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PREFACE

This Memorandum is a product of a study for the Advanced Research
Projects Agency of Defense Ageinst Submerine-Lounched Ballistic
Missiles. One portion of this study is concerned with an airplane-
based boost-intercept anti-missile missilie system. This Memorusndum
treats the problem of observation and accurete prediction of the
in-plane motion of an SLBM during the boost-phase portion of its
trajectory, needed for efficient guidance of the interceptor. It
analyzes the prediction accuracy which results when several different
degrees of a priori knowledge about the boost trajectory ere assumed.
This Memorandum is &« componion plece to an ezriicr Memorandun,

RM-3000-ARPA, Barly Estimation of SLBM Hending for Boost-Phase Inter-

cepltion (U), which considered the problem of heading estimation
Hecuracy.

This report should be of interest Lo mencles and contractors
concerned with the interception of baliistd missiles during thelr
boost phase.

The author is a Professor in the Department of Engineering and
Applied Science, Yale University, and 1s a consultant to The RAND

Corporation.



SUMMARY
Observations on the trajectory of an SLBM can be used to esti-
mate parameters of the trajectory and to predict future positions
of the SLBM by using standard maximum-1ikelihood estimation methods.
The prediction error is a function of the observation time and the
length of time for which the prediction is made, and it also depends
on the amount and kind of a priori information available. Thc pre-
diction error is derived and computed for four different cases as
follows:
1. The trajectory is a polynemial in time.
2, The trajectory correspeonds to constant-thrust propulsion
with unknown thrust parameters.
3. Constant-thrust trajectory with thrust paramcters known
but time and space origin unknown.

k., Constant-thrust trajectory with only time origin unknown.

1n gencral, the greatcr the & priori knowledge the greater is the

prediction accuracy.
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covariance matrix of estimated parameters
covariance matrix of noise

conditional probability density of s-given R
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ground range in £t

R(tc) = ground range at time t =t
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al& tl
a, tc

matrix of partial derivatives of range vs the parameters
veight of SLBM at launch - lbs

ith parameter

standard deviation of individual observation error

time interval between observations - time vetween radar pulses



1. INTRODUCTION

One of the major problems arising in the optimal guidance of an
interceptor designed to intercept an SLBM during its boost-phase 1s
the estimation of the parameters of the trajectory of the SLBM and
the prediction of its location at any future time.(l) The parameters
can be estimated from observations that have been made on the tra-
Jectory, but in general these observations are not accurate because
of measurement noise. Some procedure 1is therefore needed to process
the data in an optimum fashion. The most widely used method for doing
this is the maximum likelihood method, which has been shown to be
optimum from sevefal points of view.(2’3) Therefore, in the following
anelysis this method 1s used.

The accuracy of the trajectory prediction 13 obviously & function
of the length of time that the SLBM trajectory has been under obser-
vation as well as the amount of time into the future for which the
prediction 1is made. In addition to these functional dependencles,
the accuracy also depends very much on the amount and kind of a priori
{nformation available to the data processor. It is this particular
dependence that is considered in this Memorandum. A number of
different situations ranging from considerable 8 priori ignorance
to almost complete a priori knowledge are analyzed.

That portion of the trajectory prediction problem which is con-
cerned with estimating the heading or azimuth of the trajectory has

been treated previoualy.(h) nce the trajectory is generally

.
(oo
L Poirel



nearly a straight line in the latter portions of the boost-phase, the
problem of estimating elevation is similar to estimating the heading.
In this Memorandum ettention is focused on predicting the SLBM
position along its trajectory line. To simplify the discussions, the
projection of that motion on the ground -- the ground range -- will be

the quantity being predicted.
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II. PROBLEM STATEMENT AND ASSUMPTIONS

The problem considered in this Memorandum 1s the prediction of
the future ground range of an SLBM whose trajectory 1s assumed to
1ie in & vertical plane. It is supposed that the range has a known
functional form R(t). and thet data are acquired and parameters
are estimated continuously from the time t = O when the missile is
first detected. The value of R(t) is predicted for a future time
tc. The question 1s: What 1s the error in R(tc) resulting from a

prediction made on data acquired and processed up to a time tl where

0 <« tl < tc?

Although the time tc cen have any value, it will be thought of
as the minimum cut-off time of the SLBM bovster. This might also
be the intercept time under the following conditiOns:(a)

a) The SLBM is on & least-favorable trajectory trom the point

of view of the interceptor.

b) Intercept is to take placc during the boost phase of the

SLBM trejectory.

c) The interceptor guldance policy minimizes the total fuecl

requirement.

In the examples. the following nssumptions are made:

1. The only obscrved quantity considerad by the éstimator is

R(t) the ground range of the miscile from the point of
first ovservation. This quantity is computed by ronge and

angle measurements made Ly the observing radsr,



2. The observations consist of samples made at short, fixed
time intervals. This assumption is made primarily to simpliry
the mathematics. However, it also corresponds quite closely
to the operation of typical pulse radars.

3. The error in computed ground range due to measurement error
at each observation instant has a8 geussian amplitude distri-
bution with zero mean and fixed variance. Actually for
typical radars the variance increamses with distance f'rom the
radar, but if the difference between initial and {inal dis-
tance is relatively small, the change in the variance is
also small.

4. The measurement errors from sample to sample are uncorrelated.
This assumption is again made for simplicity. If the measure-
nent errors were assumed to be correlated, a fomm of the
correlation would have to ve specified. Also if the bund-
width of the radar receiver is approximately mntchéd to the
width of the radar pulscg. there will be very little

correlation between the samples.
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III. RESULTS

The following four cascs are considered:

1. R(t) can be approximated by & polynomial in t in which the
coefficients hultiplying powers of t are unknown, but where
the time origin is known.

2. R(t) corresponds to a constant-thrust trajectory in which
all parameters are unknown. A subcase, in which onc of the
unknown parameters (the initial velocity) is assumed to be
known. is also considered under this heading to simplify
the computations and to permit a check with results obtalned
with the digital computer.

3. R(t) corresponds to a constant-thrust trajectory in which
only the initial value and the time origin ere unknown.

L. R(t) correspends to a constant-tnrust trajectory in which

only tne time origin is unkunown.

CASE 1. R(t) IS KHOWN TO BE A CUBIC POLYNOMIAL 1N t

Here it is assumed that the range function R(t) can be epproxd -
mated by & cubic polynomial in t during the time intervel 0 < ¢ < tc.

Thus

B s T 3
R(t) qlt agt 03t (1)

where ~'s are unknown paramcters. Typlcal tratectories. such
as the one assumed in Appendix B (Fip. &) to provide the common
pasis for all the numerical results of nll the unalyses in

this Memoranduwn. can be ap;roximated very clesely by « quadratic




polynomial for t < 25 sec, and a cubic approximation is therefore
good for most of the time interval of interest.
The computations for the prediction error are straightforward

and are given in Appendix A. The ms prediction error is given by:

lBGaTtC2 tc . tc \ LE\-j
BR(t,) . =9~ [0 120f ¢ 216 | == | - 280 | ¢ |
t 1 1 1/
1
3 4 1/2
+ 105 = (2)

A grapn of this expression for te = 50 sec is shown in Fig. 1. Note
that since R(t) is a linear function of the ¢'s, the result is inde-

pendent of the a's (see discussion following Eq. (26) of Appeniix B).

CASE 2. SLBM MOTION IS KNOWN TO RESULT FROM CONSTANT-THRUST PROPULSION

The constant-thrust type of trajectory is more typicad of the
moticn of SLBM trejectories Juring the boost phese than the poly-

romial exnression considered in Case 1. Here the acceleration is

glven bLy:
_ _gIr
R(t) W -1t (3)
)
2

vhere g = acceleration of gravity in ft/see

I = specific impulse of the rocket fuel in sec

wo - initial welght of the SLBM in 1b

r = rate of fuel expenditure in 1b/sec

This equation is integrated twice to yield

L8l
b
v
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Normalized rms prediction error
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Fig. 1 — General normalized rms prediction error when
R(t} is known to be a cubic polynomial
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R(t) = @y + Ot ¢ 53 (1 a“t) log (1 ut) v (1)

where @, = R(0). the range at t - O in ft
a, = R(0), the velocity at t = 0 in ft/sec
@y = gl, ft/sec

) = v/, sec-l

t = 0 corresponds to time of first observation.

In this case the o's are all assumed to be unknown. The maximum
likelihood estimation of the paraneter and the computaticn for the
predicted error are now somewhat more involved than in Case 1, since
R(t) is no longer linear in the a's. Speeifically, the error now
depends on the assumed true value of . since H(t) is nonlinear {n
this paraneter. (5ee discussion following Eq. (20) of Appenuix B.)
The details oi the computations are contained in Appendix B where
two subcases have been considered. In the first case it was assumed
that the parameter a; = O.i This reduces the problem to an estimation
of three parameters and permits an approximate analyticual solution
to be obtained, wnich holds for small values of tl.

For large t, and for the complete four-parameter problem  the com-

1
putations were performed by u digital computer. The composite reculty

‘ -1 .
are shown in Fig. ¢ for Py F L0143 see 7 and tc ~ 50 sec-- which are the

parameters of the typlcal tra'ectory used in this Memorandum (Fli. @ oof

Appendix E). The curve shows a scewhat larger prediction error than

*CorreSponds to zero (or known) initial velocity.
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the previous case, apparently because the constant-thrust trajectory
is initially not very sensitive to changes in some of the parameters.

This appears to result in inaccurate estimates of these parameters.

CASE 3. SLBM MOTION IS KNOWN TO RESULT FROM CONSTANT-THRUST PRO-
PULSION AND ALL PARAMETERS EXCEPT TIME ORIGIN AND STARTING POINT ARE
KNOWN

The relatively large prediction error observed in Case 2
arises from the somewhat unrealistic assumption that nothing whatever
is known about the parameters of the range function. In practice,
i1t 1s quite possible that most of the parameters are quite well
known, as a result of technical intelligence. or otherwise.

This applies especially to thie parameters 03 and a which can be
assumed to be exactly known if the type of rocket employed in the
SLBM booster is known. On the other hand, it has been assumed in
the previous two cases that the time origin of the range function is
known to the observer. In general this will not be true, since the
missile is not usually detected immediately upon its emergence.

Thus, in the present case, it is assumed that the range function is

given by
¥
R(t) = o + ae(t-s) + r { 1-au(t-s)J log[l—ah(t-s)J
3

where the parameters 02, 03, and ) are assumed to be known exactly
and the parameters ay and 5 are assumed to be unknown. In order to
consider the possibility that some information about al (the range

from the point at which the SLBM emerges) might be avallable from

e,




an independent radar observation, it is assumed that an a priori

probability distribution is wknown ror a, - The computations of this

case are presented in Appendix D, where it is shown that the a priori

probability distribution for o has very little effect on the pre-

diction error. The results for a typical set of parameters arc given

in Fig. 3, and they show that the prediction error {s considerably

smaller than for Case 2, s would be expected.

CASE 4, SLBM MOTION IS KNOWN TO BE OF THE CONSTANT-THRUST TYPE WITH
ONLY THE TIME ORIGIN BEING UNKNOWN b

This case is quite similar to the previous one axcept that 2

i5 now also assumed to be known. The computations fer this case are

given in Appendix C, and & graph of the results is shown in Fig. b,

Tpne rms prediction error i{s, of coursc, somewhat smaller than for

fal bs)
case

A comparison of w1l four cases is given in Fig. 5. Cases 3

and I are represented by only & single curve, that tor which the

actual time origin is 2ero; S oot il coineides with the time origin

for the observations.
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........

i=) EN
1

¥ : ——~Case 1! Polynomicl
- | ]
A , g_—Eusa Eu Constant-thrust;
= three unknown pﬂrnmﬂar’i
; . ‘- 1 l
=t ~Case 2b; Constont-thrust)
S \< four unknown parameters
E _ |
2 mﬂ;ﬁ._., = j == = =
(o]
s H A ===
© e ek e S b — ]
4]
a - P i =
‘é’ Al =LA — Ll = — e
> N 1 L —
N  Cose 3
© Constant-thrust; X\ NN+ =
g time origin and
z inilial position
urknawn |
1o} f i e i
‘-"_\_—"'\_—‘ —— A ot
' ¥ t’mnsmthrum, '
) : flmu nnﬁ!n unknown |
4 8 10 20 30
- | 4, (sec)
SRR
g
Fig. 5 — Normahzod rms predlctlon error for five
' dlfferent states of a priori knowledge
1 s ¥ Fs 'y = - s i .j....-;..,-'.- - e P ———
4 e -'.:Z'-.";. ot ' - R DA, il s
g MRk R K =y J* e L I o o e S

N TR
- ! _' "

- B, —

e

. T}

. i



\-“'

302

15

IV. APPROXIMATE EFFECT OF A-PRIORI LIMITS ON THE PREDICTION ERROR

The computations of the prediction error made in Section
III ignore any & priori {nformation that might be aQailable, and
they result in an unreasonably large prediction error for small tl.
The a priori information can be taken into account very roughly by
assuming that the prediction error is given by the maximun-1ikelihood
computations of Section III whenever this is less than the a
priori maximum error, and that the error is otherwise equai to the
a priori maximum. The error in prediction then behaves rcughly as
shown in Fig. 6, and shows & pronounced threshold. Tne time of this
threshold is a function of the a priori maximum error, and of the
paraneters affecting the maximum 1ikelihood estimate. IR on example,
one assumes that the prediction error cannot exceed 50,000 ft, and
4f g is 5000 ft, and T = .01 sec, then the threshold occurs approxi-

mately at the following times for the four cases considered:

Case Threshold Time
1 18.2 sec
28 | 19.8 sec
&b 22.4 sec
3 1.8 sec
I 1l sec

For values oOf tl greater than the threshold value, the error de-

creases very rapidly in all cases.
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V. CONCLUSIONS

The four exanples of prediction of SLBM trajectories jllustrate
the way in which a priori {nformation about the trajectory affects

the prediction error. If the trajectory is in the form of a poly-

4

nomial, which means that all time derivatives above a certain order
are zero, then standard estimation theory is easily applied and the
prediction error decreases very rapidly with the length of obser-
vation time. In practice, SIBM trajectories are often of the constant-
thrust type. This means that their functional fom is known, and
one would therefore expect that the prediction error should be sbout
the seme as for the case where the trajectory is in the form of a
polynomial. This is approximately true as shown by the results of
cases 2a and 2b; however, the error in the constant-thrust case is
uniformly higher than for the polynomial. The increascd error i5
probably caused by the fact that the range function {5 initially not
very sensitive to one of the parameters. when it is assumed that
the rocket parameters are known, as in Cases 3 and b, very small
prediction errors arc obtained.

It is clear that the results obtained in this Memorandum
are based on the nssumption that the trajectories depend on &
small set of unknown but fixed parameters, and that the functional
dependence 15 known. If actually a different functional dependence
from the one assumed exists, oOr if important parameters ave omitted
from the estimation and prediction process, the errors will obviously

be much greater than those obtained here.
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This observation applies particularly to the probiem of predict-
ing; the intercept point vhen staging of the GLBM is considered. The
error in this case depends heavily, of course, on the wmownt of o
priori information aveilable.

In the most favorubic case (from the point of view of the inter-
ceptor ), the perameters of the two-stage trujectory are completely
known, including the stuging “ime. In this cuase the two-stuje
probiem is essentlully similur ©o Cusess centRif-gengiGerel{in
Section III, and accurate predlctions cin be made sifer oniy @ short
observation time. If oniy the stuging time is wimown, hovever,
observations made prior to stoging cannel vesult in prediction epror
that is smeiler than the o priori range uncertulnty corseanorling o
the a priori uncertainty in steging times.

In the most reneral and most difficult cuse, when Livtic Is known
about the trujectory parameters, the problem ruised by shheing {6 Lhat
of estimating a set of parameters subject to un e atee Ehifiee TR L
arbitrary time. 8o fur as the author knows, this probiem has not

\
been completely solved at the present tine.
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Appendix A

PREDICTION OF SLBM IN-PLANE MOTION WHEN R(t)
1S KNOWH TO BE A THIRD-CRDER PCLYNOMIAL

Suppose that R(t) can be approximated during the time {rnterval

OFESPLRS tc by a polynomial exparsion of the form:
R{L) = ab + a,t” + o t” (6)

There is no difficulty in principle in considering higher-order poly-
nomials, except that the mathematics become more unwieldy. The quali-
tative results should not be affected by the order of the approximation
in any case. Note that Eq. (6) implies that the SLAM 1s launched at
the time t - O, and that the locatlon of the lauumch polnt and the time

of launch are known.

We agsume that the pararcters ¥y o and qj are to be estimated

from data taken on R(t) only. The acquisition of data and the osti-

e

mation of the parameters is assumed to take place continuously !rom
the time the target lo launched. Then the question is: What ig the

error in R(LC) res.lting from a prediction made on duata acquired and

processed up to a time Ll where O < t, < U7
&

For a third-order fit, we¢ have from kq. () that the error in

R(tc) is

5 0 [ -5 {7
BR(t, ) = Boryt *+ ba bl o+ Bty (7

4
(8 JEa®

where 5“1 ts the error in estimating o . The meertalnty (o R(t )

15 best described by the variance plven by:
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where the bar indicates an ensemble average.

It is supposed that R(t) is sampled at short intervals, =, and
that the measurement error has a normal distribution with zero mecan
and a covariance matrix N. For convenlence we let tl = 1~ where n
is an integer; then N is an n x n matrix. If maximum likellhood

estimation is employed, then the covariance matrix of the 5's is

)

glven by(j

~

T g-l _ <_’Bﬁﬁi) ol (_ﬁr&)}l) - (9)

Yy

where the usual vector notatlon 15 cmployed, and where, from Eq. (t)

J%%El + 1
i

L

(J‘RSt) = —‘ﬁ—tl - 1 tT | o=t |t {10)

i

-.".|.':|-: 1..,_| tj : ig‘v.

T, |
L9 L = L
14 R A I R
where 1 = 1, 2, ... n. ~— is the transpose of —
Xi »

For simplicity we assume that the measurement errors on R are
uncorrelated from sample to-sanple, and have the same varlance gin

(Actually, the variance increases with dlstance, btut for a short
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time {nterval the change of the variance is small. ) Tnen the
covariance matrix N reduces simply to o I where In is the n-dimen-
sional unit matrix, and therefore the general clement Jrs of the

matrix J defined in Eq. (9) becomes simply

od p(E2)(um)

i3l 3

The partial derivatives have the form given in EQq. (lo). For example

n
| !

1 T3 e ] nh i

T 2 L Tl W

oF ) R g LTl
gt
L (12)
;lc‘_.“f

where we have used the fact that tl - nt and where the error la the
approximation 1s of order 1/n. For 7 = .0l sec, this error becones
negligible for tl > 1 sec. The other elements of J can be obtained

in a simllar manner, giving:

3 “ 5
5 0h 4
L
Y B,
1 i 1 1 ‘
J &&= T = &6 (13)
sk ¥
= s —(
b
) 6 {
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The covariance matrix of the parameter errors is the lnverse of this:

-
20 _6_[? 42
3 5
Er =) %
- 2 ) Q2 4
TR et -98 g el (14)
~ t t? £
i 1 1
5. st 1
i Y 8y

Substituting the values from Eq. (1) into Eq. (8) glves the result:

)

N t 7t N\ € t
) s ————= 120- 2205 v 2ju( ) - 20 &
¢ | ty t t

[t
v 109 \ «E) (15)

When the square root of Eg. (19) 1s plotted on log-log paper
the polnts for tl/tC < 1/2 fall on a straight line having a slope
of -3.89. For tc 50 sec, the mms error {s therefore glven very
closely by

BR(t )

o £ -
____E_—I'P_u k= \/)_0‘, ¥ 10t
agr 1

3.849 (10)

This approximation holds for « < < t, < 1/2 t,:



o
()

Another approximate form for Eq. (15) is

5 !
2 3000 Tt 8 X
Bo(t ) 2 3 1-1515 ¢ (17)
< t7 bl

By comparing coefficients of tc/tl it can be seen that this expres-
sion differs from Eq. (15) by less than 1 per cent for any value of
tc/tl. It has therefore been used to plot the curves shown in Figs.

1 and 5.



Appendix B

PREDICTION OF SLBM IN-PLANE MOTION DURING BOOST
WHEN PROPULSION IS KNOWN TO BE CONSTANT THRUST

Suppose that the ground range R(t) of an SLBM is glven by a
known nonlinear function of a set of parameters o = fwl, vnr e M)

i.e.,
R(t) = £(z, t) (18)

If the function f(g,t) 1s smoothly varying in ~, then the error
eR, = 5R(tc) of the predicted value of R at the time of cut-off, t,

is related to the errors 601 in estimating the o's by the approximate

relation:
af(_ﬂ_,tc) Bf(l,tc) of(g_,tc)
e =T f’*f*&{j“%* T Tl g
(19)
+ 0(5)

The higher-order terms can be neglected 1f either the Eni or the
higher partial derivatives are small enough. Whether this ic
permissible {n any particular case cbviously depends on f(~,t) and
the observation error, and the approximation error should always be
checked. For the moment we assume that Eq. (19) is valld. Then the

variance of the prediction error is



2 2
[oR _]2 A 3f(g,tc) ;2 i af(g;tc) 'b'a—é’ P
(Bl _-?;;I_—- 1 _-T;Z;——_ e :

sr(e,t) Otlot)

+2-—§1—-‘-—-&;—— 50150'2+...

vhere g;ﬁ and 551605 are respectively the variances and covariances
L ;

of the error in estimating the a's.

It is supposed that the «'s are estimated on the basis of
measured values of R(t), and that the neasurement error is normally
distributed with zero mean. It is assumed that R(t) ls sampled at
short intervals T, and that at the time of estimatlon tl n samples of
R(t) have been obtained; thus tl - nt. Then the joint distribution
of all the n measurement errors 1s normal, with an n-dimensional co-
varianee matrix N.

If the »'s are estimated by use of maximum likelihood, then the
estimated value of o 1s glven by the solution of the maximum likeld -

hood equations:(3’8)



—_ fos
K K
R -
z is the transpose of X
r -1 r -
A
R(T) f(f:_’:'l')
A
R{2t) £(7,27)
A :
B. = ' ) f_(g_) =
A
R(m) £{~,n)
= = C -
[
)l
a.nd‘g S 5 is the estimat~-d value of a.
A
Ty

Note that Eq. (21) is a set of k simultaneous equations in 7 that are

nonlinear because f(~) is nonlinear. However, here again, if £o)
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is smoothly varying it can be expanded in a Taylor series about a

nominal value of », o, 85 follows:

o) = flx) + Xz = a) + - (22)
and Eq. (21) can be rcpiaced by a linearized version:
¥v iR fo) -X0o-a)1=0
ATISEGED Asg o Ty AN
which has the explicit solutlon:
S imEa et ol
A ~ =1 ~ - . o
2-20‘{51_“ 5} X3 [B-E(zo)} (23)

Note that the matrix X of partial derivative is generally not cquare

and 1t therefore does nct have an inverse. Hence the X's cannot be
s

cancelled in Eq. (23). However, the matrix product [X E—l 5] {6 a

k x k symmetric matrix which is generally non-singuwlar and therefore

¥
has an inverse.

Suppose now that 10 {5 actually the correct value of 7. Then

-2, is the error in the estimation of ~. Also T(Z‘) {s then the
— - J

Q>

correct value of R, and R - f(zo) n, the noise. The variance of

the cstimation error is then

*If thic matrix is singular, this 15 an Indication that the
measurements are not sensitive to one or more of the parameters. In
this case tiue ratio of estimation error to neaswrenent error quite

properly becanes infinite.
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where the symmetry of g'l and of zﬂ'lz permits omission of the

v -

transpose symbols at the right. However, QE = N, the noise covariance

matrix. Hence’

° - 1 X]-l - gt (2)

It is necessary to check the validity of the linear approximation;
thig can be done by using the rms estimation error computed from

Eq. (24) as an indication of the actual error, and then to use

this to investigate the magnitude of the higher-order terms of

Egs. (19) and (22). It is then generally possible to place bounds
on the magnitude of the noise variance terms for which the approxima-
tion is justified. This will be done in the specific application
given below.

For simplicity we shall again assume that the measurement errors
in R(t) are uncorrelated from sample to sample and have the same
variance 02. In this case the nolse covariance matrix N reduces to
UQEH where ln {g the n-dimensional unit matrix. Then the covariance

matrix J of the estimation error becomes

[
1
.
o =
1<
1<
—d

so that the typical element of J becomes:

: N odr(a,it) of(a,ir)
Jpg ¥ 2 o, o
g4l yaY

—
|
~—

3]
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If T is small, then the surmation can be replaced by an integral so

that

1 1 '\’f(z.vt) éf(z)t)
S [ — 5 =5
o o r 5
where use has been made of the fact that Al— di - % a(r1) T dt

and that nt = tl.

It should be noted that if f(g,t) {s actually ﬁ linear function
of some of the a's, then neither the covariance matrix of the esti-
mation error nor the varlance of the prediction error will be a

function of these a's. Thus, suppose that f(z,t) {s a linear function

of 71' Then

£

where g(~,t) is not & function of 7, . Then

"f(f_Y;t)

Kiﬁt)

4
4

which i{s not a function of Ti. Thus the matrix X lefined in kg. (1)
will not be a function of oy and neither will the error covariance
matrix g—l defined in Eq. (2b). Agaln, since the partial derlvatives
df(g,tc)/uyi are not functions of ~ it £(a,t) Ls a lincar fwction
of ai, the prediction error glven by Eg. {20} is also {ndependent of

these oi.
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EXAMPLE OF A CONSTANT-THRUST TARGET

traje

O‘u=

Consider now an SLBM target on a straight-line constant-thrust

ctory. The range 1s given by:

wo -rt wo - rt
R(t) = R, + V.t + glt —— log +1 (27)

R = range in feet at time t = O

V_ = velocity in ft/sec at time t = 0

g = acceleration of gravity in 1‘t./sec2

I = specific impulse of the rocket fuel in sec
wo = welght of the target vehicle in lb at t = 0O

r = rate of fuel expenditure in lb/sec

If we conslder the parameters o RO, o Vo’ er &l, and

1

r/wo, then

i
f(a,t) = ) Halhio _u [(l - o) log (1 - apt) + a"t] £
af(g,t)
T S
af(g_:t)
5 t (29)
of(a,t)
ELTSE =, [(l - o blidog (1 ~ayt) s "kt]
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gg [log (1-a.t) + dht]

"

Substituting Eq. (29) into Eq. (26) gives:

(29)

(3l+u2 -2lu - 6) - % (1 + Bu)() - u)2 log(l - u)

S % (1= ) log C1ve u)]

2 3 :
[6u - 32 v eun (1-u)2 log(l=u) - (1l-u) lOBd(l‘Uﬂ

b
2
o7
3
s
3027
3
tl [Jﬁ
oaTu3 2
W
J3tl
oETu)
t2
Jos 1
(9]
21 gt
3
N a3tl
31 027 ud
3
= a3tl
Ly 02T u3

4 2 2

[éu" ) B > .L];.—u).‘— log(l 5 u)

2
[(l -u) log (L=u) +u- %?

|
|




AT
=

3R
: 5
ti l6u3 - 3u2 g e =i 2 3
J23=J32= 53 % -3(1-3\1 + 2u”) log(1l-u)
g Tu
o th 2
= * 2
Iy, = Jyo = 0—23—\?I [1—2“— log(l-u) = 1—2- (hu3 - 3u - 6u)] :
> (30)
a tu
J3h Jh3 -—2Ll5- [%(1-\1) log (1-u)
gTu
+ %(l + 6u - 9u2 + 2u3) log(l-u) + i%(bu + Elu2 - 10u3)}
where u = ahtl J

The variances and covariances of the estimated parameters needed
in Eq. (20) to determine g;f are, according to Eq. (24), the elements
of the inverse matrix g-l. The inversion of the & x 4 J matrix vhose
elements are given in Eq. (30) is best done by means of a digital
computer. However an approximate idea of the solution can be gained
by reducing the problem somewhat and approximating the log functions
in Eq. (30) by a power series. In this connection it showld be noted
that 1f u = ot , 1 - u - 1/A, where A is the mass ratio of the rock-
et. Hence 0 < u< l. For small tl the expansion for log(1l-u) there-
fore can be expected to converge quite well.

The dimensionality of the problem can be reduced by assuning that

the initial velocity of the target vehicle is known to be zero.‘ This

*The computations given below indicate that the ma jor ceamponent
of the prediction error is contributed by errors in the last two para-
meters s and o). Hence removal of elther @, Or a, does not have much

effect on the results.
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removes the second term from Eq. (27) and eliminates the elements .'.r22 5
Jl2’ J23, J21+ from J. Thg approximate expregsion; for the remaining
elements of J, obtained by expanding log(1-u) into a power series

about u = 0, become:

1
St
oT
3
J —-ﬁ ﬁ+u3+uu+ )
33 o P00 ES
(3,
: a3tl _l__+u+u2 R
W T2\ 20 B 7x30
> (31)
2
t el
1 LA u
STe Seauey <‘6+ZH*F0" >

fax Fou]
+
K=
+
:\‘.‘ =
ol
+
Sy T

=

The inversion of the 3 x 3 J matrix 1s now fairly stralightforward.

The detailed computations show that the matrix is very nearly singular,

i.e., the determinant 'J consists of terms vhich approximately cancel

each other, leaving only a gmall reeidue. The camputations for the
inverse must therefore be fairly exact. This fact must be kept in mind

when the larger 4 x U matrix is camputed by means of the digital
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computer. Judging by the results obtained in the 3 x 3 case, the
numerical work should be carried to at least ten places to obtain

reasonable accuracy. The approximate inverse matrix is:

(h(l *3u+ ...) 168 +350.bu+ ... 108 + 290.4u + ...

t 577 3

1 Auves ayut?
 gPr |- 168+ 350.bu+ ... 16128 + 20160u + ... 16128 + 151200 + ... (32)
- 1+0(u) BT WS 2 IR

u tl u tl a3 u tl

168 + 290.bu + ... 16128 + 15120u + ... 16128 + 10080u + ..

u ti a3 u3 ti | a§ ti u2 !

%3

It is clear that the convergence of the e¢lements of the g-l matrix
15 doubtful unless u is very much less than one. The O(u) term appear-
ing in the determinant of J has not beer computed, but the indications
are that the coefficlent of the next term is also greater than one,
and that, therefore, the O(u) term is not negligible except for very
small u.

The mean-square error in the prediction of R(tl) 15 glven by
2q. (20). Using Eq. (29) for the definition of the partial derivatives,

and using only the first term of the elements of g-l, the expression

)L/38
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> 2
16128 [los( l-uc) + uJ

g7
, +
6

2
bag e 2 16128 [(1-u )log(l-u ) +u
[6R_]° = - {} + { i =< c]

c 4 4

1

336 [(l-uc)log( l-uc) + uc] 336 [log(l-uc) + uc]
3 z

u u

3

o+

" 32256 [(1—uc)loe(l-uc) + uc] [108(1'“c) * “cJ:}

&)
u

vhere u, = ahtc' Note that a3 does not appear in this result.

Equation (33) has been camputed for the following numerical example:

t
k]

50 sec

), = .0l43 sec

The computation shows that the second, third, and sixth terms of Eq.
[=4
(33) are very much larger than the other three terms. Thus {5RC]

- T
decreases with t{; in fact, [6RC]° can be approximated by

— ’ 2
[6R]™ = 16128 56-’—7 [(2 - u.) log(l - u) + 2%]

<

[*3
=

o+
—

The curves shown in Figs. 2 and & were plotted from computer
results. The curve for three unknown parameters coincides quite
closely with the approximate expression, Eq. (34), for values of
u < .1; for large values of u the ms error predicted by Eq. (34) 18
considerably greater than the value obtalned by the camputer for both

the three- and four-parameter cases.

(33)

(34)
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A check on the validity of linear approximations used in this
development was umierta.ken by computing the ratio r. of second-order
terms to linear terms in Eq. (19) as applied to the constant-thrust
propulsion example. It is clear from Eq. (29) that the only non-zero

gsecond partials are:

Frlat) '
W = - ——2 [log(l - dht) + aut] (35)
3 h du :
and
e 2 o e
fgt) a3 2(-opt) loglla,t) + 2t - o (36)

Hence the ratio r is given by:

=2 oo f
ORT 1 — 2
da, da E>C(3 e 'dcg (60-«)
S L b =
r = h (31’)
of

L & ™
ezl

vhere f is shorthand for f(a,t). The ratio is evaluated by substi-
tuting the rms values of the Exri ia this expression, and if r {s less
than some arbitrary figure (say, .l) the linear approximation may be

taken to be reasonably accurate.

This camputation has been performed for the following values of

the parameters:
tc = 50 sec
) = .0l43 sec”
= 1970 ft/sec

%3
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corresponding to the typical trﬁjectory used throughout this Memo-
randum and given in Appendix E. It should be noted that the contri-
bution of the second-order terms is no longer independent of 03 and

a value must therefore be specified. A curve of ¢ /7 vs tl Lo il
is_given in Fig. 7. From this curve it can be seen that if, for
instance, ¢ /T = 100 ft secl/2 then the second-order terms in Eq.. (19)
are less than 10 per cent of the first-order terms for t1‘> 18 sec. .
The curve rises rather rapidly with tl so that for the same value of

o /7 the approximation error is less than 1 per cent for tl > 28 gec.
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Fig. 7— Values of o/ versus t, for which ratio of second-order
terms to first-order terms in Eq. {19) is 0.1
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Appendix C

PREDICTION OF SLBM IN-PLANE POSITION DURING BOOST WHEN PROPULSION
: IS KNOWN TO BE CONSTANT-THRUST AND WHEN ONLY
THE TIME ORIGIN IS UNKNOWN

_It 1s supposed that the ground range of the target missile is

given by
R = R(t - 5) (38)

vhere s is unknown, but where the functicnal form of R is known
exactly. Discrete observations are made on R starting at some time

= 0 and ending at time tl. The time of the first observation to
occurs some seconds after the SLBM is launched. At time tl it is
desired to estimate R(tc) = RC; in general tc > tl. The observations
on R are spaced T seconds apart and are corrupted by additive noise,
which is assumed to be white, gaussian, and stationary, with zero mean
and varlance 02.

The problem of estimating s is essentially the problem considered

by P. M. WOodvard.(g’lo) Woodward shows that the a posteriori proba-

bility of s, glven the observed values of R, is giver by:
8 .
p(s/R) = k p(s) 88 (39)

vhere k is a normalizing constant chosen such that

p(s/R) ds = 1 {40)

p(s) 1s the a priori probability density of s which is assumed to be

uniform in the sequel. Under the assumption of wbite, gaussian,
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ko

. 2
stationary noise with zero mean and variance g

R%(t,-5) + R(t,-s) R(t,~s.) + R(t,-8) n(t,) | (41)

ol

L
g(s) = = L'
4 1=1

where s 18 the true value of s (unknown to the observer), n(ti) is
the noise, and ti = 17 1s the 13}-1 observation instant. The upper
1limit of summation n is such that tn =S tl, the time at which the
observations cease and the prediction 1s made.

For & near s, g(s) can be expanded in a Taylor series:

|

iy 2
o8, +.l(s-s)2g-§

: 5 2
g(s) = g(s) + (s - 5) 5555, T 2 Fiowmih (42)
(o}
From Eq. (41) it is clear that
n
e, R°(t,-5 ) + 2R(t =5 ) n(t ):\
0 202 L i o 1 o 1 (h3)
1=1
n
% . g/s)= -5 ) a(t) R(t-5) (4h)
os |8 o] D ; i b T9)
[0} [+
1=1
g 0 .
NG sen=""0" - APTAS
e S ?{ﬁ(gs)%
|2 (1
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b1

n,
Noodward %) has showu that if £ ) K{t-s)>>1andif
eo Jzi
£ 2
Z,[R/(ti'so)] > > 1, then the a posteriori probability p(s/R)
1=1
can be obtalned approximately by ignoring the terms of Egs. (43), (hh)

L
>
a

d (45) containing n(t). In this case, the g'(so) term is neglected.
Also, g(so) 1s not a function of & and can be combined with the
normalizing constant of Egq. (39). The expression for the ‘approximate

a posteriori probability becames:

- = 3 R'( )
1 |
p(s/R) ~ k' e BE 3 (46)

where k¥’ 1c a new normalizing constant containing e 2 and also
the a priori probability p(s) which was assumed to be wilform (s1='%2
constant). Equation (46) shows the a posteriorl probability to be

approximately gaussian with mean el and variance

SE=4C =25 sl (‘u’,’)

It might be noted that this variance is identical with the one that
would have been obtained by straightforward application of maxirmwum-

likelihood estimation of so.

The predicted error at time t = tc i1s now obtained by direct

application of methods used in Appendix B. Since only a single parameter
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Also, it is convenient to let}t

£ o.,;F‘
e
. / s o
) Ry
P

6R2 - [- aR! t'fu)_‘, (o) ¥ (50)
[+

08 iB=8§ t N
o )

t::tc o : o

SPECIFIC EXAMPLE

As in Appendix B, we now assume that the form of R {5 given by
R(t-5) = ay + ae(t-s)

o .
3 - - o \
+ 51: (l-ah(t-s)j log{ l-al‘(t-s)j + ay(t-c)

vhere the o's are defined as in BEq. (28), Appendix B. Then

R(t-5) -

518

= -y taglog {l-ah(t-s)ﬁ (52)

T4l 3
g
\--,\!
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For small values of u and Uy {+ {5 convenient to replace ng(l#uo)
= o 3 : : : Y
and log(l-u) by a series. A partlculurly”srmplc expressionresulls Pl a3
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vhen o, = O 3
a, :
= 2
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In general,
i i i
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g ! 5 C)J :
4 o s Ry 3 o] iy |
- gl £ ey R W wHd U eu 1 (u’-u?) i
a b, o+ k(u 4{?———-—-—2 Al o ) o+ s e ISR Sy |
' ! a5 3 8 3 4 0 :
' |
. (55) |
Ay ; |
J 1
L
3
.__'}'_
. b
3 |
ul |
F .- | F 1
uegs T E W G, : ) -
v 55 -
F "




E

PR e

waad Lamtaild; gt el 5 bu | |

e

’ 4
- i — - £



45

Appendix D

PREDICTION OF SLBM IN-PLANE MOTION DURING BOOST WHEN FROPULSION
TS KNOWN TO BE CONSTANT-THRUST AND WHEN ONLY TIME ORIGIN AND
INITIAL POSITION ARE UNKNOWH

The results of Appendix C assume complete knowledge of all the

parameters. It is more realistic to assume that the inftinl position
parameter, ays is only partially known -- that is, one does not know
in advance when the SLEM was launched nor its position at launch.
In this seetion it is therefore assumed that s 33, and o, are “nown
exactly; that the a priori probability density of v is gaussian with
a mean o and variance oj; and that s, the time origin, has a uniform
distribution as in Appendix C. (It can be easily demonsirated that

the exaet form of the a priori probability distribution of 1y or of

\
l"."c }

s is not important after the first few seconds of observation Lime.
Under tnese conditions, the pround range of the tarset missile

can be expressed in the form:

where £(t - s) is an exactly vnown fwictlon. The a posterlori proba

bility of &y and s, given the observed valuces of R, Lls then glven

p(s, Gl\R) k p(s, o) ¢

where k is agaln a normalizing constant, and where

#(s, a3} = - — Ry - oy~ L5 SE) (57)
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2
The noise is white, gaussian, with variance ¢, as in Appendix C, and
the R, are the observed values of R(t). If the noise is n{t) and if
the true values of %y and s are o4 and S, respectively, then the

observed value of R is

at 1 10 i 1
and therefore
n
g(s,a,) = - A= S} G i (Bt n o) s SR oy e P _S)1L (58)
= 1 g 10 LG L i { \
O o

As in Appendix C we expand g(s,al) about 5, and Yyge and we Qult terms
containing Alt) in accordance with Woodward's aruumcnt.\lo) Under

these conditions it is easily shown that

g(so,alo) 0 (459)
9&%- §=5 i .1% 55 ; O \!O)
l u-oo L o
170 SR
N t
o B n 1
=5 i ~=zwo since n tl/’-' {61)
1 5 So a g7
=5l
a1 i 2
0 g 1 ' i A
= B S X 1 \53)
[¢]:] f?-—so g e
B¢ 30
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61‘(1‘,1 - 8)
vhere £'{t, - so) S e

8=8
(o}

Hence

t n
B(s,0)) ~ - ;% [;l (<>,1-a,m)2 o 5 £/(t,-5 ) (ay -y ) (88,
g 1=1
Dy 2
R E R IR D
1=1

Also in view of the agssumptions made about the a priori probabdblility

distributions of @y and s, we have

By means of scme algebra the a posteriori distribution p(a,allR) can

then be put in the form

51(°’°1)
p(s,alIR) =k, e (66)



wvhere
t 2 ks ke 4 027
1 1 ar 10 ol m
gls) = - 547 |1*3 L e
+
20 ﬁytl qu 1 oT

n n k 2
-2 }:f’(ti-ao)(al-alo)(s-so) + E:Lf’(ti-so)] (8-80)2'}(67)
1=1 1=1

The mean value of @y in this expression is a linear combination of
the a priori mean value o and the true value 0" The a priori mean
value would be different from the true value only if the measurement
of oy that resulte in the a priori distribution were blased. There
1s no particular reason for gssuming the existence of such a bias
here, and we therefore assume that am = a5 It might be noter that
if there were a blas in the measurement, its effect would in any case
became negligidble if citl > > 027. Unless 02 is very much smaller
than 02--1n which case one would be justified in considering y to be
known exactly--the effect of the blas is therefore negligible after

only a few seconds of observation time.

It is also evident that if ca:m o

e lfort,>>17 (68)
1
ot =

Hence, if 7 18 on the order of .01 sec or less, after about 1 aec

gl(s,al) 16 glven to a very good approximation by
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Pl
gy(s,m) = - ;5 {Tl (oy-ay0)” - 2) f'(ti'so)("’f‘"lo)(S'So)
\ {=1 H
L 2 Z
+Z[r'(ti-so)_l (5-5,)" (69)
1=1
= &(s,al)

{.e., the a posteriori distribution of & and ay becomes completely
independent of a priori knowledge of ay. Since Eq. (69) also applies
to the case of no a priori {nformation about ay; vhich represents &
jeast favorable situation, this expression will be used in all subse-
quent computations.

The variances and covariances of ay and s can now be obtalned

directly from Eq. (69). Note that this equation is in the form:

st Al 2 2
gl(s,al) = -5 LA(otl-o:m) - EB(a-alo)(s-so) + C(s-so) |
Hence
2 C
(ay - ayp) = -
L AC - B
2 A
(5 3 SO) 2 (70)
AC - B
: (ay - oy Q)8 - 5;) = —L2
AC - B
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As in Appendix C the predicticn error at time tC 1s obtained fram

~ 2
? oR —_— ¢R .
)=o) c 2 c . 2
[SRcJ 3 5&1 (ag-apo)” + o (s-5,)
(71)
aRC BRC
At Gy | | %5 (@) -a30)(s-5,)

where the partial derivatives arc all evaluated for s = Sy1 @ = @y

t = t,. If R(t - s) is given by Eq. (51), Appendix C. then

oRC

— 1

T

e )
oR
EE-.SHS = - CXL*GJ, lop;(l-uc)
o
where u, or_,}(tc - so).

The two sumnations appearing in Eq. (09) can be approximated by

integrals, as usual. The final result for "SR " s then:
@, 0
T S O Py Yooy = ST e
or_ctl x (a, ’JL,) & Y-u(u)] + x, LulEht ) hiu)

ol S [l r 0'3 r - N} o
- Fn e A T (s Yot T e = 5 :
(R 2 ay-ary log(l-u ) Hayt) % gl-ug)-au) j + lay-aq log(lu ) | ¢
- 2 =
a7 as 4 Ty e
- i(u+uo)[h(-uo) - h{u)] - e(utu ) g(-u) - glu) | - g(-u )-glu)
ELl ]
L
(73)
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)

In this expression u = ah(tl - 5,

P : uo = ah so
(L-u) log(l -u) +u (74)

Cal
f=d
fn

() (=) log2(l - u)

This expression is again considerably simplified if o, = 0, and this

is the only case for which detailed camputations have been performed.

)
In this case [6RCJ" is independent of a5

The results for this case calculated by a digital computer from

Eq. (73) for several values of 5, are presented in Fig. 3.



Appendix E

TYPICAL TRAJECTORIES

In all the computations performed in this Memorandum, a typical
SLBM trajectory has been assumed when specific parameter values were
required. The ground;range function corresponding to this trajectory
{s shown in Fig. 8. The equation of this function is

R(t) = _Téir(g ,_(l - .Olh3 t) log(l [ _01);3 t) + 0143 t] (75)

Figure 8 also presents an approximation to Eq. (75) by means of a
third-order polynomial function. The coefficients of this polynomial
have been chosen so that the polynomlal coincides with Eq. (75) for

t = 0, 20, 40, and 0O sec. The equation for the polynomial approxi-

mation is:

(E) = 120,66 L + 175 ¢ 4 2558 13 (46)
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S e
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Fig. 8 — Range functions for typical trajectory
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