
UNCLASSIFIED

AD NUMBER

LIMITATION CHANGES
TO:

FROM:

AUTHORITY

THIS PAGE IS UNCLASSIFIED

AD448769

Approved for public release; distribution is
unlimited.

Distribution authorized to U.S. Gov't. agencies
and their contractors;
Administrative/Operational Use; JUL 1964. Other
requests shall be referred to Defense Advanced
Research Projects Agency, Attn: TIO, 675 North
Randolph Street, Arlington, VA 22203-2114.

Rand ltr, 31 Mar 1966



UNCLASSIFIED 

»448 

DEFENSE DOCUMENTATION CENTER 
FOR 

SCIENTIFIC AND TECHNICAL INFORMATION 

CAMERON STATION ALEXANDRIA, VIRGINIA 

,sr UNCLASSIFIED 

i 



NOTICE: When government or other drawings, speci- 
fications or other data are used for any purpose 
other than in connection vith a definitely related 
government procurement operation, the U. S. 
Government thereby incurs no responsibility, nor any 
obligation whatsoever; and the fact that the Govern- 
ment may have formulated, furnished, or in any way 
supplied the said drawings, specifications, or other 
data is not to be regarded by implication or other- 
wise as in any manner licensing the holder or any 
other person or corporation, or conveying any rights 
or permission to manufacture, use or sell any 
patented invention that may in any way be related 
thereto. 



ARPA ORDER NO  189 61 

■ I 
Si 

PREPARED FOR: 

PREDICTION OF SLBM IN-PLANE MOTION 
UNDER VARIOUS DEGREES OF 

A PRIORI KNOWLEDGE 
F. B. Tuteur 

D DC 
r-M"-"!' 

ADVANCED RESEARCH PROJECTS AGENCY 
fiij 

DijK. 

nu OTCU, ßatatiOH 
SANTA   WONICA   •   CAllfOtNl* 

^ 



ARPA ORDER NO. 189 61 

MEMORANDUM 

RM-3848-ARPA 

JULY 1964 

PREDICTION OF SLBM IN-PLANE MOTION 
UNDER VARIOUS DEGREES OF 

A PRIORI KNOWLEDGE 
F. B. Tutour 

Tins research is supported by the Advanced Research Project« Agency ""d" Conlr«« 
No SD.79 Any vfewi or conclusions contained in tins Memorandum should not I- 
interpreted as representing the oflieial opinion or policy of AR1 A. 

DDC AVAILABILITY  NOTICE 
Qualified re, »te« may bbuin copies o( this report f.om the Mm-,- Documenlst.on 
Center (DDC), 

Mm ̂ttßmfffi 
• ONK* • v4iitni»i 

< •"Y' 

H^ 
'\') 



iii 

PREFACE 

This Memorandum is  a product of a study for the Advanced Research 

Projects Agency of Defense Against Submarine-Launched Ballistic 

Missiles. One portion of this study is concerned with an airplane- 

based boost-intercept anti-missile missile system. Tills Memorandum 

treats the problem of observation and accurate prediction of the 

in-plane motion of an SLBM during the boost-phase portion of its 

trajectory, needed for efficient guidance of the interceptor. It 

analyzes the prediction accuracy which results when several different 

degrees of a priori knowledge about the boost trajectory are assumed. 

This Memorandum is a companion piece to an earlier Memorandum, 

RM-3606-ARPA, Early Estimation of SLBM Heading.; for Boost-Phase Inter- 

ception (U), which considered the problem of heading estimation 

accuracy. 

This report should be of Interest to agencies and caitractors 

concemed with the interception of ballistic missiles during their 

boost phase. 

The author is a Professor In the Department of Engineering and 

Applied Science, Yale University, and is a consult;mt to The RAND 

Corporation. 



SUMMARY 

Observations on the trajectory of an SLBM can be used to esti- 

mate parameters of the trajectory and to predict future positions 

of the SLBM by using standard maximum-likelihood estimation methods. 

The prediction errur is a function of the observation time and  the 

length of time for which the prediction is made, and it also depends 

on the amount and kind of a priori information available. The pre- 

diction error is derived and computed for four different cases as 

follows: 

1. The trajectory is a polynomial in time. 

2. The trajectory corresponds to constant-thrust propulsion 

with unknown thrust parameters. 

3. Constant-thrust trajectory with thrust parameters known 

but time and space origin unknown. 

It-. Constant-thrust trajectory with only time origin unknown. 

In general, the greater the a priori knowledge the greater Is the 

prediction accuracy. 
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SYMBOLS 

g » acceleration of gravity - ft/sec 

I » specific impulse of rocket fuel - seconds 

J « covariance matrix of estimated parameters 

N = covariance matrix of noise 

p(s/R) - conditional probability density of s- given R 

r = rate of fuel expenditure - lbs/sec 

R{t) = ground range in ft 

R = R(t ) = ground ran<?e at time t =» t 
c    c 

8R - BR(t ) = range error at time t •» tc 
c     c 

s - unknovn tine origin of rocket trajectory 

s = true tine origin of rocket trajectory 
o 

t    =» tine observations cease and prediction is made 
i 

t    = SLBM booster cut-off tine 
c 

u - or^ t1 

X " matrix of partial derivatives of range VG the parameterE 

W - weight of SLBM at launch - lbs 
o 

o ■ ith parameter 

o - standard deviation of individual obsenratlon error 

T - time interval between observations - time between radar pulses 



I. IHTRODUCnOM 

One of the major problems arising in the optimal guidance of an 

interceptor designed to intercept an oLBM during its boost-phase is 

the estimation of the parameters of the trajectory of the SLBM and 

the prediction of its location at any future time. '  The parameters 

can be estimated froa observations that have been made on the tra- 

jectory, but in general these observations are not accurate because 

of measurement noise. Some procedure is therefore needed to process 

the data in an optimum fashion. The n^st widely used method for doing 

this is the maximum likelihood method, which has been shown to be 

,  . .„ nr vipV  V2>3) -p^erefore. in the following optimum from several points ol view.     inereioi , 

analysis this method is used. 

The accuracy of the trajectoiy prediction is obviously a function 

of the length of time that the SLBM trajectory has been under obser- 

vation as well as the amount of time into the future for which the 

prediction is made. In addition to these functional dependencies, 

the accuracy also depends very much on the amount and kind of a priori 

infonnation available to the data processor. It is this particular 

dependence that is considered in this Memorandum. A number of 

different situations ranging fron considerable a priori ignorance 

to aUnost complete a priori knowledge are analyzed. 

That portion of the trajectory prediction problem which is con- 

cerned with estimting the heading or azimuth of the trajectory haa 

been treated previously.(M  Since the trajectory is generally 

'--^ 



nearly a straight line in the latter portions of the boost-phase, the 

problem of estimating elevation is similar to estimating the heading, 

In this Memorandum attention is focused on predicting the SLBM 

position along its trajectory line. To simplify the discussions, the 

projection of that motion on the ground -- the ground range - will be 

the quantity being predicted. 

fUf 



II.    PROBLEM STATg^LAJJL-ASaJMFTI0NS 

The problem considered in this Memorandum is the prediction of 

the future ground range of an SLBM whose trajectory is assumed to 

Ue in a vertical plane.    It is supposed that the range has a Known 

functional form R(t).  and that data are acquired and parameters 

are estimated continuously from the time t = 0 when the missile is 

first detected.    The value of R(t)  is predicted for a future time 

V    The question is:    What is the error in R(tc)  resulting from a 

prediction made on data acquired and processed up to a time  ^ where 

0 < t1 < V7 

Although the time tc cen have any value, it will bo thought of 

as the minimum cut-off time of the SLBM booster.    This might also 

be the intercept time under the following conditions; 

a) The SLBM is on a least-favorable  trajectory  from the point 

of view of the interceptor. 

b) Intercept is to take place during the boost phase of the 

SLBM trajectory. 

c) The interceptor guidance  policy minimises  the total fuel 

requirement. 

In the examples,   the following assumptione are made; 

1.    The only observed quantity considered by the Estimator is 

R(t)    the ground range of the missile from the point of 

first observation.    This quantity is computed by range and 

angle measurements made by the observing radar. 



2. The o'Dservations consist of samples made at short, fixed 

time intervals. This assumption is made primarily to simplify 

the mathematics. However, it also corresponds quite closely 

to the operation of typical pulse radars. 

3. The error in computed ground range due to measurement error 

at each observation instant has a gaussian amplitude distri- 

bution with zero mean and fixed variance. Actually for 

typical radars the variance increases with distance from the 

radar, but if the difference between initial and final dis- 

tance is relatively small, the change in the variance is 

also small. 

h.    The measurement errors from sample to sample are uncorrelated. 

This assumption is again made for simplicity. If the measure- 

ment errors were assumed to be correlated, a form of the 

- correlation would have to be specified. Also if the'band- 

width of the radar receiver is approximately matched to the 

width of the radar pulses, there will be very little 

correlation between the samples. 



III. RESULTS 

The following four cases are considered: 

1. R(t) can be approximated by a polynomial in t in which the 

coefficients multiplying powers of t are unknown, but where 

the time origin is known. 

2. R(t) corresponds to a constant-thi-ust trajectory in which 

all parameters are unknown, A subcase, in which one of the 

unknown parameters (the initial velocity) is assumed to be 

known, is also considered under this heading to simplify 

the computations and to permit a check with results obtained 

with the digital computer. 

3. R(t) corresponds to a constant-thrust trajectory in which 

only the initial value and the time origin are unknown. 

k.    R(t) corresponds to a constant-thrust trajectory in which 

only the time origin is unknown. 

CASE 1. RJ_t}_IS KNOWM TO BE A CUBIC POLYHOMIAL IN t 

Here it is assumed that the range function R(t) can be approxi- 

mated by a cubic polynomial in t during the time interval 0 < t < t^ 

Thus 

2 
R(t) - at + o-gt • or.t ;i) 

'W" 

1 

where -'s are unknown parameters. Typical trajectories, euch 

as the one assumed in Appendix E (Fig. 8) to provide '.he cannon 

basis for all the numerical results of all the onalyßes in 

this Memorandum, can be approximated very closely by a quadratic 



polynomial for t < 25 sec, and a cubic approximation is therefore 

good for most of the time interval of interest. 

The computations for the prediction error are straightfon^ord 

and are given in Appendix A. The ms prediction error is given by: 

5R(t 
»aV 

c rms 3 
^0 - 1^0 ^ + 276 (^ 

+ lOp 

1AJ 

uo 

A graph of this expression for tc = W sec is shown in Fig. 1. Note 

that since R(t) is a linear function of the ff's, the result is inde- 

pendent of the a's  (see discussion following Eq. (26) of Appendix B) 

CASE 2, SLBM MOTION IS KNOWN TO RESULT FROM CQNSTANT-THRUgT PRORJLSION 

The constant-thru et type of trajectory is more typical of the 

motion of SLBM trajectories during the boost phase than the poly- 

nomial expression considered in Case 1.     Here the acceleration is 

given by; 

R(t)  = w    - rt 
0 

/  a 

where g = acceleration of gravity in ft/sec 

I = specific impulse of the rocket fuel in sec 

W = initial weight of the SLBM In lb 
0 

r = rate of fuel expenditure in lb/sec 

This equation is integrated twice to yield 

(3) 

UiTJ 
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R(t) = a. + a X  + -* 1 - akt)  log (l - v) ' "k1 (;0 

where a   = R(0). the range at t - 0 in ft 

a   = R(0), the velocity at t = 0 in ft/sec 

a   = glj ft/sec 

% =  r//Wo, GeC' 

t = 0 corresponds to time of first observation. 

In this case the a's  are all assumed to be unknown. The maximum 

likelihood estimation of the parameter and the computation Tor the 

predicted error are now somewhat more involved than in Case 1, since 

R(t) is no longer linear in the cv's. Specifically, the error now 

depends on the assumed true value of y,,,  since R(t) is nonlinear in 

this parameter. (See discussion following Eq. (2b) of Appendix B.) 

The details of the computations arc contained in Appendix B where 

two subcases have been considered. In the first case it war, assumed 

that the parameter a,.. -  0.  This reduces the problem to an estimation 

of three parameters and permits an approximate analytical solution 

to be obtained, which holds for small values of t . 

For large t and for the complete four-parameter problem the com- 

putations were performed by a digital computer, The composite resulte 

are shown in Fig. d  for ->,, - .0lk3  sec' ' and tc - ')0 sec-- which are the 

parameters of the typical trajectory used in this Memorandum (Pig. B of 

Appendix E). The curve shows a somewhat larger prediction error than 

Corresponds to zero (or known) initial velocity. 
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the previous case, apparently because the constant-thrust trajectory 

is initially not very sensitive to changes in some of the parameters. 

This appears to result in inaccurate estimates of these parameters. 

CASE 3. SLBM MOTION IS KNOWN TO RESULT FROM CONSTANT-THRUST PRO- 
PULSION AND ALL PARAMETERS EXCEPT TIME ORIGIN AND STARTIMG POINT ARE 
KNOWN '  

The relatively large prediction error observed in Case 2 

arises from the somewhat unrealistic assumption that nothing whatever 

is known about the parameters of the range function. In practice, 

it is quite possible that most of the parometers are quite well 

known, as a result of technical IntelllKence. or otherwise. 

This applies especially to the parameters ot-  and a,   which can be 

assumed to be exactly known if the type of rocket employed in the 

SLBM booster is known. On the other hand, it has been assumed in 

the previous two cases that the time origin of the range function is 

known to the observer. In general this will not be true, Gince the 

missile is not usually detected immediately upon its emergence. 

Thus, in the present case, it is assumea that the range function is 

given by 

ai rr i R(t) « a- + aJt-s) + -f ]  1-tf. (t-s); log[l-cr. (t-s)] 

+ »Jt-s); (5) 

where the parameters or-, a., and o^ are assumed to be known exactly 

and the parameters a. and s are assumed to be unknown. In order to 

consider the possibility that some information about a.  (the range 

.■ ^ from the point at which the SLBM emerges) might be available from 
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an independent radar observation, it is assumed that an a priori 

probability distribution is Xnown for ^ The confutations of this 

case are presented in Appendix D, where it is shown that the a priori 

probability distribution for ^ has very little effect on the pre- 

diction error. The results for a typical set of parameters are given 

in Fig. 3, and they show that the prediction error is considerably 

smaller than for Case 2, ~äs would be expected. 

ömj^Ti^lGiirillOS^    '" 
This case is quite similar to the previous one except that ^ 

is now also assumea to be known. The computations for this case are 

given in Appendix C, and a graph of the results is shown in Fig. k. 

The ms prediction error is, of course, somewhat smaller than for 

Case 3. 

A comparison of ail four cases is given in Fig. 5« Cases 3 

^  i. are representea by only a single curve, that for which the 

, .  i  ,„„„. in  u coincides with the time origin actual time origin is zero; i.e., it coinciaes 

for the observations. 
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IL_^r^^ EFFECT OF A-PFlMi^ü^^^^^ 

The computations of the prediction error made in Section 

III Ignore any a priori infonnation that might be available, and 

they result in an unreasonably large prediction error for small t,. 

The a priori infoxmtion can be taken into account very roughly by 

ass^g that the prediction enor is given by the aaximv.-livelihood 

ccputations of Section III whenever this is less than the a 

priori maximum error, and that the error is othervlse e.uai to the 

a priori maximum,    ^e ern>r in p-diction then behaves roughly a. 

shown in Fig. 6, and shows a pounced th.shold.   ^e time of this 

threshold is a function of the a priori maximum error, and of the 

parameters affecting the n^imum liKellhood estimate.    If, for example, 

one assumes that the prediction error cannot exceed ,0,000 ft, and 

if c is 5000 ft, and T =  .01 sec, then the threshold occurs approxl- 

.aately at the following times for the four cases considered: 

Case 

1 

2a 

2b 

3 

1+ 

Threshold Time 

18.2 sec 

19.8 sec 

22.^ sec 

1.8 sec 

1  sec 

For values of t, greater than the threshold value, the error de- 

creases very rapidly in all cases. 
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V.    CONCLUSIONS 

The rour examples of prcalctlon of SUM trajectories lUustrate 

the way In »hlch a priori info^tion ahout the trajeotor, affects 

the prediction e«pr.    If the trajectory io in the fom of a_pog- 

„„»ial, which «ea.s that all ti„e dertvatl.eS ahova a certain orher 

are .ero, then standard estimation theory is easily applied and the , 

prediction error decreases very rapidly with the length of ohser- 

nation tioe.    In practice, SI» trajectories are often of the constant- 

thrust type.    IMS -eans that their functional fom is hnovn, «rd 

one »ould therefore expect that the prediction error should he ahout 

the sarhe as for the case »here the trajectory Is In the fom of a 

polynolal.    This is aPproXi»tely true as shoun hy the results of 

cases 2a and 2h; however, the error in the constant-thrust case is 

„nlfor^ higher than for the polynomial.    The Increased error 1 = 

orohahl, caused hy the fact that the range function 1= Initially not 

very sensitive to one of the parerteters.    «hen it Is assuned that 

the rocket parameters arc hnoon, as in Cases 3 and >., very snail 

prediction errors arc obtained. 

lt is clear that the results obtained in this M^orandU» 

are based on the assumption that the trajectories depend on a 

small set or unKnovn but fixed palters, and that the functional 

r^ „^+,.nTiv a different functional dependence dependence is known.    If actually a uiuereu 

M the one ass^ed exists, or if important parameters are onütted 

frora the estimation and prediction process, the errors will obviously 

be much greater than those obtained here. 
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This observation applies particularly to the problem of predict- 

ing the intercept point when stasihg of the SLBM is  considered. The 

error in this case depends heavily^ of covirse, on the äaoUrit of a 

priori infornation available. 

In the most favorable case (fror, the point of view of the inter- 

ceptor), the paranetcrü of the two-stage trajectory are corruietely 

known, including the staging time. In this case the two-stage 

probier; is essentially sinilar to Gases '6  :uid h,   •onsidored in 

Section III, and accurate predictions C;J; be made after only a snort 

obser\ration time. If only tiie stuging time is unknown, höveyer, 

observations made prior to staging cannot result In a prediction error 

that is smaller than the a priori range uncertainty lorresponding to 

the a priori uncertainty in staging times. 

In the most general and most difficult case, when little is known 

about the trajectory parameters, the problem raised by staging is that 

of estimating a set of parameters subject to on arbitrary change it :u> 

arbitrary time. Co far as the author knows, this problem has not 

(• 7) 
been completely solved at the present btrac. 
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Appendix A 

PREDICTION OF SLBM DEPLANE MOTION W.Kl H{t)_ 
IS KIJOWH TO BE A TinRD-OKDj^CMIiOMIAL 

Suppose that R(t) can be approximated during tne time  Interval 

a polynomial expansion of the  Com: 0 < t < t by 
c 

R{t) = T/U + aX"  '■ or^t" 

There is no difficulty in principle in considering higher-order poly- 

nomials, except that the mathematics become more unviel.dy. The quali- 

tative results should not be affected by the order of the approximation 

in any case. Note that Eq. (6) implies that the SLBM is launched at 

the time t - 0. and that the location of the launch point and the time 

of launch are known. 

We assume that the parameters ^ *,, and •,. are to .e estimated 

from data taken on R(t) only. The acquisition of data and the esti- 

mation of the parameters is assumed to take place continuously from 

the time the target is launched. Then the question is; What is the 

error in R(t ) resulting from a prediction made on data acquired and 

processed up to a time ^ where 0 < ^ < t.? 

For a third-order fü-, we have "ran Eq. (6) that the error In 

R(0 is 

&R(tc) = i»1tc - ba2tc * 6ff3tc (7) 

lri*v-    1 vhere 6a    is the error in estimatinK, i-,-    The uncerta.nty 

is best described by the variance glveti by: 

n RU J 

"    .. .' 



2 2 
5R(tc)] = t^ (Jx^) + 2tl  ^1 50-2 + tc (8rK2) + 25^1 5o-3 

+ 2t5 57,. 5Qf. + l    {bnT      (8) 
c  ^  J   c   j 

where the bar indicates on ensemble average. 

It is supposed that R(t) is sampled at short intervale, x,  and 

that the measurement error has a normal distribution vith zero mean 

and a covariance matrix N. For convenience we let t  - ir where n 

is an integer; then N is an n x n matrix. If maximum likelihood 

estimation is employed, then the covariance matrix of the Btf's le 

given byUj 

 JO— 

brt by 
)R(t) Mil 

r, (9) 

where the usual vector notation Is employed, and where, from Kq. (( 

Mil 

where i = 1, 2, 
dR 
aa 

IT I- 

i T 

•r— ]    is the transpo ispooe ox   T- 

(io) 

For simplicity we assume that the measurement errors on H are 

uncorrelated frco ssunple to-samplej and have the some varla:ice o". 

(Actually, the variance increases with distance, but for a ^hort 

'-sr 
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time interval the change of the variance Is snail.) Then the 

covarlance matrix N reduces simply to 0% where In Is the n-dlmen- 

slonal unit matrix, and therefore the general clement Jrs of the 

matrix J defined In Eq. (9) becomes simply 

4  I Mir) \ f SR(iT) (ID 
oy oa 

1-1 

The partial derivatives have the for. elven In Eq.  (10).    For «ample 

^'\   l^Y 
3   1»       k   h 

T    n        n    T 

1=1 
1* 

i   2 40   T 

1 (12) 

] +v.0 far*  that t = m and where the error la the where we have used the lacu tnax. ^  "> ^^ 

approximation is of order l/n. For T = .01 sec, this error becoces 

negligible for t1 > 1 see. The other elenents of J can be obtained 

in a similar manner, giving: 

k 'j 

1 

a T 
5 

1 
T 

(13) 
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The covariance matrix of the parameter errors Is the Inverse of this: 

-1     2 
J  = 15 0 T 

20 

.3 

60 

1+2 

.5 

60 

192 

.5 

140 
75 

140 
j5 

105 

ti 

(1M 

Substituting the values from Eq. (ik)  into Eq. (8) gives the result: 

&R 
15 o   T t t ft • 

!    c 

'V 

+ 105 
\ t, / 

Wlien the square root of Eq. (15) is plotted on log-log paper 

the points for t /t < l/2 fall on a stral^ht line having a slope 

of -3.69. For t - 50 sec, the ms error is therefore riven very 

closely by 

6R(t  )  c rms 
0 T 

y.05 x 10' t 
■3. By 

(16; 

'-v 
f 

'nils approximation holds for T < <  t   < l/2 t  . 
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Another approximate fonn for Eq. (15) is 

ööTTT 
c 

300 o   T tc 

7i 1 - 1.515 r (17) 

By comparing coefficients of V/t^ it can be seen that this expres- 

sion differs from Eq. (15) by less than 1 per cent for any value of 

t /t . It has therefore been used to plot the curves shown in Figs. 
c' 1 

1 and 5- 

'W 



-v. 1 
k 

2k 

Appendix B 

PRKnTOTION OF SLBM IN-PLAME MOTION DURING BOOST 
~WfflM PROPULSION IS KNOWN TO BE CONSTAWI THRUST 

Suppose that the ground range R(t) of an SLBM is given by a 

knovn nonlinear function of a set of parameters a = O^ a^, ... 

i.e., 

R(t) = fia,  t) (18) 

If the function f(a,t) is smoothly varying In y,  then the error 

6R - &R(t ) of the predicted value of R at the time of cut-off, tn, 
c     c 

is related to the errors Bo. In estimating the o-'s by the approximate 

relation: 

äf(»,t )     äf(2,t ) ot^t 6R
C = -^ ^i+ -izf- ^ + ••• ' -isf- n 

+ 0(6» 

(19) 

The higher-order terms can be neglected If either the Bo^ or the 

higher partial derivatives are small enough. Whether this 1c 

permissible in any particular case cbvloualy depends on f(->,t) and 

the observation error, and the approximation error should always be 

checked. For the moment we assume that Eq. (19) is valid. Then the 

variance of the prediction error is 
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[BRcr 
■öf(a,tc) 

"^ 
6a1 + 

öf(2,tc) 
6a- 

+ 2 
"öf(*,tc) ^Ms! 

ST! ÖTYo 
&Qr, 6a, + 

(26) 

where " and ^T are respectively the variances and covarlances 

of the error In estlmtlng the ff'e, 

It Is supposed that the ^'s are estimated on the basis of 

aeasured values of R(t), and that the measurement error Is noim^ 

distributed with zero mean. It Is assumed that R(t) Is sampled at 

short intervals T, and that at the time of estimation ^ n  samples of 

R(t) have been obtained; thus ^ = n.. Then the Joint distribution 

of aU the n measurement errors is normal, with an n-dlmenslonal co- 

variance matrix N. 

If the (y'8 are estimated by use of maximum Likelihood, then the 

estimated value of Z  is given by the solution of the maximum likeli- 

hood equations: 
.(3,8) 

~-1 XN"1 [R - f (cy)] - 0 :si) 

i 



where X = 

öf(r.T)      öf^sx) 

07. 

OP'^ 

Öf (ff/T) 

ctv. 

L 

o-v. 

üf(»,T) üf(~.2T) 

dffr 

^(O'JIIT) 

Ory, 

öf(o,nT) 

üf(2;,nT) 

eW. 

X is the transpose of X 

R(T) 

R(2T) 

K ■ 

R(nT) 

and o 

o-. 

, m - 

f(ff,T) 

f(^,2T) 

fC^nr) 

io the estlmal i value of cr, 

Note that Eq. (21) 1B a set of k slmultaneou£ equations In y  that arc 

nonlinear because £(2) is nonlinear. However, here attain, If t{a) 
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is smooth^ vaiying It can be expanded in a Taylor series about a 

nominal value of 2> 2^' as foU-ovs- 

Hi)  = £(2p + ^1 - 2o) + (22) 

and Eq.  (21) can be replaced by a linearized version: 

If1 Ö " ^  " M -^o)1  =  0 

vhich has the explicit solution; 

■1 

rr    - 
-O 

X N"    X X N R -  ftry  ) (23) 

Note that the matrix X of partial derivative is generally not square 

and it therefore docs not have on inverse. Hence the X's cannot be 

X N ' X La a cancelled in Eq. (23). However, the matrix product 

k x k symmetric matrix vhich is generally non-BlnguIflT and therefore 

has an inverse. 

Suppose now that -/ is actually the correct value of ». Then 

a ~ a    is the error in the estimation of -. Also ^(T ) is then the 
-  -o ' 
correct value of R, and R - tivj  - n, the noise. The variance of 

the estimation error is then 

A    >2 
X N Xlf1 nn N"1 X xk x 

i -i 

■"■■v"' 

Tfs  this matrix is Blagular, this is an indication that the 
measurements are not sensitive to one or more of the paraaeten». In 
this case the ratio of estimation error to measurement error quite 
properly becomes infinite. 



where the symmetir of if1 and of Xfh penults omission of the 

transpose symbols at the right. However, S = N, the noise covariance 

matrix. Hence 

v-  —o 
* N^X 3 J i2k) 

It is necessary to check the validity of the linear approximation; 

this can be done by using the rms estimation error computed from 

Eq. (-210 as an indication of the actual error, and then to use 

this to investigate the magnitude of the higher-order terms of 

Eqs. (19) and (22). It is then generally possible to place boimds 

on the magnitude of the noise variance tenns for which the approxima- 

tion is justified. This will be done in the specific application 

given below. 

For simplicity we shall again assume that the measurement errors 

in R(t) are uncorrelated from sample to sample and have the same 

variance a2.    In this case the noise covariance matrix N reduces to 

a2I where I is the n-dimensional unit matrix. Then the covariance 
-n     -n 

matrix J of the estimation error becomes 

X X 

30 that the typical element of J becomes: 

1      °   JfKi')    af(a,iT) 

rs on dff 

1=1 

(25) 
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If T is small, then the sunnnation can be replaced by an Integral so 

that 

rs 

h df{a,t)    Ofir-t) 

4-   /   —    :    " Llry dr 
(20) 

a T 

vhere use has been made of the fact that Ai^ di = ; d(Ti)   ■■ - dt 

and that nT = t^.. 

It should be noted that if f(£,t) Is actual^ a linear function 

of some of the o's, then neither the covarianco matrix of the esti- 

mation error nor the variance of the prediction error will be a 

function of these .'s. Thus, suppose that f^t) is a linear function 

of y..    Then 

f^t) ■ k^t) fYi ♦ i-.OV 

where ß(-v,t) is not a function of 'y Then 

3f(fv,t) 

CWi 
K,(t) 

which is not a function of V    Thus the  matrix X defined  in Eq.   (. 1) 

Vill not be a function of ^ and neither will the error covarlance 

matrix j"1 defined In Kq.   {2h),    Again,   since the partial derivatives 

m&tjMi are not functions of ^ if f(*,t)  is a linear function 

of a  , the prediction 

these or.. 

n error given by Kq.   (20)  is also Independent of 
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EXAMPLE OF A CONSTANT-THRUST TARGET 

Consider now an SLBM target on a straight-line constant-thrust 

trajectory. The range Is given by: 

R(t) = R + V t + git 
o   o 

rt   /w - rt 
log - rt   w \  w 

+• 1 (2?) 

where 

R = range In feet at time t = 0 

V = velocity in ft/sec at time t - 0 
c 

o 
g = acceleration of gravity in ft/sec'' 

I a specific impulse of the rocket fuel in sec 

w = weight of the target vehicle in lb at t ~ 0 

r = rate of fuel expenditure in lb/sec 

If we consider the parameters a,   ■ R , o , - V , Q , 
1   0.2       0  3 

OfL = r/w , then 

gli and 

a 
f(»,t) a O, + ff,.,t + — 
-       1    2    Qfi 

(1 - cr^t) log (1 - a.t)  + afjt (28) 

äf(2,t) 

da. 

ht{cr,t) 
"IST" - t (29) 

ht\a,t) 
aa. 

1_ 
(1 - a^t) log (1 - of^t) + ar^t 
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öf(n,t) a 

w. =  - ^|    [log (1 - Of^t)   + Of^t] (29) 

Substituting Eq.  (29) into Eq.  (26) gives: 

11 " a2t 

22     "      •)     2T ja T 

33 "    2   3 -)->     a TU 

1 (3Uu2 - 21u - 6) - ^ (1 + 8u)(l - u)2 loed - u) 
^ 

- i (1 - u)3 log'' (1 - u) 

'kh 

Jh 
2   5 a TU    L 

/ •, 2       „  3 o ? üu - jV   + 2u     + (1-u)^ log(l-u) - (1-u)  log'd-u; > (30) 

J12 = J21 = 0 2 2a T 

Jv, " J 
Vl 

13 '    31 "   2     2 a-->       J       a T u 

Ju      u    il-üi   l06(1.u) 

(1 - u) log (1 - u)  + u - -?r 

I '^-^-^ 



J23 = J32 = "2~~3 a T uJ 

«3^1 
J2h = J42 = ~2 ? 

a T u 

a3t1 
J3if = J43 = 1—If 

a T u 

32 

,3   0  , 
 g  g (1 - 3u + 2uJ)  log(l-u) 

—^     log(l-u) - A (^3 . 3U
2 . feu) 

i(l-u)2 loß2(l-u) 

^(1 + 6u - SKJ" + 2u3) log(l-u) + ^(6u + Slu2 - l6u3) 

(30) 

where u = a. t. 

The variances and covariances of the estimated parameters needed 

in Eq. (20) to determine 6R are, according to Eq. {2k),  the elements 

of the Inverse matrix j" . The inversion of the h x k J matrix whose 

elements are given in Eq. (30) is best done by means of a digital 

computer. However an approximate idea of the solution can be gained 

by reducing the problem somewhat and approximating the log functions 

In Eq. (30) by a power series. In this connection it should be noted 

that if uc ■= Qfj^Vj 1 - uc  l/A, where A is the mass ratio of the rock- 

et. Hence 0 < u < 1. For small t the expansion for log(l-u) there- 

fore can be expected to converge quite well. 

The dimensionality of the problem can be reduced by asBUmlng that 

the initial velocity of the target vehicle is known to be zero.* This 

♦The computations given below indicate that the major cunponent 
of the prediction error is contributed by errors in the last two para- 
meters o^ and Q^. Hence removal of either or. or cr2 does not have much 
effect on the results. 
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w 

removes the second tenn from Eq. (27) and eliminates the elements J22, 

'V, hv J2k *™ -J-   ^ aP?r0Xiffiate eXPre88i0nß ^ ^ ^^ 
elements of J> obtained by expanding log(l-u) into a power series 

about u = 0, become: 

Jll 2 
a T 

.3 
J33 =   2    \20 + 3^    ^3     *"/ 

2 5 
»B1! / 1       u 

«^ = IT-     20 + IH + U   I Vx v 
a T    \ 

13 

J13 " ^31 

Jli+ = Jkl 

a T 

ot.t: 

a T 

u      u       u 

u      iL 
l.i + 20 + 

^ 'ifß -    2        I 20     25      63 

(31) 

The inversion of the 3 x 3 J mtrix is now fairly stroightfon/ard. 

The detailed computations shov that the matrix is very nearly singular, 

i.e., the determinant   J    conGiste of teima which approximately cancel 

each other, leaving only a small reEldue.    The computations for the 

inverse must therefore be fairly exact.    This fact must be kept in mind 

when the larger U x h matrix is canputed by means of the digital 
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computer. Judging by the results obtained in the 3 x 3 case, the 

numerical work should be carried to at least ten places to obtain 

reasonable accuracy. The approximate inverse matrix is: 

Ml + 3u + ...) 168 + 350.4u + ...   168 > 290.HU + ... 

u   t.                        an u tr^ 

a2T i 168 -f 350.'♦u + 
2 .2 u   t1 

...   16128 + 2oi60u + ...     16128 + 15120U + ... 
l+0(u) n' tl                                 .3 u^ tj 

168 + 290Au + ., 

a3utl 

.      16128 + 15120U + ...    16128 + lOOBOu + .. 

»3 -3 <        41 ** 

It is clear that the convergence of the elements of the j' matrix 

is doubtful unless u is very much less than one. The 0(u) terra appear- 

ing in the determinant of J has not been computed, but the Indications 

are that the coefficient of the next term is also greater than one, 

and that, therefore, the 0(u) terra is not negligible except for very 

small u. 

The mean-square error in the prediction of R(t ) is given by 

Eq. (20). Using Eq. (29) for the definition of the partial derivatives, 

and using only the first terra of the elements of j" , the exproGeion 

is: 

(32) 
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.^.h; 

16128 

[OR r = 
(l-uc)log(l-uc) + ul"  16128 

—£-ü— J- + 

log(l-uc) + uc 

336 [(1-u )lo6(l-u ) + u ]  33b[loB(l-uc) + uj 
(33) 

32256 [(l-uc)log(l-uc) + uj [los(l-uc) + uc 

where u » Ort . Note that a. does not appear In this result. 

Equation (33) has been computed for the following numerical example: 

t = 50 sec 
c 

a,  = .0143 sec 

The computation shows that the second, third, and sixth terns of Eq. 

(33) are very much larger than the other three terras. Thus [5Rc 
75 

decreases with t/j in fact, 6R can be approximated by 

2 
[61^ = 16128 ^ [^(2 - uc) log(l - uc) + 2u 

"^l 

(3M 

The curves shown in Figs.  2 and ') were plotted from computer 

results.    The curve for three unknown parameters coincides quite 

closely with the approximate expression, Eq.  (31*); for valuea of 

u < .1; for large values of u the ras error predicted by Eq. {&) la 

considerably greater than the value obtained by the computer for both 

the three- and four-parameter cases. 
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A check on the validity of linear approximations used in this 

developnent was undertaken by computing the ratio r of second-order 

terms to linear terms in Eq. (19) as applied to the constant-thrust 

propulsion example. It is clear from Eq. (29) that the only non-zero 

second partials are: 

zrt(a,t) 

^3 \ 
log(l - (fyt) + o^t (35) 

and 

dt{a,t)     ff3  2(1-*^) logd^t) + Sakt  - ak t
£ 

^ 
3 1 - ah 

(36) 

Hence the ratio r is given by: 

•r 

o2f 1 of   . - 
T s— ba. ba,   * -    s 2 (bo' ) do-, do^   3 k      2    dor^   k'- 

i«i 
da,  "'1 

'(37 

vhere f is shorthand for f(ar,t). The ratio is evaluated by ßuboti- 

tutlng the nns values of the 6a in this exprecGion, and if r is ICGD 

than sane arbitrary figure (say, .1) the linear approximation nay be 

taken to be reasonably accurate. 

This cooputatlon has been performed for the folloving values of 

the parameters: 

t   » 50 sec c 

-1 
or^ =  .caA3 sec 

a   = 1970 ft/sec 
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corresponding to the typical trajectory used throughout this Memo- 

randum and given in Appendix E. It should be noted that the contri- 

bution of the second-order terns is no longer independent of or^ and 

a value must therefore be specified. A curve of a /r vs t^ for r » .1 

is given in Fig. ?. From this curve it can be seen that if, for 

instance, a /? = 100 ft sec ' then the second-order teras in Eq. (19) 

are less than 10 per cent of the first-order teras for ^ > 18 sec. 

The curve rises rather rapidly with t so that for the same value of 

a /T the approximation error is less than 1 per cent for t^ > 28 sec. 
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Fig. 7 —Values of a/ir versus t,  for which ratio of second-order 
terms to first-order terms in Eq. (19) is 0.1 



Appendix C 

PREDICTION CF SLBM IN-PLANE POSITION DURING BOOST WHBi PROPULSION 
IS KNOWN TO BE CONSTAHT-THRUgT AND WHOt ONLY 

THE TIME ORIGIN IS UNKNCWN 

It is supposed that the ground range of the target missile Is 

given by 

R = R(t - s) (38) 

where s is unknown, but where the functional form of R Is known 

exactly. Discrete observations are made on R starting at some time 

t = 0 and ending at time t . The time of the first observation t 

occurs some seconds after the SLBM is launched. At time t. It is 

desired to estimate R(t ) - R ; in general t > t.. The observations 
C     C C    1 

on R are spaced T seconds apart and are corrupted by additive noise, 

which is assumed to be white,  gausslan, and stationary, with zero mean 

2 
and variance a . 

The problem of estimating s is essentially the problem concldered 

by P. M. Woodward. Woodward shows that the a posteriori proba- 

bility of s,  given the observed values of R,  is given by: 

p(8/R) - k p(8) e6(E) (39) 

where k is a normalizing constant chosen such that 

f ' P(B/R) ds - 1 C+O) 
J-. 

p(8) Is the a priori probability density of s which is assumed to be 

uniform in the sequel. Under the assumption of white, gausslan, 



1+0 

stationary noise with sero mean and variance a 

g(s) = ±.   V   [- | R^-s) + RC^-s) Rl^-s^ + RC^-s) nlt^J {hi) 

^ i=l 

where s is the true value of s (unknown to the observer), nC^) is 

the noise, and t = it is the i— observation instant. The upper 

limit of sunraation n is such that tn = nr ^ t^ the time at which the 

observations cease and the prediction is made. 

For s near s , gU) can be expanded in a Taylor series: 
o 

,2 

sw ^u0) M* -) IfL ^ V iii . '-   (4£) 

From Eq.   (^l) it is clear that 

2a 
CO = -^ )    R (ti-^) - ^\-*0) 'HV 

i=l 
(43) 

IfL    =6'(^ = -4   HV^VV 
i=] 

ikk] 

b't 
OS      3 

0 i=l 

+ «(t^ R'(t±-80)y (^5) 
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Woodward (10) has shown that if -^   ^    R (t.-s ) > > 1 and if 
2a  i = l 

X   ) [^'(t.-s ) I > > 1, then the a posteriori probability p(s/F.) 

a   Ul 
can be obtained approximately by Ignoring the terms of Eqs. CO); C1^) 

and (^5) containing n(t). In this case, the S'CSQ) terra is neglected. 

Also, g(s ) is not a function of s and can be combined with the 

normalizing constant of Eq. (39)- The expression for the approximate 

a posteriori probability beccmes: 

p{s/R) « k' e  2a 1=1 

e(s ) 

{kb) 

where k' is a new normalizing constant containing c    and also 

the a priori probability p(s) which was assumed to be unifonn (i.e., 

constant). Equation C+b) shows the a posteriori probability to be 

approximateIj- gaussian with mean s and variance 

(s - s ) = Ss" = v    o n 

/ 

1=1 

('•Y) 

R'i^ - 

It might be noted that this variance is identical with the one that 

would have been obtained by straightforward application of maximum- 

likelihood estimation of BO. 

The predicted error at time t «» t is now obtained by direct 

application of methods used in Appendix B. Since only a single parameter 



is assumed to be uncertain, the prediction error is given by 

6lR 2 _ [ bR(t - s)" 
C ~ L    OS 5s (W) 

t=t 

It is again convenient to convert the sumraation into an  integral. 

Also, it is convenient to let t = 0. Then 
o 

2     1 2 m 

and 

br dR(t-E)"' 
OS    E-'-S c 

t=t 
r 1 rp'ct-a ) i at 
0 

(50) 

SPECIFIC EXAMPLE 

As In Appendix B, ve now assume that the form of R is given by 

R(t-s) a,  + (xAt-s; 

+ -^ J j 1-aAt-s) I logfl-orjU-s) I + aAt-ü) 
1 

(51) 

where the a's are defined as in Eq. (26), Appendix B. Then 

R'(t-8) = ^ = - eg *" ^j log 1-0,il(
t-ß) (5.0 

-r 



^3 

Hence 

5R2 

 c_ 
2 

a T 

yl-Z*2a3 loed-^) + ^ lo^U-Ug) 

A    . -L{a^2) f(l+u ) log(l+uo)  -  (l-u)log(l-u) t uo-u 
2 1      O'I,        J    ■- u 

[53) 

+ "J   (l+u )  log2(l+un)  - (l-u)log (1-u) 
-'), ■•     0 0 

where       u. =  Jj, SO 

-c = ^i^c  - V 

u   ^ ^(^ - so) 

For small val.es of a and uo It Is convenient  to replace l.og{l+uo) 

and lög(l-u)  by a scrie..    A particular^" sl^le ejepression resultB 

when a-^ = 0: 

5R a,   log (I - u.) 
(SM 

"    i(u^,t^-u*)Vg-(„^)t... 

"""? 3       3 
From this it appears that for smaU ^ BRc    decrcaces as u    ^ u^ 

In general, 

BR 
c ■ 

—75— 

a, k - logU - u ) 

2 , /'S    * 
a/K t-  ♦• k(u -u.-t—- 

't      1 0     j 

3.3       ^   u 
r+u      u -u 

o o 

(55) 
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where k = a2/ay    For positive k this result is usual^ sraaUer than 

for k = 0. Hence curves are plotted only for a2  = 0. These are 

shown in Fig. 1+. 
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Appendix D 

PREDICTION OF SLUM IN-PLANE MOTION DURING BOOST WHEN TOOPULSION 
TS ICNnWN TO BE CONgrAm'^ÜgTAND W}O_0§;Y_nME^RIGIL-^ig 
 ■—    INITIAL POSITION ARE UNKNOW:,' 

The results of Appendix C assume complete knowledge of all the 

parameters. It is more rettlistir to assume that the initial position 

parameter, ^ is onl^ partially known - that is., one does not know 

in advance when the SLBM was launched nor its position at launch. 

In this section it is therefore assumed that o^ ay  and -y,  arc known 

exactly; that the a priori probability density of ^ is gauesian with 

a mean a    and variance 0^; and that 6, the tine origin, has a uniform 
m a 

distribution as in Appendix C (It can be easily demonstrated that 

the exact form of the a priori probability distribution of c^ or of 

s is not Important after the first few seconds of observation time.) 

Under these conditions, the ("round range of the target missile 

can be expressed in the form; 

R(t) = o1 •- fit - s) 

whore f(t - s) is an exactly know!: function. The a posteriori proba- 

bility of a1  mid s, given the observed values of R, it- then given by 

gU, or,) 
p(s, Of |R)  k pis, 0^) c 

where k is again a normalizing constant,  and where 

g(Sjffi) = .J- ^ - ofl - fC^ - 8) (57) 

'Ja   1 1 

r^*-*,' 
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The noise is white^ gaussian, vdth variance a',  as in Appendix C, and 

the R are the obseiHred values of R(t). If the noise is n(t) and if 

the true values of 7, and s are a,n  and s respectively, then the 
1 10    0        ^ 

observed value of R is 

R(t.) = R1 '10 
+ f(ti - so) + n(ti; 

and therefore 

6(5;^) 

2 a 
a10  f f(ti"So) + n(ti) ■ al ' ^ti-

s)   (50) 
i=l 

As in Appendix C we expand /:(s;o.) about s and 7,,, and we omit te 
1 o 10 

containing ntt)  in accordance with Woodward's argument/^    Under 

these conditions it is easily shown that 

ms 

G(V*10)  -   0 (59) 

CO', 
= M ■■  0 

3 OS   B=S 
O 0 

"l ^10 1    10 

(60) 

.2 

03, 

n 

a'" a T 
since n »  t./r (61) 

^I'-^IO 

"V 

os  ■ G- 
0 

"i :aio 

f'U, 

i-1 

(62) 
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11    B=60 0     i=l  . 

(63) 

SfCtj - s) 
where f'(^ - 8o) =  55  S=6. 

Hence 

8(8,1»,) « 5 
i 2a 

n 

1=1 

.yO'(V8o) (B-Bor 
1=1 

(öi) 

Also In view of the aesumptlonB made about the a priori probability 

dlBtrlbutlonB of or.  and 8, we have 

p(8,cr1) = ^ e       cr 

i 2 

~T (al"0fB) 

2o (65) 

By mean8 of some algebra the a posteriori dletrlbutlon p(B,ar1|R) can 

then be put In the form 

pUjOjjR) ■ ^ e 
ß^a,»!) 

(66) 



where 

W 

&l(B'al* ' ' ~2 

2*     2 a., a t. + or a T 
10 cr 1  m 
2.   2 a t. + o T 
or 1 

-2Yf'(V8o)(Ol-a10)U-80) +l[f'{ti.Bo)\{s-Bo)2   (67) 
1=1 1=1 

The mean value of a. In this expression Is a linear combination of 

the a priori mean value a and the true value o^. The a priori mean 

value would be different frco the true value only If the measureaent 

of a.  that results In the a priori distribution were biased. There 

is no particular reason for assuming the existence of such a bias 

here, and we therefore assume that Of = a,Q.    It might be note', that 

if there were a bias in the measurement, its effect would in any case 

2      2 2 
become negligible if a ^ > > a T. Unless o^ Is very much smaller 

n 
than o --in which case one would be Justified In considering o^ to be 

known exactly--the effect of the biaa Is therefore negligible after 

only a fev seconds of observation time. 

It is also evident that if o^ a» a 

2 
1 + S_L ,« 1 for t1 > > T 

at. 
or 1 

(68) 

Hence, if T is on the order of .01 sec or less, after about 1 sec 

gJs,:»,) is given to a very good approximation by 



^9 

c n 

2a- L 1«1  • 

[[^Vs^s-s/ (69) 

1=1 

glßjQf^ 

i.e., the a pocteriorl distribution of a and o^ becanes canpletely 

independent of a priori knowledge of ^ Since Eq. (69) also applies 

to the case of no a priori Infonnatlon about *v  which represents a 

Ifiast favorable situation, this expression will be used In all subse- 

quent computations. 

The variances and covariances of o^ and s can nov be obtained 

directly from Eq. (69). Note that this equation is In the fomr. 

6l(ö,ffl.) = - \ LA(^10)
2 - 2B(c.-or10)(8.60) + C(s-so)

dJ 

Hence 

^1 - v AC - B 

(s " O''       =     2 0 AC - B 

(70) 

/w" 

«! - al0)(B ' 5o) = 

_B 

AC - B^ 
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As in Appendix C the prediction error at time t is obtained froh 
c 

FBRT SO; (&
I-
&
IO

)
 

+ 

6R 

OS 
(S-S 

(YD 

+ 2 
OR 

a». 

OR 
(Q'l-a10)(G-2o) 

where the partial derivatives are all evaluated for s = s  , a - n    , 
o'     10' 

t = t . If R(t - s) is given by Eq. (51), Appendix C. then 

oR 

oar. 

I I' 

OR  | 
c 

OS s«s a Ky-, Log(i-u ) 

where u ^ a, it    - s ). c   '(' c   o 

The two ü'jiiunations appearing in Eq. (69) con be approximated by 

integrals, as usual. The final result for [6R I is then' 
c 

a- 

[6R ]2  + 2i^"a3 l0^1-uc) K^V a   : 8(-u0)-e(
u) ^ + i»-». log(l-u )  t, 

CT    «3 f 

f |(u+uo)[h(.uo) - h(u)] - 2(u+uo)i g(.u ) - g(u): - |g(-u J-g(u) '■ 

(73) 
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In this expression u = a, (t,  - s ) 
k   1       o 

u    = or,   s o       ho 

g(u) = (1 - u) log(l - u) + u 

h(u) = (1 - u) log
2(l - u) 

m 

This expression is again considerably simplified if a,, a 0, and this 

is the only case for which detailed computations have been performed. 

In this case [6R J    is independent of a . 

The results for this case calculated by a digital computer from 

Eq. (73) for several values of s   are presented in Fig. 3- 



Appendix E 

TYPICAL TRAJECTORIES 

In all the computations performed in this Memorandum,  a typical 

SLBM trajectory has been assumed when specific parameter values were 

required.    The ground-range function corresponding to this trajectory 

is shown in Fig.  8.    The equation of this function is 

1970 R(t) = -ijg    (1 -  .011+3 t)  log(l -  .0116 t)  +  .0143 tj (75) 

Figure 8 also presents an approximation to Eq. (75) by means of a 

third-order polynomial function. The coefficients of this polynomial 

have been chosen so that the polynomial coincides with Eq. {'i'})  for 

t = 0, 20,  'lO, and 00 sec. The equation for the polynomial approxi- 

mation is: 

R(t) = 120.bb  t + 4.75 t, + .2558 t 
3 (76) 



20 30 40 50 
Time  from launch, t (sec) 

Fig. 8 —Range functions for typical trajectory 
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