = 5.36 dynes/cm 2

from Figure 11 r = .633; to = 0.642 5 3 x 10
- 3

To compute U*

U-* = A * where A = (U*/G)R /(U*/G) G

from Table II, U*G at zo/Z o of 6.)9 x 10 - 3 = .0253

A = .039 x 17.51 = 27
.0253

U, 27 x .0253 = .683 m/sec

To compute K

K = (K/toG)z  At °

2/= .00009 x 27 x 32.3 = .078 m sec

Using these values, Table II and Table IV give the results
shown in Table V. Figures 12 and 13 give a comparison of
parameters derived from the model with those computed by
Lettau 3,10 from the Leipzig profile.
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