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FOREWORD

The work described in this report was accomplished by mem-
bers of the Department of Engineering and Applied Sclence,
Dunham Laboratory, Yale University, under subcontract to the
SUBIC program (contract NOnr 2512(00)) during the period from
July 1, 1963 to July 1, 1964. The Office of Naval Research 1is
the sponsor and General Dynamics/Electric Boat 1s the prime
contrcetor. Ledr. R. N. Crawford, USN, is Project Officer
for ONR; Dr. A. J. van Woerkom 1s Project Coordinator for
Electric Boat and Chief Scientlst of the Applled Scilences

Department.

The SUBIC program encompasses all aspects of submarine
system analysis. This report is the second of a series

deallng with acoustic signal processing.
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ABSTRACT

This report describes work concerned with the detection
and determination of the bearing of a single target in an
isotropic noise field. In the cases studied, the data source
was agsumed to be a single hydrophone or a given array of
hydrophones. The problems investigated involved studies of
likelihood ratio detection of sinusoidal signals in gaussian
noise, likelihood ratio detection of gaussian signals in
wide-band noise, and determinations of random bcaring errors
due to processing and also due to medium inhomogeneity for

specific typcs of sonar systems.
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I. Introduction

The studies undertaken during the period from July 1, 1963, to dly 1,
196, are described in detail in nine progress reports, which serve as
appendices to the main body of this report., The subject material covered
in Appendices A through I can be arranged in roughly three categories,

In all three categories the work was concerned with the processing of a
signal generated by a single target in a hackground of isotropic random
noise,

In the first category, the detection of sinusoids or quasi-sinusocids
of unknown center f{requency in a background of gaussian, band-limited
noise was considered, It 1s well known that surface and underwater
targets emlt signal components with periodic structures as well as
components with wide-band random structures. Appendices 4, G, and H give
the results of basic studies involving the detection of sinusoldal signals
or of very narrow~band random signals having a center frsquency kmown only
within a band of uncertainty. Theisignal source is a single hydrophone,
and likelihood-ratio techniques are employed. The assumptions and results
are described in more detail in Section II.

In the second category, the studies involved the detection of a wide-
band directional gaussian signal in a similar background of isotropic
noise, 1 :is work, carried out in Appendices C and D, contains extensions
of studies reported earlier by Yale University,l In Appendix C, the
performance of & suboptimal detector is compared to that of a likelihood~
ratio detector. Since the completion of Appendix C, a slightly different
scheme has been evaluated by Knapp,2 In Appendix D, the performance of a

likelihood-ratio scheme is evaluated for the detection of gaussian signals

-3




for the situation in which the average noise power varies frecm hydrophone
to hydrophone. The performance of the likelihood-ratio detector is
compared to that of an array with infinite clippers and a standard
detector.3 The assumptions and results are dsscribed in more detail

in Section TII,

Finally, in the third category, the camputation of random bearing
errors was considered, Appendices B, E, F, and I are studies in this
category, Appendix E contalns a fundamental study for detefmining the
pinimum varignce of the relative delay between signals generated by
two hydrophcnos, by using statistical estimation techniques, Since the
bearing of a single signal source in a medium is directly related to the
relative delay between signals generated by two transducers separated by
a known distance, this study essentially determines the lower bound for
random bearing error for the simple array due to processing techniques,
In Appendices F and I, the random be-ring errors dus to processing
techniques for particular types of sonar systems are evaluated, In
Avpendix G, the bearing uncertainty caused by the scattering effect of
a medium with a randomly varying refraction index is studied, The

agsumptions and results are described in more detail in Section IV,
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II, Optimal Detcct.ion of Sinusoids or Quasi-Periodic Signa’ 3 in Noise

In Appendix A, the detection of a sinusoidal signal of known
amplitude, but unknown frecquency and phase, in additive gaussian noise
is considered. P'ti.ddleton's)4 development of the likelihood-ratic
(hereafter LR) detector, using time-sampled functions, is closely
followed, Two cases for the distribution of the unknown frequency
are considereds (1) The frequency is equally likely to be one of m
different frequencies, (2) The frequency has a uniform probability
density function over a band @ rad/sec wide centered at @ rad/sec,

The LR formed by the optimum detector is

Cwa),

£(y/0)

¢(v) = 1)

where g is the desired signal vector, n is the noise vector, v =258 +n
is the receivod signal, and f(v/s) and f(v/o) are conditional
probability density functions., The operation <'%; indicates averaging
over the signal parameters of phase and frequency; The detection scheme
is essentially one of energy measurement, that is, an incoherent scheme,
gince <E>S = 0, The logarithm of the LR is used as the test statistic
bocause it is more ecasily intcrpretable.

The performance index defined in Eq. (2) is uscd to make appropriate
comparisons, ond has been usced previously.

2

R = [<10g 8(X)>S+N ] <1°g 8(1)>N2r (2)
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The index R is an output signal-to-noise ratio (hercafter SNR) for the

LR detector, The opcrations < >S oy and < >N indicate further averages

taken with signal and noise present, and with signal absent respectively,
In the scries ceipansion of log 3(2), if only the terms represonting

quadratic operations on v are retained for the LR detector, we have

log 8(2)'2’% ng v - % tr (K G) - % tr(K g)e (3)

where

G-x'Esn) K (n)

and X is the covariance matrix for the noise. The last two terms in
Eq, (3) represent bias terms ol the detector, This approximation is
justified in the literature on tho basis of small signal-to-nolse ratio,
For the situotion in which the noise is white and ideally band-
limited, and the unknown frequency 'ias the discrete distribution, the

variable term of Eq. (3) is

~ 2 V]
, n T T
= T }
%x'gx?’rjﬁ ] v(t, cos ai{t dt | + [v(t)sin mkt dt (5)
L | ‘é

vhere A i< the signal amplitude, N is the noisc power, T is tne
obscervation time, and 4 is the time interval dictated by the sampling
thoorem, From Eq. (5) the detector is scen to consist of a bank of m
corrclators and squarcrs (Figure 1, Appendix A),

Noxt, for the casc in which the statistics of the unknown frequency
arc given by uniform probability density function over a band € rad/sec

vide, the variable term in Eq. (3) is given by the quadratic form




n n
). Zvv stne (b, - t,) cos ayty = 8,)  (6)
i=1

rol
1<
1551
i<
Em!:>
n>

e . gin na
§ = 5= and sinc a = ~—=——
na

The output SHR is given by

y non | 5
R=%tr(}£§)2=£§z Zlisinc Q(ti—tj)cos coo(ti-tj)]

':——TS?QT (7)

if o > @, oT> 1, §T > 1, and N=NQ.

0 0 0

Finally, for the situation in which the nolse has a bandwidth equal
to that of the signal uncertainty, it is shown that the optimum detector

is a squarc-law device followed by an integrator. The SNR is

(8)

j [ dy sinc? (x - y)

Both the results of Egs, (8) and (7) are plotted in Fig. 2 of Appendix A,
The optimal narrow-band detection index is slightly greater than that for

tho wide-band case, bocause it is assumed thet the ideal prefilter




neceszary to process the wide-band nolse to a narrow-band noise has been
operating on the received si;fnal for an infinito time, not just in the

observation interval (0,T).

The previous results apply to the rocoived signal from a single
hydrophone, For an array of M hydrophones, the detection index is M2
timos tho above oxprossions., Expressions are also derived in Appendix A
for the case of non-white background noise, and a gonoral expression is
given for tho output signal-to-noise ratio for suboptimum incohdrent
dotectors,

The neglect of the higher-order terms in the cxpansion of log EQE)
is based on the assumption that low predotection SNR (A2/2N) makes the
higher-ordor terms negligible, This is the usual assumption made in the

ltorature, However, for certain classes of signals, namely the one

considerocd in Appendix A, long intogration or obsorvation time can make

the highor-order terms for the expansion of 1log &(z) become predominant,

oven though tho predetoction SNR is low.

In Appondix G, a study is carried out of the conditions under which
the higher-order teorms in the scrics for 1log 8(3) do not become
negligible, Threce different signal cases are considerod:

1) A gaussien random signal which has a fMat spectral density over

a band of wdth @ rad/scc.

2) A narrov-band gaussian random signal with bandwidth Qb rad/sec
and centor frequency W, rad/scc, In this casc W, is unknown
and has a uniform probability density function over tho band &
and Qb << @,

3) A sinusoid of constant amplitude, unknown frcquency and phase,

the rrequency having a uniform probability density functlon

g
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over the band Q. This is the case treated partially in
hLppondix A,
In cach .asc the noise is assumed gaussian and has a flat spectral density
over &, the 'band" of the signal
Since the noisc is white, and the signals described above are
incohcrent in the scnso that <-S->S = 0, the averaged LR and the test

statistic are found to be

! n
&(y) = exp( = z s, 2\ R SRR (L A 9)

and

n
2
log ¢(v) = - §-lﬂ- Z 312 + %’ «E'}_{-l}.’_)>

i=1
2

Iy <(£'£'1!)h> - § <<§'I£'1x)2>

¢ 0(s%) (10)

Equation (10) is exact for terms through O(_s_h).

In order to justify either using or neglecting higher-order terms for
the signal in Eq. (10), the change or deflcction in thesc terms must be
examined in going from the "noisc-only" condition to the "signal-plus-

noise" condition The total change or doflection is the numerator term

<log 5(v <log ov )> in Eq. (2). TFor cach of the threc signal

cascs, the following doflections (AE) are calculated:




: <(.8.'E”1z >2>

L

AE[O(_S_2 )] = AR

e [a(ghﬂ - 8 <(. Ky ’h> 3 <(-S--'5~11 )

and

i 6
AEl'largest term in O(gé)J = AEII:?}T <(f:' '_Iﬂ_l_Y,) >

(11)

(12)

(13)

The computations of the deflections, especially for higher-order

terms, are extremely complicated, The results of the computations are
2
summarized in Table 1, in which the predetection SNR, Ri e %ﬁ ’

constant amplitude
Unknown frequency
and phase

Erq) - r )
- 313 QI‘

Signal Description AE{O(;_Q?} AE[O(_S_h)] AE[largest 0(5_3_6)]
1. Random gaussian  |R.° OT R JT & qT

Bandwidth . *
2, Random gaussian

Bandwidth 2 Lifl 1 2. [1 3 .

. R, gr R, [35-72-)@) * ‘E?-Bb) @I‘)jl not. computed
b= <<l
3
- R QT

3. Sinusoid of

6
Lel@y

Table 1

Deflections of Series Terms for log Z(X)

e T

it RIS B #)
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From Table 1 it can be seen that only the random signal having

bandwidth Q satisfies the assumptions made in Appendix A.

A1l deflection

terms for this signal are proportiocnal to @T, and higher-order terms

depend on higher powers of Ri‘ Thus, for small Ri’ the approximation by

terms of the 0(52) is sufficient, The narrow-band gaussian signal with

uncertain center frequency has AE[?(ghi] increasing primarily as @T)2

and the same deflection for the steady sinusoidal signal increases as

(§T)3, Higher-order deflections increase with higher powers of ﬁT.
, b=.,1,and @T = 100 .

For a numerical example, lst Hi =cHlE

The numerical results from direct substitution into the expressions in

Table 1 are given in Table 2,

Signal Description AR [() (52 ):l A [O (gh)J AE[largest O(‘_si6 )]
3. Sizgigigdgf constant 1.0 66.6 3333
L

Table 2 Numerical Values for Deflections

B

=.1,b=.1, QT = 100

The numerical values chosen above are used because the output SNR for the

random signal of bandwidth @ has the same expression as that for AE{?(QQﬂ :

The table thus gives a rather marginal output SNR for detection purposes.

For the other signals, the deflections for higher-order terms are much

larger than that for AE[?(gz)} and therefore camnot be neglected,
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The latter tuo signal cases are nonergodic and if one were to construct
an efficient detector, the operations corresponding tc the higher-order
terms of Eq, (10) would have to be built into the detector. A consideration
of the higher-order terms for a signal whose center frequency is equally
likely to be any one of m different frequencies suggests a band-splitting
detector containing m filters, and nonlinear operation on the output of each
of the detectors, Such a technique is examined in Appendix H.

In Appendix H the optimum detector structure is determined for the
case in which the signal is assumed to be a sinusoid with known amplitude
and phase and unknown frequency, The frequency is assumed to take on any
one of m equal y likely values., The phase is assumed to be known in order
to koep the mathematical development relatively simple,

The averaged LR where one parameter is unknown and may take on only

discrete values can be expressed as

o(y) - zmpi swpliog 1, o) (1)
1=1

where w, are the possible frequencies, p; ore the respective probabilities
of occurrence, and L(v,w, ) are the LR's for particular values of frequency.
The decision scheme consiste of zamparing €(v) with a pre-set threshold k:
if ¢(v) < k, "no signal" is the decision; if &(v) >k , "signal present!
is the decision, The quantities log L(X:“ﬁ) in Eq, (1L) are considered

as coordinates of an m-dimensional space for the received signal v. The

boundary .

1= 1

divides this space into the "signal" and "no signal" regions.

ESSEEY
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The decision scheme is examincd in detail for the two-frequency cass,

The boundary between the decision regions is given by

log L{v,w,) = log {2k - exp [log L(_y_,ml)] (15)

The curves are shown in Appendix H, Figure 1, and are asymptotic to the
straight lines log L(}_r,ml) = log 2k and log L(Xs“’z) = log 2%k .
Conditional false-alarm and conditional false-~dismissal probabilities
are calcviated for the optimum detector and for a suboptimum de'tector

for which the decision boundary is

log L(v,w ) + log L(v,w,) = 2 log k -% (16) -
where T
1 [ .2 .
d = — t) dt 1
0

The quantity d is a detection index and may be considered the post-detection

SNR,
For large values of d, the boundary given by Eq, (15) may be replaced

by its straight line asymptotes, and the false~alarm and false-dismissal

probabilities are given by

[ i
a é’%— 1 - 4‘\/% +\/-}z—1., log 2k) % + %—@( ‘\/%‘+\/—1§‘ log 2k) (18)
~ 1 [d' 1 a1
A =-E l—ﬁ ’\}E--\-/—.;? log 2k) l+§(‘\/>-u +.\-/-;_|10g 2k) (19)

5

where §(x) is the normal probability integral.
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For the "sum-and-test" detector, defined by the decision boundary in

Eq. (16), @ and B are given by

a =

N

-
a1 o
1-0 '\/-8 ————leng (20)

[ — l
. a' 1y
;- LMBWMJ @)

O e

From Appendix H, Fig, L, the performance of the sum-and-test de£ector
becomes progressively poorer than the optimum detector as d becomes larger,
It should be noted that the optimum detector for large d becomes a band-
splitting detector by virtue of the separate-decision criteria, The sum-
and-test detector is derived by omitting higher-order terms in the series
expansion for log 8(1). Thus Fig. U shows the effect of this omission.
The optimum or band-splitting decision schemc and the sum-and-test
decision scheme are also examined and compared for the general or m-

The decision boundary surface for the

frequency case, whare py = % .

m-dimensional space is given by

Sl
[™1s

r ;
eXy llog L(y_,wi)} =k (22)
1

e
1

and that for the sub-optinmm “sum-and-test" scheme by

m
E: log L(x,ua) =mlog k -~ (m=1) g (23)
i=1
The comparison betweon the performance ol the two detecctors is
carried out by cvaluating L' e ratio of the output SliR's for both systems

for equal falsc-alarm and false-dismissal probabilitics. This gives the

= 5] o

Aot

TR s SuRpen g

(4}
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ratio of the observation times recessary to achieve identical detection

0
performance in each case, These results are given in Appendix H, Fig. 6,

=one ]

and are reproduced in Table 3, for a =8 = ,01,

A

Ratio of detection indices
or integration times

/ '

| .d_ll_m 1 ikt 11 72
§ opt :

” Number of signal 1 2 16 128

frequencies - m

RS

Table 3 Ratio of Detection Indices for "Sum-and-Tsst!
and "Band-Splitting" Detectors; a == ,01

It can be secn from Table 3 that the advantage of the band-splitting

technique becomes groater and greater as the number of possible

frequencies increases, Thus the penalty paid by neglecting higher-

order terms in the series expansion for log 8(!) can be quite large.
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III, Detection of Directional Gaussian Signals in Isotropic Noise

In Appendix C a suboptimum detecticn scheme for processing the
outputs of M hydrophones is ovaluated, Non-zero correlation of the noise
components of the hydrophone oitputs is assumed, The suboptimum scheme
cengists of summing the outputs, and then passing the resulting voltage
through an Lckart filter, squarer, and low-pass filter,

The index used to compare the performance of the suboptimum detector
to that for the LR detector is the output signal-to-noise ratic defined

in a manner similar to that feund in Bq. (2):

e (av. output with signal) - (av. output--noise only) _ A(av. output) (L)
standard deviation of output with noise only D(output )

The index defined in Eq, (24) is actually analogous to the square root of
that found in Eq, (2), The denominator is evaluated with noise only since
we are concerned with throshold detection problems,

For the optimum or LR detector, the index has bsen shown to be

e 1/2
12 [[5) 2
ot " (; - G(a))) dw (25)

where S(w) and N(w) ere the signal and tho noise spectral densities

respactively and G(w) is the array gain dofined by Bryn6 and 15 given by

G(wn) = Tr[P(n) Q'l(n)] (26)

In Eq. (26) P(n) and Q(n) are the normalized correlation matrices of
signal and noise respsctively. For the array stecrcd on target and no

correlation betueen the noilse outputs at sach hydrophone, we have

P atREwER SR L ] (e =R

Zom ot o)
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The optimum detector for the case of no cross-correlation for the noise
components is identical to the suboptimum detector described previously.
The purpose of the study is the evaluation of the eifects of cross-
correlation for the noise components of different hydrophones,

The detection index for the suboptimmum system having a gengral

filter with the response function H(jw) is found to be

[s2]

2
[S(w ln joo)| dos

(28)

172

M M
‘H Jw zJ E:
1 h=1

In Eq. (28), Gih(w) is the cross-spectral density for the noise components
of the ith and hth hydrophones respectively. TFor a spherically isotropic

noise field, where dih is thc distance betwcen hydrophones i and h,

sin umih
Gy (0) = W(w) ———= (29)
“Tin
and
dih

UM (20

The Eckart filter has the characteristic

e S(w)

l}l(jw)l = A IR
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If one assumes further that
S
5@) _ 7 92 %
- (31)
N{w) 0 lm| > W
k )
then Eq, (28) reduces tc
p\M2 g %
r. == M= (32)
- | 2n N[ A M1 2 |M*
5 sin &nro
1+ﬂ 5—' (M- ¢) do
Z:& 8am°
0
for a linear array with elements having equal spacing d and Ty = % .

The best linear filter function for maximizing r in Eq. (28) is,
however, not the Eckart filter, tut is found in Eq. (33) by means of the
calculus of variations.2

: (o)
|H(0)| - B e (33)
Z ZG1h<‘°)
i=1 h=l
For this situation, and utilizing the assumptions in Eqs. (29) and (31),
Eq. (28) reduces to
2 M-1 2 M
o 2 5 ° ’ (; sin bt
== Myl fregp, -0 da (34)
N ML ot
)
¢=1 0

Table 5 gives the results of a numerical evaluation of Egs. (25), (32)

and (34) for a five-element linear array with 2-fi., spacing. The

/i
results are normalized with respect to (Two/Zn)l’2 M (SA) .

SRR

S v, ———
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Upper cut-off
frequency 1 2 3 5 10 15
keps

dstsctor

1. ILikelihood ratio

|

. 3

detector Eq. (25) .75 | 1,05 | 1,05 | 1.04 | 1.00 | 1.00%

2. Power detector with
Eckart filter Eq, (32)| .., L7 .55 .6l .15 .81

3. Power detector with _
optimunm filter L9 .90 .99 j 1.0l | 1,00 | 1.00

Eq, (3L)

Table 5 Normalized Performance Indices
as Functions of Upper Cut.Off
Frequency for Thres Detectors

From Table 5 it is easily seen that the detector with the Eckart
filter is measurably inferior to the other two detector systems, even for
reasonably high cut-off frequencies, However, the index for the power
detector with the optimum prefilter approaches that for the LR detector
even for reasonably low cut-off frequencies,

It is suspected that any simple prefilter having high-pass
characteristics with a cut-off frequency in the vicinity of 1250 cps
would yield a system with a performance index closely approaching that
of the detector with the optimum prefilter, All the optimum prefilter
does is to attenuate the frequency band over which appreciable correlation
exists between the nolse components from dlfferent hydrophones. Most
sonar systems are designed with high-pass characterisvics, so it is
unlikely that significant improvement can te obtained by changing

present system design,
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For the study in Appendix D, it is assumed that the noise outputs of
different hydrophones are not correlated, and that the noise power outputs
from different hydrophones are not the same, Likelihood-ratio detection
is examined and the results are compared to those for a system using
infinite clippars, which has been examined previously.l’3

The detection index defined in Eq, (24) for the LR detector is
1/2

dw ' (35)

r

M w
o fle

|
In Eq, (35), S is the s.gnal power at each hydrophone, N, is the noise
power at the ith hydrophone, and gs(w) and gn(w) are the normalized

signal and noise spectral densities respectively., The result in Eq. (35)

is equal to that in Eq. (27) for a LR detector with input SNR

M
2. 1N S
S WA

i=1

at each hydrophons, However, as stated previously, the LR detector with
the same SNR &t each hydrophone and no noise correlation between
hydrophones is equivalent to a simple power detector precesded by an
Eckart filtor,

Thus the LR detector for the case of different noise powers at each
hydrophone is instrumented by a gain control following each hydrophone,
followed by the pouer detector with an Eckart prefilter, The gain
settings are such that the SNR after swmnation for the system with

difrerent noise powers at each hydrophone is equal to that for the system

e TR

M

AR

T
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with equal noise powers at each nydrophons. VHth the use of this

equivalence, the gain settings ki are found to be

il
ki = (36)

and the average pover at the output of each gain control varies as ﬁ%
i
(" << W) .

The comparison between the LR detector and the power detector with
infinite clippers following the hydrophones is accomplished by comparing
each to a power detector without clippers. A ratio of performance indices
is used for the comparison, The ratio of the performance index for the

LR detector with thu k, determined by Eq. (36) to that for a power

detector with an Eckart prefilter (lci = 1) is

Topt 1 -1
Fl = = ;F Z Ni Z (Ni ) (37 )
I‘unclipped i=1 i=1

From previous WOrk,3 the ratio of the SNR for a power detector wivh

infinite clippers following the hydrophones to that for a detector without

the clippers can be found to be

¥, - _riipped _ g MQ(MZ 7 Z Z (N )‘1/2 yN} (38)

I‘unclipped i=1 J=i+l

For a simple numerical computation, it is assumed that exactly pM

hydrophones take on a hagh noise value NH and (1 ~p)M hydrophones take on

a low noise value NI' This seems reasonable since the noise values are
J

determined by known patterns of flow noise., Other statistical descriptions

are considered in Appendix D, If b = NH/IIL , Eq, (37) reduces to

&
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Fo=p°+ (1-p) + p(1-p)(b + b) (39)

and for large M Bq, (38) becomes

5 .
F, = .89{}3(}3-1/2-1) + l] [p(b—l) t 1! (Lo)

J

Equations (39) and (LO) are evaluated in Table 6 for p = % , Which

y.elds the maximum value of F1 and close to the maxdmum value of F2.

N
B,y 1 3 10 | 100 {1000
i

ro t

L = i 1.25 | 3.02 25 ¢50

Tunclipped

Telipped

___—PR--=F2 89 111 | 2.1 13.6 1 118

I.7«1n<:11pped

Table 6 Ratios of Performance Indices
for Different Values of Noise

Power Ratio

The results in Table 6 represent extreme values of improvement for
systems in which the noilse powers are known to vary between two limits.

The improvement factor Fl for the LR detector as NH/NI~——>“> is only

2/.89 tines the improvement factor for the standard detector with

infinite clippers.

Since practical situations involve noise povers distributed inside

a relative range of usually no more than 100 to 1, uith most of the noise
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povers near the lower level, the advantage gained by using the
instrumentation to set ki would be significantly less than 2/.89 ,
Moreover, the pogssibilities of nonstationarity, coupled with the
complexity of cstimating Ni to drive automatic gain control circuits,

makes the simplicity of the infinite clipper attractive.

IV, Random Bearing Errors

Appendix E contains a baslc study for determining the rdnimum
variance in estimating the time delay 6 between the signal compbnents
of the outputs of two hydrophones. The total outputs for the hydrophones
are given by s(t) + nl(t) and s(t=-6) + nz(t) . It is assumed that
signal and noise are gaussian and ideally limited to a band W cps wide,
and the noise components are not correlated. Signal and noise are thus
completely described by 2IW samples for an observation time T.

The data available to the estimator are given by the row vector

2= y) (L)

where
X = (g, X X55.en, Xony) (L2)
= (ylx }’2, y3:---: YZTW) (,43)

and
X, =8 5 + = (Lk)
i oW 2
1k i

LR R (—?-l-q) (1)

A well Jmowm theoremf of statistical estimabion states thal the

bost estimate, ki, of normelized time delay, k, has a varlance given by
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- { ) )
E[(k*-k)2J > Ei{—?—- log P(_{;k):,) (L6)

where P(¢;k) is the probability density function for £, and is a function

of the parameter to be estimated, The density function is gaussian and has
UTW dimensions.
1 il -1
P(e5k) = 175 e LN Y (b7)
2TW :
(2n) M

In Eq. (L7), M is the covariance matrix for £.
The operations on P(£;k) described in Eq, (L6) are tedious and require

extensive matrix manipul cion, The result obtained for the case k = 0 1is

AECEE IR I - -t
E[(k*- k)J > 2WT == log (2WT— 1)~ 5772
2
25
(L8)
When the usual assumptions WI >> 1 and N§_ , Ni << 1 are made, the
1 2
expression in Eq, (48) may be simplified and translated to a bearing
uncertainty with the relation
2 c 1 2 2
==+ = E|K*-k
e[S A [oc >} (19)
Thus
(i.n, 2 1/2
R I 2 13 ~3/2 n-1/2
o > S Wl (50)
0- d S 8n2

If the minimun cstimation error given by Lg. (L0) is attairable, it

can be attained Ly a maximum likelihood estimator. For wwclimum likelihood

estimation,

jo
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2 10g P(¢sk) = 0
oK =

mist be solved for k as a function of . This is extremely difficult to
do, but a nearly equivalent technique is to s%eer the array physically

or eiectronically until 6 = 0 . Since conventional estimation techniques
producc the rinimum valus of % in Eq, (50), ervors invclved in this
steering technique are not investigated.

The effects of nonstationary signal ~'"rength and alsc delay errors
due to the medium are also discussed briefly in Appendix E,

Appendix B contahs an analysis of the bearing uncertainty due to
processing errors in a conventional split-beam sonar system. In this
system (Fig. 1, Appendix B) thc outputs of each set of M hydrophones
from a linear, equally spaced array of 2M hydrophones arc summed, and each
sum is fed into a linear filter, The frequency response functions of
these fi'ters are related in that there is 900 phase shift between the
response functions at all frequencies., The filtered sums are passed
through infinite clippers, the results are multiplied, and the product
averaged wi.th a low-pass filter, The signal and noise are gaussian, and
the noilse components from different transducers are uncorrelated,

The voltapes following the summing operation are given by

v, (t) - f T]{t ] (1-1er ¢ (t) (51)
i=]
M

v (t) = Z sl[t - (j+1-1—-171‘} + nmj(:) (52)
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where T is the aignal time delay between adjacent hydrophones, The
frequency response functions of the linear filters enjoy the simple

minimm phase relation
H, (jo) = jok Hy(je) (53)

where k 1s a proportionality constant,

The average output of the low-pass filter is

: a
R (0)
N (sh)

(0) ()172
0) R (0
%)

in which Rx ; B, and R are cross~ and autocorrelation functions for

Ap X

A
the output voltages of the filters described in Eq. (53).

arecsin

<
1l
=i

o~

o

For threshold signal conditions (%? << 1) Eq. (5L) reduces to

co
{2 0
[ml}lB(jw)l gs(m) sin wMT sinc 9—2-1?1—'1: de
S

= 284
yao- T N[ © 1727 © 1/2 (55)
f 10| g, 0) 0 f (50| g, (0 a0

in which gs(w) and gn(m) are normalized signal and noise spectral densities,
as defined previously. It is easy to see that ¥y =0 for T =20,

The bearing uncertainty is defined by

o=-§0 & (56)

where o, 1s the standard deviation for the ocutnut of the final low-pass

fNlter,

g
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Evaluation of tie terms in Eq, (56) yields
T o 1/2
iy (50)] 6,7 0) a0
0¥ .SNQE)" (ﬁxl/z = (57)
1@) g (w) do
-

Employing the calculus of variations, one finds the minimum bearing

uncertainty to be

. SRV
¢ [s\h, el [ 28 i
O'O £ s (-N—h ((AL) w e dw (58)
min M g, (©)
0 ]
for
2 g, (w)
|5 (30)| = e —3 (59)
B B Q(w)
&y
In Eqe. (57) and (58), @ is the noise bandwidth of the low-pass filter,
In obtaining Eq. (57), an approximation is made which causes the
result to be approximately 20 per cent lower than the actual answer due
to the infinmite clipping action. Also it is demonstrated in Appendix F
that the result in Eq. (58) holds for even more general {ilter response
functions, HA(jw) and HB(jm),
With the usc of the spsctral model8
2
- ar
-w ar 1 £
83(@) = € Gn(w) = = —5 (60)
W
142
w
[o}]
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it is found that the minimum bearing uncertainty is

-1 1/k
o . * %i ?g) (mL)l/2 (%] / (har)a/)‘L radians (61)
min Md \ N

For M =25, c = 5000 ft/sec , d=2 ft, @ =1 rad/sec , r = 10 kyd ,

- oM
o = 6X107 s TJ = 0.1, wehave o, = ,0LJ degrees .
min

Two compariscns are carried out between systems with suboptimum
filters and the system with the filters specified by Eqs. (59) and (53).
In one case, for the system with the bandpass filter function

W

30,000

(1+j~9— j

e

Hp(jo) = b (62)

1+

]
g
30,000 45,000 60,000

the ratio of the bearing uncertainty to thc minimum value is below 2
from ranges of 20 kyd to below 1 kyd, At 3,3 kyd the ratioc is 1.03.
This investigation shows that optimum filter characteristics need not
be met exactly 1f performance closely approaching the optimum is
desired., Thie investigation also supports to some extent the statement
in Section IIT concerning the approximation of the characteristic
required by Lq. (33).

Since the bearing crror calculated above is not particularly large,
it is highly possible that other sources, such as medium inhomogencities,
conbribute sipnificant amounts.

A comparison with the resulb in g, (50) for the maximum likelihood
estimater to also possible,  If we seb =1 0 o = % , gs(w)/gn(w) = 1

Wf < 2nll and wove elscvhere N0 o= - N Lhen Egs, (58) and

.1‘\)1‘
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(50) become identical., The bearing uncertainty for the split-bsam system
considered here is therefore about 20 per cent greater than that for the
maximum-likelihood estimator due to approximations involved in obtaining
Eq. (57). The approximations were made for mathematical expressions that
were genorated due to the infinite clipping action.

Appendix I contains a study cf the bearing orrors generated by the
processing techmdques of a PUFFS tracking sonar system, The basic
elements of a PUFIS system are shown in Fig, 1, Appendix I, aud consist
of two hydrophones, two DElay LIne TImo Compressors,9 a polarity
coincidence indicator and summer, a digital-to-analog converter, and a
nonlinear Tilter called a WOX-1A tracker, The analysis of the system
is carricd out in general terms, and reference to specific numbers, which
might characterize particular systems, is not omphasized, The operation
of tho system is described in detail in Appendix I, Section I.

The system operation is such that the output voltage of the
hydrophone amplifiers are infinitqu clipped and time~sampled. These
samples from both chammels are processed in such a way as to give a
real-time estimate ol t. ¢ cross-correlation function between the signals
gencrated by the hydrophones. The usual assumptions of gaussian input
signals and noise, and zero noisc correlation betueon channcls, arc made,
The input SHR is also assumed to bo small. The WOX-1A tracker detcrmines
the timc volue of the peak of the estimated cross-correlaticn function by
employving a gate circuit which makes use of arca subtraction and a
nonlinear error-correction technique,

The analysis centers on determining the expressions for (1) the

K-point correlation estimate generace . by the two DELTIC processors and
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the polarity coincidence indicator and swmer, (2) the expected gate
circuit output, (3) the variance cf the gate circuit output, and (L) the
variance of the tracker output., The bearing uncertainty is calculated
from a relation almost identical to Eq, (56). The bearing uncertainty
represented by the random output of the gate circuit can be directly
compared to resvlts obtained in Appendix F,

A number of general results for bearing uncertainty are obtained in

Appendix I, but the simplest to present in this summary are found in

Eqs. (63) and (6h),

1/2
L n_ N p-l/2 16 3 G
CIQi -é-\—/?d 5 K T (rf - E) iy 1,2,3,-.. (63)
2
G
-1 1/2
g ==t Sl Vo g i‘(’f) & -3 (6k)
no2yZ T L
G
T = 2,3,)4,--.

Equation (63) represents a lower bound on bearing uncertainty and Eq. (6L),

an upper bound for the following condition:

= lel se
g (@) =g (0) =g ° (65)
0 }wl > @,

Also u%T = n, T is the time between signal samples, K is the number of
signal samples in the observation period, and G is the width of the gate
circuit in Eqs. (63) and (6L), The results hold only for integer values

of % .

o
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In order to compare these results to those in Eg, (57), we let

’ . n n
HB{Jw) =1, O = and O = . Ve get
1/2
_ ¢ N ..-1/2
% =5 sk T (66)

The ratios of the results in Egs. (63) and (6L) to those in Eq, (66)

give
y 2
G
- ﬂ3 }-l(-T-) -1 (9 ?_1-)1/2
72 T _ T~
b ETE) s )T
a
% (67)
%
L 2 o 3|2
T (172 (T‘ ’E)

N

For % = 1 , for which the gate width is approximately equal to the process

correlation time, the ratio alove has an upper bound of 3 and a lower bound

1/2 a
for higher T e

of unity, The ratio increases approximately as (%‘
These results and others included in Appendix I indicate that it is
desirable to use a fairly large gate width G for high gain or sensitivity.
However, for gate widths larger than the process correlation time, the
sensitivity does not incrcase greatly, The results algo show that the
bearing uncertainty incrcases as gate width gets larger than the process
corrclation time, but remains relatively constant for gatec widths less
than the correlation time. Thus a gate width cqual to the correlation
time of the process provides good sensitivity and low bearing uncertainty,

This choice scens te have been used in the design of the present PUFEFS

systems,
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The cfiect of the WOX-1A tracker as a nonlinecar filter that increases
observation time and decreases random bearing error is also discussed,

In Appendix F, the evalvation of bearing errors due to scattering
in a medium with a fluctvating refractive index is accomplished for a
gplit-bean system identical to that described in Appendix B, Results
taken from work by Chernovlo are employed in the analysis,

In particular, Chernov assumes a single-frequency plane-wave
propagating through a medium in which the variance of the refractive
index is <p?>. For typical sonar reception conditions, the variance
of the phase and log amplitude of the received signal at one location

after traveling through the random medivm a distance of r feet are

respectively

)-8 4

In Eq. (68) a is the correlation distance for the spatial fluctuations of
the refractive index, Aliso the following nornalized cross-coriclation

function holds for the outputs of two hydrophones broadside to the

direction of propagation:

R G R,y = g (69)

wherc ¢ is the scparation of *he two hydrophones,

The bearing uncertainty for the split-beam array of 2M hydrophoncs

broadside to the dircction of propagation is

1/2
M M /

/2 /2
12/ 2 !
Og i (71 <H > 8-) (Md Z & (P"l Z R k+M"i)
i=1 p=1 =1 k=1
(70)
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where .a2 d2

Rigy=e © (71)

The bearing uncertainty is seen to satisfy the inequality

% /2 /2 -
K — < g, << f-2 72
102 ) © M)

If M=25, d=2ft, r=230,000ftorl0kyd, a=2ft,
<“2> = 5Xl0-9 » ‘then Eq, (70) gives o, = 2,8 X].O"u degrees,

This nunerical result is an extremely small bearing error, Quite

LR, Soeds by RS

possibly the assumed valuelo of <p2> is several orders of magnitude
toc small, because more fluctuation of signal power is experimentally

observed than that given by Eq. (68) with <p,2>= 5 X10-9 . It is also

- LR Taatmtrai

worth noting that the analysis holds for single-frequency signals, It

is sxpected that fluctuations for broadband random signals are even

#
oae g

smaller, Certainly more work needs to be done in this area,
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I. Introduction

Earlier reportsl’2 have dealt with the optimum detection of signals
which were assumed to be gaussian random processes. It is known, however,
that various signals with more or less coherent time structure are
scmetimes observed, Tuteur2 considered the detection of a gaussian signal
whose power is amplitude modulated by a low frequency sinusoid of known
amplitude, phase and frequency, This report considers the optimum
detection of certain baseband signals which are typically observed in
the frequency range near 100 c,p.s. There is reascn to believe that
these signals are periodic time functions with coherent phass structure,
but the frequencies are not known precisely.

For convenience in this analysis the signal is taken to be a steady
einusoid with known amplitude but unknown frequency and phase, Since in
practice the amplitude of such a signal would not be known precisely,
the results are to Yo considered as upper bounds on the performance of

the detection system,

Two general cases are considered, one in which the frequency of the

sinusoid is known to be one of a finite discrete set of frequencies, the
other in which the frequency is given by a flat, unimodal probability
donsity function (p.d.f.) over the and of frequency uncertainty,

II, Likelihood Ratio Detection of General Signals in Additive Gaussian Noise

The general theory of likelihood ratio (hereafter LR) detection of
signals in additive gaussian noise has been ovtlined by several authors.3’h
In this section we follow rather closely Middleton'sh development of the

form of the optirmm LR detector,
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Here and throughout this report we shall assume the following:

1) The desired signal is deterninistic, though its functional form
will in general include certain parameters the values of which are not
known except statistically, The stochastic parameters are assumed
independent,

2) The noisc is additive and gaussian with zero mean,

3) The signal and noise processes are independent,

The general technique for developing the form of the optimum detector
can be applied equally well for continuous signals or for discrete
(sampled) signals, However, in order to keep the derivation simple and
to obviate the necessity of discussing integral equations, we shall
treat the discrete case, The various time-sampled signal functions
and noise functions then take the forms of signal vectors and noise
vectors, The samples are assumed to be uniformly spaced in time, though
we do not make use of this assumption in this secfion.

The received signal vector is given by
y=s+n (1)
where 8 i1s the "desired signal" vector and n is the noise vector (horeafter

simply referred to as the received signal, the desired sign: 1 and the

noise ),

The optimum detcctor forms the LR
/s
S

——— (2)
£(v/0)

¢(v) =

t(v/s) and f(v/o) are conditional probability density functions (p.d.f.'3)

for the received signal given that the desired signal 1 precent and given

I
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no signal present, respectively, The averaging operation (: > indicates
S

a statistical averagec over the set S of signal parameters. Since the

noise is additive and gaussian with zero mean, we have

- Hv-8) K Hv-s)
£(v/s) = 1 o 202 (2)
- (2 )r\/2(dot K)n/2
and
&'kl
£(v/0) = : == = | (L)

)2 (dt )7 ®

whore X is the covariance matrix of the noise. From Eq, (2) we can write

1 11 pl I |
- 5(v-8) K™ (v-s) K
3(z)=(e 2= 2 !E/} eﬂ"x 5)
L'l el
A B EeEE x> ”
\ S

The LR thus calculated is compared tc a fixed threshold and if the threshcld
19 exceeded, the decision is made that the desired signal is present,

To derive the form of the optimum detector, we 1) expand the
exponential form in Eq, (6) in a power series, 2) perform the averaging

<' > term by term, and 3) expand ¢én £(v) in another power series, The
S

quantity ¢n Z(z), rather than ¢(v), is usually taken to be the test

statistic in a LR detector., One reason is that <¢n 6(2) is more readily

interpretable in terms of electronic correlation and filtering operations.

For the caso of low input signal-to-noise ratio, we shall be ablo to find

1 suitable approximation to the optimum detector by ncglecting certain

higher order terms in the signal,
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The aforementioned steps arc straightforward, and the following

g. pansion can easily be verified:

(K /(s '5"11)2> - (§'5'11)2§'§'13>J

+ 3 f<§_'£ *s 3'5'1x> <§'5'11> - <§'.*£'la> é'_ls‘l_wz}?J

' [’a’lﬁ ('™ )h> -5 (8 1z>3> (K™Y - § 49'5‘1*/)2 :
Ay,

+ o) (7)

whero < > implies < > throughout, Equation (7) is exact through
S

O(_Qh)° We note that if the structure of the desired signal 1s known

completely, the averaging opcration <’> over unknown signal parameters

is trivial, and each of the seven brackcted terms in Eq. (7) is

identically equal to zcro, Tn such a case the optimum detector would

perform the following opcration:

g
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o
in¢(v) = sk L . % s K s (8)

a result which can be verified from Eq, (&),

Noting that

5y, - (2)8' Ky (9

we can distingaish two different classcs of optimum detection:

1) If <_§_> # 0, the optimum detection process is considered to be
S .

"ecoheront," In such a case, Eq, (7) contains a term which is linear in Y.
In the threshold case of low input SNR, the principal contribution to

én &(v) is from the lincar torm and the higher order terms can be

nogloctod or replaced by appropriate average values, The optimum detection
operation is then approximately a cross-correlation of the receivod signal
with a replica of the desired signal,

2) If <§>S = 0, the optimum detection process is said to be

"incoherent," In such a case, the linear term in Eq, (7) disappears and
the principal contribution to én £(v) is from a second order torm
representing a square law operation on the received signal., As in case 1),
higher order terms in (EIK"IX)Q are either neglocted or roplaced by
appropriato average values, such average values being takon into the

bias in the threshold comparison,

III. LR Detection of a Sine Wave with Unknowvm Froquency and Phasc--

Discrete Frequency Distiribution

In this scction we shall consider the problem of dotecting, in the
presenco of additive gaussian noisc, a steady sine wave whosc ampiitude

is known but whose frecuency and phase are statistically described,
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{
III, 1. The Form of the Detector Eﬁ
Vle consider the desired signal, in continuous form, to be %
s(t) = A cos(wt - ) (10) g
In sampled form, '
s = A{cos(wt;i o ¢)} (11) é
€
The radian frequency « and the phase @ are unknown but their ?
probability distributions are known, Let us assume that the phase @ is
uniformly distributed from O to 2n, i,e., E
{
. 0 <f <2n
B oose |
p(#) =< (12)
0 elsewhere }
L
We shall assume that the frequency is equally likely to be one of m ]
different frequencies: .
1 I
P) =2 , 1=1,2, .yym (13) N

In deriving the form of the optimum detector, we are concerned with

two terms which represent linear and square law operations on the received

signal, respectively. They are:

(s'K"lv>S = <,§>; fly_ (1k)

(R B ] e

LSO

and

Nof -
//-\\
ico
=
i
—
1<
p
oN_~
1
N
(PR
I::l
H
feo
|t
1=
1
}._l
1<
\/
w

0 350

=310y as)




Scispiges] deaich SR JPERLS e

o = ) Dbt

where

ICDI

SNCEN Y (16)

We see then that the desired signal s enters into the detector operation

through the forms <§ > and <s §_£> . Averaging over phase first,
S S

oen

{a>¢= gl cos(aty - p) op

{o} (a7)

Thus tre optimum detection is "incoherent," Turning to the nonlinear term,

2n
2
<_§ _s_'% a %—{ cos(mt.i - B) cos(wtj ~ @) ag
0
2n 2n
2 2
- %; % cos[m(bi + tj) = ?ﬂﬂ ag + %i/r % cos co(ti - tj) dg
0 0
42 )
= ¢ 7= o3 m(ti 5 tj)} (18)
and, averaging over frequency,
, m
(s a'}yj {52 ) cos q(t; - b)) (19)
o k=1

In Eq. (7) the linear tevm and the third ordsr terms (in 8) disappear,
The most significant fourth order terms (in 8) are replaced by their

averages taken in the absence of desired signal, The detector operation

is then approximately
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tn 4(V>’=”%z”§x-%<§'§‘l_s_\
S
2 2 2
2 -1 1/ -1> -1 1 11
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(20)
We note that
<‘3’Khls> =/ >—js s Kt
-~ s \ =t
i S
o
- 7 -1
) Z ._J\SiSJ>S Klj
i
= tr (4 G) (21)
L.
sK v) vGv
= tr (K G) (22)
2\
- 3 _S.Ez =-g<<191)>
1/ e \
= vavv3iv
CEEL
- opte T -y (kD) (23)
Substituting Eqs. (21), (22) and (23) into Eq. (20), we obtain
| vy Lt (K0) -t KT (21)
in 5{EJ—§£_E~§-...I {_.i -E oAb
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The operation of the optimum detector for the case of a sine wave
with unknown frequency and unknoun phase is given by the incoherent form
- !
Eq. (2L), where G is given by Eq. (16) and <_s__§) by Eq. (19).
S

Ouvput Signal-to-Noise Ratio

Since we shall be concerned in this report with cases of incoherent
detection, we shall now derive an expression for a performance index
which we can use to make compari; . among various optimum and sub-optimum

detection schemes, A definition - € output signal-to-noise ratie which has

been used in earlier reports is

2
[<8n 8(X)>S+N- <£n 6(321]

<[8n 6(1)]2 - <8n z(x)>; (25)

For convenience, we shall use this definition here,

From Eq. (2L), above,

1 1 — 1 1O

¢ - Gv) ~2tr (KG) -+ tr (KG)

<m (X»&N 3 !_!2”\1 A e Thy S
=l<(s'+n,)5(s+n> -%tr(l{f}') %tr(KG)g

JAE T /s -7

- ftr (KT (26)
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2
(27)

Therefore,

<zn e(_xg%m - <én e(xz = % tr (K §)2 (28)

2
=gt (KO + 5 [tr ( g)z] (29)

Therefore,

<[£n “K{l} o <8n (v >; 3 %— tr (K @2 (30)

}R«%—tr(gé_) ’ (1)
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III., 2., Detection in White Noise

‘ A1)

f

If the background noise is white and wide-sense stationary, the

covariance matrix for the noise, K, is a iiiagonal matrix and is given by

K=NI (32)

where N is the noise power and I is the unit matrix, Therefore,

2mN

2 | B ‘
A |
- _.._2{ ;lcTs “k(ti = tj) | (33)

The operation on the received signal is tfxen

vivi sin %ti sin mktj

It is infcrmative to approximate the irmer summations by integrations:

T

|

2 n 2
/
v# co8 mkti) + k Z‘ vy sin Oicti)
i=1
| (3k)
2 T 2 |
v(t) cos mKt dt) +([v(t) sin uﬁ(t dt)

0

(35) -]
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where 4 is the time interval between uniformly spaced samples and T is the
observation time of the received signal,

Thus the optimum Jetector consists of a bank of m pairs of correlators
and squarers followed by an adder and a threshold device. These operations
are snown in Figure 1, The correlators in the detector, shown typically
in the dashed box in Fig. 1, can be implemented by matched filters;

It is cleer that if the uncertainty about the frequency of the sine
wave is enlarged to a greater and greater number of discrete frequencies,
we simply incorporate more and more pairs of correlators and squarers
into the detector, It is also clear from Eq, (35) that if the probabilities
of the m discrete frequencies are not uniform, the m terms in the
sunmation are simply weighted according to the probabil ties of the
various frequencies, In terms of the actual detector, the m inputs to
the adder are appropriately weighted.

ITI, 3. Detection in Non-White Noise

If the noise background is non-white, the covariance matrix K is

no longer diagonal, and the matrix E becomes in general

= I =
Gegt sy KT
S
2 B |
IS N N -1
= K = C“,COS oﬁ{(ti o tj) K
=
5 M
_ A =15 . q . ~1
= E: K™ ¢cos @t cos aktj + sin @ t, sin aktj K (36)
k=1
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The operation on the received signal then becomes

o M
1 - .
% vGys= %ﬁ 3’5 1 cos “kti cos thj 13
k=1
p M
A -l =1
+-LTm- vK {sinml(tisinaktj 1{_ v
k=1
5 m n n 2
2 A §: Ej v K'l cos @t
i VIR T %"
k=1 1i=1 j=1
2
Z (Z Z v, K75 sin wkt.) (37)
k=l i=1 j=1

IV, LR Detection of a Sine Wave with Unknown Frequency and Phase--

Continuous Frequency Distribution

A more general kind of uncertainty about the frequency of the sine

wave 1s one in which the unknown frequency has a p.d.f. over a range of
the spectrum, In this section we assume that the frequency is known only
to lie between certain upper and lower limits, For conveniencelwe shall
assume that the p.d.f. is flat and unimodal.

IV, 1. The Form of the Optimum Detector

As in sections III,1 through II1I,3, the desired sipral in continuous
form is taken to be

s{t) = A cos (at - @) (38)

and in sampled form,

3 =A {cos (ami = ﬁ)} (39)

The phase @ is assumed to be uniformly distributed over O, 2n and

the radian frequency ® to be uniformly distributed over & band @ rad/secc

wido centered a. w rad/sec, i,e.,
o
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o 0 =i/ <in
p(f) = ¢ (Lo)
0 elsaeuere
\
and
1 :.‘2 < o :R
[ “vT 2902 % |
p(w) = “11.)‘
0 elsevncre

As before [seo L. (172],

4 -f

and the optimum detector is termed "incoherent." The operstion on the

received signal is thus

'
il

1

= -1-. ' _l / [} ' i '"l » " ! \
TRl T (13)

N

; )
Carrying out the averaging <§'§Ug over B and w, we hove {irst % aoiy B,
(18)]

2 1
<_s‘ _3_2 = % cos w(t',i = 't',j)_} (L)

Averaging over o,
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e 4 f Q(t )
W !
g"’% - ¢ sine ..,_.w__,‘j__ cos @ (t -t.)
= ! n J
L
13 b £ by = by) cos a(t; - by) (45)
i whore 2
i w30 mx
ine X B e (L6)
K
=
B on (L7)

beration of the optimum detcctolr upon the received signal is therefore

»
&h

s & e -
Gy m & K 1!3inc @ (ti - tj) cos a)o(ti - tj) X 11 (L8)

(AR
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W, 2, Deteetion in White Nolno

Broadband Low-~Pass Whlt“ Wodse

Ve ahal) now consider a case In which the power density spectrum of

the neise 49 fliat with amplituds Nﬂ watts/rad/sec over the frequency
range O,W rad/ssc and cortains no power in frequencies greater than W, i.e.,

NoeWN (L9)

L
Uaing well-known results” of sampling analysis, we can assume that

cooodea of the noiso n(t) will be uncorrelated (and hence statistically

i endent, sinece the nolse is gaussian) if samples arc taken at time

anborials

1
b = (50)
2 X bandwidth in c.p,s.

A= L (51)




It is assumed that W is greater than the hignest possible signal
frequency, i,e., W > w g , and that WI >>1 , Under these
assumptions, all of the information in the received continuous signal
v(t), observed during the interval (0,T), will be contained in the
samples taken at intervals of % 5

For thec noise spectrum and sampling procedurc described, the

covariance matrix K is diagonal and Eq. (L8) becomes

2
1t A 1] q
52_(}_&—-’:1\1—,53 {smc@(ti = tj)co:, coo(ti -tj)} v
, B M
, AZZ ; t, - %) cos o (b, -t,) (52)
= EE? vyv, sinc b ( g - by) cos o (b -t :
i=1 j=1

The operation of the optimum detector upon the received signal is thus

given by the quadratic form Eg. (52), The output signal-to-noise ratio R,

from Eq. (31), is

— \_
u n n 2
A .
= E‘F z Z I:slnc E (ti - tj) cos a)o(ti = tj)] (53)
i=1 j=1
For purposes of computation, we obtain an approximation to R: for
w >> ¢ and @T >>1, 0052 w (t, - t,) can be replaced by its
0 0 o1 ]
1
average value, > B s and
A ok Y 2
R= = ;Z: } sinc § (t, -t,) (54)
16N° - o
i=1 j=1 -

et filntmen o - P
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Replacing the double summation in Eq, (5L) by a double integration we

cbtain a further approximation:

1 T
L 2
R’é’i‘&_,%Jdtjdosinceﬁ(t-o)
n J
0 0
T T
EF L
- . dx| dy sinc“(x ~ y) (55)

LN g |
SE o ¢

The output SNR, as given by Eq. (54), is plotted in Fig, 2 for
W =10 Q. As the noise bandwidth W becomes very mich larger than , the
summation in Eq, (53) converges to the integral in Eq. (55). Eq. (55)
can thus be regarded as the output SNR for the case of continuous filtering.
From the figure it can be seen that a suitable approximation to R

for reasonably long integration time, i.,e,, for §T >1, is

R=—-'g'-§§T (55a)

Rewriting Eq, (55a) slightly,

alh

R¥ iy (55b)
Bn No 9

In this form we see that R is proportional to obscrvation time T and
inverscly proportional to the bandwidth of signal frequency uncertainty R,

Idcally Filterced White Noise

If at the detector it is known with certainty that the frequency of
the dosired signal lies betwcen the strict limits o - g, o +3,
then prior to detection, the incording signal should bo filtered to remove

211 noisc powver outside those frequency limits, Ve shall now consider

1)
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such a case and shall assume that the filtering is ideal, so that the noise

w +

5 d
y O+ 5, an is zero

h F-e

spectral level after filtering is NO within -
elsewhere, Ve then have N = NO Q.

For such strictly bend-limited noise, we can cheosc a sampling
interval so that the samples of the aoise will be completely uncorrelated,

Sampling thcory dictates” tiiat such samples be taken at intervals L3

where Q = 2n § . In order that the noise be completely specificd by the
sample valucs, it is nccessary to sample both the noise waveform n(t) and
its Hilbert transform h(t), These sample values, taken ot the same
sampling instant, cre combincd into a "complex sample," n(ti) + 3 h(ti) .
Applying thesc idcas to the detection problem at hand, wo can simply
rcplace v in Eq, (52) by v + jn wherc u represents the sampled Hilbort
transform of v(t)., Tor §fP >> 1 , all of the information in tho roceived
signal v(t) will be contained in the complex samples v(ti) + 3 u(ti)

. 1 . . . g
taken at intervals —. The noisc covariance matrix is again diagonal.

Thus, rewriting Eq. (52) for tkc band-pass case,

'
S('-3u )8 (w3

, N
AN .
= £§§ }Jl }_}}(vtvj + uiuj) sine § (ti - tj) cos mo(ti - tj) (56)
i=1 J-1

wqurmw,r1=§T.

3 . . . .
For an excellent discussion of sampling analysis, sec Woodward,-
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Hewaver, we note thot

1 b = b

sinc@'(ti-tj) - (57)
0 (b, - t,) = k=
\ Lo ]

Therefore all tho cross-terms in Eq, (56) disappear, and we are left with

vz(iL) (59)

A REES I RE IR SNVRT (58)
i
Buts
5
i 2/1) o
=)+
&

and Eq. (58) can be rowritton as

v'Iv (60)

lcar

n
byTa-dy Oy
SEETW LM Tt
where n = 2 ﬁih The oxprossions in Eq, (60) are recognizod as discrote
forms of th~ oporations performed by a square~law dovice and integrator,
We conclude thon that the optimum detector for the casoc of white noiue

ideally filtered to tho band of signal froquency uncertainty is a square

law devico followed by an integrator,

Lubput SNR
To calculate the output SNR, wo shall consider the square-law devico

in its continuous form, i,e,, the detector output is taken to be vg(t) dt .

The derivation of R is straightforward, and the rosult is given herc, the

dotails boing left to Appondix A,
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However, we note thot

(1 ti = tj
sinc § (ti - tj) = (57)
0 (b - t,) = k=
X = 2 )
Therofore all tho cross-terms in Eq. (56) disappear, and we are left with
| ]
1,0, =y LAl 2. 2
g(l’.'JP.)Q\Y."JEI"&'gZ(Vi*ui) (58) !
3

9T 2%
LWL e

and Eq. (58) can be rowritton as

ol
1]

2 & 2
! A 2 A !
y = v, = vIv {(60)
Vi Z&? EL; i Z;Z L

whero n = 2 §'P. The oxpressions in Eq, (60) are recognizod as discrote
forms of the oporations porformed by a squarc~low device and integrator,
We conclude then that the optimum detector for the casoc of white noiso

ideally filiered to tho band of slgnal froquoncy uncertainty is a square

law dovico followed by an integrator,

Output SNR

To calculate the output SNR, we shall consider the square-law device

in its continuous form, i,e,, the detector output is takon to be grvz(t) dat .
The derivation of R 1s straightforward, and the result is given hero, the

details being left to Appondix A,
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b2
~ AT T (61)

pr g7
16 n2No‘ J{ dx J( dy sincz(x -y)
0 0

This is plotted in Fig, 2 as a function of §'r. It is seen from the
figure that the curve for R vs, §'T for this case of ideally filtered white
noise is identical in form to the corresponding curve for the case of
broadband white noise, except for a constant vertical displacement. This
result is misleading since it seems to indicate that one can impréve upon
the performance of the optimum detector derived for the broadband white
noise case simply by pre-filtering the noise to the band of signal
frequency uncertainty. However, this cannot be the case in view of the
known optimality of LR detection, The cause of this discrepancy lies in
the assumed nature of the ideal pre-filtering operation, In deriving
Eq. (61) it was assumed that the filter w.s operating in a steady-state
condition, i,e., that thc received signal was applied to the filter a
long time before the start of the observation period (0, T), ‘his,
however, is a false assumption, since the received signal is available
only during the period (0, T), An analysis which takes into account
the transient operation of the filter is rat .cr involved and is taken up
in Appendix B. The output SNR for such @ short-term filtcr followed by
a squarer and integrator is derived but 1s not easily evaluable. liowever,
it can be shown that for large and small valucs of §’P regpectively, the
SNR behaves as does R for the original case of optimum detection in
broadband white noise.

It is thereforc conjectured that the optimum procedure for the

dotection of a steady sine wave of unknown frequency in a background of
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white noise consists of a filtering of the received signal to the band
of signal frequency uncertainty followed by squaring and integration,

V., Comparison with the Optimal Detection of a Gaussian Signal

It is of interest to compare the results obtained thus far with the

case of optimal detection of a gaussian random signal in a background of
gaussian noise, The question to be answered is whether or not a periodic
signal with unknown frequency is more detectable than a gaussian random

signal of the same average power having a power spectral density over

the sams band of uncertainty. The results of Tuteur2 are applicable

in this case,

Adapting Tuteur's Eq, (13) we find that the operation to be performed

by the LR detector to detect a gaussian signal in gaussian noise is

5'1v + Bias terms (62)

-
o ov) =5 K

iz’

where P is the covariance matrix of the signal. If the power spectral

A Q
density of the signal is flat over the frequency band (wo - g ) @ t s )
2
with total average power %— , then
A -
P =¢ 7 sinc § (ti = tj) cos coo(ti o tj) (63)
!
But this is seen to be identical to the matrix <s_ 5) derived in
S
Section IV,1, Therefore
| . =) | - ! -
L v K 1P K v = & v K 1 ] bl> K 1v
2 == == = 2 — - it/ Sl
' (6L))

2

O
1<
1ot
i<




Thus the optimum detector for the case of a gaussian signal with a
flat spectral density over a given frequency band is identical to the
detector derived in Section IV.1 for the case of a sine wave whose
frequency has a flut p.d.f. over the same band. The same gaussian noise
background is assumed in e ch case, The output SNR, R, is also the
same in the two cases [See Tuteur, Eq, (205]. We therefore concluds
that if the desired signal is known only to 1ie between certain upper
and lower frequency limits, there is no advantage to be gained from
knowledge that the signal is periodic rather than random and gaussian,
In eitber case, the optimum detector consists of a filter matched to

the signal band followed by a syuarer and integrator

VI. Detection with a Hydrophone Array

We have up to thls point considered signal processing with a single
hydrophone. Let us now assume that an array of M hydrophones is used
to detect the desired signal in a three-dimensional i:sotropic gaussian
noise field, For such a noise background, it can be shoWn6 that the cros
correlation function for noise ocutpuvs from two separated hydrophones is

given by T+’CS
1 ! |
R{T,T‘i}ﬂ-l—f R(t)dz
ETS
TT;

4
where 1T = —
5 e

(I
between the two hydrophones when the speed of sound in water is ¢, R (<
is the a.c.f. {or th noilse arriving at any one hydrophone. W2 note that

. ! !
Eq. (65) simply represents the average value of R (T ) over an interval

'ZTS wide centered at v,

A-22

Se

(65)

is the time required for a signal to travel the spacing, d,

)
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The verious signal and noise vectors v, 8 and n are now taken to be
t -
nXM-dimensional vectors and the matrices K, \is_ 3 > , G and I ave taken
S

to be nXM-dimensional matrices. It will be assumed that the array is

'> will consist of an

being steered "on target" so that the matrix <§_§
3

MXM matrix of identical nXn submatrices,

Broadbaqg White Noise Background--Hydrophone Array

If the noise background is white with finite power and essentially

infinite bandwidth, it can easily be shown that the noise covariance

matrix K 1s diagonal., Assuming the desired signal to be es described

in Section IV, i,e,, a steady sine wave whose phase and frequency are

described by p.d.f.'s, the matrix <_s_ _s_'> 1s an MXM matrix of nXn
S

submatrices, each identical to the form in Eq. (L45), derived for the

case of a single hydrophone, The n)M matrix § for the array case is

given by

g=3 ; 66)
& Ezéﬂ% (

and is itself a matrix of identical submatrices.

Thus it can easily be verified that the optimum detector sums the
signals picked up at the M hydrophones, and performs the quadratic
operation z'g v where v is now the output of the summer and g is
identical to the form originally derived in Section IV.2 for the single

nydrophone case, We have previously conjectured that the continuous
Y
form of the operation v G v consists of a filtering to the signal

band (mo - g A + g ) followed by squaring and integrating,

The nX M matrix ¥ G is

(Y]]
tt
=z
T
tw

[

~

O~

g
-




It can readily be verified that for the arrey case
T

T
L
2tr (5 h_N“ig.s?fdx[ dy sinc?(x ~ y) (68)
° 1 o

In other words, for the case of broadband white noise, the output
signal-to-noise ratio with the array of M hydrophones is M2 times that
with a single hydrophone [énupare with Eq, (55)].

Note on the Threshold Analysis

In obtaining the form of the optimum detection operation from Eq, (7),
for the case of a single hydrophone, we assumed that threshold conditions
prevailad, 1.e., the input SNR was low and higher order terms in the SNR
could be neglected, In terms of the specific problems treated this

implied for the single hydrophone case

A2
<< 1 (69)

It should be noted that for the M-array case, the equivalent

oondition 1s that

MAC << 1 (70)

VII, Outnut SNR with a Sub-optimum Incoherent Detector

One may wish to conpare the performance of the optimum incoherent
detector with some sub-optimum detector, For that purpose we next shall
derive a compact expression for the output SNR, R, of a general incoherent

detector which forms the test statistic

i(w) =y Fy (71)
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The matrix F is an nXn matrix in the single hydrophone case, which we
shall consider first, The quentity .Y‘E v can be thought of (in
continuous form) as the squared output of a filter which is not necessarily
time~invariant, subsequently integrated over the observation time of the
received signal. The interpretation of F can be made as follows:

Let the discrete form of the filter weighting function be an nXn
matrix H, and let the output of the filter be the vector Y=H v .*

1
The squared and summer filter output is then v H'H v , Thus, letting

L !
yHEY = vEv (72)

we haove

F = HH (i3)

Now the output SNR is to be found, The calculations of the required
averages are similar to those in deriving Eqs. (26), (27) and (29). The

following can easily be shown:

<d(y')S+N = tr <§ _q'%_F_) +tr (KF) (74)
@Q%=tr@g) (75)

112
<fd(y_)J/% = 2tr (KF)° + tr° (K F) (76)

Thus, from Eg. (25),

R = — (17)
2 tr (K E)z

"More explicitly, Yi = L,Hijvj . If the filter is to bc realizable,
3
Lhen Y.1 =0 for 1 <j, for any v. This is assured if Hij =0 fer 1 <3,

tius H is "lower diaponal" in such a case,
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Let us now use Eq, (77) to calculate the output SNR for the case
considered earlier, i,e,, the case of a steady sinusoid whose frequency
lies somewhere in a band @ rad/sec wide centered at @, Let us assume
the noise is white and strictly cut-off at W rad/sec, In such a case,

Qé_gt} is given by Eq, (L5) as before. Here F simply represents the
4 2

square-and-add operation and so

Fe=1 (78)
Since the noise is white,
K = NI (79)
Thus, from Eq. (77) we have

L L

nA A
R=—5 = ——sWl (80)

81 Bnl

where n = vt . It is clear of course that the result Ea, (80) does not
i

depend in any way upon the uncertainty about signal frequency, However,
Eq, (80) can be rewritten in a more interesting form:

R = m—,—?"‘h (9)§T W> g @)

¥ s > 2
IN “° \W
0

This is seen to be identical to Eq, (55a) except for the factor % . Thus

we can summarize:

If the background noise is white over & band (C, W) , the optimum LR
detector consists of a filter matched to the band of signal frequency
uncertainty ®, where W > @ , followed by a squarer and an integrator.
If, however, tlie received signal is not filtered before detection but is
simply squared and integrated, the output SNR derived for the cptinum

detector must be multiplied by the factor % .
¥
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VIII, OSub-optimum Detection--Hydrophone Array

i<

If an M-hydrophone array is used, the operation equivalent to X'E
in Eq. (71) consists of summing the outputs from the M hydrophones and
then using the summer output in the quadratic form E’_B: v.

If the background noise is broadband white, and the array is steered

on target, it can easily be verified that the output SNR is

I B s Ak
LN 2 SZ2

0

1eab {3 ) o .

I¥. Conclusions

There is evidence that the low frecuency portion of received signal
spectrum contains certain coherent signals which may be used as a basis

for detection, It had been hoped that advantage could be taken of the

periodic nature of these signals to perform some form of coherent

detection and thereby enhance signal detectability, However, the lack

of precise knowledge about the frequency of the periodicity is a stumbling

block, If the frecvency is known only to lie within certain upper and

lower 1limits, then the optimum detection procedure is an iucoherent one,

i,e., an energy measurement of the received signal, Coherent detection
is, generally speaking, cross-correlation with a replica of the desired

signal, However, effective cross-correlation requires at least a

knowledge of the frequency or fundamental frequency of the signal, This
in a nutshell is why the optimum detection scheme for the case we have
considered is not a coherent scheme,

A comparison of the case of a sinusoidal signal of unknown frequency

and phase with the case of a gaussian random signal shows that in either

case the optimum LR detector has the same form, i,e., a purely incoherent
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detector, This indicates that a periodic signal of unknown frequency is no
more deteotable than & gaussian random signal of the same -power confined ‘to
the same freouency band. This is a surprising result, but onc which follows
quite clearly from a straightforward application of the general theory of
optimal (minimum average risk) detection as outlined by Middleton,

Even though the unknown signal frequency may have a value anywhere in
a given region of uncertainty, it seems intuitively that one should be able
to make use of the fact that in the observation interval at hand, the signal
frequency takes on but one of its possible values for the entire interval,
With this idea in mind, a detection scheme has been considered in which the
overall band of signal frequency uncertainty is split up into a number of
sub-bands. The SNE is thus enhanced in one -ub-band, that which contains
the signal, Each of the sub-bands is then processed by means of an incoherent
threshold detector and a final decision is made on the basis of the outputs
of thé sub-band detectors, Preliminary results indicate that this scheme
wculd perform better than the "optimum" detector derived in this report.
Presumably, the same improvement would be exhibitéd if the signal were not
a pure sinusoid but & narrow-band signal whose cente: frequency was not
known exactly. Ir such a case the width of each sub-band would be chosen
approximately equal to the width of the narrow-band signal,

This result brings up scme serious questions regarding the supposed
optimality of LR detection, since this arbitrary band-spiitting operation
ia not dictated by the results of the general optimum detection analysis.
Therefore the general detection problem, as analyzed from the Bayes'!
risk point of view, is presently being re-examined., This investigation,
as well as the analysis of the band-splitting scheme, will be subjects

of later reports,

e 0
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Appendix A

Square Law Detector I--Idsal Filtering

band-gass filipr squarer integrator
v |
T
v(t) [ _ x(t) y(t) j
0 @ X 0
- I

Figure A-1 Square Law Detector

The detector output, i.e,, the test statistic to be used in the

threshold comparison, is
&= xz(t) dt

where

x(t) = v(t) h(t - ¢) dt
00
and h(T) is the weighting function for a rcctangular filter matched tc
the band of signal fregquency uncertainty, The (-») value of the lower
1limlt in Eq, (A-2) implies that the filter is operating in a "steady-

state" condition, The background noisa contained in v(t) is assumed to

be flat over a broad band,

The output SNR will be taken as normalized deflection-squared, as

before., The nccessary averages are calculated as follows:

//HF
ol re + L e
at | “(t) + 2 s(t) nF(t) Ng (ti] »

where nF(t) is the noise at the output of the filter.
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(A-1)

(a-2)

(A-3)
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@ - fdt do g (t) np' )
[j <(t)nF(o>
f[dow o2 - o

: N02$a2T2 + 2] dt [ do RFz(t - ) (A-5)
0 0

et

where RF(T) is the a.c.f, for nF(t).

Thus,
(4-6)

A p2
iy T
2 |
8 | dt | do Ry (t - o) _
: . ! K .
For the rectangular filter with flat response over (wo -, 0t 5) ,

HF(t = Gl 2 NOR sinc § (t - o) cos wo(t - 0) (A-7)

By




A-31 @]
i

Thus in this case

o

2 R = Ah Tz
& T
22 [ 2 7 2
: CR ‘/ dt | do sine” § (t - o) cos® @ (t - o)
L o
b 2
. A% T
- T (A’B)
b,Nzgefdtf do stnc® § (¢ - o)
0
0o 0
‘ or,
{ =~
R ¥ 82 (4-9)

| T
16 HEH: dx [ﬂ}r HinnE{x -7)

0
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Square Law Detector II--Short-Term Filtering

In this Appendix vie assume that the pre-detection filter cannot operate
on the infinite past history of the received signal v(t) as was assumed in
the previovs Appendix ,:See Eq. (A-2 )} . Instead, the filter is allowed to
weight cnly as moch of v(1) as is available at any time in the observation

interval (0 <t <T) . With this restriction, x(t) now takes the form

t
x(t) =[ v(t) h(t - 1) dt (B-1)
0
Again,
T .
z =[ xe(t) dat (B-2)
0
Now,
T T ot
z =[dt /dfc v(t) h(t - ) ]dc v(o) h(t - o)
0 0 JL0
T t t
=[dt[d1fdo v(t) v(o) h(t - ) h(t ~ o) (B-3)
0 0 0

The output SNR R is required. We obtain the appropriate averages

as follows:
T t 1,

<22 = (dt[dr [s('c) + n(r)} hit -1) | do {s(o) + n(o] h(t - o)

+N S+N
0 0
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SO

[t %
] dt d do (s(t h(t - h(t ~
[ fxfo(s()s@s( ™) h(t - o)
0 0

t t
+[d’r [do R(¢ - o) h{t - T) h(t - o)
0 0

T t v

]

i
<z% =[dt[d¢[do R(t - o) h(t - 7) h(t - o)
BT

Thus,

T ¢t %

<zg - =[dt[dfr/do é('r) s(o)g h(t - ©) h(t - o)
+N

o0 0 0

Lotting

é(’r) s(c)g = R (7 - o)

Wwe can write

T t t
<Z%+N - <zﬁ =[dt[dr[dc RS(T- o) h(x) h(o)
0 0 0

Calculating the variance of z given that only noise is present,

/fg ¢ b
<22> = j[ dt /d’r v(t) hit - T)[dc v(o) h(t - o)

N
\\<3 0 0

S 3

T
'[ds "[dn v(n) h(s - n)[dE v(E) h(s - E)

0 l 0 0
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(B-k)

(B-5)

(B-6)

(B~7)

(B-8)




A-3l

fT T it t 3 S
= j dt[ds[df[do[dﬂ [dE é(f) v(o) V(n)V(E>
J N

o 0o 0 0o o 0

* h(t - ) h(t ~ o) h(s - n) h(s - &) (B-9)
If the noise before filtering is white,

) vy =m0l - ) (-10)

If the noise is also gaussian,

T T L 5
<zQ> = n2N02 [dt[da [d’t h2(t - 1) /dn h2(s -n)
N
0 0 0 0
+fd'rh(t-'r)h(s -’r)fdoh(t - o) h(s -~ a)
0 0
t t
+[dfr h(t - t) h(s -’r)[doh(t - ) his -o)‘(»
0 0 J
T t P " 2
= nN° [dt [dr SRR I [d'r h(t - T) h(s - 7)
0 0 0

(B-11)
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List of Symbols

= yelocity of sound in water

distance between two hydrophones

(o9
]

d(v) = test statistic in sub-optimum detection

6(x) = Dirac delta function

A = sampling interval

F = coefficient matrix of sub-optimum quadratic form

f(v/o) = conditional probability density of v with no signal present
f(v/s) = conditional probability density of v with signal present

§ = bandwidth of signal frequen~y uncertainty in cps

g

phase of desired signal

U

coefficient matrix of optimum quadratic form

1ot
1

H = filter weighting matrix

i

h(t) = filter weighting function

h(ti) = sample of Hilbert transform of n(t)

i}

identity matrix

I

noise covariance matrix

=S
n

K;i = glement of inverse covariance matrix
¢(v) = likelihood ratio
M = numbcr of hydrophones in an array

number of possible discrete signal fre¢ uncies

it

m

N = noise power

1

N_ = noisc spectrum level in watts/rps
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A=37

n = number of time samples

Ll

il

n = noise vector

13!

n(t) = ncise signel in continuous form

S hifak
£

nF(t) = noise signal after filtering

SRS

0(x) = "at most on the order of x" .

P(xi) = probability function

p(x) = probability density function

iRl

R = output signal-to-noise ratio
1,1
R (7 ) = autocorrelation function of noise at a hydrophone

R(t,t_) = cross-correlation function for noise signals at
two different hydrophones

L Bl P —

RF(T) = a.c.f, of noise after filtering
S = set of unknown signal parameters
§ = desired signal vector

!
8 = transpose of vector s

s(t) = desired signal in continuous form

T = obscrvation time of received signal

By E time delay betwcen two hydrophones

s

u = sampled Hilbert transform of v(t)

v = received signal vector
v(t) = received signal in continuous form
{ W = noise bandwidth in rps

x(t) = received waveform after filtering

n

2 Q = bandwidth of signal frequency uncertainty in rps

signal frcquency

w
w = center of band of signal frequency uncertainty
Y = filter output in sub-optimum detection

y(t) = received waveform after squarer

z = integrator output
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det, g = determinant of matrix g

<’> = statistical average, conditioned on presence of noise cnly
N
\

> = statistical average, conditioned on presence of toth signal
S+N  and noise

tr A = trace of matrix ﬁ

L)

Abbreviations

a,c,f, = autocorrelation function
LR = likelihood ratio
p.d,f, = probability density function

SNR = signal-to-noise ratio
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I, Introduetion

The determination of the bearing of a plane-wave random signal in a
background of isotropic random noise, by means of so-called "split-beam!
systems of transducers, has been popular because a null output is
obtained when the transducers are steered "on target," Such systems
are of great value in automatic tracking applications,

However, the random fluctuation of the output of such systems
causes uncertainty in the determination of the bearing of signal source,
It i1s the purpose of this report to determine general mathematical
relations for the computation of the bearing uncertainty, and from
these relations to determine system parameters which optimize or
minimize the bearing uncertainty,

The problem of determining bearing uncertainty has been treated
in Reference 1, but the analysis is somewhat restricted in that the
system is not quite as general as the one considered here, The problem
of minimizing bearing uncertainty has rot been treated previously, btut
the analysis is parallel tc that done by Eckart in Reference 2, There

also seems to be an error in Reference 1 in the analysis concerning

milti-element arrays,

II. Definitions and Assumptions

The system to be analyzed is showm in Fig, 1. The outputs of each

set of M transducers from an array of 2} transducers are summed and
pach sum i3 then fed into a linear filte., The frequency response

functions of the filters sre related in that there i3 a 90o phase shift

between the response functions at all frequencies, The filtered sums

B-1




B~2

Phase-Shift
Infinite ; - Low-Pass
Summers  Networks Clippers Multipller M1ter

M+1 (O

M+2 0O

Sl(t) + nl(t) and Filters

1 0O \

\

2(t + 0, (t)
2 0O

*

M(t) + nM(t)

Syp1 (B) + g (8)

SM+2(t) ¥ nM+2(t)

. L

' By (30)

.

SZM(t) + nEM(t)

M O

Fig. 1 Typical Split-Beam System

are then passed through infinite clippers, the results are multiplied and
the product is averaged by means of a low-pass filter. The average output
of the low-pass filter as the array is steered gives the bearing response
pattern for the system,

Following are the major assumptions inherent in the analysis:

1) The transducers in 'he array have omnidirectional characteristics,

2) The array of 2M transducers is a linear array, with equel spacing
between transducers,

3) The signal in the medium is a plane wave,

i) The noise 1s isotropic in the medium and the cross-correlation

between the noise components of the outputs of different transducers is

assumed to be zero,

o

-

~i

o,
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5) The sigral and noiso are Gaussian and stationary, and signal and
noise are independent,

6) The spectral density of the signal need not be the same as that
for the noise at the output of any transducer.

ITI, Bearing Response Pattern

Since the signal 1s a plane wave, the array is linear with equal
spacing between transducers, and the transducers are omnidirectlonal,
the relation in Eq., (1) holds for the sign: component from the i

transducer,

s, () = sl[t -4 - m} (1)

The time T is the spatial time delay of the signal between adjacent
transducers, When T = O , the bearing of the signal is perpendicular
to the line of the array.
The outputs o. the summing amplifi .rs in Fig, 1 are given by
M (

vA(t)uz (8]t - (1 -1)T:l+ni(t) (2)
=1 °©
M

"B(”"Z <slt-(k+M-1)1] *“Mm(t)l (3)
kel | © )

The autocorrelation function of vA(t) and vB(t) may be expressed
in terms of the autocorrelation functions of the signal and noise at any

transducer by means of the following relations,
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M Y
R (1) = ; E {Sl[t' (i-l)T] +n.l(t) {sl[t - (¢-1) +'r]+ ng(t + 7) 11

ins[m (i - z)-r-] + R (7)
2=1

S v

i=1
M M
=5 Z Zps['f-f' (i - 45)'1‘] + UNp (T) (1) E
i=1 &=1
RVB(’L') = RVA(T) (5)

In Eq. (L4) S and N are the signal and noise powers at each transducer

respectively, and Py and P, are the corresponding normalized autocorrelation

furstions, ,
l

The spectral densities of vy and vy are the Fourier transforms of

the corresponding autocorrelation functions.® In Eq, (6) g 'w) and r;n(m) g

are the normalized spectral density functions for signal and for noise

"

respectivily at every transducer,

*The transform pair given below will oe used for relati i1g spectral
densities and correlation functions throughout this report.

- |

3(w) = A [R(T) e g
2n j é

R(t) = A/(G(m) CJMT dw
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0,075 ), V5 | pyfee it - o) s
=1 421 4
+ MN gl—- fpn('r) ™39 4t

MM ,

-8 z ng(w) Jol=4T |y g, () (6)
i=l 4=l

G, (0) =G, (o) (7)

The filter frequency response functions are related in that there is a
90° phase difference between their phase angle at every frequency, Since
simple filter realizations are desirable, for the initial analysis it is

assumed that

H, (ju) = Jukc Hy(ge) (8)

where k is an arbitrary proportionality constant,
The spectral densities of the outputs of the filters are found in

Eqs, (9) and (10),

2
G, (o (9)

2 2
GXA(co) a2 Wk ’HB(jw)

2
Hy(Jo) G, () (10)

G. () =

*B

The development 3a Eqs. (1) through (10) is preliminary in
determining tne bearing response, which is the average value of the
output of the multiplier, y. The value of y is dependent on the time

delay T, and has been found to be1




R . (©)
JLA-
(12)

2,
R (0) R, (O
XA _\B }

"

The quantity R (0) is the c¢ross-correlation funciion of X, (t) and xB(t)
A
at 7t =0, The cross-correlation may be evaluated by first writing the

convolution integrels which yield xA(t) and xB(t)

M [e3e]
xA(t) a z jf{sl[t S (SRS a] + ni(’o - a)} hA(a) da (12)
i= .

Mo
xB(t) = ;l [{sl[’o - (k+M-1)T - {3] + nM+k<t - ﬁ)} hp(ﬁ) dp (13)

In Eqs, (12) and (13) hA(a) and hB(B) are the welghting functions of the
filters with frequency response functions HA( jw) and HB(jw) respectively,

The cross-correlation at v = 0 1s defined by

RXAXB(O) = E[ (t) xB(t] (1k)

Since there is no correlation between the nolse outputs of different

transducers, the noise terms disappear when Eqs, (12) and (13) are

substituted into Eo, (1L). Thue

/[ t-(i-l)’l‘-a}s[‘o-(k+M«-l)’I‘-f3] X

hy(a) Py() da a3

M

M
o7 L L

1 k=1

MoK F
“SZ Z f ] pslra-ﬁ-(k-iﬁlﬂ'} 'nA(a)hB(ﬁ)da g (15)
e c)
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The matrix F is an nXn matrix in the single hydrophone case, which we
shall congider first, The quantity _\_r'_I_*‘_ v can be thought of (in

continuous form) as the squared output of a filter which is not necessarily
time-invariant, subsequently integrated over the observation time of the
received signal. The interpretation of F can be made as follows:

Let the discrete form of the filter weighting function be an nXn
#*

matrix H, 2nd let the output of the filter be the vector Y = H

i<

't
The squared and summer filter output is then v HH v . Thus, letting

ffﬁx= sz (72)

we have

F = HH (73)

Now the output SNR is to be found, The calculations of the required
averages are similar to those in aeriving Eqs. (26), (27) and (29). The

following can easily be shown:

<d(y_)S+N = tp <§ _:_5_>S§“) +tr (KF) (74)
<d(y_)g =tr (K F) (75)
\/[d<z>];> = 2tr (KF)P + tr° (KF) (76)
\ [

Thus, from Eq. (25),

2
[tr 55 _F]
= </ '% ) (77)

2 tr (k 1)

PERSUE—

"More explicitly, Y, = ZHijvj . If the filter is to be realizable,
J
Lhen Yi 0 for 1 < j, for any v. This is assured if Hij =0 “ar 1 <3,

tnus H is "lower disgonal” in such a case,
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Let us now use Eq, (77) to calculate the output SNR for the case
considered earlier, i.e., the case of a steady sinusoid whese frequency
lies somewhere in a band Q rad/sec wide centered at @, Lot us ~ssume
the noise is white and strictly cut-off at W rad/sec, In such a case,

é _s_'> is given by Eq, (L5) as before, Here F simply represents the
S

square-and-add operation and so

Fe=1 (78)
Since the noise is white,
K = NI (79)
Thus, from Eq. (77) we have
L L
R=£A? g ___?A Wr (80)
8l 8nlN
where n = LS . It is clear of course that the result Eq, (80) does not
n

depend in any way upon the uncertainty about signal frequency. However,
Eq, (80) can be rewritten in a more interesting form:
Ra—%(ﬁ)@ ,  W>g (61)
ln e W -
This is seen to be identical to Eq, (55a) except for the factor % . Thus
we can summarize:

If the background noise is white over a band (0, W) , the optimum LR
detector consists of a filter matched to the band of signal frecquency
uncertainty @, where W > Q , followed by a squarer and an integrator,

If, however, the received signal is not filtered before detection but is
simply squared and integrated, the output SNR derived for the cptimum

detector must be multiplied by the factor 3 c

I |
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|
VIIIF Sub-optimum Detection--Hydrophone Array

fIf an M-hydrophone array is used, the operation equivalent to X'E v
in E%. (71) consists of summing the outputs from the M hydrophones and
then using the summer output in the quadratic form X'E v.

:If the background noise is broadband white, and the array is steered
on tPrget, it can easily be verified that the output SNR is

I

R=-ﬁ§—‘g—% 2)3r (e2)

IX. | Conclusicns

:There is evidence that the low frequency portion of received signal

|

spedtrum contains certain coherent signals which may be used as a basis
|
for:detection. It had been hoped that advantage could be take.. of the

perﬂodic nature of these signals to perform some form of cohersnt

|
detection and thereby enhance signal detectability, However, the lack
of érecise knowledge about the frequency of the periodicity is a stumbling
I
block, If the frecuency is known only to lie within certain upper and
1

lower limits, then the optimum detection procedure is an incoherent one,

i,e,, an energy measurement of the received signal, Coherent detection

is, generally speaking, cross-correlation with a replica of the desired

signal, However, effective cross-correlation requires at least

knoﬁledge of the frequency or fundamental frequency of the signal, This
|
in a nutshell is why the optimum detection scheme for *the case we have

conﬁidered is not a coherent schene,

|

| A comparison of the case of a sinusoidal signa’ of unknown frequency
|

andsphase with the case ol a gaussian random signal shows that in either

casg the ootimum LR detector has the same form, i.e., a purely incoherent
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detector. This indicates that a periodic signal of unknown frequency is no
more detectable than a gaussian random signal of the same power confined to
the same frecuency band., This is a surprising result, but one which follows
quite clearly from a straightforward application of the general theory of
optimal (minimum average risk) detection as outlined by Middleton.

Even thovgh the unknown signal frequency may have a value anywhere in
a given region of uncertainty, it seems intuitively that one should be able
to make use of the fact that in the observation interval at hand, the signal
frequency takes on but one of its possible values for the entire interval,
With this idea in mind, a detection scheme has been considered in which the
overall band of signal frequency uncertainty is split up into a number of
sub-bands, The SNR is thus enhanced in one sub-band, that which contains
the signal, Each of the sub-bands is then processed by means of an incoherent
threshold detector and a final decision is made on the basis of the outputs
of thé sub-band detectors, Preliminary results indicate that this scheme
would perform better than the "optimum" detector derived in this report.
Presumably, the same improvement would be exhibited if the signal were not
a pure sinusoid but a narrow-band signal whose center frequency was not
known exactly, In such a case the width of each sub-band would be chosen
approximately equal to the width of the narrow-band signal,

This result brings up some serious questions regarding the supposed
optimality of LR detection, since this arbitrary band-spiitting operation
is not dictated by the results cf the genecral optimum detection analysis,
Therefore the general detection problem, as analyzed from the Bayes'
risk point of view, iz presently being re-examined, This investigation,
as well as the analysis of the band-splitting scheme, will be subjects

of later reperts,
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Square Law Detector I--Ideal Filterirng

band-pass filter squarer integrator
v T
v(t) x(t) y(t) J
0 @ 9

Figure A-1  Square Law Detector
The detector output, i.e., the test statistic to be used in the

threshold comparison, is

z xz(t) dt

where

x(t) = v(t) h(t - ©) dr

and h(T) is the weighting function for a rectangular filter matched to

the band of signal frequency uncertainty. The (~©) value of the lower

1limit in Eq, (A-2) implies that the filter is operating in a "steady-

state" condition, The background noise contained in v(t) is assumed to

be flat over a broad band,

The output SNR will be taken as normalized deflection~squared, as

before, The nccessary averages are calculated as follows:

/
7 = 52 + s + 2
{..gm /\[dt { (t) + 2 s(t) ng(t) + ng (t)] -

where n.(t) is the noise at the output of the filter,
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(A-1)
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[dt 11F2(t)

0

1

$

=N QT
0

(/ T T
2 7) 2
<z% jdtfdo nF(t)nF(o)N
fo o
T T
2 2
= [dt | d t o
]t[o (ot 6) ngl (o)
0 0
T T
=[dtfdo[No292+2R2(t-a)J
0o ‘o
T

2.2.2 2
= N 9T + 2 dt[doRF(t-o)
0 0

where RF('r) is the a.c.f, for nF(t).

Thus,

T2

n

A

R = —p—
afdt/do Ry (6 - o)

0

0

For the rectangular filter with flat response over (coo =

R.F(t = o)) & N % sinc § (t - o) cos wo(t - a)

K
2
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Thus in this case

or,

=

plh g2

S

22f 2 Z
BNO Q j dt | do sinc @(t - 0) cos® coo(t - o)

0 0

ab 42

i

T
L NOQQZ[dtfdo sinc® § (t - o)
0

0

n

a4 2

T 9T
16 n2N02 dx fdy sincz(x -y)

0 0
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Appendix B
Square Law Detector II--Short-Term Filtering

In this Appendix we assume that the pre~detection filter cammot oparate
on the infinite pagt history of the received signal v(t) as was assuged in

the previous Appendix [See Eq. (A-2 )] . Instead, the filter is allowed to

weight only as much of v(t) as is available at any time in the observation

interval (0 <t <T) . With this restriction, x(t) now takes the form

|ER ST W R S

t
x(t) =[ v(t) h(t - 7) dt (B-1)
0]
Again, E
T A
7 = [ x?(t) at (B-2) g
Jo
Now, ]
T T ar ¢t i
z =fdt [dfc v(t) hit - =) /do v(o) h{t - o) '
0 0 0
P |
=]dt[d'rfdo v(t) v(o) h(t - t) h(t ~ o) (B-3) §
o 0 0 '

The output SNR R is required., We obtain the appropriate averages

as follows:
its

T t
(zgm -thgﬁ [s('r) + n('r)] h(t - 1) | do [s(o) + n(o)] hit - o)s+N
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T
n[dt[ jd<(T)S(0) h(t = T) h(t -~ o)
0 0

0

t
j’d’t/'do R(T - o) h(t - T) h(t - o)

% =
(
<'z%=[dt[d'rjdo R{t - o) h(t - t) h{t -~ o’
0 0 0
Thus,
T t t
N - o - )
<g+N (zﬁ [dt[df[do é(ﬂr)s(o)ght t) h(t -~ 0)
0 0 0

Letting

(1) s()) = R(c-0)

we can write

<z%+~ (g [ [ [do Ry (7 - 0) h(7) h(o)

Calculating the variance of 2 given that only noise is present,

/f [[d'cv T)h(t-ﬂ:)[dov(c)h(t-o)}
7 \
. [ds }(dn v(n) h{s - n) dE v(E) h(s - &)
0

0
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T t t
= dt /,d do | o h(t -~ b -
[ , Tfoéw)s(ps (t ~T)h(t ~ o)
0 0 0
" 1
+jd’r[dc R(T - o) h{t - T) h(t - o)
0 ]

do R(t - o) h(t - T) h(t =~ o)

O
fl
\\‘.
&
\\
oy
o\ -

0 0
Thus,
T t t
<Z%+N = (zﬁ =/'dt[dr‘[do é('r) s(c.v)>S h(t - 1) h(t -~ o)
0 0 0
Lotting

<5('r) s(o)/g = Rs('r- o)

we can write
t t

T
<z%+N - (zﬁ =[dt[d'r[do R (7 - o) h(7) h(o)
0 0

0

Calculating the variance of z given that only noise is present,

/T t ;
<Z? . [dt{:j dt v(t) h(t - T)[do v(a) h(t - o)}
\o 0 0
T s s
'fds Idn v(n) h(s - n)[dé v(£) h(s - E)\

0 0 0 Al
/
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T Iy 1 i 8 8 EE
= fdtfds[d’c [do [dn /déj G(T) v(a) v(n) v(E> E
N
0 ©0 0 jo 0 jo

*h(t -~ %) h(t ~0)h(s ~n) h(s - &) (B-9) §
If the noise before filtering is white, E
SO SERALCEE? Gw)
If the noise is also gaussian, T

T T t 8

2 = oo 2 [dt[ds [d’t h(t - 7) /dn n(s - n)
N
0 0 0 0

+fd'vh(t-1')h(s-'r)fdoh(t-o)h(s-o) y
0 0 »

t t
+[dr h(t-'r)h(s-T)/dﬂh(t-o)h(s—o)l g

0 0
) g
T4 - t 2 I
= xn [dt [dr ORI ERG /d'r h(t - ) h(s - ) é
‘00 0 '
(B-11) ?g
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]

R = = =7
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L
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List of Symbols

A = signal amplitude
{B(ti)} = a vector
{B(ti,tj)} = a matrix

velocity of sound in water

@]
1

d = distance betwecen two hydrophones

a{v) = test statistic in sub-optimum detection
6(x) = Dirac delta function

A = sampling interval

F = coefficient matrix of sub-optimum quadratic form

f(v/o) = conditional probability density of v with no signal present
f(v/s) = conditional probability density of v with signal present

§ = bandwidth of signal frequency uncertainty in cps

g

phase of desired signal

]

coefficient matrix of optimum quadratic form

el
i

H = filter welghting matrix

1}

h(t) = filter weighting function

h(ti) = sample of Hilbert transform of n(t)

identity matrix

i
i}

noise covariance matrix

=
n

-1 . .
Kij = glement of inverse covariance matrix

¢(v) = likelihood ratio

M = numbcr of hydrophones in an array
m = nu.ber of possible discrete signal frequencies
N = noise power

N_ = noisc spectrum level in watts/rps
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1]
fos iR

ERG

ras

R

i

B

[ =t

o

il ]

1

s

pa—

number of timc samples

]

n

noise vector

n
n(t) = noise signal in continuous form

nF(t) = noise signal after filtering

O(x) = "at most on the order of x"

P(xi) = probability function

p(x) = probability density function

R = output signal-to-noise ratio

R'(T') = autocorrelation function of noise at a hydrophone

R(t,T_) = cross-correlation function for noise signals at
two different hydrophones

RF(T) = a.c,f, of noise after filtering

S = set of unknown signal parameters

8 = desired signal vector

g' = transpose of vector s

s(t) = desired signal in continuous form
T = obscrvation time of received signal
€40 time delay betwcen two hydrophones

u = sampled Hilbert transform of v(t)

v = received signal vector

v(t) = received signal in continuous form

W = noise bandwidth in rps

x(t) = reccived waveform after filtering

Q = bandwidth of signal frcquency uncertainty in rps

signal frequency

]

w
W, = center of band of signal frequency uncertainty
Y = filter output in sub-optimum detection

y(t) = .cceived waveform after squarer

z = integrator output
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det g = determinant of matrix: A

</> = sbatistical average, conditioned on preserce of noise only
N

A-38

<’ > = statistical average, conditioned on presence of both signal

S+N  and noise

tr A = trace of matrix 5

Abbreviations

a,c,f. = autocorrelation function
LR = likelihood ratio
p.d,f. = probability density function

SNR = signal-to-noise ratio
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I, Introduction

The determination of the bearing of a plane-wave random signal in a
background of isotropic random noise, by means of so-called "split-beam!
systems of transducers, has been popular because a null output is
obtained when the transducers are steered "on target," OSuch systems
are of great value in automatic tracking applications.,

However, the random fluctuation of the output of such systems
causes uncertainty in the determination of the bearing of signal source,
It is the purpose of this report to determine general mathematical
relations for the computation of the bearing uncertainty, and from
these relations to determine system parameters which optimize or
minimize the bearing uncertainty,

The problem of determining bearing uncertainty has been treated
in Reference 1, but the analysis is somewhat restricted in that the
system is not quite as general as the one considered here, The problem
of minimizing bearing uncertainty has not been treated previously, but
the analysis is parallel to that done by Eckart in Reference 2, There
also seems to be an error in Reference 1 in the analysis concerning
multi-element arrays,

II, Definitions and Assumptions

The system to be analyzed is shovm in Fig, 1. The outputs of each
set of M transducers from an array of 2M transducers are summed and
each sum 1s then fed into a linear filter., The frequency response
functions of the filters are related in that there is a 90O phase . hift

between the response functions at all frequencies, The filtercd sums

B-1



B~2

Phase-Shift

Summers  Networks g;iinite Multiplier ng-Paes
and Mlters BEEhS lter
Sl(t) + nl(t)
10
8,(t) + n,(t)
0-2 2 .
L[] = +
: - )af (e) ]—
'_"_,..-""
sy (t) + ny(t) 1
M
O
Syq (B) + (t)
M + l O M+1 nM+1
Sy, (t) + (t)
M + 2 O M+2 n14+2
. = FI——
‘ H_Eﬂﬁja}]..iﬂ_
Sope(t) + ny (t) 1
o 2 2M .

Fig. 1 Typical Split-Beam System

are then passed through infinite clippers, the results are multiplied and
the product is averaged by means of a low-pass filter. The average output
of the low-pass filter as the array is stcered gives the bearing response
pattern for the system,

Following are the major assumptions inherent in the analysis:

1) The transducers in the array have omnidirectional characteristics,

2) The array of 2M transducers is a linear array, with equal spacing
between transducers,

3) The sicnal in the medium is a plane wave.

L) The noise 1s isotropic in the medium and the cross-correlation
tetween the noise components of the outputs of different transducers is

assumed to be zero,
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5) The signal and noise are Gaussian and stationary, and signal and

noise ars independent,

6) The spectral density of the signal need not be the same as that
for the noise at the output of any transducer,

ITI., bearing Response Pattern

Since the signal is a plane wave, the array is linear with eqal

gpacir2 between transducers, and the transducers are omnidirectional,

the relation in Eq, (1) holds for the signal component from the ith

transducer,

si(t) = sl[t ~(1 - I)ﬂ (1)

The time T is the spatial time delay of the signal between adjacent

transducers, When T = 0 , the bearing of the signal is perpendicular

to the line of the array.
The outputs of the summing amplifiers in Fig, 1 are given by

M .
VA(t) = §: (9]t - (1-1) T] + ni(t) (2)
i=] -
\
M
I" \
VB(t) z 1slt- (k+M"1) T] + nM"'k(t) \j.

k=1 ]

The autocorrelation function of vq(t) and vB(t) may be expressed

in terms of the autocorrelation functions of the signal and noise au any

transducer by means of the following relations,




Bl

R, (7) | ]

L=
gt
=1

{Sl[t (i ]_)1‘—l + ni(t)} sl[t - (¢ -1 +'t:l+ ng(t + ’U)}

il
=
[E=

%ﬁ+(i—wﬂ +M%M)

1=1 £=1
MM
=s§j %P+(1-Hq+MN%W) (4)
i=1 £=1
RVB(T) = RYA(T) (5)

In Eq, (4) € and N are the signal and noise powers at each transducer
respectively, and Py and p, are the corresponding normalized autocorrelation
fanetions,

The spectral densities of vy and v are the Fourier transforms of
the corresponding autocorrelation functions.” In Eq. (6) gs(w) and gn(w)
are the normalized spectral density functions for signal and for noise

rospectively at every transducer,

*The transform pair given below will be used for relating spectral
densities and correlation functions throughout this report.
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MoK z
ek
0,005, L& [alr -0 e
1=1 £=1 7
+ MN -2}1-1- fpn('r) 39 ar
MM
-5y z;gmsW@“”+MN%m) (6)
i=1 4=l
GVB(m) n GVA(w) (7)

The filter frequency response functions are related in that there is a
90° phase difference between their phase angle at every frequency, Since

simple filter realizations are desirable, for the initial analysis it 1s

agsumed that

H, (Jo) = Juk By(30) (8)

A

where k 1s an arbitrary proportionality constant,

The spectral densities of the outouts of the filters are found in

Eqs. (9) and (10).
2
6, (o) = A2 (10)

G (e 9
! e (9)

2
() G, (@) (10)

GXB(w) =

The development in Egs., (1) through (10) is preliminary in
determining the bearing response, whdch is the average value of the

output of the multiplier, 7. The value of ¥ is dependent on the time

delay T, and has been found to be1



- -
R, . (0) ’
7 = £ arcsin 3 (11)
y 1 52 ( ) ‘1/2 \ b
R. (0) R (O :
R |
The quantity R_ _ (0) is the crosg-cor ion function of x,(t) and x;(t) .
“AB
at T = 0., The cross-correlation may be evaluated by first writing the
convolution integrals which yield X, (t) and xB(t)
M co
o [ \
xA(t) a Z;J j [ G a] + ni(t -a) hA(a) da (12) N
i=1 , -
1Y/ ,
J(.B(t) = Z /{sl[t - (k + M- 1)1‘ = E:] o nM'*k(t - 5) hp(ﬁ) dﬂ (13) o
k=1 o )
In Egs, (12) and (13) h,(a) and hy(8) are the weighting functions of the
filters with frequency response functions HA(jw) ard HB(jw) respectively,
The cross-correlation at v = 0 1s defined by
R (0) = E[x (t) x (t)] (1k)
Xy Xp AV 7B

Since there is no correlation between the noise outputs of different

transducers, the noise terms disappear when Eqs, (12) and (13) are

substituted into Eq, (1L). Thns

j[ t-i-l)T-a} [tm(k+M-1)I‘-BJ X

l
£

M
(0) =
ul k=

RXAXB

A( a)h (G) da df

(o)

L |

T f[ps[a-a-(k-w::yr} h, (e) hy(8) da dp  (15)

i=1 k=1




Since

[a -B-(k-I+ M)T ,/’ g () &40 (3B pdule-T g (16)

S

Eqation (15) bacomes

Mo
R, xB(0 ) =8 z f -dole-L4 1T dw[ (a) & [hB(B “¥%qp
A

i=1 k=1 o
MM 7

sy ) f K (j0) Hy(30) gy(w) 30T g 17)
i=1 k=17,

From Eq, (8), Eq. (17) becomes

€2

M
(o) = .8 z Z [ja‘leB(jw)lz gs(w) e'j‘“’(k'i*M)T da (18)

i=]1 k=1 2o

The denominator terms of Eq. (11) may be determined by performing

inverse transformations on Egs. (9) and (10).

2 2 2
% 3
R"A(O) K0 jHE(jw)' GVA(w, da (19)
R (0) = fiﬂ ( )'2 6 (o) do (20)
Xy B .J Aplde vy
Substitution of the results in Zgs. (6) and (7) into Eqs. (19) and (20)
ylelds
Rl ; (-0
22 | $0(i-8)
RXA(O) = 3 §: l, ./ K ’HB(jw), g (w) ¢ d
o1 1 %

4

& s}
+ MN [ k2w2'}lB(jw) gr(w) dw (21)

L0
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M oM |
N [ Jo(k~m )T :
MORLDND) [ing(su (o) ¢ o |
k=1 m=1 l
[~ T |
2 ’ j
N | Byl g, (o) do (22)
= I ]
The bearing response results from the combination of Bgs, (11), (18), .
(21), and (22)
y o
¥ oM
] =)
I
= 2 i=] k=1 2z
y= - = arcsein ( T,/27

) 0

[e4] 0
2 2
2 2 jo(i- )T W2 2!
fkw;HB' gy & dm+-s-fkco’HB' g, duly
(o70] =G

1=1 g=1 .
M oM = ze
z Y H )2 Jo(1- )T do + N H |2 dw
L B| 8 © T l B ®n
kel m=1 2/, o
\ J
(23)
The expected result of ¥ = O when T = O is easily confirmed from Eq, (23),
If M is sufficiently large, the double surmmations in Eq. (23) reduce to
M M
Z Zejw(i 8>TA’ M sinc® GE (2L)
1 ¢=1 n
1: =
:
and
oo g
Z Ze-gw(kdm)ﬂ‘ 23 (cos wMT - j sin wMT) M251n02 %@ﬁ |
1=1 k-1 §
(25) $
where sinc x = 30X (26) £
n o
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Substitution of the results of Egs, (2L) and (25) into Eq. (23) ylelds

(

(o]

erlﬂB!Qgs

g )
U = - = aregin

. ., 2 wiT
sin oML sinc —5 dw

e vle

-0

2 2
.2 ol N
]lHB’ 88 sinc --,2}-{ dw + gm[ 'HB’ gn dw
-0 el
%

o 1/

l» [oe]
2 . 2
A a2 wdT il 2]
[co ]nB! gy Sinc —= dw + SI-{[w HBI gy dw X

-0

2

Furthermore, if % < <%I , Ea. (27) reduces to

[02]

fw ’H (jw) : (0) sin wMT sinc® O go
B\ l CEAN * on

00

S

Yy~ -

oH
N

2o

77T @ ;
0) do [ iy (J0)| e, (@) o

[[wzlﬂB(lez g, (
| =

1/e

A

)

The result in Eq. (28) is not unduly restricted, since threshold signal

detection is important. For computational purpeses, it should be

remembered that gs(w) ard gn(a)) are normalized spectra and that

normalization requires

w

[o,]

fgsm o = [gnm =1

=00

S0

(27)

(28)

(29)
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IV. Bearing Uncertainty
The relation between target bearing @ and the time delay T is
T =S sin 0 (30)
vhere d is the separation between transducers, c¢ is the speed of wave
propagation in the medium, and @ is the angle between the direction of
wave propagation and a plane perpendicular to the line of the array.
It has been shown1 that the bearing uncertainty % is given by
-1 _ -1
_ dy ¢L _c _ldy
"% aT| B =4 % ar (31)
T=0 0=0 T=0

In Eq. (31), o, is the standard deviation of the output z(t) of the
split-beam system, shown in Fig. 1, For the computation of Cys it will

be assumed that % << % and that only noise X noise terms make significant
contribution to its value.

We have
1/2

co

¢
e [cy(w)|az(jw)] s (32)

2

0

where Gy(w) is the spectral density of y(t) and HZ(jm) is the frequency
response function of the low-pass filter, Siuce the bandwidth of the

low-pass filter is much narrower than the bandwidth of Gy(m),

-1/2

2
o, ~ Gy(O)[’HZ(jw)' de (33)
L

el [ ] X
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B=-11

The integral in Eq, (33) is simply twice the equivalent bandwidth of
the low-pass filter for random signals l.if HZ(O) = 1:]' and will ve given

the symbol 2mL. Also

co
C,(o)=..l.. R (t) dv 1)
y 2n y / N/
0

The autocorrelation function for y(t) is defined by
‘ 1
RY(T) = b {sgn x,(t) « sen xB(t)} {sgn x,(t + ©) « sgn xp(t + T)}j
(35)
If % <<I:~LTI only the noise X noise terms in Eq. (35) arc significant.

The functions xA(t) and xB(t) are not correlated so that

Ry('r:) = K [sgn xA(t) sgn xA(t + 4;):\ E {sgn x.B(t) sgn xB(t + 'r):l

= —152- arcsin p (1) arcsin p_ (7) (36)
n

A *B

In Eq, (36) Py (t) and px_B('c) are the normalized autocorrelation

functions for xA(t) and xB(t) respectively, Tor small values of %

the normalized autocorrelation functions become

A 2
R (0) [kzm‘iHB(jw) gn(oo) 3% 4o

x 22 2
! {
A fk A ‘HB\jw) gn(w) do

and

(38)




Equations (21) and (22) help to determine the final form of Eqs., (37)

and (38).

Combination of Eqs, (33), (3L), (36), (37) and (38) ylelds v,

-

tQQ

n
FENS
,\)’ o
I

Equation (39) can be simplified considerably if the product of the arcsin

3

aresin

«CO

[e o]

[wQIH

B

Ji mth

?’

B

arcsin

o0

J

e JoT
HB' By € dw

functions is replaced by the product of their arguments,

2
HB‘ gn dw

Since the value

of the arcsin function exceeds the value of its argument by a maximum of

57 %, the use of the above-mentioned approximation will cause an error in

o, amounting to much less than 57% because an integratior. process is

involved, Thus Ec. (39) becomes

2 n

~ 2 ( ) S
T 7 = |
1

_1/2

A
(39)

1/2
e o o
1 faQ’HB(ja)fzgn(a) da f’HB<jg))2gn(g) a9 [sj(mﬁ)'c o
7 ml/‘2 3 = 1/?
{‘j(“?iHB(j@)' gn(w) dﬁ] j(|HB(jw)’2gn(w) dw
= ” (Lo)

It is seen that the frequency variable, w, in the numerator of Eq., (39)

has been replaced by a and 8 in Eq, (LO) so that the integration over

can be performed first,

We then have

e o]

J/,ej(a+ﬁ)T gr = 2n 8(a + B)
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where 6(a + B) is a unit delta function occurring at 8 = -a . Next,

performing the integration in tne mumerator of Eq. (L0), we find that the

triple integral resolves to

o0

ol 2 | 2
& |Hg(se)| gy(a) [Hpl-3a)

=00

and gn(w) are even functions, Eq. (LO) becomes

Since \HB( %)

I 4 X _1/2
2 fwz\HB(jw)| NOK2
OZ%%(ML)]"/Q ;7 o il - — . (12)
( [ #|gta00] 000 dm)( [yt gyt dw)

The slope of the bearing response pattern found in Bq, (31) can best

be determined by differentiating Fq, (23). Under the restriction that

> > the double summation terms in the denominator disappear, 80 that

N«ﬁ’
ZL“"“M)[ ‘ng dw

o 5§ i=1 k=1 A
’;% ~IW F o | 1/2 0 9 "1/2 (k3)

T=0 [mz‘HBl gndm I‘HB‘ gndw

' e
But
M M

E: (k -1+ M)= 1 (Lb)

The bearing uncertainty is then found by combining Eqs. (42), (L3), end

(LL) with Eq. (31).




B =1l
C o I 1/2
2 J[aF‘H (dw) g Z(w‘ dw
] BWPA By /)
¢ [sM\™, /2L
On R s | e radlans
o= 2 (T ) o (18)
J @ ‘HB(jm) gs(w) de
-CO

In Eq, (L5), Md is half the to’ i1 aperture of the split-beam array, and
%% is the signal-to-noise ratlo in either channel, after summatlon of the
signals from the M transducers, The ratio of the integral terms ab the
end of Eq, (L5) yields a result with the dimensions of [rad/seé]_B/g.

The result without the exponent is some measure of effective system
bandwidth, The rollowing section deals with minimizing the bearing
uncertainty,

V., Minimum Bearing Uncertainty

According to Eq. (L5) the bearing uncertainty may be decreased by
increasing the array aperture (2 Md), by increasing the number of
transducers inside a fixed aperture, and by decreasing the noise bandwidth
of the final low-pass filter, However, increasing the number of transducers
within a fixed aperture without limit does not cause a continuing decrease
in bearing uncertainty because the assumption that there is zero correlation
between noise outputs of different transducers is no longer realistic for
close transducer spacing. For very clecse transducer spacing, the signal-
to-noise ratic after summation no longer is represented by %? becauss
of the non-negligible cross-correlation,

However, if the array spacing, number of transducers, and low-pass
filter characteristics are fixed, the bearing uncertainty is still a
function of HB(jw). The following analysis yields the optimum filter

function, 'l (jw), that minimizes the ratio of the integrals in Eq. (4s).
G
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In Eq, (hS)l HB(joo)l is replaced by lHBO(jw)| + X’HB (jw)l

where H (jw) is the frequency response function that provides a
O

stationary point for the ratio of the integrals, and H (jm) is any

arbitrary frequency response function, We have

Lol et o

= ® (L6)
2 ny q
® * k|HB| gg(w) do
00
For a stationary point of % to exist,
do,
=2 =0 (L7)
dh
A=0
Performing the operation indicated in Eq. (L7), we obtain
@x© (o]
2 2 2
2 L 2 2
[wIHB|lHB|gn dw [mlHBlgsdw
0 0
00 «C0
o o] ) (o]
L 2
2 2 2l
- [m IHBO g, do © ‘HB | & dw 0 (L8)

~00 o o}

Rearranging Eq. (LB) to ohtain separation of terms involving gq(m) and

g, (@), e get

art i =
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B=16
0 og
Z'H '2,"22(1 [2H|'2
) Bo ’hB ' ) ® ® 5 | & dw
0 -0
© - (L9)
a1 1k 2 L
w IHB g~ dw w {H g. dw
ol n BO ]
PN o] -0
l " 2
Equation (L9) is satisfied for any arbitrary IHB if
2 Bg(®)
B | =k (50)
0 g (o
n
where kB is an arbitrary constant,
Also
2 g, (w)
2 °g
H l =k, @ (51)
A 2
!Ao g (0)
The results in Eqs, (50) and (51) are almost identical to those
obtained by Eckart in Reference 2, The ratio of integrals in Eq, (LS)
is also quite similar to the ratio found in Eq, (8) in Reference 2,
Under the conditions given in Eqs, (50) and (51), the minimum
bearing uncertainty becomes
o ~1/2
st , 172 e, (“’)‘2
% ""‘if& @) o | do (52)
min ' g, (@)/
L

The result in Eq, (52) is also quite similar to the corresponding result
obteined in Reference 2,

The application and further investigation of the results in Egs. (50),
(51), and (52) are deferred to a later section nf this rsport, In the next
section, the effect of using a non-minimum phase network to provide the 90°
phase shift between channels is investigated, The results given previously

depend on the minimum phase ascumption in Eq. (8).
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VI, Minimum Bearing Uncertainty with Non-Minimum Phase Filters

In this section it will be assumed that the non.minimum phase

relationship between the two filters is given by

', ', .
Iz e a7 & ﬁ‘a 1
2y (Jo) = 3 fp (o) {53/

The primes are used to indicate the fact that a non-minimum phase
relation holds, The 90° phase shift without change in amplitude
characteristics can be accomplished over a fairly wide band of frequencles
by means of a complicated active all-pass structure,

The analysis follows exactly the same steps taken in Sections III,
IV, and V, and for this reason only & skeleton set of equations will te

listed here,

l2 !2
H

iy Bl ’

=

Since

O, (0) = O (o) < ] o, () (sh.

A

With the use of Eq, (17) the cross-correlation between xA(t) and

xB(t) becomes

M M
2 e ) ”
Rx ©) = -8 Z 2 leHB'l :, c.jm(k-i«&l"l)fl‘ 4w - J|HB ‘ g, ¢ jo(k-1+4M)T doo
KB i=a] k=1

«0

(55)

Also

Ry, (0) = Ry (0)¥ [lHB | g () d i 5 <« (s6)
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The bearing response equation for small signal-to-noise ratios

SM
<1l is
v ’
sz \_Iﬁ °_°| (2 duleetr f? |2 ~juleasm)r |
L L J3B | 8 ® ““"JJ’HM 8g & Q“’J
y= - 2 arcsin Lallced O =
n 0 .
M ]y !
T j |HB ' By 4
=00
"
(57)
Equation (57) reduces to
/ \
£
! . 2 Ml
2[ 'HB I 8y 9in wMT' sine r dw
e 2 SM 0
!
f’HB ’ gn e
=00
\ /
The normalized autocorrelation functions p, (v) and p_ (1) are
A
’HB] g (w) &7 dw
p, (1) =p (1) = = (59)
*3 *B g
f’HB , gn(w) dw
=00
Thus
B o 1/2
2 | L 2
0, = = In2 j arcsin {pr(T)} dv (60)
-0

) :
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If the arcsin function is replaced by its argument, we obtain the
approximate answer
o 1/2
2fH'|h 2(0) a
lB g, (0) do
L2 120 — {61)
% ¥R\ © B0
!
]qHB ‘ gn(m) dw
=22

The derivative of Eq, (58) with respect to T gives the slope of the

bearing response pattern., The "on target' slope is
Q0

M2
2( w HB g dw
g . @)
!
'T=0 J[ HB &y dw
0

Substitution of the results in Egs, (61) and (62) yields the equation
2
I’oor’h,) “ l/
1 l ’hB' g i do
SM|” \1/2 LO
5

IwIHBlI 2g£ (0) do
0

for bearing uncertainty

(63)

A comparison of the rasults in Egs. (L5) and (63) together with those

in Eqs, {50) and (51) shows that bearing uncertainty may be minimized by

setting

| 2 g (») .

He (30)] = Jol —— (6ls)
o g ()

] 2
'HAO(j(‘))l &
n
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The minimum bearing uncertainty under the conditions in Eq, {é4) then

hecomes

o -1/2
( gy (w)
% = Tff‘& 1/2 f (g O ) da (65)

A comparison of Eqs, (52) and (65) shows that the minimum bearing uncertainty
under the assumption of the nonminimum phase filter in Eq, (53) is precisely
the same as the minimm bearing uncertainty using minimum phase processing,
The optiimum frequency responses for the processing filters in each case are
not the same, It can be seen from Egs. (50), (51), and (6L) that the
magnitude response ol both processing filters for the non-minimum phase

case 1s the geometric mean of the magnitude response functions for the

minimum phase case,

VII, Results with Optimum Filter Using Physical Model for Spectra

Physical measurcments indicate that Eq, (66) is a reasonable

approximation for the underwater noise spectral density,

N dl
Gn(w) i (66)

In Eq, (66) w is fairly low, say, 1000 rad/sec.

The signal spectral density, generated at the source, is assumed te
have the same shape as the noise spectral density, However, at the
trensducers the signal undergoes further frequency selective attenuation,

The model utillzed here is that introduced by Eckart Thus

a 1 -wear
Gs(w) a e 5 € (67)
1 +

nw
0

w
w
0

P

2 2l




g =

B

B =21

where r is the target range in kiloyards, and a is a constant whose

numerical value is 6 x 10"11 . For targel ranges under 100 kiloyards,

the normalization of Gs (#) is not appreciably affected by the

exponential factor, so that

-co2ar -wza.r
Teo gle) s —iy (68)
L
oo
0

gy (w)
"% 1+

From Eqs, (50) and (51) the optimum minimum phase filter response

functions ars

1/2 War

2
e Z (69)

[ gg(w)
) (kB Z@)

g, \®

= bil +

W
w
0o

)1/2

and

'HA AT

g, \@

(@ 1/2 2 -
= (k o ik )) =aw1+(-—‘9—) € 7 (70)

where a and b are arbitrary constants,

From Eq, (6L), the optimum filter response functions for the system

with the all~-pass 90° phase shifting network are

21/2 w ar
1 1 2 -3
lHB a HA = Q a}/ 1+ é% 13 (71)

Equations {69), (70) and (71) are plotted in Fig, 2 for w = 1000,
a=6x 10’11, and r = 10 kyd, It can be seen that the optlmum response
functions have a peak value in the vicinity of the frequency at which the

signal spectrum begins to attenuate, Due to the fact that the low

<.
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frequency corner at w = 1000 is practically insignificant, the peak value

of the filter response functions occur at the following frequencies:

For ’HBl @ oy ® (ar)"l/2 (7
For ‘HAI o (2ar)"1/2 (7
For IHB' - HA" o = (-% crr‘l] Ee (7

Table 1 gives the center frequencies and half-power frequencies for

geveral values of range for ’HB

Range Center frequency Half-power frequencies
(keyd ) (rad/sec) (rad/sec)
s 131,000 63,000 ; 210,000
10 11,000 20,000 ; 66,000
100 13,100 6,300 3 21,000

Table 1 Critical Frequencles for ’HB'

The minimum bearing uncertainty is obtained by substituting the

information in Eq, (68) into Eq. (52). Thus

23

1 ST
s [sM™t /el 2 AR
L [ Era
min
0

=l 1/[1

" Hga‘aﬁ) 1/2 % (har)B/h

8 oc [sMITY 172 3/
= 5,45 x 10 G (L—) " r 7 radians (75)




For a representative calculation, it is assumed that M = 25,
¢ = 5000 ft/sec, d = 2 ft, = 1 rad/sec, r = 10 kyd, and SM/N = 0,1 ,
The last assumption puts the signal power at each receiver 24 db below

the noise, From Eq, (75) we get

o = (5.8 x 1078) =20 (10)(1)/2(10)¥/4 - 3,08 x 207 racians
min (25)(2)

= ,018 degrees (76)
The uncertainty in Eq, (76) seems unusually small. In the next section,

the performance of specific suboptimum {ilters is investigated.

VIII. Results with Suboptimum Filters

The suboptimum filter to be considered first has the frequency

response function ( > L/g
o
b[“ ESJ By <o < q
IHB’ » (17)
0 elsewhere
HA = kJjw HB il

From Eq., (77), it can be seen that this filter provides the whitening of
the noise spectrum as required of the optimum filter, but only passes

signals in the frequency band from ﬁ“ﬁ to Qe The effect of the general
location and width of the pass band will be investigated in this section,

From Eqs., (LS), (66), (67), and (77) the bearing uncertainty is

el

("]

=] B J

c SM) = 172 [P% (

5 A S [SM 79)
o, ( ¥ L %, B

/ W & dw

Py

fhamenod

Pt e g ERnag

R o

[ omcvimal) (LS
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Performing the integrations indicated in Eq. (79), we get

/2
0 = —E(SM) i BB)I QHB/Q (80)
(c’m)V2 03[f'( -] ] - 3o ﬂ
where (2ar)” ~1/2 (81)
2& o
f: (%) = d 2 2 (82)
and i

P(X) = -—:1[ (63)
e ~X

The functions defined in Eqs, (82) and (83) are tabulated in References

3 and L,
In order to provide a comparison with the results for the optimum

filter, Eq. (80) is divided by Eq. (75) to yield the ratio of the

respective bsaring uncertainties.

1/2 (a, 3/2
OQ (1 - ﬁ ) e
o
L e : 0 (8L)
PP P bu| B b A D e B
mn . of o | 2 o] 27, 0
For f = 0, two approximaticns are possible from Eqa, (79), 77 ) and (8h).
( ~3/2 4,
1.15 — << 1
9, o
1
el 3/2 (85)
min 308 f‘_)H__ _aﬁ >> ]
o a
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The minimm value of o, /o occurs for a value of an/o very near the
o ®nin

§ o e

value at which the two approximations in Eq, (85) intersect,

i 1,15 ¥
- O UL lo = 0 86 3
° ( .308) & (=00 9 i

Substitution of the result in Eq, (86) into Eq. (8L) ylelds i

s 1,17 (87)

If the filter has a fairly narrow relative bandwidth such that P is
nearly unity, then the combination of kqs, (75) and (79) gives the

following approximate result for o, /o,
©" nin

2

H
% -3/ ,
k- .667(%’- 2 (- p)yl

%
min
(1-p)<<1 (88)

The right hand wide of Eq, (88) has a minimum value occurring at

ﬁ‘g - @sMPe 1 @-p)<1 (%)
The minimum value is
%
1 - 104 (1 - 9)"1/2
0ominJ (1-8)<<1  (90)
mi




i

Ry

TS

St

(FRRRIERE i =)

TR

B =27
The figure of merit o /OO for the suboptimum filter described in
1 ‘“min

Eq. (77) is plotted for three values of P in Fig. 3., The results in Egs,
(8l) through (90) apply to Fig. 3. It can be seen that the system
performance with the suboptimum filter is good if the value of ah/c ieg
near 1,5 or, in other words, if the filter cutoff frequency matches the
frequency at which the signal spectrum begins to fall off exponentlaily.
For a fixed filter cutofl frequincy, however, the relation «/o = 1,5
holds only at one value of targei range, and performance is not as gcod
at other target ranges,

To 11lustrate this, let us assume that Wy = 50,000 rad/sec and

B=0. Table 2 shows values of % /ob for various target ranges,

A "mn
o r (kyd) g
0l/obmin 5 ah/
3.0 1 oD
1,18 10 1,74
4,0 100 5.5

Table 2 Figure of Merdt for Various Target Ranges

The second suboptimum filter to be investigated has the ‘requency

respcnse function

(91)

1
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Also

H (o) = k o Hy(Jo) (52)
The expreasicn in kg, (91) is a realistic approximation to the filter in an
existing system, Combining Eqs, (45), (68), and (91), we obtain the equatien

for bearing uncertainty 1/2

[¢.2]

Qf[ i

* (h‘s’ooo) 2[1 )

%, % B.95 x 1072 5
- (96)

~ o (st a2l =11 e 0000
T, 7~
® V) mL o 21102
s -6x10""w r
AR dw _
2 © 2 0 2
"°° o000, | |1 * {mgo00) ||** (6666‘6)
(93)
If the substitution w = 1ohu 1s made, Eq. (93) becomes
o 1/2
6
5 u  du 5
[ . 212[ . 2]2[ (u.z]
YA E sm | 12 146 L7 1*(3)‘ 1*(173) 1+(z)
o, " WI|W| %L - D
-6xlO wr
//f u du
e 2
u u
% -3- 1*(1;:5)““(6)]
(9L)
The integrals in Eq, (9L) have been determined numerically for
different values of r, For the extreme values of r, the following
approximations hold:
-1
. -8 S 2
0%, 2. x 1670 2 —NM) %1/ radians for r <<1kyd (95)
and
/¢ ¢ [sul™t 172
-N—) mL radians for r >> 100 kyd
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The results of the numerical analysis are shown in Fig. L, in which the ratio
of the bearing uncertainty for the suboptimum filter to that for the optimum

filter is plotted versus target range, The approximate ratios for extreme

values of r are obtained by combining Fgs, (99) and (96) with Eq. (75).
%
— N r'B/h for r <<1 kyd (97)
%
min
and
%
2 .6l x 207 /0
o
>
0 for r > 100 kyd (98)

Figure L shows that the minimum value of the performance ratio is
approximately 1,03 at a range of 3,3 kyd, The performance ratio is less
than 2 for ranges fram 20 kyd to less than 1 kyd, Thus the present
design shmld certainly be adecuate for bearing determination purposes.

IX, Conclusions

Reference 1 contains a result for bearing uncertainty for narrow
bandpass split-beam systems., If lHBi in Eq. (63) takes on the form of
an ideal narrow band-pass filter, the result checks favorably with the
corresponding esult in Reference 1, However, the result in Eq, (63) is
smaller by approximately 20% than the answer in Reference 1, simply
because the latter analysis does not contain an approximation for the
arcsin function, In Section IV of this paper, the arcsin function was
approximated by its argument to allow simplification of Eq. (39).

For other forms of the approximation causes the results in

HBi,

Eqs, (L5) and (63) to be low by approximately 204,
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The minimization of Eqs, (L5) and (63) by choosing an appropriate form
for ’HBl produces results nearly identical to those in Reference 2 simply
because the integrals in Eqs, (L5) and (63) are nearly identical to those
in Reference 2, Actually, in demonstrating that the proper choice of
lHB,prodnces a stationary point for Tgs it was never proved that the
stationary point is actually a minimum. This consideration is somewhat
academic, however, since the suboptimum systems treated in Section VIII
always produce bearing uncertainties which are greater th ui those for the
optimum system,

The calculation of a typical minimum bearing uncertainty in Sectlon
VII for a vrange of 10 kyd ylelds the extremely srall uncertainty of ,018
degrees, The investigation in Section VIII shows that an existing system
at ranges of 10 kyd should have a bearing uncertainty about 1,3 times that
of the optimum system. Actual data seem to indicate that bearing errors
in automatic tracking systems are many times greater than 1,3 x ,018 = ,023
degrees, Of course, poor estimates on this author!s part of the number
of active transducers, average separation, signal-to-noise ratio, etc.,
may certainly contribute to the low value calculated.

However, another phenomenon may contribute largely to target bearing
error, For split-beam arrays used in automatic tracking systems, a steady
bearing error exists if the target has an angular velocity relative to
the array, This steady error 1s inversely proportional to the loop-gain
of tho tracking system and, in turn, the loop-gain is dependent upon the
gignal-to-noise ratio as well as the target range. It is well known that
the signal-to~noise ratio at the transducers varles in a random fashion

with time because of signal fading, The random variation of signal-to-nolse
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ratio, and thus of loop-~gain, can cause the "offset error' to vary in a
random fashion, the variation possibly being many times greater than the
bearing uncertainty computed in this report, Certainly the phenomenon
should be quantitatively investigated. In some cases the random variation
of the offset error may cause the automatic tracking system to lose the

target.
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I. Introduction

An earlier reportl dealt with the problem of detecting a weak,
directional Gaussian signal in a very much stronger isotropic Gaussian
noise field. It compared the performance of a likelihood ratio detector
with that of a standard power detector and indicated that some advantage
could often be gained in principle by use of likelihood ratio techniques.
Howsver, in the cases of practical interest investigated, the attainable
improvement appeared to be too small to warrant the increased complexity
of instrumentation. This raises two questions:

1) Are there situations of oractical importance in which large
gaing can be made through use of llkelihood ratio techniques?

2) Can one find suboptimal instrumentations that closely approximate
the likelihood ratio detector in performance but are sufficiently simple
to justify their use in situations where only moderate gains can be
expected?

This report considers the second problem. Specifically, it shows
that for the types of signal and noise spectra discussed in the earlier
report the standard power detector preceded by an Eckart filter is such
a suboptimal instrumentation. In the light of Bryn's2 results it is of
cowrse not at all surprising that the likelihood ratio detector formally
reduces to the proposed instrumentation for the special case of zero

correlation between the noise disturbances at different hydrophones.

1Progress lieport No. 3, May 1963.

2

“F, Bryn, "Optimal Signal Processing of Three Dimensional Arrays
Operating on Gaussian Signals and Noiset J.A.S.A. 3L, lo. 3, Harch
1962, pp. 289-297.
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II. Output Sipgnal to Noise Ratio of Power Detector with Eckart Filter

Consider the system shown in Fig, 1, The quantity of ultimate interest

Y s

X
Ot
hydrophone % \
array { = - 9 I
= Eckart

HH?T)“_YI__] filter

./

5

—-—ftSquarer

Fig. 1

is the output signal to noise ratio, the ratio of the change in average
output resulting from the appearance of a signal to the rms output
fluctuation. Throughout the discussion the array is assumed to be

steered on target.

If the weipghting function of the Lckart filter is designated by w(t),

the time function y, (t) at its output is given by
o

M
7p(8) = [ dwu(x) ) x (6 - 7) (1)
1

fi

0 i
where xi(t) = s(t) + ni(t) , the sum of the signal and noise disturbances

received by the e hydrophone. The output Yq (t) of the squarer is then

0 [e¢]

M M
y3(t) = dr w(t)| do w(o)z >_, [s(t -T) + ni(t o 't):H-s(t - 0) + nj(t - o)]
i=1 j=1 (2)

0 0

. |Low pass .
' Y3 filter | Yh
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Hence the average output of the low pass rilter assumes the form

7 A M U
E(yh) = E(YB) = | dt w(r{/ do-w(c)éj Ej [(t T)«-n % 1(8 t-0)+n, (t oﬁ
/ . i=1 jo1 -
= dT’w(T?/ d0'w(o) Ej [ T~0) + Q (T oﬂ (3)1
0 i= 1 J=1

R(t) is the autocorrelation function of the signal and Q (T) is the
cross-correlation between the noise received at the 1th and J ko hydrophones,
In obtaining the last form of Eq. (3) use has becn made of the assumption
that signal and noise are statistically independent and have mean values of
ZEero.

The increment in DC output resulting from the appearance of a signal

is clearly
e 0] [0 o]

A(DC output) = 2| de w(t)| do w(o) R(T - 0) (L)

0 0

Expressing R(T) in terms of the signal spectrum 5(w)

8

R(t) = 5 [ S(w) e do (5)

one obtains

]\f) Jor - Jwo
A(DC output) = - | do S(Q?J dt wit) e dow(o) e

(6)

1. Ce . . .
the bar indicater an averaping operation over tiw: random parameters

ol Lhe necise.
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where
co

-jwo
H(w) =/ dow(o) e (1)
0
is the frequency response function of the Eckart filter,
The next step is to compute the output variance Dz(yh). As in
Report No. 3 the low pass filter will be defined as a device whoée

output at any instant of time is the average ~f its input over the

past T seconds, The corresponding weighting function is

0<t«<T

h(t) = o (8)

0 elsewhere
\

3]

If one assumes; still following Report No. 3, that T is large compared

to the correlation time of Y3 the desired output variance is given by

D°(y,) - %[[RB(a) . RB(oo)f da (o)

RB(a) = R3(¢0 is the autocorrelation function of yB(t) - E[yB(tﬂ s
i.e., of the fluctuating component of Yye

In cases of practical interest the input noise power is generally
far greater than the input sipnal power. Hence a good approximation is
obtained by considering only the contribution of the noise to RB(a).

From Eq. (2)

o [se] (o8] [oe]

M M 1 M
R3(a) =§: ZJ }4 EJ /(dm'w(r'/ do w(o)| dp w(p%/fdy w(y)
i=1 j=1 h=1 k=1 0 0 0 0
5 ”i(t _ nj(t - u) nL(t +a .- p) Hc(t +a-y) (10)

:
“See Report Mo. 3, kau. (39) and (I0).
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Recalling that ny (t) is a Gaussian random process one can write

ni(t-'r) nj(t-—o) nh(t+a-p) nk(t+<l~)’) = Qij('V“U) Qhk(p"Y)

+Q, (0+7T-p) ij(a +0-y) +Q, (a+7-y) ij(a+ oc-p)

111

(1)
The first term - " Lgq. (11) ¢ s not contain a, Upon substitution

into Eq, (10) it leads to the DC  aponent R3 (»), The two last terms

of Eq, (11) clearly make equal contributions to Eq. (10)., Hence

[o.2] (e8] R

gl

M M M
RB(a) - R3(c=>) = 22_: Z Z Zfd'r w("c)[dp w(p) Qih(aw-deo w(o) X
1=1 j=1 b=l k=1 5 5

o)

fdy w(y) ij(a+ g-Y)

0
2

o] (o]

M
=2 j E dr w(T)[dp w(p) Q;p (a+7-p) 12)

Thus from Eq, (9)

o0 o0 [ve]
' M

M
Dz(yh) =%jda Z y fdf w(e)| dp w(p) Q (a+t-p) (13)

0 0 0

Now using Parsevalls the ‘rem
o o]
2
2 2 n
D = =y - G d 1
(v,) szjl(w)‘ ® (1L)
-0



where
oo .. o0 o0
-iwaii nor
1, T \ -
G(w) = ;_j da e /. EJ ‘/ it w(T%/fdp wip) Qih(a £ T -p) (15)
o i=1 h=1 0 0

If one designates the cross-spectral density corresponding to Qih(T) by

Gih(m), i.e.,

[ e 4y, (c) (16)

it becomes possible to rewrite Eq, (15) in the following form.

o0 o <]

vl g ~jop -jo(atr-p)
Z ZJ dr W(T)e dp w(p) e jdae Qpa+v=-p)  (17)

i=1 h=1 0 %

G(w) =

Al

Using Eqs., (7) and (16) this can be reduced to the very simple expression

M
G(w) = lH(m é;; EZ:Gih(m) (18)

Thus G(w) is identified as the power spectrum of ¥, and Eq, (1L ) becomes

o0 Y _'_11 2
2 Ll
D°(y),) = %[dw’mw ) ) )6, (19)
i=1 i=1
o J
Combining Eqs. (6) and (19) one obtains the output signal to noise ratio
[» a]

2

AT W [m S(w)'}{(w)’
£ (DC_output) o ‘ (20)

D(y,) P AL
ZV;‘ /lim H(w)} ;24 >‘1Gih(m)

vy

N




=5

e e oEERG B

[

o]

VAB Le

e

C=-17

Equation (20) makes no special assumptions concerning the linear filter

which converts ¥y to Voo If the filter is indeed an Eckart filter as

initially stated, then

b

(w) 1s the power spectrum of the noise received by each hydrophone.

)| - —200), @)

where N

Substitution of Eq, (21) into Eq. (20) yields

Vr'i? ] dm{ ]
A(DC_output) _ N(w) (22)
' 1
D(Yh) /e
2V fd‘*"TL Z ZGih(“)
li=l =1
If the cross-correlation, and hence cross-spectral density, between
the noise received at different hydrophones 1s zero, then
0 for 1/h
Gih(m) & (23)
N(w) fori=h
In that case =

A(DC output) _
D(Yh) 22 = -9

This is identical with the output signal to noise ratio of the likelihood
ratio detector undsr the same assumptions, [éee Report No, 3, Eq. (32)J
Thus the instrumentation of Fig, 1 is equivalent to a likelihood ratio

detector if there is no noise correlation frem hydrophone to hydrOphone.l

1This can also be seen from Bryn, op. cit., Fig. L and associated
diacussion,

LI

A A R i
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If there is noise correlation from hydrophone to hydrophone, it becomes
necessary to compute the cross-spectral densities Gih(m). Assuming a
spherically isotropic noise field,

1
2T,
i

Twih
Qp(T) = — [ Q(o) do (25)"
! T%4n

Q(o) = Qii(o) , the autocorrelation function of the noise received
at each hydrophone, Tin © dih/c , Where dih is the distance between the
it’h and hth hydrophones and ¢ is the speed of sound in water. Using the
symbol u(x) to denote a unit step function at the origin, one can revrite -

Eq. (25) as follows,

o
Dl
Qih(T) = '2::—" j[Q(o) [U(O'-T"‘Tih) - U.(O'-T'-Tih)] do (26) ”.
ih o
Now Fourier transforming
[ee] w
1 1 ~Jut ]
Gih(“)) = - = [dre do Q(o) [u(o-mw Tih> - u(o_'r..'rih)J
ih
00 -0
1 -j(DC "jw(T"O) i
= do Qo) e dt e [u(o -1+ ’T.'.h) "u(U"T'Tih_!]
2, S
ih % o
z . i :
1 - jwo ~jax
= do Q(o) e dx e
2”Tih
= “Yh
e ]
~jwofsin wr,
= ml do Q(c) e ____ih (27)
ih )
0

Loee Report tlo. 3, Eq. (€0),




: Hence ¢
e sin aﬁih
4 ©%in
5 Substitution of Eq, (28) into Eq. (22) yields
&
P 0.0}

RS

(29)

A(DC_output) _ %\/f 2 2

D(Yh) " ”

Ve Fw} Z Z e

A case of considerable practical interest, and one analyzed in some

2l

i

detail in Report No. 3, is that of signal and noise spectra sufficiently

similar in shape over the frequency range containing most of the signal

S

power so that one can write g
%T for -ab.f w < @,
| Se) . (30)*
N(w) 0 for o] > @

(o]

o o g

jf and N are the total signal and ncise power respectively. Substitution

of Eq. (30) into Eq, (29) leads to the expression

A(DC_output) \F 2t el (31)
D(yu i M 2!
i ' Z sin wt h

0
f diw
i=1

-0

O
W

_\/Jz

1 1h

R

It is interesting to observe that actual spectra S(w) and N(w) are

} immeterial so long as thelr ratio remains constant.
1An equivalent assumption is that §£&Q = ig- for all w, bhut that only
N(w)

— —

the frequency range -0 <w < W is being processed,



ITI, Results for a Linear Array with Equally Spaced Elements
If the receiving array is linear and its elements are equally spaced, ‘
one can write -
R . d
Tih - l e h!TO - ll - hl c (32) =
where d is the distance between adjacent hydrophones, The double sum in
the denominator of Eq. (31) can now be reduced to a single sum. =
MM e B & sinfi - nfoer
N S Z y 0 (33) .
R - — i - poert
i=1 h=1 ih i=1 h=1 ! 0
With the change of variable i - h =¢ this becomes
Kﬁ —1 sin oy Bl sin 8w¢0 .
L =M+QZ(M-3)———-—- (3k) |
i=1 h=1 M £=1 Hur “
Hence
0 2 aw 2
AR {—{, sin @ty 4 = sin fwrt
dw| = do|M+2 , (M-~ ¢
Lo L Wt Ly twt
i=1 h=1 ih = ¢=1 0
o o
w
}ﬁ © sin far
-2 i+ BH) M~ ¢) dw
L ar
£=1 o)
0
w
Jt sin fwT sin kwt
R o 0
+ L dw é_,(M - £)(M - k)
= durt kT
¢=1 k=1 0 0
-
O [l
(35)

Substitution of Eq, (35) into Eq, (31) yields an exact expression for
output signal to noise ratio which is, however, not very convenient from a

computational point of view, The difficulty lies in the need to evaluate




e

e

= e

C-11

the last integral of Eq. (35) between finite limits, Simple bounds on this

integral can be set by observing that the integrand satisfies the

inequality
M-l M-1 sin 5&16 sin kwtb M- M:} M=¢ M=k 1
0<Z> (M- 2)(M-k) -SZL Wy g O
¢=1 k=1 bar, Ko, t=lk=l  ° ° e
Thus
o ) (e o
M-1 %"‘1 gin Zun“o sin kwr M"l M"l M-Z M-k 1
L fdo) ), (- 20 - k) “, ) it
ot kot K R
J k= o ° G, Ll
0
o M-l IYI:‘1 sin 4wt sin ket
< d“’z l (M~ &)(M - k)
J kel 0o
o
o0
N-1 »{_;1 sin & sin ket
< bfaw) ) (M- e)(-k) il
4 £kl SER
Now

[Nl sin ot sin ket | RN Mo Mok
¢ 5 M-¢ M-k
de Z(M )M -k =% L >_J =4 22 min(r k)
o

1 k=1 2 By £1 k=1
1
(38)
where min(ﬂTo,kTo) denotes the smaller of the two numbers &7 and kT
Simplifying further,
M.l M-l M-l ¢-1
M- (M-~ 2 M- M- k
Z ?1 ~5 Tk n(&r: J = kn T 8 }_“(‘ )
o &1k=1 fo e=1 i &=2 kel
(39)

lBierens de Haan, Nouvelles Tables D'Intigrales Définiss, Table 157, llo, 1.




Alse

z 1{:]1 -1 | M-1 1-1
H-bM-k 1 8 7 M-t M-
8[“’@ L T —— ), ), B

S 8=lkel ° To % £21 k=1
° 2
M-1
8 M- ¢
L
T,oe\ g
With substitution of Egs. (39) and (LO) into Eq. (37) one obtains
M-1 ) Mol £-1 M1 e
bn \7 gM &), bn Z VT Qi-2)(M-k) 8 1 Z M4
T LJ TO Z_I L TO ’T,'OQ)O ! E
° 41 42 k=1 Le=1
©
° I};l M—"»l sin £wr sin kwr
<l dwz_' L(M £)(M-k) —es =
i ¢=1 k=1 °
0
M-1 5 M-1 £-1
i/ ! - M -
f%}.LI_'(_Z(M )+%3ng14 8)8(11k) (1)
o} Y/ o)
£=1 =2 k=1
Finally, using Eqs, (41) and (35) in Eq. (31),
1
Two , §— 1
n N _
M M~l 5 M-l &1
1+H'—_thZTM &Sl(ﬂwr )+ ZLM 32 -b-g z > _‘__Z(___)M—ﬂ) Mok
°©0;0 i moTo =1 LR
< O(DC output)
D(}'h)
=
wo S i
2 M
N
,ﬂ M-1 5 M-1 5 1
L M- ¢ -8)° (M- ¢ g
1+HT;‘-—>-I-—8—51(ZQOT)+%I- 1 >J£“88)+-)'-g- ) M- ) M-k )
°° i=1 N ono ¢=1 e u)oTo {= 2 x=1
PR
R
(Loo'fn) 1 é:Jl

-
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X
The symbol Si(x) = j’ Eig#z dy denotes the sine integral.
0
It 0T, i.e., the frequency range 0 < w < o, processed by

the detector is large corpared to %; , the upper and lower bounds converge
0

towards each other and

8(DC output) _ g "% M _’g_ (L3)
D(Yh) en N

3

Under the condition Slo) NN , the output signal to noise ratio of a
N(w)

likelihood ratio detector is

'AD'D(guiﬁtu)t) ’\/’2? ;‘}'VZ . }G(w)lg de (Ll )t

G(w), the array gain, approaches M for w >> (éL . Hence for o >D'éL
0 0

the ratio of the output signal to noise ratios given by Egs, (43) and (L)
tends to unity, This is, of course, reasonable since there is virtually no
nolse correlation from hydrophone to hydrophone over most of the frequency

range processed,

Fig. 2 shows a plot of the output signal to noise ratio | normalized

Tw

= w

with respect to —2 M él versus - for a five-element linear array
2n N | 2n ©

with two-foot spacing between hydrophones, Lven ii‘§%, the upper limit

of the frequency range being processed, is as low as 1000 cps the bounds
of Eq. (L2) coincide closely so that the curves accurately determine system

performance, Also shown on the same figure is the output signal to nolse
[Tt
ratio (again normalized with respect to —§% 1 ) of a likelihood

N

ratio detecter using the same array of hydrophones. The oscillatory

Lsee Report No. 3, Eq. (30).
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behavior of this curve is due to very pronounced oscillation of the array
gain G(») about the average value 5, Fronm a practical point of view

the most important conclusion to be drawn from Fig, 2 is that the output
signal to noise ratio of the likelihood ratio detector does not exceed
that of the pover detector with Eckart filter by a factor significantly

in excess of 2 if the processed frequency range extends bsyond 1000 cps.

IV, Conclusions

This report compares the performance of a likelihood ratio detector
with that of a power detector preceded by an Eckart filter, Signal and
noise are assumed to be independent Gaussian random processes and the
signal to noise ratio at each hydrophone of the receiving array is assumed
to be small,

In the absence of noise correlation from hydrophone to hydrophone
the likelihood ratio detector is shown to be formally equivalent to the
power detector with Eckart filter, For the case of appreciable noise

correlation between hydrophones, calculations are carried out under the

following supplementary assumptions:

1) Signal and noise spectra satisfy %%%3 = f% , a constant, over

the frequency range processed by the deteétion system,

2) The receiving array is linear and has M equally spaced hydrophones,

Numerical results for a five-element array wiih 2-ft. spacing between
hydrophones show that the output signal to nolse ratio of the likelihood
ratio detartor exceeds that of the power detector with Eckart filter, but
by a factor never significantly greater than 2 if the processed frequency
range ext 'nds beyond 1000 cps, As the upper 1limit of the processed

frequency range approaches infinity, the ratio of the performance figures

(output signal to noise —atios) of the two instrumentations tends to

unity.
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I, Introduction

This report continues the study of the detection of weak directlonal
gignals in the presence of a very much stronger isotropic background noise,
As in several earlier reports, buth signal and noise will bs taken as
Gaussian random processes, but in contrast to most of the earlier work the
noise level will be assumed to vary from hydrophone to hydrophone, The
problem of variable noise levels was treated in Repc  No. 2 for the case
of a power detector using clipped or unclipped data, .t was shown that
the performance of the system employing clipped data can be distinctly
superior to that of a system using unclipped data when the variation of
noise levels becomes sufficiently large, The purpose of the present
investigation is to determine whether clipping is an efficient methed for
handling variations in noise levels or whether substantial improvements
might be attainable through use of some more complicated procedure, Since
the likelihood ratio detector 1s optimal under most reasonable performance
criteria, it will (as in several earlier reports) be used as the standard
of comparison.

The nature and degree of difficulty of the problem to be studied
varies drastically with the assumptions concerning the variations in noisr
level from hydrophone to hydrophone. Of particula: importance are two
questions: 1) Dc.s the noise level at each hydrophone remain essentially
constant over the time interval T available for detection? 2) Can the
noise level at each hydrophone be monitored continuously and therefore
assumed to be known durlng the detection process?

In practice the time T 1s likely to be sufficiently small so that it
is not unreasonable to regard the nolse level at each hydrophone as fixed

over T seconds, Furthermore, in all cases where a significant detection

D-1




problem exists, the signal te noise ratio at each hydrophone is small
so that the total average received power differs only insignificantly
from the average noise power, It should, in general, be possible to
measure the average received power to a reasonavle degree of accuracy
in a time short compared to T. Hence the analytically simplest
assumption, that the noise level at each hydrophone is known and remains
fixed during the observation interval, appears to be quite realistic.

II. General Re: _.ts

Under the assumptions stated above the analysis of the likelihood
ratio detector given by Bryn1 and extended in Report No 3 requires only
minor modifications., It is now no longer possible to work with the
normalized noise correlation matrix Ql used in Report No, 3. However,
if the same average signal power is received by each hydrophone, it is
a simple matter to show that the output signal to noise ratio assumes the

form of Eq. (1), an expression entirely analogous to that obtained in

Report No, 3 [Eq. (25)] .

f 4 N2
[ — -
A(DC output) - Ix JTr[PQ(n) Qg-l(n)J
D(output) |/ EJL

Here Pz(n) and Qg(n) are the matrices of unnormalized correlation

coefficients of signal and noise respectively., In other words P2 has

the elements (A, (n) A (nj> and Q, the elements <?.(n) A.(nj‘ where
A A4 2 PR
o)
JAi(n)} is the set of Fourier cosine coefficients of the signal received
)
by the o hydrophone (See Report Ho. 3, page 2).

Operating on Gaussian Signals and Noise," J.A.S.A. 3L, No, 3, March
1962, pp. 289-297.

ip Brym,"Optimal 5ignal Processing of Three Dimensional Arrays

n

(1)

)
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The computational problew: is simpliied grcatly if one assumes
negligible noise ccrrelation from hydrophone to hydrophone, The effect
of noise correlation on detector performance has been studied extensively
in earlier reports, and there is no reason to expect the introduction of
variable noise levels to alter the general conclusions drastically. The
simplifying assumntion 1s therefore made in order to focus attention on

those aspects of the detestion problem which depend strongly on the

variations in noise level.

In the absence of noise correlation from hydrophone to hydrophone,

the matrix Q2(n) is diagonal and may be written in the form

Q)= N(@n) Aw b& (2)

LS

N(w) is the normalized noise spectrum, so that j’N(w) do =1, 'Ni
0

stands for the average noise power received by the i g hydrophone, If

the array is steered on target, as will be assumed,

{l 1... l_
..o 1

Py(n) =5 5(w) aw| . (3)
Li L 505 ld

S(w) is the normalized signal spectrum, wd § stands for the average
sipgnal power at each hydrophone.

Equation (1) may now be rewritten as follows:

[ ol , 72
q o | % S L i |
4(DC_output ) S ) ntoNt i (L)
D (output ) [ Lo N{w i‘l Nil

i k . {
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If T is sufficiently large so that S(w) and i!(w) are essentially

constant over the frecuency interval Aw = 7+ , Eq. (L) can be approximated

= "5!::

by the integral [See Report No, 3, Eq. (

—

A(DC output) _ - ! ! ng /Jﬂ[ofm;] s 1
5| 2. 5)
D(output ) Lim1 NJ V |_ _UJ

Comparing with Report No. 3, Eq. (32), cne seces that this expression
is equal to the output signal to noise ratio of a likelihood ratio detector

with input signal to noise ratio

(6)

N~I=
Zlea

=

g .
N

(RN
i

at each hy'drophone.2

With the same noise level at each hydrophone and no noise correlation
from hydrophone to hydrophone, one finds that the likelihood ratio detector
i1s formally equivalent to a simple power detector prececz=d by an Eckart
filter [See Report No. 10, Eq. (214)}. With varying noise levels the
equivalent instrumentation is a power detector with Eckart filter and
adjustable gain ki in each hydrophone circuit, A block ‘diagram of the
required instrumentation is shown in Fig, 1. The analysis of this
circuit requires only a minor extengsion of the argument contained in

Report No, 10. Thus Yo is now given hy
(e o]
ra(t) =] g w(r) ) Ky x (6 - %) )
i-1

“If only the frequency range “j S0 s is processed by the

detector the limits of intepration becone oy and A

D
“Note that in Rapart Ho, 3 the symbols 5(w) and N(w) represent
unnomalice ! spectra,
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D-5
e N PV S
L1
\
o2 [
B — . —_
O—_LJ kq "“"“‘"'m Eckart Low~pass
— H ] sidter [P T ridter |
) / < 0 R B 173 4
Q._._YM__...i k‘M |___....
Flg. 1
This leads to
O ;
210 | 5| e s) [1e) (8)
b(DC output) = 5 | k| S [ do 8(w l co|
i=1 o
and
; MM e
2 n bl a -
D (Yh) = T dw 1H(m)‘ L Zkikh Gih(w) (9)
- i hel
where H(w) is the frequency response function of the Eckart filter and
Gih(w) 1s the unnormalized cross-spectral density between the ith and h
hydrophones, [See Report No, 10, Eas, (6) and (19).]
Hence the output signal to noise ratio is
n P e .
> }ci S (dm 5(w) lH(w)
D(y,) 2V | = , ‘
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The frequency response function of the Eckart filter satisfies the equation

£ S{w

Nz(m)

N’

(11)

i {w)

Substituting Eq. (11) into Eq. (10) and recognizing that the integrands

ir numerator and denominator are even functions of o
—?

M <] 2
Z k| S [ ae [SW%%}
5(DC output) _ . /T i=1 o - (12)
D(}’h) v2n # 82( ) —M1 L 2
0 i=1 h=1

In the absence of noise correlation from hydrophcne to hydrophone

Ni N (w) for h=1
Gy, (@) = (13)
0 for hfi

Hence 5

A(DC output) _ ﬁ\/ 7o li=1
D(Yh) 23

- _;’I_‘_:S ic1 : fd‘*) [S (g)]z (1l)
0

Equation (1) is identical with Eq. () if

H p)
.

[Z kiJ o

i=1 ) i

S " ), -N— (15)
k2N i=] 1

o1 i

i=]

P
£y

e

W EBE BRSO

L

1~
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Equation (15) is catisiied when

k, = —— (16)

Thus the ki in Fig, 1 are simply gain contrcl circuits which discriminate

against hydrophones with high noise level. The total average power out

of the gain control ki varies with = .

J .
i\‘l

III., Comparison of Likelihood Ratio Detec or and Clipped Powér Detector

In Report No. 2 the performance of a power detector operating on
clipped data is compared with that of a power detector operating on
unclipped data, For ease in comparison with the earlier results it is
therefore convenient to relate the performance figure of .he likelihood
ratio detector [Eq. (Sg} to the equivalent figure of merit of an
unclipped power detector,

With Gih(m) given by Eq, (13),

H(w)l = 1, and ki =1 for all i.

Eq. (10) becomes

[e 2]

Sfdms(m)
0 VR ] 1

A(DC output) _ V:f 2
2n =

D(y, ) M2 en - & !
" /dw N° (w) z Nl >..J Ni fdm N° (0)
0 i=1 o= 0

Thus the ratio of Eq, (5) to Eq, (17), i.e., the ratio of the

performance figure of the likelihood ratio detector to that of the

unclipped power detector is

performance figure of likelihood ratio detector

performance figure of unclipped power detector

~ o — — m |
‘—Ij\ I - I'- [ If"a 5 @ .' lf )]
: V5 ) sgedl? el [ 2
;?(ZaﬁﬁX S}§T|H“= ?ﬁfﬂ |m”j N (w) do
s | p




When all of the IJ; are equal Eq, (18)'reducos to

E
7 |

. . , 2
performance figure of likelihood ratio detector Ségﬁ] do Nz(w) %
performance figure of unclipped power detector

0

(19)
This gives the improvement attainable with likelihood ratio techniques
in the absence of noise variations from hydrophone to hydrophons, a
factor which has been discussed in several earlier reports.
The quantity of interest here is the dependence of Eq, (18) on the

variation of Igi from hydrophone to hydrophone, It is given by

1E‘N }%L:._l,y‘%{j& 20)
F°M>_4 1 Ny 2ZJZ_J (
i1 i

For numerdical computations it will be assumed that the average noise
power at each hydrophone can assume just two values, a lcw value NL and
a higher value NH' The probability that any glven hydrophone has average
noise power NH is p and the noise power levels at different hydrophones
are regarded as statistically independent,

If k of the hydrophones are in the high noise state

M
N N
! 2 2 H T
—= = kT (M- k) k(M- k) |t (21)
?ZN T
Hence Rl’ the expected value of F, assumes the form
R = E(F) - Zk b -k)% k(- k//:\lﬂ L e ik
W2 UL PRV g
(22) °®
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Figure 2 shows R1 as a function of NF/HL for p = % and M = 2,5,10
and ® , Also shown is the improvement ratio Rc of a clipped power
detector relative to an unclipped power detector, :ormalized to unity
at N'H/NL =1 . This curve was computed from Report No. 2, Eq. (34),
with p = % and ¢ = NH/NL (low input signal to noise ratio). In
Report No., 2 it was assumed in effect that precisely pM hydrophones were
in the high noise state (perhaps bccause of knowm :patial patterns of
flow noise). This is equivalent to the assumption M—c> . Thus Ry
rises somewhat more rapidly with NH/NL than the cquivalent improvement
R (=)

ratio for the clipped power detector. However the ratio ;LR———- is less

than 2 over the entire range investigated. Therefore the gain to be made
by poing to a likelihood ratio detector is probably insufficient to
justify revlacement of the simple clippers with the more complicated
gain control circuits demanded by the likelihood ratio detector.

The improvement ratio R1 is the expected value of the ratio of the
performance figures of the likelihood ratio and power detectors, An
equally logical basis of comparison would be the ratio of the expected

values of the performance figures, This leads to the definition

Ro= 2 E(performance figure of likelihood ratio detector) (23)
K
E(

2 performance figure of unclipped power detector)

whereas Rl was defined by

1 performance fipure of likelihood ratio detector L)

L =% L
H‘ K performance figure of unclipped pouwer detector

In both of these equations K 1s the improvement ratio for equal noise

power at each hydrophone and is given by La. (19).
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From Eqs, (5) and (17)

2 Ny
R = i=1 i (25)

Y
M E ~H-1—-
N

i1

With the same assumptions concerning the distribution of the JJi as

were made in the computation of R1 one obtains

- M(ﬁl— + }N'—P-) (26)

1 71 i H L
and
/ L
1 1 M} k Mk
By " p (1-p) (27)
\Z ¥ kZ:OkNHJf (M-N k! (M-k)!
i

-
1
-

Figure 3 shows R, plotted as a function of NH/N for p = % and

L
M= 2,5,10 and @, The curre for M = © is, of course, identical with

the corresponding curve of Fig. 2, so that the comparison with Rc remains

unchanged. However, for finite M the various curves of Fig. 3 approach

M1

asymptotic values of 2 for large NH/N This is due to the fact

L [ ]
that there is a finite probability (2'M) that all hydrophones will be

in the low noise state, Hence E( approaches the finite

-
T

=M
constant

as NH/NL-—}-oo .

M NL

Report No, 2 considered a variety of possible distributions for DJi
aside from the one analyzed thus far. Equivalent computations for the

improvement ratio of the likelihood ratic detector (with M-+ ) show
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results entirely consistent with those given in Figs, 2 and 3, In each
case investigated the improvement ratio of the likelihood ratio detector
rises comewhat, but not drastically, faster with NH/NL than that of

the clipped power detector, For example, if _N; has the continuous

probability density p &5
L[y for N < N <N
f(PJi) = < (28)
0 elsewhere

N\

and if the various fJ; are statistically independent, one finds (for M —x)

Ry =Ry = -—-—-'——jg~ (29)

i, Ny
L .

The improvement ratio for the clipped power detector is [frem Report

No, 2, Eq, (25%. 2 \
-0l
L = (30)

R, = L ;
NH NH
N—-én-——
L L
Thus for large NH/NL
R N
B Ry, Ny
= = £¢n (31)
ROR TR ‘

Hence

N
HN H

= 1,73 for = 1000
ﬁ; NZ
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IV, Conclusions

This report analyzes the cffectiveness of likelihood ratio tochnicues
for the detection of weak directional Gaussian signals in isotropic
Gaussian noise when the average noise power varies from hydrophone to
hydrophone, The following basic assumptions are made:

1) The noisec disturbances received by different hydrophones aro

uncorrelated,

2) The average noisc power at each hydrophone can be measured in

a time short compared to thc time T available for detection,
3) The average noise power at cach hydrophone rcmains fixed during
the obscervation time T,

i) The average noise powers at different hydrophoncs are

statistically independent,

Under these conditions the likelihood ratio detector reduces to a
power detector with Eckart filter incorporating in cach hydrophone
circuit a gain control that varies the gain of the channc. inverscly
with the noise power rcceived by the correspording hydrophone.

The performance index (output signzl to noise ratio) of the
likelihood ratio detecior is better than that of the c¢lipped power
detector under all conditions, but the relative advantage increascs
only slowly with increascs in the variation of noise from hydrophone to
liydrophone. Thus onc comes to the conclusion that clipping, while not
an optimal proccdurc, is quite efficient in combating the effocts of
noise variation from hydrophonc to hydrophone, The gains to be made

by the usc of likelihood ratio techniques are relatively small in all

cases irvestigated.
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I. Introduction

As implled in the title, a signal is received in two channels, and
the problem 1s to estimate relative delay between the two received
versions, This estimate of delay is wanted in order to determine the
bearing of a point source generating the signal at some distance away
in the transmission medium,

It is assumed that the signal generated by the source is random in
nature, and for simplicity in the following work, it is also necessary
to assume that the signal process 1s stationary Gaussian bandlimited
white noise, It will further be assumed that the signal in each
channel is corrupted by independent stationary Gaussian bandlimited

white ncise, Figure 1 is a sketch of the system being studied,

ray paths
wave ,a(t-P) + n(t)
front
| 64¢
i d Estimator
[ Best estimate
& R }: ke of §
s(t) s{t-p-6) + nz(t)
point receiving array
source

Figure 1  Recelving, Estimating System

ol

The relative delay 6 = is the time required for the signal to
travel the additional distance d in the medium, The delay P is the

gross travel time of the signal to the array and will not enter into

E-1




further discussions, Difference in attenuation of the signal before
entering the two channels is neglected. However, different noise
levels in the two channels are assumed, The choice of bandlimited white
aignalﬂand noise means that frequency dependence of attenuation has
been neglected, This assumption will be poor at large bandwidths or
long range of transmission, Usually a random component of delay and
a non~-stationary signal level are present in systems of this sort
due to inhomogeneities of the transmission medium, multipath, etc,
However, these are neglected in the present analysis, Some
discussion of these effects will appear in a final section of this
report., Also in the final section will appear further discussion of
the other assumptions.

II, Notation and Model

It is assumed that the signal and noise are observed in each channel
over the period of time T, The time origin will be chosen so as to
neglect the gross delay P indicated in Fig., 1. Then we write for the

signal in the two channels
x(t) = s8(t) + nl(t)
y(b) = s(t-8) + ny(t)

Under our assumptions, x(t) and y(t) are each completsely characterized
over a long interval T by 2TV samples taken at intervals of 5% seconds,

Here W 1is the bandwidth in cycles per second, We make the definitions

]

=W

et -] EEgusE) L] o]

e T v

e




E- 3

The data available to the estimator is then the two row vectors x and y

or the composite vector ¢ = (x,y) where

X o= (5% e Zypy)
(3)

y = (ylyYQJv-o yeTw)

A well-known theoreﬁlfrom the theory of estimation sets a lower
bound on the variance of an estimate of the parameter of a distribution
when a sample from a process with that distribution is available, We
shall formulate our probiem in this vein, Subsequent discussion will
show that certaln realizable estimation schemes attain this limiting
’ performance, Under the assumptions, all the statistical parameters
of the joint distribution of the components of ¢ are known except the

relative delay which is to be estimated. We write the joint probability

dsnsity as P(&;k) where ¢ is the previously defined vector, and k is

defined suvch that

LS (L)
oW

The best estimate of the normalized variable k is denoted k¥* and

the theorem states that

\

E{(k%-k)z} > 1 53 (5)
, E{(B%[log P(z;k)]) J&

5ee '{, Cramér, lathematical Methods of Statistics, Princeton
University Press, 1946, The material 1s discussed in chapter 32 and

following.
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The theorem is valid for unbiased estimates, i.e,, estimates such that

‘ E{%*] = , and for regular estimation, i,e,, for distribution functions

which do not have discontinuities as functions of k., These conditions

IemEs

apply to the present case,

In the section which follows, the Gaussian probability function
P(¢sk) will be written down and the operations indicated in Eq, (5
will be carried out., In the end the normalization to the variable k

will be reversed so that the error will be stated in more familiar terms.

owemel  wewSEl genemd

11T, Minimum Variance of Estimate of Relative Delay

The Gaussian probability function P(¢;k) is easily written in I
genaral form, ;
P(4k) = L exp{- %ﬁMk"]‘&‘} (6)
2
()" [/ |

Here n = 2IW is used for convenience, and the covariance matrix Mk

15 defined below,

I M S VA ™
) 8y e e bpy P e e
anl ann bnl bnn g
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aii = 5 + N1 A1
cii = S + N2 (3)
Biy " Oy " 0 all 1 #}
- Ay Llizk
13 E%i yj} : {s(zw) B( W )}
g sin [n(j-k~1) (9)
n(j~k~-1)

Note that only in the elements bij does the functional depsndsance of P
upon k appear,
We proceed by carrying out the operations of P(¢;k) indicated

in Eq, (5). First,

log P(¢jk) = - n log 2n - ¥ log lel - gen (10)

The next step, that of differentiation, is tedious and so the detalls are
relegated to an appendix. It is convenient to evaluate the derivative
only at integral values of k, In fact, further attention will be
concentrated only on the case k = 0 , although other integral values

are poasible, Later discission will show that this is not a serious
restrictien,

As shown in the appendix,

!
ilog P(@;k) =~ymX (11)
ok
k=C




E~-6
where
~ -
0 §_ _ S S
B ?‘ﬁ jﬁ P
S S
""E- O 'ﬁ ?% * e o
m = (12)
S
7B
o |
and
B = (S+N1)(S+N2)-Se (13)

1,2
Now, it 1s necessary to compute E {(y mx ) } in order to substitute
'
into Eq, (5). The product ymx 4is a summation of n2- n terms, each

one a product of the form

s B4 N I
l(1-3)lB

2

The square of ymxl is a summation with (n"-n) terms consisting of

each term in ymx' times itself and every other term, If the
expectation of the sum is taken term by term, each may be expanded

according to the following princ:iple.2

oo | s o s sl o0
@ @ ©)

2536 Davenport and Root, Random Signals and Noise, McGraw-Hill,
1958, §6.7.
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Under the assumptions of the problem, and with k = 0 , all the
expectations of two-fold products shown in Eq. (1) are zero unless

the indices of the two variables are the sams, For equal indices we

2
E{xi}=S+Nl

E{yiz} “ 5+ N, (15)

E{xiyi} = S

Because the diagonal terms of m are all zero [See Eq. (12):, , terms of

have

type (O in Eq. (1h) do not contritute to E{(y mx')z}. Terms of type
C) contribute only if i =h and j =¢ , or in other words, for
products of terms of ymx with themselves. Terms of type (3) will
contribute only if 1 =¢ and h = j , or in other words, for prcducts
of terms of yrnx' with symmetrical positions about the major diagonal.
We shall carry through one sample set of terms. Let us consider the
expectation of the products of the term from yxnx' corresponding to
the first non-zero element in the first row of m, with itself and
with its dlagonally symmetric term. The self term contributes

(s + Nl)(S + NZ) 32/}32 and the cross product contributes - h/182 .
The net zcatribution is 82/B . For terms further frou the diagonal,
a factor (i - j)2 appeare in the denominator. The net contributions

of all self and cross products may then bs arranged into a matrix

for convenience. This gives
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E{(me')Q} = A 5 JGAKS ,

(S+N1)(S+N2)-S i_ 1 0 3

- .
L

(16)

The factor 82/ [(S +N. )(S +N2) - 82] is common to all the terms, and the

3
operation S { } has been invented for convenience to indicate the sum of

all elements of a matrix,

The summation is fini. : because the matrix is nXn . We may write

the summatior in the ferm

2(n-1) + 20=2), 2(n-3) 2
4 9 (n-1)

This may be manipulated to obtain

101 1 11 1 |
2n[l+n+§ ...(—r:—)-E-J -2[1+§+§+...n__lJ

The bracketed series in the first term c:onverges3 for large n to n2/6 g
The bracketed serlez in the second term d:tvergeszh but may be apnroximated
for large n by log(n-1)+ y, where y==,5772 1is Euler's constant,

Hence we write

3See Pierce, A Short Table of Integrals, fcarth ed., Ginn and Co.,
1956, No. 832,

hSee Pierce, No, 79L.

;
o2

L

"‘ g e 'E IIS

Frasds 3

iz Htuseey

p—



g

E -9

[ ! 2 82 n2 -
E|(me_ )} = » [n T - log(n-1) - .5772J (17)
(S+N1)(S+N2) ~S° 1

.

for large n, Obviously i n is large enough only the first term in the
bracket need be kept,

Now, substitution into Eq. (5) yields

2 2

(S+N, )(S+N,) - 8°
E{(k* -1c)°} > 1 2 . 1 (18)
2s n 116 - log(n-1) - .5772

\

Substitution of n = 2WT and 6 = X yields minimum estimation error
W

for time delay 6 in terms of observation time T and bandwidth W, We have

2
E{(G*_a)e} > (5+N )(S+Ny) - S 3 .

p) R
S oW ‘..’231‘._ ~ log(2WT 1) ~ 5772

(19)

If the usual assumptions of WI >>1 and % or S« 1 are mede, the
N, ,

1
expression may Le simplified considerably. Then we have

(20)

Corresponding to the restriction k = 0, there 1s for Eq., (20) the

restriction 6 = O , However, this is not a serious restriction because

the equivalent situation 1s attainable by insertion of a known amount

¢. delay into x(t), or altering the time origin of the x(t) samples, |
Since the result given by LEq, (20) is supposed to be an absolute

minimum for the error, it is useful to compare it with results obteined
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elsewhere, In Progress Report No. 9, T. Usher, Jr., has an equation for
minimum bearing error for a split beam system. To make a comparison,

we use his Eq, (52), To put his result into the same terms as ours, we

make the following substitutions or changes:

Y G

1) Ve have two hydrophones, et M =1,

2) Multiply by % to convert to time delay error,

3) Square expression to get mean squared error.

i) Set bandwidth o of averager equal to %. This is obtained by
agguming that the averaging filter of the split beam system has a
weighting function which is constant for an interval T and zero elsewhere,

5) Set gs(w)/gn(w) =1, 0<w<2mW ; zero elsewhere, This
conforms to our assumption of bandlimited white signal and noise,

6) Let N = N, =N in Eq, (20).

1
When all of these changes are mede, the two exprassions are equal,

IV, Maximum Likelihood Estimator

If the minimum estimation error given by the statistical theory is

attainable, it can be attained by the method of maximum 1ikelihood.5

To estimate by the method of maximum likelihood, it is necessary to
solve the escuation

2 10g P(4;k) = 0 (21)
ak

for the vasue of k as a function of the value of the sample vector

Unfortunately, it has not been possible to perform the differentiation

indicated in Eq. (21) continuously as a function of k. Since the

differentiation has been performed for k = O , it is clear that a

5H. Cramér, op, cit,, Chapter 33.
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nearly equivalent method of estimation 1s to "steer" the array either
physically or by insertion of time delay until the time delay is zero.
This may be detected when the value of +yn1x' = 0, Then by Eas, (11)
and (21), the maximum likelihood estimate of the additional delay is
zero. However, since this is not strictly the meximum likelihood
solution scught, it is necessary to evaluate the error of this method )
of estimation, A brief investigation has shown that evaluation of
this error is tedious, and involves finding the distrin ion of zero
crossings of a random process,

Since it has already been shown that another estimation method is
as good as the method of maximum likelihood could be, it is not
necessary to go into the details of the analysis here.

V. Conclusions

The foregoing results show that the ildeal system in the sense of
our assumptions has an optimum performance specified by Eq. (20).

Furchermore, under the same set of conditions, realizable schemes such

as the split beam system attain the same optimum performance., Although
this is comforting, it leaves unanswered the aquestion of performance
under other conditions, The realizable schemes have been evaluated
under other conditions, For instance, the split beam system has been
extensively analyzed in Progress Report No, 9, However, it is not
known how this performance compares with the optimum attainable under

the same conditions., It is proposed to discuss the assumptions made

more general,

To begin with, the assumption of bandlimited Gaussian white signal

and rnolse is quite restrictive, Unfortunately, the entire analysis

in this report and to suggest ways in which the analysis could be mads !i



works because of this set of assumptions, The btand-limitation allows
sampling, thus reducing the data to a secuence of numbers, The Gaussian,
white assumption gives the probability density function very simple
properties, Th3 one hcope of improving upon this assumption is to sample
in the frequency domain instead of in the time domain, However, this
will make the statistical properties a much more complicated function of
time delay,

Another assumption has been made that the signal level is
statlonary, However, it is often observed that received signal strength
variea as a function of time, although usually at frecuencies which are
very low compared to the system bandwidth, One possible representation
of this situation 1s multiplicative noise, That 1s, we write

x(t) = a(t) s(t) + n (t)
(22)
y(t) =b(t-6)s(t-6) + n?(t)

where a(t) >0, b(t) >0 are slowly varying random processes,
independent of B(t),nl(t) and n2(t). It is helpful to assume

E{az(t)} =1, E{bz(t)} = 1, so that the average signal to noise ratios
are 8till S/N1 and 5/N,. It canbe shown that if s(t) is Gaussian
white noise, still the product a(t) s(t) or b(t) s(t) will not in
general be either Gaussian or white, However, as long as vhe signal

to noise ratios are very small compared to unity, then x(t) and y(t)

may still be assumed Gaussian white., Then the rest of the analysis

will carry through in a simple fashion, with the only change anpearing

i

g5 3

e
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in the values of the coefficients b.lj given in ®q, {9). It is clear

that
N

R ai-Er

. ﬁnhﬂj-kjiﬂlej-k-iJ (23)
n(j-k=-.) W

Note that the values of b, , are still zerc for k = 0,1,2,.., if

13
j-k -1 # 0. This is then easily carried through, It is obvious
that the only change this will make in the result is the values of the
coefficients in the matrix m, These may be readily calculated with
any particular choice for the function Rab'

Another empirically observed phenomenon which has been neglected
is the random component of time delay which is c¢ften present. To ths
extent that this time delay 1s identical in both channels, it introduces
no error whatsoever. However, 1f there is lack of complete correlation
between the time delay in the two channels, errors will result, If
this delay is slowly varying to the extent that it remains nearly fixed
over the observation period T, then the error in delay must be added
directly to whatever random errors are generated in the estimation
system, Hence this may be accounted for without disturbing the analysis,
Should higher frequency components of random time delay occur, they
will affect the result by reducing the value of h{s(?lw’ s{%’{;rk-)} used

to compute bi in Eq. (9). This will have an effect equivalent to

J
reduced input signal te noise ratio,
Finally it has been assumed that the complete time waveforms of

x(t) and y(t) are cvoilable to the estimator., In practice this




information is usually clipped and sampled before being presented to
the estimator, Under our assumptions the sampling produces no loss of
information, However, if used in combination with the clipping,
considerable information is thrown away, It would be very helpful to
carry out an analysis similar to the one above but using only the
sampled clipped infermation, Then the loss of information could be
evaluated in terms of increase in minimum estimation error, and the
performance of practical systems under these circumstances could also
be evaluated to obtain a realistic figure of merit.

The main problem in performing the analysis for clipped semplad
information is to write the joint probability density function for
the clipped samples in a general form such that the differentiation,

etc,, may be easily performed,
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Appendix  Differentiaticn of log P(¢:k) with respect to k

From eq. (10) we have

log P(45k) = - 2TW Log 2n - 3 log 'My, ~gen 7ty (A-1)
® ©)
The terms are labeled @,@, and @ and will be con3sidered separately,

Term (1) is independent of k; hence its derivative is zero, It will be

shewn that the derivative of @ is zero for integral values of k.

First we note that Mk i3 considerably simplified for intsgral k.

Denote integral k by k = K, and MK may be written

_ K columns _
S+N1 0 0 .« . O 0...0 S o ...0
0 S+N 0...0 0 S .. .0
1 . \ ‘
0 S+N . .
1 0 o Vs
* 0 0 0
) : . K
0 S+N1 0 0 0 Tows
M = (A-2)
0. .. 0 S+N2 0 0 0
S E : 0 S+, O 0
UL 0. .. 0
O 0 S+N2 0]
S 0 0
. \_j
0 ... S 0 0 0
o )
—f) ... 0 o \9; . OJ 0 S+N2~—

K columns




A similar picture applies for negative integers K except that the
mlnor non-zero diagonals are shifted in the opposite direction. HNow
suppose K is changed incrementally to k = K + &k ., If all but the

linear terms in k are neglected, MK+Ak can be written approximately

o Shk ~Shk
,J+Hl ] \ 5 =Shk 3 Shk —2:
N
0 ~-Shk
X, 2
R \ Sk
\ d
0 -Shk
. Shk
0 S+I\l1 T
MK+Ak =~
S+N2 0
Sak 0
&
e \
5 0
! 3 -5pk §%E 0 S+N2

PN T
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B =17

Then the derivative is evaluated by means of the definition,

M -
.@.IMK‘ = lin M (A-L)
ak 8k—=0 Ak
k=K

Fer this a general evaluation of lMKI as well as lMV+Ak| is required.

We begin with IMKI for K =0 . Note the following:

1)
S+N1 S
= (54l )(SHN,) - 52
S S+N2
2)
s, 0 50
o sw o s | . s 0 S N o S 0
S 0 sy o 1/lo s, 0o s, 0 S
0 g 0 S+N2 S 0 S+N2 S 0 S+N,
= (54N )(S+1,) e SR B oy 8
5 S, 5 S,
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3) For size 2nX2n we denote matrix sizes for convenience of reader.

e 1

S+N 5

1
\ (nXn) ke (nXn) T
0 0

S+Nl 5 :
{
s E+N2
(nXn) (nXn)
0 0
0 0
S S+N2 ’

Without showing all the steps, expansion of the above determinant is made
along the first column, yielding two non-zero terms, The first term,

W ow (n+18t of original).

proportional to (S+Nl), is expanded along its n
The second term, proportional to S, is expanded along its first row,

Then terms are combined to give

S+Nl S
N\ |
\ (n-1Xn-1) (r-1Xn-1)
0 0
0 0 \
. R S+N S
{(sml )(3+N,) - s‘} 1
3 S+N2
(n-1Xn-1)| . (n-1Xn-1)
0 8]
0 \ 0
5 4N, ,
) i




=

s

FEo aontisee ssteng e )

SO PR

From here it is an easy step to the conclusion that
2n
= - I-
lMO| {(S+N1)(S+N2) s} (A-5)

In a gimilar fashion, if K is some integer other than zero, either
negative or positive, but less than n, a general result may be obtained.

The details will not be shown here, The result is

2\“'“” | |¥)
= {(S+Nl)(S+N2)-S | (S+N1) (54N, ) (A-6)

£

Simlarly, lMK+Ak| may be evaluated, For compact notation, terms

with powers of Ak greater than or equal to two will be dropped., Again

the only case considered in detail is the case K = 0 ., Beginning
directly with the 2nX2n case, we have
— —
-SAk
S+Nl 3 Sk e
(nXn)
~Shk -5Ak
0 = o
9 : Sk
SN, ~Sik 5
4
Mok~ Stk
S =858k —= . S+N2
\ (nXn)
Shk Shk 0
T
-Shlk 0
—“T\ = ~Ohk
- e
' :i$E SAK S+H,




Expansion along the first column yields a serles of terms of the form

@' +

bk
2

) @] +5]@)] - sk |@f « (@] -3

1 |.t‘ ~
First the determinant l(:), is expanded along its nth row (n+lq of

original), This gives a number of terms, one of which is

(S+Nl)(S+N2%

Sak S

The other terms resulting from the expansior of ’C)I all have a complete
nth column of terms which are either zero or proportional to Ak as well

as a coefficient in front proportionel to Ak, Hence they are proportional
at least to Ak2 and may be neglected. A similar sequence of steps

results when l(:)l is expanded along its first row, The result is

-~

—




S+N1 SISl NTL
B
(n-1X n-1) _Sak (n-1Xn-1)
o 1]
0 :
\\\\& Shk
S+Nl =Shk 5
2
-3 + terms proportional
S "sAk o e J+HE 'bO Ak2
Sk (n-1X%n-1) (n~1Xn-1)
0
[ N G
=Sl
bk S S+N,

When l@l 5 l@l, l@’ , etc,, are expanded along their nth

column, all the tcrms have an entire row proportional to Ak, so that
the contributions are proportional at least to Akz. Then we write

a INOI + terms proportional to a’ or higher (A-7)

lM
powers of Ak

O+ak

Further investigation for cases K # O yields the result, not proven

here, that

2
M l = | + terms proportional to Ak~ or higher
'1K+Ak ‘MK powers of Ak (A-8)

Substitution of this result into Eq. (A-L) and evaluation of the limit
then gives
2 -0 (A-9)
ok
lic=k
Now there remains the problem of differentiation of term C) in

Eq. (A-1). Again the defirdition of derivative will be used.
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1, -1,1 1 -

| TR A ¥ . '

i(-%&mk‘le') S A S X 2 Ve (4-10) ;
k k-0 o

k=K

First some algebraic manipulations are performed,

1 -1 1
§-8MK ¢t - §~8MK+Ak

-]_l

Eﬁ( MK+Ak ] (8-11)

l\>h——'

The difference shown in the brackets may be approximated for small Ak by a

standard matrix 'bechniq_ue.6 Let

Meone ™ M * Ok (A-12)

From Eqs. (A-3) and (A-2), DK may be written approximately, keeping only
linear terms in Ak. It will be seen that only these terms count when

1im Ak--»0 is taken.

=
O O e 90 0 —SAk O SAk " e
0 \\\\\&
. \\\\XSAK
0
-Shk
0 0 |
D, ~
K 0o 0 0 l
0
~Sak E
o .
s\ NN é
\\n s
Sak O -Shk 0 ... 0 z
(A-13)

6Sco, for instance, Fraccr, Duncan, end Collar, Flementary Matrices,
Cambridge Univorsity Press, 1957, § L-11,
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Now let us define

!

K+bk

Tt eg (A-14)

Then, by definition of the unit matrix I,
M plc [MK~ ' 5}(] g (a-15)
Rearranging and pre-miltiplying by MK‘l gives
. ST -1
My lMK+Ak b = l_I ~ Myoak M

The left-hand side is approximately Oy. Equation (A-12) may be gubstituted

into “he right-hand side to obtain

-1 -1
- MK DK MK (A-16)
Substitution of the various results back into Eq, (A-10) then gives
1 -1 -1,
¢ D ¢
2 ('%‘Mx{lﬁl) g K x Mk (h27)
ok k=K Ak-y0 Ak

Since D is the only matrix in which dependence on Ak appears, the

1imiting operation may be moved inside.

5 1 1, -1, 1 %\ o -1,
g;(“z‘”ﬂc e) =——8MK (Pm ——)MK ¢ (A-18)

Ak—0
k=K

Now all of the terms of the product shown in Eq. (A-18) may be written

out. The vector ¢ is defined in Eq. (3). From Eq. (A-13), we write




1im
Ak—0

X
Bk

=

K rows 2

AY

\

K columns
~ g 5 i
O e ? -S 'D S "E' L]
0 \ 5
-
3
0
=
]
2
0
0 0... 0
3 0
z :
-5 '
0
a3
f-:\
"E\
A o
-3 =5 0 |
- (4-19)
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Tt 1s not difficult to show that the inverse of MK is as follows:

K columns K columns

_ | -
B 0 | ; "B 0
D\ o0 o 5

S+N2 | : HE
I - RS S N i
| 1 0 |
K S+N
TOWS 0 | 1™\ 1 0 : 0
I Y
A | 0 1 |
%k | ! 0 i
S'*'N
.. 0 : 0 2\‘3__1_1 0
__________ L R T
s | e S
B 0 | | 7B 0
|
0 0
5 | | S+y
- | B
s | ' b
{ |
(A-20)

where B = (S+Nl)(S+N2) - 82 . This can be proved by mltiplying by

M, given in Eq. (A-2) to obtaln the unit matrix.

The matrix multiplicatien required to evaluate Eq. (A-18) is

straightforward, tut takes a lot of space., Hence only the result is

1
shown, and only for K = 0. Leaving the multiplications by ¢ and ¢

until last, we geb



N I | B
IR )
0 % _ S 5 .
2 \
B S
0 % 38
L S
: 2B
S
B
S S
3 ~§ ©
i s S
NB T
S
B
o
)] 0
3
j% 78
5
]
5 5 8 0
3 "78 B
e J
(A-21)
A similar set of resulls could be derived for K # O, but since they
areé not really used in the main body of the report, the space is not
taken here,
'inally, Eq. (A-18) may be evaluated.
) 1 -1,1 1 !
_..(-§£MK ¢ ) - 56 e (A-22)

ok

Further simplification is obtained if the upper right hand corner of m

is defined as a new matrix m. The result is

L
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I. Introduction

The problem of single frequency wave propagation in a weakly
\

/

inhomogeneous nedium has been considered at length by Gnernev.(l
The results that are applicable for this report are found mainly in
Chapters V and VI of Reference (1), Chernov assumes perturbed plane
wave propagation through a medium in which the refractive index
fluctuates in a random isotropic fashion throughout the medium,

He develops expressions for the correlation of the amplitude and

phase fluctuations of the scattered wave at different points in the
medium,

Recently Lord(z) has applied Chernov!s results to the determination
of the bearing uncertainty for a discrete linear difference array |
receiving a single-frequency signal,

In this report Chernov!s results are applied to the operation of
a split-beam system of transducers identical to that considered in
Progress lieport No. 9.(3) The bearing uncertainty due to the
scattering of a single frecuency plane-wave signal is derived, It
would be desirable to derive the bearing uncertainty for a wide-band
random signal, but the analysis noses some difficulties. It will be
seen in the following sections that the variance of the propag.tion
time through the msdium is not a function of frecuency, but there is
no assurance that the exact values of the time delays for all
frecuencies are precisely tne same, or even show correlation over a
reasonable band of frequencies, Possibly further study of Chernov's
work could resolve this question. However, the results for wids-band

signals should be ro werse than those for single-frequency signals,

-
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II. Review of Results from Chernov

Chernov assumes a single frequency plane wave for the acoustic
pressure of the fori1 in Eq, (1) propagating through a medium in
which the refractive index varies in e random fashion about a mean
value,

3 Brdy
p(t)=p(t)e =p(t)e (1)

In Eq, (1) B and y are the amplitude and phase fluctuations respectiely,

and po(t) is the nlane wave solution in a homogeneous medium, given by

Eq, (2).
. . r
-j(wt - kr) -Jw(t-g)
p(t) = = e - (2)
The voriances of the phase and amplitude fluctuations are given
in Eqs. (3) and (L),
1/2 2
<y?> = I%;_ <p%> i% ar(l + % arctan D) (3)
1/2 2
2 2 1
<§ > = 57;— " > i% ar{l - 5 arctan D) (L)

(ka > 1)

In Eqs. (3) and (L) <pz> is the veriance of the refractive index and
a is the correlation distance for the fluctuations of the refractivs

index. For the derivation of Eqs. (3) and (L), the correlation

function for the fluctuations of the refractive index at two different

points in space 1is assumed to have the form




£2 4 o2, 62

)
oy - ¢De (5)

2eied

iy

f, SN ~ e i
where £, n, and:f are the differences of the coordinates for each of the

% two points, Also, the wave parameter D in Eqs, (3) and (L) is given by

- e br 1

{}& D:———-:—-—o—-— (6)
ka2 a ka

g

i The normalized cross-~correlation between amplitude and phase at the

same point in the medium is found to be

.
" ReT

For D >> 1 Eq. (7) becomes

Saes

2
{n{l+D") (7)

- X
2 \
vD2--(arctan D)2

Fer 2 SO

g
& WS &2 o (8)

' The problem of evaluating the autocorrelation between the amplitude

: fluctuations and the phase fluctuations at t.o different points in the

medium is divided into two distinctly different parts. First the

autocorrelation is evaluated for the situaticn in which the two points

are located in line with the path of propagation., The normalized

longitudinal autocorrelation for amplitude and phase is given by

<e- 8,) M )
R - R N1l N 2/ 1 (9)
e 2 @Y ), ‘
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where Ar is the separation of the two points,
Next, the autocorrelation is evaluated for the situation in which
the two points are located along a line perpendicular to the path of

The normalized transverse autocorrelation functions are

provnagation,
i .
A O )
B2 D a2
Rﬁ = (10)
1,¢ 1 - § arctan D
i
Cat, 1fn g1 8
g D |2 D ;?
Ry - (11)
1,2 Bl % arctan D
for ka >>1
D>1
If D is very large,
—82 .
R
R =R Z'R =¢ (12)

In Egs, (10), (11) and (12), ¢ is the separation of the two points.

Note that the longitudinal correlation is high over a distance

which is much larger than the distance ¢ < a over which the transverse

correlation is high,
Values for a, ¢, and <h2> to be used in this report are:
a = 2 ft, (from Chernov)
¢ = 5000 ft/sec
G ? |
;L> a2 §X10 (from Chernov)

e

L=y

oamhBase wpALy

e -

-7




III. Response of a Split Beam Systen

Tn this section the results of Section II are utilized in the analysis

of the split-beam system shown in Fig. 1.

Ph se Shift ) .
Summers Networks g§§in1te Multiplier L;Y:zass
and Filters ippers 1ter

iy(3e) |

M

Figure 1 Typlcal Split-Beam System

The assumptions concerning noise properties are the same as those in

Progress Report No., 9. The signal from the ith transducer is expressed

in Eq. (13).

-3 [wt-(i-l)aﬂ‘-\lxi]

si(t) = Re (A ¢ (13)

In Eq. (13) A is the complex rumber representing the magnitude and initial

phase of the unperturbed wave at the first transducer, T is the time delay




of the unperturbed wave between adjacent transducers. The function Wi
13 the complex random fluctuation of amplitude and phase defined in

Eq. (1).

The outputs of the summing amplifiers in Fig. 1 are

v, (t) = Z Re< A s-j[wt- (iulm—wiﬂ*f ni(tj

\

~~
| =
f o
S

[ -
-3 fwt ~ (k+ M ~1)al -y
VB(t)" §3 ReJ; € L k+M] + qﬁﬂ(t) (15)
k=1

L.

The average value of the output of the multiplier is given by(B)

R (0)
N (16)

R (0) B, (o) /2
f @2 o)

For low signal-to-nolse ratios at the transducers, the values of Rx (0) and
A

arcsin

<1
"
=B V)

R_ (0) depend on the noise parameters only, and R (0) depends on the
*B *1*p

signal parometers only.
The "on target" null response of the array is thus determined solely

by Rx (0), and for this reason the cross-correlation function receives
A

our attenticn, In the following analysis the overbar indicates averaging

over the time variable, and the brackets <’> indicote averaging over the

space variables, The functions xA(t) and xB(t) are

[—

Ey——

e




E LA

¥ [ o
- -3 ot ~ (11 ) -y, ]
xy(6) = ) IRe {A T, (j0) 6 Fhe ni'(t-)J (a7)
i=1
) J
! -3t - Geem-2)er -y, ]
x(t) = ) Re qn Hy(w) o h n )
k=1
) 1)
The crosscorrelation between xA(t) and xB(t) is
RxAxB(O) = xAit) X.B(t)
M M
2 L -5 [t = (i1 )afl -y 3 [t (104 Ma1) oD
=> ZJ Rech H, (Ju) e [ i]A*HB*(;jm)e -Gt k*
i=1 k=1
| (29)
Sirnce HA(jw) = jw HB(ja\) , Eq. (19) simpli~i:s to
M M
B, +8
Hx Z Z IA H( Jw) C.i k+M Sil'l[yk,;M -+ (k+M~1) Oﬂ']
i=1 k=1
(20)

Notve that Rx (0) is still a random variable invelwing the space
A
coordinates.

As might be expected, for T = 0, if B and ¥ are independent,

(o>(

because (1)

B, +f B, +8 ..
o k+M i TktM
<g sin()k+M - )’i)> = <s )éin(ykm - Yi)>




In order to make further deductions from Eq, (20) and to justify
Eq. (21), it is necessary to consider the values of some of the parameters.
reviewed in Section II, It is desirable to have the parameter D > 1 ,
in order to simplify enalysis. From Eq, (6) it can be seen that D takes
on its minimum value when range r 15 minimum and the upper processing

frequency is highest, For D > 100 the following relation holds between

range ond frequency. Range 1s given in kiloyards.

b(3000§ ¢ 5100 } SE: @ (22)
©a 150,000

From Table (1) in Report 9 the upper half-power frecuencies are

listed for optimum processing as a function of range. From this table

) /2
pper = 210,000 ¢ (23)

The simultaneous solution of Egs., (22) and (23) gives

2/3 |

- (319L999) = 1.2 kyd,  for D > 100 (24)
150,000

Detection for ranges less than 1.25 kyd should not pose signifiocant

problens,

The upper 1imit on the normalized correlation between the B and ¥

components of the complex ¢ function is found from Eq. (8).

Ro,< 220 o6 ror D >100 (25)
P 100

Also inherent in the analysis 1s the assumption of forward scattering

tor which ka > 1 , Thus

a3

e BN s

S




e RS [t

yrr—

PRSI )

Fe9

= 2500 rad/sec. (26)

8
mlo

From Table 1, Report 9, the lower holf power points for the optimum filter
ere found from the relation

o -1/2
“ ower £2,000 r (27)

Thus the upper bound on range for which the assumptions are reasonably

valid 1s

< 63&99) = 630 kyd  fer  ka>1 (28)

2500

The maximum values of the variances for y and B8 are also of interest
for the condition of optimum filtering. Combining Eq. (23) with Egs. (3)

and (L), we have

2
1/2 -1/2
P oo gf < B2 (A10,000577) 3000 v) = L7 K10 (29)
2 c '

A~tually, the above result should be equally valid for any filter function,
since the upper cutoff frequency for the optimum filter 1s closely related
to th cutoff frequency for the signal spectrum,

IV, Bearing Uncertainty

Two attacks are possible for dctermining the bearing unceriainty.
First, the square of the cross-correlation function for T = O 1in Eq, (20)

1s averaged over the space coordinates,




F-10

Since the mean square values of 8 and ¥ are small, Eq. (30) reduces to

/nl 5 IR i h’zv \" \—1 \" r + (0 . L \-I ay LV ARYLY) V)
\n'T=0> IA HB(JCO)’ © L >~ 2.0t Bt B 8y P Oreasg = %)V quy %)
ik p

k
5 2'A (o) o 3 ii ¥ v ) - By 4
i=1 p=l i=1 k=l

Next, the derivative of R with respect to T is evaluated at T =0

and averaged over the space coordinates,

M M ﬁ + B
—-‘ I
& Ve lan (jm)|2@2§’ Y oteena) (et M eosty ey
dT B 1 le+M i
i=1 k=1 i
T=0

1:'A HB(jm%Qaﬁ M (32)

The bearing uncertainty is defined in Eq. (33) (by analogy from Eq,

(31), ienort XNo. 99,

/5 \;/2 -1
@ dR )
T=O/ ar

0!
From Zqgs. (3), (L), and (12) and the array geometry we can specify the

values of the individual terms in Eq. (31).

(p-1 )"
e, 2 ye oz T T3
\’y, y‘\ .. <;L“>f7_— ar R ) = i <.L“>:; ar ¢ ! (34)
l : oY “- g L : CL.
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e

Domasens |

F.ll
p ) (1 +M- 1)
1 2 1/2 2 B
i 2\ on W a
<y1"' +M> ; <“ >02 ar Ropng ) = . <“2>;'§ ar ¢ (35)
Combination of the results in Egs. (31) through (35) yields
1/2
M M M M
| L@< oy M2 M2 & o A 6
%= v K ) @ ) L2 o) T 2y L Fen)|  36)
i=1 p=1 i=1 k=1
Transverse autocorrelations are used because the average wavefront 1s
parallel to the line of the array,
The expansion of the series in LEq, (36) yields
o = [n1/? 2>a1/2 ks P PO A TP P
o ™ " K STV TM Q) TS TH @) e
M7 % (Md)
6 3 !
' (M - 1) Rz * | F - 1) Ra) = ) - (1 - M) Fit1
2 1/2
- (1 - Tvi) Rawa) =+ = Rone) - M) (37)

Only the first few terms of the series in Ec. (37) havo significant value,
since the value of the normalized autocorrelation cpproacnes zero very
rapidly with increasing argument,

Since there are N° terms in both double series of Eq. (36), the
bearing uncertainty satisfies the following inecuality, in which the

172 <“2> a)1/2 .

]/Q e
< g << K Lo (38)

K .
"y “ () E M (1A )

constant X is ecual to




An elternate approach for evaluating the bearing uncertainty

involves solving for the time delay from 5q. (20) which yields a null
q

response.
MM
vl Rl
L Z sin{¥y g =Yg+ (e -i) ol o) =0 (39)
5],
and ¢ ™
Y O , X
(Y5 ~ Ve
T_.,1 = i=l kzl (uo)
hu..x.l 3
w M

The time delay for null response is now a random veoriable over the space

coordinates,

Since T = g © for small angles, the bearing uncertainty can be
directly reclated to the standard deviation of Tnull'

M M M M 1/2

DI I( >

VI aa 1 = Va0 = Yo

- S /p 2 } i=1 k=1 p=1 g=1
% 7 d\
wMzmd)

(L1)

Simplification of Eq. (L1) yields a result identical to that in Eq. (33).

V, Numerical Exomnles

Two numcrical examples cre chosen for which the bearing uncertainty

is colculated, For both coses

1/2
/ = 1.J3X1“"L‘ o172

( nl/:‘<u;> 3
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For the first example, M = 1 d =200 ft and r = 30,000 ft ,
or 10 kyd. From Eq., (35)
2
- (30,000} ]
oy = 133X 2070 BBOOLT (1 6y - 1 35x107H rea
1 200
= 6.6)(10'3 degrees
(L2)
For the second example, M =125, d=27ft and r = 30,000 ft
or 10 kyd. ﬁ-
1/2 1/2
0y = 1.33X107 (303029 [1 : (2 - %) e+ (2 - E%) e +..J
2 2577°(50) L

= h.BSXlO—6 rad = 2,8X lO"h degrees (L3)

VI. Conclusions

The numerical results in Section V show that the bearing uncertainties

introduced by scattering in the medium are extremely smoll, It is

pessible that the assumed volue of] <[12> is too small, but the valuc of
|

<p2> would have to bec several ordeks of mognitude larzer in order to
|

q | q
have calculated results agree with the hearing errors for actual

Q . . | Q g
situations. This alternative scems unlikely.
| (2)
The transducer configuraticn acocribed in Lord!'s anolysis '™’ has
exactly the same geometry as tic dne in this report, but the nssumed

method of processing the tronsducer outputs is different than the

method analyzed here, His resultg arce exonressed in the following

cquation, usin; the symbels defindd in this report.



1/2

g=

12 1/2 [ =l
'V(E 1/2A2> \ >_ {n-l)-'z_ > R )

} M(Md) [} 1 p=1 i=1 k=1

.._-

His results are greater than the results in Eq. (36) by a factor

of 21/2M. The 21/2 arises from the fact that the bearing uncertainty

(p)
and not just <7“>, and the factor M apparently

I, o, O\
depends on l<B‘) + <y“}

arises from the processing method,

(kk)
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(1) Chernov, L, A,, Wave Propagation in a Random Medium,
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I. Introduction

\

This report deals with the problem of finding an approximation to
the optimum receiver for the detection of a signal of unknown frecuency
in gaussian noise.

It is well known that the likelihood ratio (LR) detector is the
optimum processor for the detection of a signal in randam noise, When
the desired signal is a function of certain unlmown parameters, the LR
must be averaged over all possible values of the unknown parameters.
This averaged LR, considered as a function of the received signal v(t),
specifies the operations which the optimum detector must perform on
v(t), that is, the form of the optimum detector, In most cases of
practical interest, however, the averaging of the LR cannot be carried
out in closed form,

In such cases the averaged LR, or some monotonic function of the
averaged LR, is obtained in the form of a power series involving linear,
quadratic, and higher order operationn on v(t). A satisfactory
approximation to the form of the optimum detector may then be obtained
from the lowest order term in thaz power series expansion, if it is
assumed that higher order terms in the series can safely be neglected,
This assumption is the subject of this report.

Optimum detection is generally considered for cases in which weak
or threshold sipgnals are to be enhanced to a detectable level by long
processing time, In these cases, higher order terms in the power series

for the detector operations are usually neglected on the basis of low
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pre-detection signal-to-noise ratio (SNR),™ It is the object of this %

report to show that for certain cases this is not sufficient grounds

for dropping all higher-order terms, It will be shown that a low

pre-detection SNR can be offset by long post-detection integration time,
and certain higher-order terms in the power series can thereby be made
appreciable with respect to the lowest-order term,
Three signal cases are considered:
1) A broadband gaussian stocnastic signal whose spectral
density is flat over a band of width @ rad/sec.
2) A narrowband gaussian stochastic signal with bandwidth Rb
rad/sec and center frequency @, rad/sec, Here w, is
equally likely to lie anywhere in the band R, and Rb is "
assumed to be much smaller than {.
3) A steady sinusoid of unknown frequency and phase, lying

anywhere in the band ® with uniform probability,

For each of the three cases, the noise is assumed to be gaussian and

spectrally flat over the band &.
.|

Case 3) is seen to be the probiem treated in Progress Report No. 8.
Here we shall see that the assumption made on page 5 of that report can
be inaccurate for long post-detection integration time, in spite of

a low pre-detection SNR, i

*See, for example, Middleton,1 discussion on p. 821,
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II, Pover Series Expansion for LR Detection

Here we shall derive the power series expansion which prescribes
the cperations to be performed on the received signal by the optimum
detector. The symbols and conventions used here will in general
conform to those used in Progress Report No, 8. The reads: may refer
to Section IT of that report for a diccussion of the basic assumptions
and for other commen!  artinent to this derivation,

The received signal, in the form of a vector of time samples, is

y=s+tn (1)

where 8 is the "desired signal" and n is the noise, When the noise is
gaussian with zero mean and covariance matrix K, the averaged IR is

given by
/
¢y) = %«p{ -3 8K s + Ky (2)

where <> indicates a statistical average over the unknown signal
S

parameters. At this point we shall restrict ourselves to the consideration
of white noise backgrounds, in which case the noise covariance matrix is
diagonal. In this case the first quadratic form in the exponent in
Eq. (1) becomes
1 -1, 1 pa
-5 8K 2--9-1\7281 (3)
i=1

where N is the variance of the noise, 85 is a sample of the desired signal
at the time instant ti’ and n is the total number of time samples, The
summation in Eq. (3) is seen to be proportional to the total energy

content of the desired signal during the observation time of the signal.
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Since we shall only be concernsd with frecuency and phase as unknown

signal parameters, the surmation in Eq. (3) will be u

averaging operation < > . From tiis argument, then, we can rewrite
S

) <m> (K™ )>S

Using a power series expansion for the exponential, we have

o/

) Q + (g

Eq, (2) as

£(y) = exp|- § 5’78 (L)

1 \2

1 v)

3
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1 (8K~ v) + ...

)+ 5y (81 57 (8K

&(v) = exx»(~ 5 8K

We shall be dealing with cases of "incoherent" signals (in the
sense of Section II of the aforementioned report) in which the odd
powers of S'K'lv go to zero in the averaging operation <> . The

T S

averaged LR thus becomes

1 2t

@)+ (6)

g%

log #(y) = -5 s'k™s

2
2
i <<.S. ‘K'lz>h> -5 <<E K y) >

+ O(gé) (7)

Equation (7) is exact through O(_s_h). In Eq, (7) and hereafter, the

symbol { ) will imply ()
5
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ITI., Deflections of Terms in the Power Series

In any specific detection problem we would want to approximate the
operation of the detector by one or more of the terms in Eq. (7) involving
the received signal v. The contributions of the various higher-order
terms te 1log 8(x) could then be neglected or replaced by suitable
bias terms,

In order to justify such approximations, however, we must examine
the changes in the various terms in going from the "noise-only"
condition to the "signal-plus-noise" condition, Here we shall calculate
the change in the average values of the terms, For convenience this
change will be called a deflection and will be denoted by AE[ }.

Ir particular, the following deflections will be obtained in general

AE[O(_%?)} - AE[‘%‘ <(_S.’.f£'1z>2> (8)

AE[O(gh)] = AE’}%,- <(§ulq_‘1x)h> - ;1; <(gq<_'l_\g)2>2]i (9)

These two deflections will then be evaluated for the three signal cases

A

-orms

outlined in Saction I.

For future reference, we shall also obtain
/1 6\
) gy () )J (10)

This term is the most significant term in 0(56).




Deflection of 0(32)

We note that

-
= v Gv
yzy
Mioe e dlan A~ 4 2 1,
Thus the deflecticn of O{s" ) is given by

1
T

The second average in Eg. (12) gives

Thus {

(11)

(12)

(13)

(L)

(15)
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Deflection of 0(s”)

We will now calculate AE[?(Eh)}. The derivation can be simplified
by noting that the average ES+N[ :' contains SXS terms, SXN terms
and NXN terms, and that the NXN terms drop out by subtraction in
calculating the deflection, Thus we need only calculate the SXS

and SXN terms. From Egs, (9) and (11),
AE[OEL‘)J - 08| <<z'9 z)2> g ) (16)

where

6= K8 sk (17)

The deflection is calculated as follows:

S
- % [trQ(i st G) + btr (K E)B + 2 tr (K §)2 tr (K G) (18)

Equation (18) can be simplified by noting again that we shall be

considering only white noise backirounds, for which K =N I ., Thus,

A R
6 tr ] ( 51;} ) (19)
7 ,l'I
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Again noting that the averaging over frecuency and phase will not affect
the summation, which is proportional to the total energy in the desired

signal, we can write

/
(\6 tr|e &)

1
ot
]

—~
=
[for)

\:’/
il
'4.\
ct
)

lu
tw
~

1

\/—/
o
=
—
=

11

~—

6 tr(<§ _s_’> g} tr (K §)

= 6 tr (K _6_)2 tr (KG) (20)
and now
e S — 5
AE[O(g_h)] = hlf trz(_q 8'G) ) - % tr2(§_ s1G) - % tr (K §)3 (21)

Finally we make use of the following matrix relationship, If
matrices A and B are square and of the same order, and either A or B is

the tensor product of a vector with itself, then
tr'(4 B) = tr (4 B)" (22)

(The proesf of this statement is found in Appendix A.) In this case (g s!')

is such a tensor product and we can write

S S
wloeh)] - A artaag) -juae P -5 TP | @)

The average <>applies to matrices G, and the overline average, p

appliss to matrices (s s!).




Broadband White Noise

We shall consider only cases of broadband white noise with variance N, i

For such a case,

1 1
G=-%gs!= s, 8 (24)
o-Fos -

1
2N2rgﬁ>
Thus
2 il C
ﬂED(]t 25
{EJ ﬁgzzaﬁj} (25)
=
Similarly
i b 1 V=8
AE |0(s i] = Z: z:éj vV, V, S v, Vv, 8
[" blNH};ijkhiiijkh
£ v=8

Eﬁ;ﬂ;\g’?%vh 1<1 3 Vjvk<k h>

- -—1—5 jj )_3, % <Si sj> <sj sk> <Sk si> (26)
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All the summations are from 1 to n, the total number of time samples.

-1 \6
We will also calculate the average ES[EIT «_S_ 'K 12))} . This
quantity is the most significant term in AE{Z)(_S_é)] ; the complete

-

caleulation of AE[O(Eé)] will not be carried out here,

ns{é—, (_S_’E'lz)6> X m

) ¥ L=
= .__.B Z}:} g § (T(I § gn Vh Vi V‘_j Vk Vg Vm ShSiSjSk885n>

Y N ¥ g
ES[E:-T (iE ij)] m %b-l‘ %: % %l %éh 84 Ej % B¢ Sm> (28)

The three specific signal cases outlined in Section I will now be

considered in the folluwing three sections.,
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IV. Broadband Gaussian Stochastic Signal

Let us consider the case in which both the nolse and the desired
signal are gaussian random processes, with flat spectra over the same

frequency band, @ rad/sec wide. If the signal has total average power

A2/2, then
Gay-51 (29)

From Eq, (25),
L
2 A
AE[O(_S; )} s =1 (30)
O\
The number of samples is dictated by sampling theory:
nn_ga.. T
n
=2 QT (31)

In Eq, (31), @ is the noise (and signal) bandwidth in cps, and T 1is the

observaticn time of the received signal, If the spectral level of the

noise is N vg/rad/sec,

AE[O(sg):lr:-——-?-é-Ah gT (32)
- L @
Letting
2
A
. = R. 83
Ne T 2
[0}

we write finally

aﬁ[ﬁtsEJJ - R §r (34)
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Since R is the pre-detection or "input" SNR, the deflection of the g
O(_g_ ) terms in this case is seen to be the square of the input SNR g
{
times the observatioa time, normalized with respect to the inverse of
the bandwidth,
Now the deflection of O(_s_h) is calculated using Eq. (27). If the
signal is a gaussian random process,
§ G R TRVEXCENCE VRN ORN
\uh S5 Sj 8 <Sh Si> bj sk/ + <Sh sj/\si S/t (8 S (34 Sj
(35)
Thus
| 1 ey
AE O(gh)J & —:—E E L L 2.: 3 shsi>2<s.s> + 6<s si><s Sk><s <s
LIN* h 1§ X Jk
LS L T o5 oy ) o)
- o s + 2(5,8.)(s.8 )(8,9.)(8, 8
g’NEhijk \kh> <1>jki k™h
iR
- —% 2 }J >_J <sis1><s sk>\sksi>
2 1 3 k Y
[ LRI (
a e ), 5.8.)(8:5.) (58 (36)
If the signal spectrum is white with total average power A°/2 i
6
AE[O(EL‘):I = - —A—j
16N s
6
- A §T i
o 3¢ I
0
and thus ‘R
[
AI_‘,[O(EL‘):I = - le OT (37)
B
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It is of interest to compare this result with Bq, (3k4), If Ri is
much smaller than unity, the deflection of O(Eh) may be considered
negligible with respect to the deflection of 0(32).

V. Narrowband Gaussian Signal

In this section the desired signal is assumed to be a narrowband
gaussian random prccess with total average power A2/2, bandwidth Qb ad/sec,
and center frequency @, rad/sec, where w, may lie anywhere in a frequency
band @ rad/sec wide, For simplicity, the signal spectrum is assumed to
be flat over Rb and the p.d,f. for o, flat over 3, These relationships

are indicated in Fig. 1. The center frecuency of the Q-band is @

‘.—’l's

Signal
spectral
density

" o

N4
e

The a.c.f. of the signal, a function of v, is

2
Ac
T = sinc §b(ti o tj) cos u)c(ti = tj)

N

(VS|
Co

p

Rs(ti = tj

where

and
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Averaging the right side o1 Eq, (38) with respect to the p,d,f, of

w, over the {-band, we have

j)
(39)

\ e |
<§_ §> 5 1-5- sine §b(ti = tj) sinc ﬁ(ti = tj)_cos mo(t.i S

From Eq, (25),

‘ 240 - A t L2 2T 2
AL[O(_S_ )J = g-N—Q-ZZsmc §b(ti - tj) sinc E(ti - tj) cos « (ti - tj)
(Lo)
As an approximation, for o >> Q and wOT >>1 , we replace

2 . ] 1
cos mo(ti - tj) by its average value, 3, and
AE O( 2) ’:-'é-li- Z Z sim:z@ (t, - t,) sine’ é(t t,) (L)
= e AL S Ko 17
| g

The double summation is then replaced by a double integration

T T
2 Ah 522 2 2
AE[O(E )] ?—5 * = | dtf do sinc §b(t - 0) sinc“P(t - o)
16N it
0 0
T 91
A 2 >
3’——5-72- ! dx [ dy sinc” b(x - y) sinc“(x - y) (L2)
s |
° % 0

where

1f the integrotion time is long with respect to the inverse of the
signal bandwidth and the signal bandwidth is narrow with respect to the
overall band of frequency uncertainvy, that is, -Q—T >> §bT > 1,

ithen a reasonable further approximation is

R o ot

U i
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AEO(s2)J’=‘=’ AT
o] "

or

ﬂ:[o{f)] ¥’ ETW (L3)

The calculation of AE E)(f.h)] for ais signal case is considerably

more involvec than for the broadband s al case considered in Section IV
therefore only the final result will be presented here, the details of
the caiculation being left to Appendix B.

Again assuming that the signal 18 very narrowband and that the
integration time is long, that is, §T >> §bT >> 1, the work of

Appendix B shows that

e r ' )
AE[O(Eh)J w1 Riu,:g- @)% + ;3? @0 -3rM @12 @) - n )

(k)
On comparing Eq. (LkL) with Bq, (L3) it is seen that AE[O(_sx_h)]

depends upon a higher power of the input SNR than does AE[O(_:}_2 ):], as

was true in the broadband gaussian signal case, However, while

AE[O(EQ)] depends linearly upon integration time, AEE)(_S_h)} contains

terms which grow as the square of integration time, We see therefore

that for any valuc of Ri, howcver small, the iagnitude of the deflection

of O(Eh) can be made ecual to or greater than that of O(gz) by making

the integration time sufficiently long,
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Example
As an example, let R, = .1 and b= .1, FromEgs, (U3) and (Lb),

mfos?)] > o)

o] = (.0003)@)F + C.ool)
If we let §T= 100, we have

AE[O(_S_Z)]= 1.0

AE[O(_f}_h)]= 3.k
And if T = 200 ,

AEI:O(EZ)] = 2,0

AE[O(g_h)] = 12,8
We see therefore that for this case of a narrowband gaussian signal
whose center frequency is uncertain over a wider frequency band, terms
O(_qh) and terms of higher order in Eq, (7) cannot be considered
negligible simply on Lhe basis of low input SNR, Such an approximation
might be highly inaccurate if the post-detection integration time i3

long, as reguired in threshold situations,

LR = o= ] [ici e ]

i “
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VI. Sinugoid of Unknown Frequency and Phase

Here we assume that the desired signal is a sinusoid whose smplitude
is constant over the observation time of the received signal, The phase
of the sinusoid is unknown and its frecuency is known only to lie within
a frequency band 2 rad/sec wide, For convenience, the phase and frequency
are assumed to have uniform p,d.f.'s over 0,2n and cver the R-band,
respectively,

This case can be treated as s limiting form of the rarrowband signal
case considered in Section V if we let the signal bandwidth @B———>O .

If @g is vanishingly small, the simusoid will have a constant amplitude
over any single observation interval, and the amplitude will have a
Rayleigh p.d.f, over the ensemble of all such observation intervals.
The total signal power, iverag:d statistically over the ensemble, is A2/2 3
It can easily be shown that the sinusoid will have an r.m,s. amplitude A;
therefore through second-order statistics (in s), this case is identical
to that considered in Progress Report No, 8.

From Eq, (39), if @b——50 ,

<§ §'> = %; sinc § (ti -t

j) cos a)o(ti - tj)} (Ls)

Letting b—0 in Eq, (L2) does not _ter the approximation embodied in

Eq. (L3), and

|‘ = [ﬂfif J TRI@T) (L8)

The deflection of O(g“) can be obtained by letting §6——%O (and

hence b-—¥0 ) at appropriate points in the derivation in Appendix B,
This procedure is carried out in detail in Appendix C, and only the

results are stated here, Fron Appendix C, we have
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Again, if Igs, (L6) and (L7) are compared, it is scen that the
deflection of O(gh) depends upon higher powers of the integration time
and can become appreciably large with respect to AE [O(_t_;?)} when the
integration time is made long,

Deflection of Higher-Order Terms

It is of interest to see the mamer in which deflections of higher-
order terms in the power series depend upon input SNR and post-detection
integration time, For this purpose, the average ES(EJ—',-(E lg'ly_ )6> is
calculated in Appendix D for the sinusoidal signal case. This term
1s the most significant contribution to AE[O(gé)] in this case for
long integration time, From this result the behavior of corresponding
terms in higher-order deflections is deduced, From Appendix D,

6
Es(-éll_ (§s5'1£)> 3 R @Y

and for a pth-order teru,

(L8)

(b9)

* T =3
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VII. Conclugions and Remarks

This report has considered, by means of some specific cases, %he
question of the contribution o' higher-order terms in a power series | Q

expansion of log #(v), the ovtput of an optimum detector,

gaussian random process with a flat spectrum over a xnow. frequeacy
band, the deflections of terms of all orders prow linearly with
integration time and the higher-order deflecticns have as coefficient:t‘é”
progressively higher powers of the input SNR. Therefore when the
input SNR is much smaller than unity, the major contribution to log £§
is from the 0(52) term and higher-order terms can “e nzglected, This |
was the approximation made by Tuteur3 in which the operation of the
optimum detector for such a signal was represented br the lowest-order
term in the series (eowivalent to squaring the received signal and
integrating over the observation interval 0,T). It is clear that this
approximation is justified for low input SNR, regardles: of the length
of T,

In Section V the gaussian signal was assumed to be n:rrowband with

an unknown center frequency, where the band of center frequsncy

uncertainty was assumed considerably larger than the signal ocandwidth,
In that case it was found that terms of higher-order than 0(32) could
not be neglected when the integration time became appreciably long.

The same observation applies to the limiting case of a sinisoidal
gignal, considered in Section VI. In these l¢ .ter two cases, th3n, if
one were to construct an approximation to the optimum detector wi-h the

power series in mind, a certain number of higher-order terms in Eq. (7),
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and the corresponding opsrations or: the fegg{gédvsignal, would have to be
incorporated into the detector. The number of terms to be included would
depend upon the input SNR and the integration time.

This is not suggested as a technique for constructing the optimum
detector, but it is of interes:v to consider the implication of including
certain higher-order operations. Suppose as an example that the desired
signal is a narrowband incoherent signal whose center frequency is
equally likely to be any one of m known frequencies., The lowest-order

term in the series [See Egs. (7), (ll):' is then

e
3 2'92> o W ARARI
i=1
where Qi is a function of the ith frequency. This expression indicates

a quadratic operation on the received signal at each of the m frequencies,

followed by a summation of all these quantities. The most significant

O(gh) term becomes

m
1 A 1 2
i (v* & v) > e gl(l’.' g ¥)

Adding to these the corresponding terms at higher orders of s, it is

seen that the optimum detoctor calls for the calculation of v

'G, v
— =] e
at each frecuency, followed by a nonlinear operation on v! Qi v and
Jinally a summation of the m quantities., This suggests band-splitting
with a bank of m filters and detection of the separate filter outpuis,

which 1s the scheme one would intuitively choose to detect a narrowband

signal with unkne.m frequency.
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Some recent results indicate that such a band-splitting scheme
represents a very good appraximation to the optimum detector for such

a signal. Reports on these results are ferthcoming.

Appendix A A Special Trace Relationship

Matrices A and B are square matrices oi the same order, We wish to

show that if B is a tensor product of a vector b times itself, i,e., if

B=bXb=Db'-= {bibj} (A-1)
then
¢ = tr’(a B) (a-2)

ct
g}
~
E
{o
S
n
ct
=

Proceeding formally, we have

1
.
]
U

HES
1w
| =
fes)
p

tr(a B)° -

i k
Y O
- L 5_:, QfAhi Bij)(};Ajk Bp) (A-3)
If
B,. = b.b,
1J %
and
B, = bb

kxh ~ "k'h
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No special properties, such as symmetry, are required of the matrix A,

In general,

— E: = §j
tr(a B)" = Z‘ 24 weol, A, B, . A, .B.. ..A B. .
N I, 1, iy, 127203 73S Lomaaton tomtomed
1 2m+l
Ll
= e e s A . B, . B, . ...B
I 1 L | falo 33 Lomaaton 1oty g™t gy
1 72 2m
(A-5)
If
By - bjbk
\ 1
tr(A B)" = §: A, . b, b EEI ZJ A
- - I y 1112 11 12 T 131h 13 lh
1 "2 3 "k
[
24 E: I
i2m-l iQm 2m-1"2m "2m-1 2m
“ 1 (A B) (4-6)
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Appendix B Deflection of O(_s_h)--Naz'rox-Jband Gaussian Signal

‘l
The total deflection of terms of order s”, as given by Eq. (27), is

- ;—I]:Jj ? %: }}—_{I <sisj> <Sjsk> <sksi> (B-1)

For convenience the three terms in E¢, (B-1) will be considered separately.

First T_t_a_r_x_r_l

The signal spectrum has total average power A2/2 and is flat over a
narrow band SZb rad/sec wide, centered at the unknown frequency @, rad/sec.

Since s(t) is a sample function of a gaussian random process,

éhSiSjSk> = \shsi SjSk + Sth Sisk + Sisj ShSk>w
! c

L
A _ | )
i sinc §b(th-ti) cos wc(th-ti) sinc Eﬁb(tj-tk) cos wc(tj—tk)

A\

+ ginc §b(th-tj) cos wc(th-tj) sinc §b<ti'tk) cos wc(ti-tk)

+ sinc ﬁb("i”tj) cos wc(ti-tj) sinc §b(th'tk) cos wc(th-tk)

w
c

(B-2)

where o
\lok)

Qb = —  CPpS (B=3)
on
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The center frequency w has a flat p.d.f, over a band & rad/sec wide,
and the band is centered on the frequency 0 . Thus if the average is

taken over @,

L
_ A .
<§hsisjsk> = E; sinc Eb(th-t sine @ "tk) sine §(t = +t ) Cos W (th S +tj-tk)

4 - J v t_ 1 4. - -y, -
+ sinc §b(th ti) sinc @b( 3 tk) sinc @(th tl tj+tk) cos wo(th tl tj+tk)

+

sinc @b( -t ) sinc @b -ty ) sinc 6( h-tj+ti-tk) cosS W (th-tj+t o )

-+

i - i -t ) si (. -t - ~t -
sinc @b(th tj) sinc §b(ti tk’ sinc Q(th tj ti+tk) cos ab(th tj ti+tk)

+

sinc @B(t -t ) sinc §b(th'tk) sinc @(t -t +t -tk) cos wo(ti-tj+th-tk)

-+

sine §b(ti-tj) sinc §b(th-tk) sinc {( ‘-tj-t +tk) cos qb(ti—tj-th+tk)

(B-L)

where

02 ops (B-5)

2n

AN
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Other cross-product terms from the scuare of the right side of Eq, (B-k)
contain cosine factors of the form cos 2w (t,~t,) or cos 2w (t.-t, ) .
ot h i 0''j k
Such terms will go to approximately zero in the summation over h,i,j,k
and are simplv left out of Eq. (B-6). |
From symmetry considerations the first two four-dimensional sums

in Eq. (B-6) will yield the same result; the last three terms will. also

vield identical results, Thus only two summations need be carried out, ‘|
Starting vith the first term in Ea, (B-6), we have
|
L L LY 3 sine®, (b, <t Jsinc?D, (¢ b, Jsine?P(t, b+t -t Joosw (b -t +t ot ) )
Lhi \j_k inc™Q (b, - sinc p{bs )sinc - 5 cos wo byt 57y

= (16fE /g ﬁ fdv sinc b(s t) sinc b(u-v) sinc ( ~t+u-v) y

g7 §r QU

"=’2hf ds[ dt/ du sinczb(s-t)sinczb(u-s-kt-u)
0o 0 for 0 <s-t+u <PT !

pr or @T

—?b[ [dt du smchb(s-t) (B-7) |
!

b§T o) T
N} : |
b

dy sinc ( -y) l

2l

prl o P |
= 2l (—~|[:] dx for 0 <x <blT
[ e o i
0 g
D T\ - G
=2 (Ib—z—){%} gr) - ¥ @) (B-8) {

]

3t . _
Sce Reference L, Table 157, Integral No. 27,
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; where b = @b/g . The approxdimctions are good for long integration time,

that is, for

= pr > @bT > 1

N Taling the third term in Eq. (B-6),

" LLLL 2 stne 8, (t, b, Jsinc fﬁb(tj-t‘{ )sinc ?gb(ti-tj)sinc 9, (8, -, )
. hijk '

1

2 2 e
sinc B(th-tftj-t )cos mo(th-ni%j-tk)

gr or ¢r
1 716 dsﬁd’cjldu dv sinc b(s-t)sinc b(u~v)sine b(t-u)sinc b(s-v)sinc2(s-.t+u-v)
A 16[ f;‘cf du sinc b(s-t )si*xczb(t-u) for 0 < s-t+u < IQT
? (B=9)
7 bpT b{T bfT

LP ' [ [ [ dz sine (x-y) sinc ( )
= _3[ dx[ dy sinc” (x~y) for 0 <y< b@T
b
0 0

(B-10)




Thus the first term in Eq, (B-1) becones

- . gl 1
Z 2—‘ j 2-_1! C/’-:-’ i o A___!_j_?_ T 2 Q-B'I—T 1
b-’ LR k< i55%) L NP 6h'_b(§ Al )J
or
| |
o R 201 p M2 a2, 3
WZZ ) ? ] <‘shsis sk> z (%) Lb@ ) {?@T)J

{B-11)

Second Term
oy i /

The average (s, s, stk> is given by Eq, (B-L), and 5, > and (34 k>
are obtained using Eq, (39), Section V. Multiplying these together to
form the second term in Eq, (B-1), and summing over h,i,j,k, we find
that only four of the cross-products will produce noin-zero results,
Surming the first of these four cross-products, we have

A . ; +
- _—_532 ” %_; § %: %smc §b(th'ti )sinc gb(tj"t’k Jsinc _'Q'(uh—-tftj-tk Jcos wo(th-tiwj-tk)

. sinc @B(th~ti)sinc §(th-ti)cos wo(th-ti)

. sinc g}b -~ )sinc Q(t -ty )cos W (t =ty )

o 2 . 2 . ) , ,
' gJi181nc Qb(th~ti)a1nc gb(tj-tk)31nc §(th—ti)51nc ﬁ(tj-nk)
.sinc @(th—ti+tj~tk)cos mo(th-ti)cos ub\tj~tk)

* COS3 mo('th-tiﬂj-tk}
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= s LLLL sinc2§ (t, -t )«inc2§ (t.-t, )sinc P(t, -t )sinc §(t,.~t, )
- iy {a ~-L, jo - i -0, » -
6h-é§L h 1k b hTL b3k L hT ik
o 2
sinc §(th-ti+tj-tk)cos ab(th-ti+tj-tk)
+ sincgﬁb( -t )sinc Qb =ty )sinc @(t sinc @(tj-t )
. sinc @(th-ti%j-tk)ws OJo(th—ti-tJ+t Jeos w (th-ti+tj-t )
g FEEE
= - (16) ds( dt f dv sinc U\s-t )smc b{u-v)sinc (s~t )sinc(u~v)
128- 6™ [ J
O 0 0 0
. sinc(s-t+u~-v)
7
C A’ (16)] ds| dt| du Sinchb(s-t) sine’’ t)
——— -
128.8N J
o0 R 0 < s-t+u < T
T
(16 @1) dt smcbb s-t) e (s~t)
8N
8 2

(B-12)

Again the approximations assume QT >> b@f => 1 . The second of the

four cross-produci, terms will also yield the result given by Ec., (B-12).
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The third cross-product gives

¢r  ¢r
8
6hNE/ / sinc“b(a u) ; (B-13)

'*u bl P
See Reference L, Table 156, Integral No, 7.

4 Zzzy‘smc D (b, -t,)sinc § (t, ~t, )sine Q(t,-t, -t +t, )c
), _‘__ Q - i O A AR oew(-t-tﬁ;)
32-8N5h13k 73 obhk i7j "h 'k i 73 ' h'k
« sinc @b(th-ti Jsine §(th~ti Jcos ooo(th-ti)'
. sinc @b(tj-tk)sinc Pt 5 k)cos R (tj~tk)
; ——A—B-EZ L0 sine B (b, -t )sine (b, -t )sine B (¢, -t, Jsine (b, )
64BN h i jk J : J
« sinc P(t)~t, )sine @(t -t Jsine (¢ 17t 5ty +t,)
* COS @ (t = -Lh+tk)[cos N (t i +tj-t )+ cos o (th-ti-t +t, )]
T
(16) dv  sinc b(t-u)sinc b(s-v)sinc b(s-t )sinc b(u~v)
128 8N
¢ sinc(s-t )sinec (u-v)sinc(t~u-s+v)
: fr ot o
= o ——~—HA [ ds/{ dt/ du sinc b(t-u) sinc b(s~t) sinc(s-t) sinc(s-t)
6LN J
¢ 0 0
+ sinc b{s-t) sinc b(t-u) sinc b(s-u)
0 < s+u-t <QT
v v or
i 2 2 2 .
= - = ds| dt/ du sinc b(s-t) sincb{t-u) sinc (s-t) sinc b(s-u)
6&1\1*}
0 0 0

L )

e ]
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. thOSa'
k. The fourth cross-product term will also yield the recult given by Eq.
é (B-14), and we have
8
B 1 Crzrssss AY A s Bﬁ£+3()
- ] o 2 5 q S .0 - /
% gN-E(gijk<hiJk\'&hl/&Jk/ 32NouszII = Al
i or
i
1 Y S Il & o
-_VE ZZJZJZ<ShSiS Sk> <Shsi> <s sk> = --2-Rl [{:ETJ * 1% {@T}]
8N hijk
i (B-15)
; Third Term
The third and last term in Eq, (B-1) is
. z:_:z: S,S. <%.s s, s >
! E_I;jijk<13> 'k>\k1
- - A6 Z:Z]Z sinc §, (t.-t,) sinc §(t,-t,)cos @ (t,-t,)
168 13k LR i 0" "1™y

. sinc §b(tj-tk) sinc @(tj-tk) cos wo(tj"tk)

q , \
sinc @b(tk-ti) sinc ﬁ(tk-ti/ cos wo(tk-ti)




- A Z Z /. sinc _?Eb(ti-t ) sinc
3N 1§k
sinc (t —tj

g [eosQw (t 5 k> %

1
cos 2wo(ti-tk) + 5 cos 2w (t j):l

9T
- — [ [ dt[ du sinc b(s-t) sinc b(t-u) sinc blu-s)

t) sinc(t-u) sinc(u-s)

. sinc(s-

i A6 @T)
- - R ()

Bf ﬁdt sinc (s-t) sinc (s-t)
BN

Thus the total deflection of O(f_h) is approximately

1
-?R.

3
- R

AE[G(S j’”% “{2 @) + 3 (7

Llmny2 . 3
1‘{@“ ‘T

)

(B-16)

(B-17)
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Appendix C  Deflection of O(Eh)--Sizulzsoidal Signal

The deflection for this case is obtained by letting b = 0 at various

steps in the derivation of Appendix B.

With b= 0 in Eq, (B-7),

2 2 .
g,%% 3 sinc g(th"tiwj'tk) cos wo(th-ti+tj"tk) = 2L ds| dtf du (1)

0 0 0

ot o

=07

for O < s-t+u f@‘

s Q\LT-s+t
= 242 f dn (1)
0
@T
= s{ [@T -8 + ’r]
0 0
ar
4 52
= Ll8 S [QT S = —?—:l
0
. -3
= 16 @L) (c-1)
Letting b =0 in Eq. (B-9), we have
fr It m
Sz ZZ 2 sinczﬁ(th*tﬁtj-tk) e (th-t +t [ [ [ (@4
hijk
- & (@) (c-2)

h M
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Thus we have

1 Qoo 2~ A 3
T 4 = 6L (9T)
LN® h %.: § kéhslsjsl‘> 6lio L] NOEQE pT
and
’ =) Z \2 e R, begry c-3
' L T <s bl 3 0@ e

Letting b = 0 in the derivation leading to Eq, (B-12) leaves that

result unchanged., Letting b = 0 in Eq. (B-13), we have

B
i)
2:8N7 h

= gt

§% sinc §(ti~tj-th+tk) sinc @(th—ti) sinc §(t,-

¢ CO3 ® (t =t -ty et ) cas wo(th-ti) cos wo(tj-tk)

J

o

-A ds
g
0

R

jop

R 4 )? (6-L)

u

'
lon 1
[

This ig identical to the result given by Eq. (B-12), thus

) _;E };g%% S11131‘°’;1‘°’><> éh31>(333k> = - Rih@ Y (c-5)
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The derivation leading to Eq. (B-16) is not affected by letting

b =0, thus

sy g%%%) Gy (o)) ¥ - @)

el

Finally, combining Eqs. (C-3), (C-5) and (C-6), we can write

E[D{Eh}} T% Hih@Jj - Rih@T )’ - Rf@ﬂ

w 6)

(¢c-7)
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Appendix D Deflections of Higler-Order Terms--Sinuscidal Signal

r -
The largest contribution to AE [O(_s_é)J for this case is made by the

average

1 -1 \6 I 2
| ()] - = EEEIID bospmaf (1)

The desired signal s(t) is (though a limiting case of zero bandwidth)

a samrle function of a gaussian random process, Therefore

(shsisjsksﬂsm\) = <§hsi SjSk stm + Sth Sis}c Sssm + L., *t Shsk Sng 5j8m>m
c
(D-2)
3
The right side of Eq, (D-1) contains a total of 13¢5 = 15 terms,  Since
the signal bandwidth is vanishingly small,

6

éhsisjsksesnb = AB' {:os coc(th-ti) cos mc(tj-tk) cos wc(te -tm)
+ cos coc(th-tj) cos wc(ti-tk) cos wc(tﬁ'tm)
+ ... + cos coc(th-tk) cos wc(ti'te) cos coc(tj-tm)/\w
) .

A 1
=5 U[Cos wc(th'ti+tj"tk+t8 -tm) + cos mc(th'ti+tj-tk't8 +tm)

+ co8 wc(th-ti"t'j+tk+t8'tm) + cos wc(th'tl'tj%k"téﬂm{’

1
oot - 4+t b,
+ ot E[cos mc(th bty t£+tj tm) + CO5 u)c(t.n b+t -ty tj+tm)

«Q - o j
+ €95 wc(th‘tk"ti* tertj-tm) + o8 mc(th-tk-ti+t£ -tj+t.m)J>

Imc

*Seq Laning and Battin,5 pp. 82-85, for a discussion of moments of a
multivariate normal distribution,

P
e
=

e
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5
B 28
= -3-5 [sinc Q(th-ﬁcft j'tk+t8 -tm) cos wo(th-ti+tj=tk+t 5'tm)
ff‘: .
i
+ sinc Q(th-ti%ja-tkm‘hftm) cos coo(th-ti+tj-tk-t8+tm)

8 + «oo + 8inc Q(th—tk-ti+t8-tj+tm) cos wo(th"tk"tin\’?"tftm)-l
Pl

5 (D-3)

¥

- The right side of Eq, (D-3) contains sixty terms, but it can be shown that

% the terms can have only fifteen distinguishable arguments and that the

fifteen types of term each occur with multiplicity four. Hence Eq, (D=3)
can be rewrltten with only fifteen terms and with a coefficient A6/8

instead of A6/32 3 when this modified expression is squared and used in

Eq. (D-1), we have

o )

12
A 2= 2
B e %%%}Z}E%% Eainc Q(th'ti+t3"tk+t&"t’m)°°ﬂ mo(th-ti+t3-tk+t8-tm)

2 2 ;
+ sinc Q(th-tiw*tj-tk-tftm) cos mo(th"tftj'tk-t@“m)

+ s 00

2
+tm) cos wo(th-t b+t -t 4t )

+ sinczﬁ(t ~t, ottt b Kbyttt

h™ k"1 e

+ crogs-product. tenns] (D-4)
J

A1l the cross-product terms will yield approximately zero when the 6.d
summation is carried out, Due to symmetry of the arguments, the fifteen

squared terms in Eq. (D-L) will all yleld the same 6~d sum, Thus, more

simply,




1
fg“""""’ngA 2?2222 sinc I 3 A A PP )coszco (t, ~t,+t -t +’c -t):,
h~6Nh1’3kem §hi3k8m BT

oroor
x 15A (6ly) dj/fdf[rdjfgzyr dw| dx sinc (s+t+u~v-w~x) (D-5)
128 6N

The integral in Eg, (D-5) was approximated by replacing since(s+,,,-x) with

6(s+,,.~x) , a Dirac delta function. The integration is tedious and is not

reproduced here, The result is

s o 128. 6'1\1

Es[ (s 3]*’ 547 (g3 @

~=——yp ({T.)
L-62v "¢ T

Thus

ESF.;, 6 515y 5)]:% R, b(fr)° (0-6)

Extenision to Higher-Order Terms

Calculation of the average

I
ESL% <<§ X lz>p>J p = 2,1,6,...
L

requires approximation of an integral of the form

X X
[ 2
dxl..:/ dxp sinc (x1 KptXye Xt 1-xp)
0 0 X X
:1//dx1..]/’dxp é(xl—x2+x3-xh+...+xp_1-xp) 2V (b-7)
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For the valuss of p considered in this report, the value of V was
found to be

2 Xp--l

= .

B

This writer has been unable to prove that Eq, (D-8) holds for values of p

y p=2,L,6 (D-8)

greater than 6, but we may conjecture that it does hold., If so, then for

long integration time,

1 /1| @ Pt
Bq 5’{\(_'_}_{_' .‘.’.)->J ¥ pl Ripl_l'B'b“'(P-l)] g O , peven (D-9)
1 1 P '2§ 1
Eg I;-;(@.‘E" ¥) > ¥ ———RP @P , peven (D-10)
&+ 1)

It can be seen from Eq. (D-10) that the fractional coefficient is always
smaller than unity and monotonically approaches zero as p becomes very

large.
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List of Symbols

signal power

a matrix

coefficient matrix in optimum detection
coefficient matrix, averaged over signal paramoters
identity matrix

noise covariance matrix

likelihood ratio

nolse power

noise spectrum level in v2/rad/sec

number of time samples

nolse vector

noise process

"at most on the order of x"

pre-detection or "input" signal-to-noise ratio
autocorrelation function of narrcowband signal
set of unknown signal parameters

desired signal vector

desired signal process

observation time of received signal

recelved rignal vector

received signal process
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a,c,f, =

p.daf. =

SNR =

¢-la

Dirac delta function

bandwidth of signal frequency uncertainty in cps
bandwidth of narrowband signal in cps |
bandwidth of signal frequency uncertainty in rzd/sec
bandwidth of narrowband signal in rad/sec

center frequency of narrowband signal in rad/sec

center of band of signal frequency uncertainvy in rad/sec

average value of x

"deflection" of O(x), i,e,, change in average value of
0(x) in going from noise-only condition to signal -plus-

noise condition
trace of matrix A = sum of diagonal terms

conditional statistical average--only nolse present
statistical average over unknown signal parameters

conditional statistical average--signal and noise present

Abbreviations

autocorrelation function

likelihood ratic
probability density function

signal-to-noise ratio
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I, Introduction

A previous report1 dealt with the problem of optimally detecting a
sinusoidal signal of unknown phase whose frequency was known only to lie
within a prescribed band. The results of that investigation were
negative; they indicated that the sinusold was no more detectable than
a gaussian random gignal having a flat spectral density over the same
frequency band, Those results, however, were viewed with suspicion.
Later work2 showed that the small-signal approximation used in truncating
the power series for the optimum detector structure would not hold for
long integration times and that this faulty approximation accounted for
the pessimistic results,

In this report a different approach is taken to the problem of
optimally detecting a signal of unknown frequency, This work leads *o
an accurate approximation to the optimum detector structure for cases of
large post-detection SNR, In order to keep the development simple and
to avoid questions of non-gaussian statistics, the desired signal is
assumed to be a steady sinusoid with lnown amplitude and phase* and
unknown frequency; the unknown frecuency is essumed to have a discrete
probability distribution. The extension tc more realistic signal models
is straightforward, but involved,

*Given the frequency of the signal, the phase structure is assumed to
be completely known., By definition this is termed a "coherent" signal,

since <§>S £ 0.,



IT, ILikelihood Ratio Detection of a Signal with an Unknown Parameter

The optimum detector for the detection of a signal in a background
of random noise is a 1likelihood ratio (hereafter LR) detector, If the
desired signal contains unknown parameters, the detector must compute a
LR which 1s statistically averaged over all the possible values of the
signal parameters, If v is the received signal in the form of a vector
of time samples and the signal contains only one unknown parameter G,

the averaged LR 1s given by

¢(v) = <L(z,0)>o (1)

where L(v,9) is the LR for a particular value of 0.

If the parameter © has a discrete probability distribution over a

finite set of values,

m
oy) = )y B(w8y) (2)
1=1

where m is the total number of possible values of © and Py is the
probability of the 188 value, In general the quantities log L(X’Qi)
can be generated more conveniently than L(X’Oi) . With this in mind

the average LR can be written as

m

¢(v) = E: Py exp{log L(!’Oi>} (3)
i=1

Thus the optimum detector calculates the quantities log L(z,04) ’
forms the sum in Lq, (3), and compares this with a pre-set threshold k.
Ii he threshold i3 exceeded, the decision iz made that the desired

signal is present in the received data, This test is indicated by

By

e} NS |
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Z By exprlog L(y_,oi)] 2k (L)
i=1

The decision scheme can be visualized in,geomeiric terms if the test

quantities 1log L(g,oi) are taken as coordinatss in an m-dimensional

hyperspace. The space is divided into two regions, which may be called

the "signal" and "no signal" reglons, The boundary between these two

reglons is determined from Eq, (i) by the equality

n
Z py exp [lc’g L(_Y,)Qi)] = k {5)
=l

-

For a given received signal v, the coordinates log L(g,ci) define a
point in the m-dimensional space. If the point lies in the "signal®
reglon, the decision is made that the desired signal is present with
noise, If the point lies in the "no signal" region, the decision is

made that noise only is present. 4 specific case will ncw be considered,




III. LR Detection of a Coherent Sinusoid - Two-Frequency Case

III.1 The Decision Plane

If the desired signal is a sinusoid with known amplitude and phase

and with a frequency w that can take on any one of m discrete values, then

from Eq. (3),

RS
Uy) =) py exp|log L(y,,) (6)
i=1
As an example, let m =2 and p; = p, = % . Equation (6) now gives
21 1
¢(v) = 3 eXP[log L(z,ml)J vy em[loa L(z,wz)] (7)

Using Eq, (5), the boundary between the two decision regions is given by

or

log L(z’“@) = log { 2k - exp[log L(z,glﬁ (9)

Threshold curves given by Eq. (9) are plotted in Fig., 1 for several values
of k. It should be noted that the curves all become asymptotically parallel
to the coordinate axes., In practice one of these curves 1s chosen to

divide the plane into 'signal” and "no signal" decision regions. TFor a
received signal vector v, lcg L(X’“j> and lcg L(X’“b) are calculated

and these cuantities define a point in this decision plane, If the point
lies above or to the right of the chosen threshold curve, the decision is
made that the desired signal is present, If the point lies below and to

Y.
[RW Sy

the left of the curve, the decision is made that noics
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If the number of pessible values of the frequency is made larger, the

decision plane of Fig, 1 is replaced by an m~dimensional decision space,
and the threshold curve is replaced by an m-dimensional decision surface,

ITT.2 Detection in Gaussian Noise

If the noise 1s additive and gaussian with a covariance matrix K, the

LR for a given value of signal frecuency is

L(z,ak) = exp| - % s'w,) K s ) kv (10)

For convenience let

Li = L(X:“ﬁ)
and
o of
5, F :\mi)

Then, for the case in which the signal frequency may take on one of two

discrete values, the test quantities are given by

I S | il
log Ly = -5 89 /K78y + 5Ky (1)
log L, = - & s,'K™s, + s ey (12)
&~ PO CRRL s e

Thus the operation of the optimum detector in this case consists of a general
cross~correlation of the received sipnal with the desired signal at each
of the possible signal frequencies.

In order to calculate the detectability of the signal, the conditional

p.d.f.'s of log L. and log L, must be obtained. Since the noilse is

1
gaussian and Eqs, (11) and (12) describe linear operati ns on the received

signal, ths quantities 1log L1 and log L2 are gaussian random variables,

The reouired mean values of log L1 are calculated as follous:

e
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The variances of 10g Ll are

vary (Mg Ll}

un
1

ol

ot
w
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g (13)
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varg +N[log Ll} =

-1
= g !
2 K 3 (17)
1 ¢ 1
=(lo = i 1 - '
var82 N[1og J 5 _3_115 8y + 8y K (32+n)] E(sl K 5,
N
-1 -l -1 l “'l
s . g ! g ! t !
?.5.5.19.1}{_24’(31}{.5.2) + 5K <nE>N§ 3
= - gtk s s ks, 4 (s gLy )2 + 8 1Kt (18)
80873 58 55 E 5 v g

If the noise is assumed to have a flat spectrum over a frequency band

encompassing all possible values of the signal frequency,

n

-1 1

s KT, < ) () sy(8,) (19)
i=1
and

n

-1 1 }"' 2
i=1

where N is the variance of the noise,

Tt
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If the spectral level of the noise is No v2/rad/sec, then from

results of sampling analyvsis,

=0 (21)

where T is the observation time of the received signal. The zero result

in Eq. (21) follows from the fact that sl(t) and sz(t) are sinusoids of

different frequencies.

Similarly,

Tt will be convenient to define a detection index:
T

d= dt s (t) (23)

1
ﬂHD
0

where s(t) may be either sl(t) or sz(t), since the signal is assumed to

have the same amplitude at either frequency. It should be noted that the

detection index is proportional vo the power in the receiver signal and to

the observation time and inversely proportional to the spectral level of

the noise. This detection index may also be regarded as the nost-detection

SNR.
Wwith the aid of Eqs. (19) through (23), the averages in Eas. (13),

(1) and (15) nay now e written as

<log L1>N = - % (ck)




_d
Cos ) - (25)
1
/s o d
o
Similarly,
d
<log L2>N (il 7] (27>
<log L2> -3 (28)
Sl+N
d
<108 L2> =5 (29)
82+N
Similarly,
varN[lcg LQ:‘ = d (30)
varS o [1og Ly = d (31)
var [10@ L,| = d (32)
S2+N ]

To construct the joint p.d,f,'s for the test quantities, the correlation

coefficient is required:

1 d d L/ el el
3\ |1o8 Ly * 7)| 108 Lz*?‘) “a'<:1§ S 32>N
N
o -1/ -1
=38y 'Y'/>§I K s,
i :\I—’l'fliz
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Thus the test quantities log Ll and log L, are uncorrelated, and, since
they are gaussian random veriables, independent, With the following change

of variables,

134
n
=
(0]
G2
=
o)

s
r
1
'._l
(o}
o
=

2

R
f(xlyxg/g_) = —— eXp| ~ (Bh)
2nd 24
[ d e d e’
1 [x '?;THI +'|x2+§}
£(ay, %, /8, ) = == exp |- — (35)
2nd 2d
L e
[ e s B s b Y
f(x1x/s)=-~1—exp e 2 "2 (36)
\ X,/ -
=27 o | 24

The centers of these three density functions are plotted in the
decision plane of Fig, 2, together with a typical ontimum threshold curve,
It is particularly interesting to note that if the threshold curve remains
fixed and the detection index d becormes large, the precise shape of the
threshold curve near the origin of the decision plane becomes less important
wvith regard to the conditionel probabilities of error, This is because
the region near the "corner" of the curve becores a resion of steadily
smaller probability measure with respect o the three p,d,f,'s as d
increases, With this in mind the decision schere may be simplified when

d is large by renlacing the oniirmunm thresnol! curve wilh its straight-line

St
o } " . . D vy @ . 1 e P
The nean value ¢f each f the tesy coannitics hos a marnitude equal to
A/ d 4 - it ’f"l L TR ~ - 3 o - -~
42, ad a steandard deviation egual o Vi ; thwh as d becomes larger,
each of the density functions bLeceres rarrcwer with respect Lo its rean

viile,
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Optimum Threshold Curve and Its Band-Splitting Aprroximation

Two-Frecuency Case
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asymptotes, also shown in Fig, 2, The decision scheme corresponding to
this new threshold curve can be stated as follous: If either log Ij

or log L2 is above the threshold value log 2k , the decision is made
that a signal is present, Thus a threshold test is performed at each of
the possible frequencies at which the signal may appear and a final
decision about the presence of the signal is made on the basis of the
individual tests. This type of decision scheme will be referred to in
a general way as a "band-splitting" scheme.* As d is made increasingly
large, the region (snown shaded in Fig. 2) between the optimum threchold
curve and the band-splitting threshold curve, makes a steadily smaller
contribution to the conditional probabilities of error, Therefore it can
be stated that the optimum detector becomes asymptotically a band-splitting
detector as the detection index d is made increasingly large.

A different situation prevails as d approaches zero, however, Figure 3
shows, for a low value of d, the arrangement of centers of tre p.d,f.!s
with respect to a typical optimum thresnold curve, As d is made very small,

the shape of the thrrshold curve for large magnitudes of log L1 and

log L., becomes less significant in the determination of the error

2
probabilities, Only the shape of the threshold curve in the region of the
closely spaced p.d,f.'s 1s imnortant, and a straight line with slope -1
can serve as a good appro¥imavion to the curve in that region, Such a

straight-line tiwreshold is also pictured in Fig, 3.

It is shown in Anpendix s that 1L log <i(v,w)> is expanded in a

o

pover sevies and the lowcst-order coherent term in the serdes is used to

o
i L . . S P
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approximate the operation of the optimum detector, then that approximation
corresponds precisely to a straight-line threshold as pictured in Fig, 3.
That is, for this case of a coherent sinusoid having one of two known
frequencies, a pouwer series analysis with small-signal approximations leads

to the test

log L, + log L, Z 2 log k - g (37)

1

It is now clear tha*t the approximation leading to Eq. (37) is valid only if
the detectinn index d is mch smaller than unity, and it must be noted that
it 15 not sufficient that the pre~detection SNR be small, since d also
depends on the integration time, as shown by Eq., (23). In the threshold
situation, where d is mads much larger than unity by means of a long
integration time, the band-splitting detector will provide a better
approximation to the optimum detector.

The detector structure implied by Eq, (37) will be referred to
hereafter as a "sum-and-test" detector,

IIT,3 Detector Probabilities - Two-Frequency Case

The conditional false-alarm and false.dismigsal probabiiities will be
calculated fer the optimum detector and for the sub-optimum dstector
derived Ly the small-signal analysls of Appendix A. Signal detectability

curves will then be obtained.

Optimum Detector

The conditional folse alarm probability a can be visuvalized with the
aid of Fig, 2. It is the probability that the point (log Ly s1eg L2) lies

above or to the right of the optimum threshold curve, given that nolse

B

only is present, From Eq. (3L),
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Lo log 2k-6Xp(x2)
‘ - (38)
After a change of variables, }
- — 1ng 2k ® :
@=L dv e d L d (39) ?
=if;q Xp vV exp -5- -2?5 U exp J :
n
gl s ¢ = fed g :
’lﬁ # Va' log 2k E+ ‘\/E' log [2k-exp(‘\['v 5]

The double intlegration in Eq, (39) cannot be carried out in closed form,
but it may be numerically evaluated to any desired degree of accuracy.

To facilitate computations in this report, the optimum threshold curve
will be replaced by the band-splitting threshold for large values of d,

? A granhical estimation of the detectability for low values of d will then

be carried out. For the band-splitting approximation, the conditional

false alarm probability is given by .
d
0 V'[_;‘+ —}; 108 2k (o]
1 - 1 Vd : 1
a5 —= [ dv exp |- + dv exp |~ S| == [ du exp (- ) '
Ven 2] yer 21V z




where

. 2
(169 2'5;:1:1 dt exp (- %) (1)

The function fi(x) is the Normal Probability Integral, available in 'r,ables‘,3
The conditional false dismissal probability is the probability that

the point (log L., log L,) lies to the left of and below the optimum

11
threshold curve in Fig, 2. Given that the two signal frequencies are
equally likely, this probability can be calculated with respect to either

cre of the signal-plus~noise distributions. Thus

log %k ; log [21<—exp(x2 )] o
= | dx, '“"‘!':':;, exp "— E%J{XZ = g\ dxl —-—}::; EXp | - ?% Xl i g) (b2)
B \/gnd I 2nd
G «CO

After a c‘nango of variables,
-- 10{, 2l ‘/T v rm lob 2k - exp(g +‘\[5vn
2

rL). u
o | e & . e
TR P
ol

M) e

fo -——l_—,—j Jdvexp

Vin

(43)

Again, for the band-splitling approximation the . alse dismigsal probability

is avuroximated by

1 i d

| £ - 1 s
—;:‘ W) O s -\/Tr ‘ T: +-\*7:>‘(1 l\'.‘}_) ck
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From Eqs. (LO) ard (L5), the conditional detection probability 1-8
is plotted in Fig, L as a function of \d' for fixed values of the conditional
false-alarm probability a, The curves are estimated for the region of
1-p below 80 per cent. Detection probabilities on the order of 99 per
cent or better will usually be desired, and this 1s well within the range
where the band-splitting detector provides a very accurate approximation
to the optimum detector,

Sum-And-Test Detector

From Eq, (3l4) and with the aid of Fig. 3,

[on]
1 u2 6)
a= du ~~eswe= eXp |- ) (L
Vand e
_\%(d/E + log k)
After a change of variable,
[oe]
2
a= o dz exp |~ 5-2-)
V2n
d 1
g “"—2—(;? log k
il d 1
a=x|1- @(V;+\7_-__' log k) (L7)
- 2
Similarly,
i |
1 [ d 1
A== 1,-%(\{;--—;105 k] (L8)
= Ved |
[ J

From Eqs. (L7) and (LB), values of 1-~B are plotted in Fig, L as a

- ,
tunct.on of Vd fer three fixed false-alurm rates. It is seen that the

Lt 2,
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conditional detection probability for this sub-optimum scheme steadily falls
away from that of the optimum detector as tie detection index increases.

As the uncertainty about the frequency of the desired signal is increased

to a larger number of possible values, the difference between the
performance of the sum-and-test detector and that of the optimum detector
becomes more nronounced,

IV, Detection of a Coherent Sinusoid - m-Frequency Case

IV,)l The Detection Space

The work of the previous section has shown that in the detection of a
coherent sinusoid with an unknown frequency which can have ome of two
values, the optimum detector becomes asymptotically a band-splitting type
of detector as the post-detection SNR becomes large, If the unknown
signal frequency is equally likely to have any one of m possible values,
the decision space becomes an m-dimensional hyperspace, and the threshold
surface dividing the space into "signal" and "no signal' regions is

obtained from Eq. (15), with L(x,oi) = L(z,mi) =1, , as

3
1=

exp (log Li) = k (L9)
1

-
n

As the detection index is made very large and a received signal is tested,
two different situations will occur, depending upc~ the presence or
absence of a signal:
1) If nec signal is present, all m of the test quantities
log Li will have large negative mean valuss, equal
to - d/2 [See Eq. (21@].
2) If signal is present, m-1 of the test quantities

will have mean values equal to - 4/2, and one test

T e ey,

S




e -

H-21

quantity will have a mean value equal to d/2 [éee
Eqs. (26) and (25)].

Thus it is of interest to examine the shape of the threshold surface in
regions of the hyperspace where the test quantities have large negative
values, If Eq, (L9) is solved for one of the test quantities in temms

{ the others,

exp(log L) = mk - exp(log L,) - ... ~ exp(log L) (50)
or

log L; = log [mk - exp(log L2) ~ vee = exp(log Lmﬂ (51)

When log L2,... , log Lm have large negative values, the exponentials

in Eq. (51) oecome very small, and

log Ly Tl mk (52)

Thus the asymptotes of the optimum threshold curve ars hypern»lanes
perpendicular to each of the m coordinate axes of the decision space,
These asymptote planes are analogous to the asymptote lines of the two-
dimensional case,

It is seen then that as the detection index becomes large the nrecise
shape of the threshold surface near the origin of the decision space
becomes less important with respect to error probabilities and the optimum
threshold surface may be approximated by a set of m hyperplanes, The
decision scheme corresponding to this approximation can be stated as
follows:; If one or more of the test cquantities 1log Ll’ log L2,..,
log Lm are above the threshold log mk, the decision is made that a
signal 1s present, If all m test (uantities are below 1log mk, the
decision 1s made that noise only 1s present. 4s in the two-frequency case,

this detection schyme will be referred to as a "band-splitting" scheme,
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It can be stated in general, then, that the optimum detector for the
detection of a coherent sinusoid whose unknown frequency is given by a
discrete probability distribution becomes asymptotically a band-splitting
detector as the detection index d becomes large.

For small values of post-detection SNR, the work of Appendix A shows
that the optimmm detector can be approximated by a sum-and-test detector.

For the m-frequency case the approximation leads to the test

(53)

= ¥

g \
>J log L, 2 mlogk - (m~1)

The threshold surface corresponding to this sub-optimum scheme is given by

m
§j log Ly = mlog k - (m-1) g (s4)
i=1
and this is seen to be a hyperplane in the m-dimensional decision space.
This is analogous to the straight-line threshold shown in Fig. 3 for the
small-signal approximation in the two-frequency case.

IV,2 Detection Probabilities -~ m-Frequency Case

Optimum Detector

For large values of d the optimum detector will be approximated by the
band-splitting detector to simplify the computation of the error
probabilities. For small values of d the detectability will then be
estimated.

The conditlonal false-alarm probability is the probabiliiy that one or
more of the test cuantities exceeds the threshold log mk , riven that

noise only 1s present, That is,
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H =23

a="P [At least one of the test quantities log L, is
above its threshold, given that noise only is

present

=1 -P [All the test quantities log L, are below
their thresholds, given that “nolse cnly
is presenﬂ

The conditional false-dismissal probability 1s

p=" [All the test quantities log Li are below their
thresholds, given that a signal is present at
any one of the pnssible frequencies]

14 is shown in Appendix B that

m
a=1'(1"‘ai) (SS)
and
o= p,-a) (56)
i i
where
a, =P [1og L. 1s above its threshold, given that no
- sign%l is present at the fregquency vy
8, = P [log L, is below its throshold, given that a
signgl is present at the frecquency wﬂ

The probabilities a, are assumed equal for all i = 1,2,...,M, and the

abilities Bi are assumed equal for all i = 1,2,...,m. The errcr

prob
probabilities a and B can be bounded as

(57)

and

(58)

These bounds are tight for m a, << 1 . Tt is seen from Eqa. (57) and (58)

{hat if the threshold for each log Li is held fixed and the frcquency
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uncertainty is increased, the false alarm probability will be approximately
proportional to m, while the false dismlssal probability will remain
approximately unchanged.

The conditional p.d.f.'s for 1log Li are needed, Let x, = log Li X

Then, from Zgs. (2L), (25), (26), (30), (31) and (32),

1 1 3
f(xi/o or sJ) = Vmexp - 5ql% * 5) (59)
43
and
Bx/s,) =~ exp |- (1, '%r (60)
™ y/ond .

If the threshold for each test quantity is log mk ,

a,
1:%1-§\/%11\-[-]}_‘10gmk (61)

From Eqgs, (55), (56) and (€1), the conditional detection probability 1 -8
can be calculated as a function cf Yd for a fixed value of the conditional
false alarm probability a and for any number m of signal frequencies,
Results of these calculations fer a = ,01 and m = 1,2,L4,8 and 128 are
shown in Fig, 5. It can be seen from the figure that the set of detection
curves for different values of m becomes a set of parallel straight lines
as \/:1-, becomes large, with the detectability becoming poorer as m increases,
as would be expected. The asymptotic form of the detectability curves

for small error probabilities can easily be derived using the bovrnds of
Egs. (57) and (58). For small values of ma, the bounds become very good

approximations and using Eq. (57) together with Eq. (61), one can write

PRI
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(62)

The conditional detectability 1-B 4is to be calculated as a function of

—
Vd for a fixed value of a, therefore let a = o' where a* 1s the chosen

fixed false-alarm rate, Now, from Eq, (62),

2a

log mk & ﬁ"*(l - =

d

V’"

(63)

where @“1(2) denotes the 'inverse Normal Probability Integral," that is,

the number x for which z = (x) [See Eq. (hlj’ :
From Eqs, (58) and (6L), an approximation is obtained for the

conditional false-dismissal probability cs

ﬁ(f e log mk

Inserting Eq, (63) into Eq. (6L), one obtains
?i [W g (

The conditional detection probability 1s then approximately

u‘(

-)(-

1-BT51+ GVT - T (

}\/d >> _J

The right-hand side of Eq, (66) is seen to be of the general form

(6L)

(65)

(66)

TR
{55
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where Cl, 02, 03 and Ch are constants, This general form represents a
linear function of’vzf on the normal probabllity scale of Fig, 5. Thus
the asymntotes of the detectability curves for the optimum detector,
given by Eq, (66), plotted for various values of m or various values of
¢ are a family of parallel straight lines, the horizontal displacement
of each lin® being determined by the quantity §"1(1 5 2a*/m). If o

is held fixed and m is increased,

Thus the detectlon curve moves steadily to the right as m increases,
representing steadily poorer detectability with increasing uncertainty
about the signal freauency, as is seen in Fig, 5, The same trend is

observed if m is held fixed and a' is decreased; that is,

1 Za* 3
[N (1 e as a—0

m = const.

This is the trend exhibited by the optimum detector curves in Fig. L for

the two-frequency case,

Sum-And-Test Detector

For the sum-and-test detector, the test quantity is
m
y = §j log Ly (68)
i=1

When noise cnly is present, each of the quantities log Li has a mean

value - 4/2 and a variance d, Thus




2
1 1 md ‘
£(y/0) = ——== exp ‘_"Y‘*"é'“, (69)
V 2md 2md ]
wnen a signal 18 preseat al one of the m possitle freguencies, m=1

of the quantities log Li will have a mean value - d/2 and one will

have a mean value d/2 , Thus

2
exp - = |y + (m-2)5 (70)

f(y/s
2nm 2md

/s,)

If y is compared with a threshold m log k - (m-1) g , the conditional

error probabilities are given by

::%1-§'\f§t\/§logk (71)

e

Curves of conditional detection probability 1-B as a function of
\ﬂ;) are shown in Fig. 5 for the sum-and-test detector., The curves are
plotted for a = ,01 and values of m = 1,2,4,8 and 128. As was seen for
the optimum detector, the signal detectability with the sum-and-test
detector hecomes poorer as m increases. An expression for 1-8 as a
function of 1/E1and any flixed false-alarm rate a = a and for any value

of m can be found as follows: From Eq., (71),

Thus
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From Eas. (71) and (73),

’

1-p= 5¢1+7 \/g - 57 - 2d®) (74)

|

where @“1( ) has the same meaning as in Eq. (63). The right-hand side of

Eq. (74) is seen to be of the general form of expression (67) and thus

represents a linear function of Vd on the normal probability scale of

Fig. 5. Since \ﬁ;'enters Eq. (74) in the form Y d/m , the slope of the

detectability curve will vary with m, decreasing as m increases, Thus if

a family of detectability curves for the sum-and-test detector is plotted

for a fixed value of a, the slope of each curve will approach zero as m

becomes increasingly large, as is seen in Fig, 5. The horizontal

displacement of the curves is governed by ﬁ"l(l - 2d") and thus a family

of curves plotted for a fixed value of m consists of a set of parallel

lines, with the detectability becoming steadily poorer as ¢ 1s made

smaller; this is seen in Fig, L.

Figure 5 shows that as the uncertainty about signal frequency increases,
the performance of the sum and-test detector declines more rapidly than

that of the optimum detector, In the operation of the sum-and-test

detector, an increase in the number of possible values of the signal

freouency requires an identical increase in the number of ncisy correlator
outruts to be summed before the threshold test; thus the post-detection
SNR varies inversely with m, as is seen in Eq. (71). However, the

sptinum detector, when visualized in terms of its .symptctic form, the

band-splitling Jetector, effectively searches out the "best" (that is,

the largest) of the m outputs and then uses this in the threshold test,
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Increasing m simply increases the number of test quantities among which
the detector must search, but the detector will still seek out the "best!
output for use in the threshold test. As more outputs are to be examined,
vhe conditional false alarm provavility increases, tnerefore the threshold
must be adjusted slightly upward to mainvain the same false alarm rate;
this change in threshold level leads to a slightly lower conditional
detection probability,

A useful basis for comparison of the optimum detector with the sum-
and-test detector 1s that of pre-detection SNR or post-detection integration
time required for a desired level of performance, This comparison 1s made

in Fig, 6 in a plot of vs, m, for a=f = ,01 , where

r= dsum/dopt

dSum = detection index required with the sum-and-test
detector for error probabilities a =8 = ,01,

do e detection index required with the optimum
P detector for error probabilitles a =8 = ,01.

Since the detection index d is seen from Eq, (23) to depend linearly upon
the pre~detection SNR and linearly upon the integration time, the ratio r
may be interpreted as either a ratio of required input SNR for a fixed
integration time or a ratio of required integration times for a fixed
Input SNR., It is seen from the figure that the ratio r increases
indefinitely as the number of possible values of the signal frequency

increases,
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V., Conclusions and Ccmrents

The work of this report has shown that the optimum receiver for the
detection of a coherent sinusoid with a discrete frequency distribution
becomes asymptotically a band-splitting detector as the nost-detection SNR
1s made large. The band-splitting detection scheme is exactly equivalent
to the classical method of maximum likelihocd for testing a statistical
hypothesis.* This can be seen if the band-splitting threshold test is

written in the following form:

max log L(X’“ﬁ) Z log mk

@
pl
or
max L(z,ag) 2 nmk
,
i

The method of maximum likelihood 1is not generally an optimum decision
strategy in any sense but gives satisfactory performance in many cases
where insufficient a priorli information 1is available to allow construction
of an optimum strategy. It is moreover a decision strategy that one would
intuitively choose to detect a signal of unknown frecquency, It is
especially satisfying to see that the optimum-detector approach; as
followed in this report, also leads to the use of a maximum likelihood
detector and to see that this detector is very nearly optimum in the

range of post-detection SNR which is of particular interest,

I'his work can be extended directly to the case of an incoherent
signal whose frequency (or center frequency) is piven by a discrete
probabilit; distribution. For such a case the threshold test would again
be yiven by Lq. (L) and the threshold surface by Eq. (S), with Oi = oy

in both cases. The individual test quantity log L(X)“ﬁ> generally cannot

L . .
Reference U provides a cemprehensive treatment of the subject of

hypotliesis testing,

g e
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be obtained in closed form for an incoherent signal; however, in a weak-
gignal situation log L(z,a&) can be expanded in a power series and
satisfactorily approximated by a quadratic form, This quadratic form
would of course have non-gaussian statistics, but as the observation time
is made long, the statistics would become gaussian by the central-limit
theorem., Thus for weak received signal and a long obszrvation time, the
m-freguenzy incohe t signal case can be handled by much the same
procedure as is outlined in this report, The form of the optimum detector
would again approach that of the band..splitting detector for large post-
detection SNR.

If the unknown signal frequency is given by a p.d.f. over a continuous
range of values, the test quantities log Li form a non~enumerable set
an? the optimum decision scheme can no longer be visualizea in terms of a
coordinate space. It can be seen, however, that as the frequ:ay
distribution becomes continuous the band-splitting detector becomes a
band-sweeping detector, which calculates log L(v,®) as a continuous
function of w over the band of frequency uncertainty; if this function
exceeds a preset threshold at any value of w, the decision is made that the
desired signal is present, The specific problem of detecting a narrowband

gaussian signal with unknown center frequency will be treated in a later

report.




Appendix A A Small-Sigral Avpproximation to the Optimum Detector

In the optimum detection of a signal with unknown parameters, the

detector must calculate the average LR

/
) = G - Fas e 2y (1-1)

\

where </> implies < X . If the exponential in Eq. (A-1) is expanded in
O
a pover series, the average over signal parameters taken term by term, and

the function log 8{2) expanded in a second power series, the result is

t0g 8(1) = - 3 (2572) + (2170) + 3 <(5’.I£"lx>2> : <§'E'1zﬂ + 0(s”)
(

In the weak-signal situation, the major contribution to log ¢(v) is from

4-2)

the coherent term <é'§“12> . As an approximation, the terms of the order
32 can be replaced by their averages taken with nolse only present, These
averages, together with the term - % <§’§’%§> , are then taken as bias

terms in threshold test. The three bias terms are thus

-3 (e - (z 2,540 4y

u
c*
=

% g& 5—1) (A-3)
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Therefore,

(1) K75) (8-6)

rol =

log o) (5K v -

If the signal is a sinusoid eof known amplitude and phase with an unknown

frequency given by a discrete distributicn, then
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If the m frecuencies are equally probable,

m n

/ l>_’ =ly

\3> m /. i) m /.y Ei
i=1 i=1

If, in addition, the noise is white with variance N,

m m m
LY 1 \ !
log £(v) ¥ 3 ), &' INNE?
AT " onlN L=
i=1 i=1 j=1

Since Ss and s, represent sinusoids of different frecuencies,

-J
M ~ f
Mo 2y 0 L7
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Frow Eqs, (11) and (12),
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Therefore the weak-signal approximation leads to the threshold test

=

log L, 2 mlogk - (m-l)-g (4-13)
1

-
H

As an example, let m = 2 , The detector then performs the threshold
test

log L; + log L, Z 2logk - g

i

If log Li and log L2 are considered as coordinates in a two-dimensional
decision space, the curve dividing the space into "signal" and "no signal"

regions is given by

log L, +1og L, = 2 log k - % (A-1L)

i

This is seen to be a straight line with slope -1.




Appendix B Error Probabilitiss for a Zanc-Splitting Detector with

Independent Cutnuis

The conditional error probebilities are derived for a band-splitting

detection scheme., The following events are defined:

SO = Event that rnoise only is present

Si = Event that signal is present with frequency o 1=1,2,..4,m
Eo = Event that all m outputs lie below the fixed threshold value
Ei = Event thet the i“" output exceeds its threshold value,

1S 15y 25 ke o 5l

False Alarm
The conditional false alarm probability is given by
a=P [at least one output exceeds its threshold value, given
that noise only is present]

m

S U[l - P(Ei/SO):I (B-1)

1=1

If the m outputs are independent, the probability of an event Ei 1s not

affectecd by the presence or absence of signal at any frequency other than @ .

Thus
3
P(Ei/So) = P(Ei/Si ) (B-2)

The right-hand side of Eq. (B-2) i¢ scen to be the conditional false alarm

i
probability for the threshold test at the 1 n frecuency, that is

N th
P(hi/bi ) = a =P [the 17" output exceeds its threshold, given
that no sizgnal is present with the

e Cow

frequency &H] (

el
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Thus, from Egs. (B-1), (B-2), and (B-3),

,m
- a-a (B.1)
1=]

1,2,.0.4m, then

Q
H
2

It a, has the same value for 1

1 - G.-aifn (B-5)

a
]

False Dismissal

The conditional false dismissal probability is given by

B="P [all m outputs lie below the fixed threshold value,
given that the signal is present at any one of the
possible frequencies|

= P(EO/Sl + 8,4 Lt Sm) (B-6)

If all m outputs are independent and have the same mean and variance, the
probability of the event EO in the presence of signal is independent of

the signal frequency. Thus

p(Eo/s1 + 854 . ¥ sm) a P(EO/Si) i=1,2..m (B-17)
From Eqs, (B-6) and (B-7) and the definition ef E,
B=P(EO/Si) i=1j2,.0-,m
3 3 3
= P(E;, BTy ey B /8,) 1=12,...,m
(B-8)
Since the outputs are independent,
)
. “1\‘ \
B = i| P(E, /Si‘ i=12,,..,m (B-9)
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For 1=,

P(Ej*/s.) = Bj = P [the jtn output is below its threshold, given _
J that a signal is present at the frequency mjj

and for 14 j,

#* * e W
P(E, /S.) = P(E,"/S,") =1 ~ a, B-10)
(E,/5;) = p(E,"/3,") = 1 - e (8-10)
The first equality in Eq, (B-10) follows from the fact that the event Ej*
1s independent of the presence or absence of signal at any frequency
other than wj. Since Bj is assumed to have the same value for all
3=1,2,...,m and ay the same value for all j = 1,2,...,m , Eq. (B-9)

can be rewritten as

EENS -1 (B-11)

[ eme—

[P famesmmn
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List of Symbols

[ c 2

d = detection index or post-detection SNR
7
§ X = noise covariance matrix
i k = a threshold
#
L(_\{,wi) = likelihood ratio, given the signal frequency @
¢(v) = average likelihood ratio
m = number of possible values of the signal frequency
N = noise variance
N, = noise spectrum level, v2/rad/sec
n = number of time samples

nolse vector

P -
=
1

0(x) = "at most on the order of x"

et SRy

r = ratio of detection indices
?
El = desired signal vector
s(t) = desired signal process
T = observation tire of rccelved signal
v = received sipnal vector
a = conditional false-alarm probability--noise only present
" = a fixed value of
G = an Wi cwm sipnal pararmeter
p = conditional falsc-dicrissal probability--signal and noise presen’
(x) s llormal Protability Integral




LR
P.dedl

SNR

=

]

i

n

Inverse Normal Probebility Integral

a signal frequency

trace of matrix A = sum of diagonal terms-
conditional average--noise only present

conditional average--a signal and noise present

Abbreviations

likelihood ratio
probability density function

signal-to-noise ratio
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i I, Introduction

The description cf the PUSFS sonar system which follows applies to the

block diagram of the system found in Fig, 1.

14
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Figure 1 PUFFS Sonar Systen




The electrical outputs of the transducers are passed through identical
amplifiers and filters in each channel, The frequency response characteristic
of the amplifier and iilter combinatina is chosen to move-or-less enliance

the signal-to-noise properties of the received signal.(l) The amplifier
output in the upper channel contains a signal component generated by a

target in the water and a contaminating noise component, The ampiifier

outpu! ‘n the lower chamnel contains a delayed version of the signal in the
upper channel in addition to a noise component,

The outputs of both amplifiers are then processed by Delay Line Time
Compressors (DELTIC), which are described in the literature.(z)’(B) A
DELTIC has two modes of operation, the loading mode and the storage mode.

In the loading mode, the DELTIC samples the clipped version of the
input signal at uniform intervals of time, The sample pulse circulates
around an acoustical delay line and appears at the output just before the
next sample is taken, The next sample pulse then circulates around the
acoustical delay line with the previous sample pulse, and the process is
repeated, At the beginning of the Kth sampling interval the first sample
pulse haa rec’.rculated and precessed an amount of time almost equal to a
sample period, ‘hen the (K+1)th sample 1s taken, the first sample pulse
is discarded, Lach time a new 2ample is taien, the Kth previous sample 1s
discarded so that the acoustic delay line holds the previous (K~1) samples
in the proper time sequence, but with their time scale compressed by a
factor K.

In the storage mode the DILTIC merely recirculates K pulses through
the acoustic delay line without the precession encountered in the loading
mode., The acoustical delay is increased ~lightly to accomplish this, and

the input samples are discontinued,

e
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In the PUFFS system shown in Fig, 1, DELTIC 2 is operated continuously
in the loading mode, DELTIC 1 is opcrated alternately in the loading and
storage modes, The loading mode lasts for K sample periods and the storage
mode for K sample periods,

During each sample period occurring in the storage mode time of
DELTIC 1, the sequence of positive and negative unit pulses from both DELTIC
units are multiplied and the products summed, In this fashion an
approximation to the correlation function between the signals in both
channels is obtained,

The nonlinear tracker is also described in the litarature.<h) The K-
point correlation estimate is smoothed and fed to a device which measures
the area of the correlation function for a glven time interval centered to
the right of a given time coordinate and subtracts from that the area of
the function for the same time interval to the left ol the given time
coordinate, If the sign of the difference is positive, the time coordinate
1s shifted in the posicive direction a fixed amount, and the same measurement
is taken on the K point correlatioﬁ estimate generated during the following
storage-mode time of DELTIC 1, For a negative difference, the tracker time
coordinate moves the fixed amount in the negative direction for the next

measurement .

In this {ashion the tracker automatically seeks a time coordinate for
which the output of the pate circuit has an average value of zero, The
tracker output should then be a good estimate of the time at which the peak
of the correlation function for %(t) and ${t) occurs, and therefore an

estimate ol the relative time delay between the signal components in both

chamnels,




At least two anz2lyses to determine the random bearing errors generated
by the PUFFS system have been carried out.(S)’(é) Ostrander and Rae assume
linear processing of the input signals, without clipping or sampling., They
obtain a relationship for the random bearing error generated by a gate
circuit centered at the peak of the correlation function, In their analysis
the width of the gate is assumed to be small relative to the correlation time
of the signal, The tracker uperation is not considered in the analysis,

In reference (6) the infinite clipping is mentioned, but sampling is
not considered, The gate circuit has a width approxiiitely equal to the
correlation time of the signal and the nonlinear tracker operation is
included in the analysis, The analysis in reference (6) also contains a
treatment of the problem of determining maxirum bearing rates, If the
target is moving such that the bearing rate is constant, the operation of
the WOX-14 tracker produces a steady error between actual bearing and
estimated bearing, In reference (6), the bearing rate that causes the sum
of the steady error and three times standard deviation of the random
component to equal the bearing error for maximum output of the gate circuit
is defined as the madmum bearing rate, This seems to be a useful rule-of-~
thumb definition,

In following sections, the effects of infinite clipping, sampling, and
the nonlinear operation of the tracker are combined and analyzed to
determine the random bearing error, The results are compared to those

given by Ostrander and Rae in ordor to evaluate the degradation caused by

clipping and sampling.



2 II. Correlation Estimate of the DELTIC

i From Flg. 1, the outputs of the ampliriers following the hydrophiones

are given by s(t) + nl(t) and s(t-5) + nz(t) respectively, It is

E assumed that the frequency response characteristics of both.amplifiers are

3
o,

adjusted to enhance the detection of the signal compcnents.(l) The ontputs

of the infinite clippers are given by

R(t) = sgn {%(t) + nl(t)} (1)
§(5) = sen {s<t-s> . n2<t)} (2)

As explained in the previous section, the output of the sampler and
recirculating memory of each DELTIC is actually a time-compressed series of
pulses. The sampler obtains samples T seconds apart and these pulses are

recirculated s¢ that K pulses are compressed into one sample period.

For DELTIC 2, which is continuously operated in the loading mode, the

compressed output may be expressed by

1 | ?rc [(m+1)T = kA] = fr[(m ~k)T] (3)

For DELTIC 1, the operation is alternately in the loading mode and the
storage mode, Since computation of the estimated cross-correlation functlon

only takes place in the period for the storage mode, the compressed output

of interest is

?cc [(m+l)T]- kp = &[~ kTJ (L)

In addition,
k,m=0,1,2,...,(K-1)

and
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The polarity coincidence indicator and summer in Fig, 1 operates on

. . . . A A
the pulses in each interval T of the compressed functions X, and Y, 80 as
to produce a running escvimate of the correlation function of the clipped

signals X(t) and ¥(t). The sstimate is given by

K-1
R(m) = —15 Z &C [(m+ g1 k/.\] §rc [(m+1)’l‘ - kA]
k=0
K-1
-2 ﬁ[—-kT} §r[(m-k)T} (6)
k=0 m=0,1,2,,..,k-1

The relationship of ﬁ(mT), hereafter designated by ﬁm, to the properties
of the functions at the inputs of the infinite clippers in Fig. 1 is found
by substituting Egs. (1) and (2) into Eq. (6) and finding the mean value of

the result:

o [ﬁm] .

The value of each term in Eq, (7) is given by the well-known inverse

(7)

-1
z E!—sgn{s(-l(T) + nl(—kT)} sgn{S(mT- & - kT) + nz(mT-kT)} (7)

k=0

==

sine relationship‘'’ found in Eq. (8).

~

A

E{R”} = % arcsin 5

(s + 1«1)1772 (S + N, )1/2

p (- 6) (8)

In Bq, (8) S, N;, and N, re signal and noise powers respectively and p_
is the normalized autocorrelation funciion for the signal after the spectrum
shaping by the amplilier in Fig. 1. It is assumed that nl(t) and n2(t) are

uncorrelated, and that signal and noise are gaussian and stationary,

e sy
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If the noise powers are equal and if S <<N as is the case for
threshold detection, Eq. (8) reduces to

E[R]% S o, (m - 6) 9)

mn 8
m = O:l,...,K"l

From Eq. (9) it can be seen that the expected value of tie K-point
correlation estimate is very simply related to the autocorrelation of the
signal for threshold situations.

III. FExpected Gate Circuit Output

The K-point correlation estimate derived in Section II is actually a
time series, This time series is smoothed to a continuous curve before it
is applied to the gate circuit of the tracker., For the purposes in this
report, it will be assumed that the K-point correlation estimate is smoothed

by a triangular interpolating function, The input to the gate circuit

is then
K-1
A T A t,
R(t) = Z R flg-m (10)
=0
where
1~ |af a<l
fla) = (11)
0 a>1

The function f(a) is shown in Fig. 2,




/

f(a)

-1

A\ ¢
1

Figure 2 Triangalar Interpolating Function

The output of the gate circult is defined by

t
g8

Flb) = - B(t) at +

-G+t
g
[ ¢
K~1 g f
A t
(3 z Rm = f\',I\‘
m=0 O+t
[t

K-1
m

=0

T

-

G+t

-m

G+t i
g
at  + [f%-mdt
£
g J
G+t |

R(t) dt

T
ETZ ﬁm , j fla) da + ff(a) da (12)
t

-G+t
g

! J

Using the result in Eo., (9) for ﬁ << 1, we find that the expected value

of the output of the gate circuit is given by

(mT -6) | - J[¥(a) da + | f(a) da (13)




RS

e
i}

3

SETRRE

I-9

Also of interest later in the system analysis is the slope of E{F(tgﬁ
at the primary null response of the gate, The primary null rcsponse occurs
for tg¢::6 . The slope is computed for tuwo cases, 6 being an integral
multiple of T, and § being an odd haif-integral multiplo of T, For these

cases the null response occurs exactly at tg = 6. Thus

K-1
daF_ 25N omras) o208 _nl + g 820 J ) - 2el8 - n)| @l)
b =5 m=0
24

If G <<T, the value of Eq, (1L) is greatly determined by the shape
of the interpolating function, and since the cholce of this function 1s
arbitrary, the results would not be very useful. If G is an integral
multiple of T, the value of Eg, (1L) is not dependent on the shape of the
interpolating function, as long as the function is zero for integral vslues

of a.

If % is an integer m_, then mT - 6= 0 and Eo. (1L) for integral

G
values of F bocones

g— = -2 % 1%[1 - ps(G)] (15)

In the derivation of Eq. (15) it is also assumed that n - % > G and

G
mOwT f K~1

nY -
3
©
]
[N

If % is an odd half-integer m, + % , then mOT-ﬁ =

Eq. (1L) for integral values of % reduces to




Lo 3ol -edo g0 -efordd]  ao
; tg=6

In the derivation of Eq, (16) the facts that f(a) and ps(r) are even
functions, and that f(t %] = % are utilized, Equations (15) and (16)
hold for other interpolating functions *ast as long as f(a) = O for

h’>1,mﬁ dﬁ%)=%.

IV, Variance of Gate Circult Output

The variance of the gate circuit output is nceded with the results
from the previous section to compute the bearing error represented at
the output of the gate circuit, It will be assumed that threshold
conditions extist such that S << N , This makes the mathematical
derivation of the variance of the gate circuilt tractable since only noise
X noise terms are considered,

The square of the output of the gate circuit is

— by

[ ¢ G+t £ G+t
—Tg- -4 —T—g -4 —-’\% ~-Mm -1
K-1 K-1 ; [
A
F2(tg) = 72 §j R, ﬁm - j[’f(a) da + [ f(a) da ~f f(a) da +j f(a) da
AN
¢=0 m=0 %o+t £ o £
g-e —§~£ ———S-m —Eum
L T T T T I

(17)

The exjected value of Fz(t ) is the variancc required, since the
computation is done in the absonce of signal. The only random variables
in Eq. (17) are ﬁg and ﬁhr Tho integrals depend only on the assumed
interpoleting functions, The computation ¢f E{ﬁg ﬁm] follows from Egs.

(1), (2), and (6).
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-1 K-l ,
E{%Zﬁm} = ;{1;- Z }__, E sgn{nl(-j’r)} sgrl{n2(8T~ 3T )} sgn{nl(-k’l‘ )} sgn{n2 (m’I‘-kT)}
j=0 k=0 ’

(18)

Since nl(t) and n, (t) are uncorrelated, and if both have the same

spectral characteristics, Eq, (18) simplifies to

aresinep, [(k—- j)T:l arcsin pn[(k ~J-m+ &)T]} (19)

Equation (19) appears extremely complicated, but many terms for the summation
indices m and v are absent because the multipliers in Eq. (17) vanish,

Combining the results of Eq, (19) with those in Eq, (17), we have

2 t t
2,y (210 G g ( G o >"
% () (n Ti) erA’T’ T '8) R VAW R £,
m j k
where tp G+tp
=0 —-—-—-?-T -m
{G tg o
A'\Tﬂ’—’l‘_ wm| = - | f(a)da + | £(a) da (21)
_G+tPr tg
" TR
and
. \
W, = arcsin pn(kT ,f (22)
The welghting function A is evaluatcd in Table 1 for soveral integer
t
values of % at half-integer valucs of ..T’i - m) . llote that the weighting

functions have odd symmetry, Since the corrclation Ifunctions My femt &

4
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are functions of (m= ¢), it is convenient to evaluate the double summation
over £ and m by considering terms of the type (n-£) =0, (m-¢)=t1,

(m-¢)=*2, etc. Letting (m-2)=a , we have

g K1 . oy K=l K-l
26 )= (2110 G g ¢C 8
op (tg) = (n K) ). ZJ A("f’ Tomta A(T’ T “m) ey Pgng-a
m=0 a j=0 k=0

(23)

The 1imits for the summation index a are not defined because only a fow
values of m and ¢ in Eq. (20) produce non-zcro volues of the product of the

woighting functions, It is assumed that the double swmotion over m and a

G tg ¢ © \
in Bq, (23) includes all non-zero values of A{T’ T -m+a A T -m} .
a [ ,
T fem | b [-3.5 -3 |25 -2 5|0 (-5 0
1 1 5
1 0 0 0 0 0 3 5 g 0
i il 7 3
2 0 0 0 3 5 g 1 " 0
3 ol gl 51812 |10 131 0

Table 1 Values of weighting function for

triangular interpolating function

t

g
GRV e
ToT "

£
Ry -mta

= 1 and variocus valucs of a, The indicated swmation over index m in

g

The product A A is showm in Table 2 for

=Bl

Eq. (23) is also cxccated in Table 2. The cocfricients generated arc
depenacnt on the position of the gate center, tg’ relative to the estimato

points, Two conditions are considervd: the gate center halfway betueen
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two correlation ostimete points, and the gate center coincident with an
estimate point, It is interesting to notc that the sum of coecfficients

for all values of a is always zero,

% T
. Z_T:s_ Z_.F’
-Tﬂ-m ~2 {-1.5 [-1.0]| -5 o | .5 (1.0 |1.5|2.0(m m
half
G integoer
. 11| 28|, 12 |2 Lol 23 1
ol L [an [N In [ 16 2
5 25 5 15
0 gl o-2]°|g 0 0 0|l - 27 0
5 1 5 5 il
0 -gﬁ -'H -EE 0 0 0 0 0 -‘j‘é' -"H
1 1
o |-g | o 0 0 0 0 0 0| -~ 0 J

Table 2 Non-zero products of weighting functions
for differcnt a, G/T =

From Table 2, for tho case in which tg is coincidont with an cstimate

point (tg/T an intoger), Eq, (23) reduces to

, K=l k-1
2 [2r1\° O 1
°F1 (H L 7 M. (“kj Hy- J+2) (2L)
j=0 k=0

For tg halfway bctucen estimate points (tg/T a half-integer), we have

I

-~

-1 K-1

2. (21 BN L 10 2
OF2 n Kl /., L Fk 32 Mieed 732 Meagel T 32 Mieege2 T 32 Pkoged
j=0 k=0

(25)
Combining the coefficicnts for positive and ncgative valuos of a is

pogsible because pis an even funciion,
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If K is very large. and if by is cssentially zero for k much smaller

than K, then it can casily be shown by cxpansior of a double series of the

type in Eq. (24) that

K-1 K-1 .1 1%-11 \
+ = + + \ - +
§: uk-j(uk-j S “k-j+2r) . 24 (e = p‘k+2r) +[;1(“k = Hop.k +r~r('Lr - by

=0 k=0 =0 =

(26)
and
K-1 K-1 K1 5
zz ( + ):KZ( N )2+z( E ?

My Wic-g = Pkejrar-1 M = Mesopol e b Hon g g

J=0 k=0 =0 o1

(27)
where

r=1,2,3,... (r<<K)

The approximations in Egs. (26) and (27) are such that the left-hand
sides arc slightly less than the right-hand sides because terms are added
to the left~hand sides to satisfy the approximations. Only the first few
terms in the approximations arc sighificant, however,

Applying the approximations in Egs. (26) and (27) to Egs. (24) and

(25), we have

, k-1
22T Tl 2
% " ng| * Y, 3l ) (28)
k=0
, [k -

2.+(21T 7 15 2,10 2. 1 2], 1 2

", HI’() 4 _J[?z'(“k'“ku) * 53 lnc by, +32(“1<’“1<+3)J+ 53k 1)
- k=0

(29)

L Wl

S
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functions is shown in Table 3,

ing

= 2 , the product of the weight

4
T
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The two results for the variance oi the gate output, corrcsponding to

Egs. (24) and (25), are

=
[N
\f
o
~
tl
(@]

G _ (30)
=
and
) 11 1%1
2 2T
O EK) L /. “k-j(z'(’”k-j" 1'9L‘“k-j+1“ 2'25“k-j+2'1'91“k-3+3

L3 O

%]
L}

t
(&
~

i

- Lk ul(-j‘*’h-'OB “k-j+5) (31)

G
‘T‘Q)

Note that tho coefficicnts of the corresponding terms in Egs. (30) and (31)
arc much morc ncarly equal than those in Eqs. (2L) and (25). As % increasos,
dependence of the coefficients on the position of the gate center diminishes.

With the anproximations in Eqs. (26) and (27), Eq. (30) simnlifies to

K-1
1
2 2 2 2
i L [2(“k+“k+1) * 20 =iy 20 iy 3T Sl )

1 ic=0
\

=13
el
A%

=feo

2 2 2 2 .
-Buk} t b T2k - uy) +.5(u1-u3) (32)

Equation (31) will not be considercd further becouse it is ncarly the same
as Eq. (30).

It is also interesting to sce the cffects of the shape of the assumcd
interpolating function on the value of the varicnce of tho gate output., For

this purposc, the rcetanguler interpeloting function showvm in Fig. 3 is used,

e ST eSS

et ]




f(a)
-
rw-—-"-——rl 1
‘] | 1
! | fla) =(5
| 2
i | r
sk J
. | \°
| S
T2 2
g Figure 3 Rectangular Interpolating Function

f T

interpolating function,

The weighting function defined in Eq, (21) for the arbitrary

interpolating function is evaluated in Table L for the rectangular

fi

I
G -T[-l-m
j 7 -3.5( -3 | -2,5] -2,0(-1.5 {-1.0 | -.5 | O
| ~N
; i I - -1 o0 5 11,01 0
[ 2 = -] o0 51 1.0 1.0 10| 0
{ 3 ol .5 1.0l 1.0/ 1.0!1.0 20| O

t

oot
. L e
The product A(T’ 7 -m+a) A(T’ T -1.1)

Table 4 Valucs of weighting function for
rectangular interpolating function

I-17

= ol ol

is showm in Table 5 for % =R Nan d

;8
integer and half-integer velues of ﬁg in Tables 5 and 6.

various values of a. In Table 6 the same product is evaluated for

g
i

Thc sumnation indicated over index m in Lq. (23) is also cvalueted for

=2 ,
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Frem Table 5, the variance of the gate output for integer and half-

integer valucs of tg/T respectively can be shown to be

, Kl
22T 1 2 -
%, * H'K) ), g toe) (T 1] -
1
k=0
, ©
2. |2 2
°F2 ¥ 122 K >L: 2(uy = tyeuq) (g - 1) (3L)
k=0 l

Equation (33) is identicel to Eq. (28), but Eq. (3L4) is considerably different
from Ea. (29) and Eq, (33).

% = 2 , it can be scen that the variance for integer
values of tg/T is identical to that of the corrcsponding case for the

From Table 6, for

triangular interpolating function, In fact, the variance for integer values

T

shape of the interpolating function, as long as it is symmetrical and zero

of tg/T for all integer valucs of : can be shown to be independent of the

for fal > 1

For half-integer values of tg/T the variance may be shown to be

approximately
, (ka
2. ~12T \" 2 .y 2 2 2
T, HI'() K ), [2(“1<*“k+1) e Y -BMKJ
k=0

P hp e 20 -, >2l (35)

An cxaudnation of the coefficients in Table & (% = 2) for half-
intcger values of tT/T shous that they are closcr to those for integer
valucs of tg/T than those 1listed in Teble § (% = 1) . Houcver, the

converpence of both scts of values for increasing % 1s not as rapid for




the rectangular interpolating function as it is for the triangular
interpolating function. Evidently, the devendence of the variance on the
position of tg relative to the estimate points diminishes as % increases

and as the interpolating function tecomes smoother,

V. Bearing Error at Output of Gate Circuit

rrom previous work,(9) bearing error or uncertainty has been defined

by a rclation similar to the one found in Eq. (36).
-

c Jar
% =3 % |7 (36)
€l

In Eq, (36), ¢ is the speed of sound in the medium and & is the separation
between transducers in Fig, 1. The rclation holds for small bearing angles.
The following equations arc the results of substituting Eqs. (28),

(29), (32), (33), (34), (35), (15) and (16) into Eq. (36).

For both interpolating functions and integer valucs of tg/T, we have
K-1 -11/2

(37)

2 2 2
-8 Hk } X hLLO -+ 2([11"U'2> + -5(“1'“3)2

. 2 2
¥ ‘(“k"“k+3) ¥ '5(“k“‘k+h)

a1

2@.-pS@T%
( ‘ (38)

PRS-
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% For half-integer valucs of tg/T, and % = 1, we have
K-1 1/2
| 15 2 10 1 2
ﬁ 2{32@1( l"-k_*,l) 32(Mk U'{+2) (le" P‘k+3)} '372'(“'1"“‘2)
%, - C la k=0
& d \S 5
il f2]
st 2 s12
. (39)
(triangular interpolating
function)
fﬁ and
) K-1 11/2
Ej 2<uk '“k+1)
% ¢ T INjLk=0
%, 3 1/2\§) (ko)
2 K 1 37
j ps(?-T) = Pg -2-T)

(rectangular interpolating
function)

Finally, for half-integer values of tg/T, % = 2 , and the rectangular

interpolating function, we have

; K-1, 17
Z {2 (p,k+ pk+1)2 + h(uk— o )2+ Z(uk 43 )2 - &Lke} + huo2 + 2(ul-112 )2
c T N) k=0
I %, 7dy 2(§ }
| '?p (QT] ( ] p( ﬂ
i (L41)

In the scetion that follows, rumerical cvaluction of Egs. (37) through

(41) is presented.




VI, Numerieal Irammoles

In this section, specific functions arc assumed for the normolized
correlation functions for signal and noize, typical values are assumcd for
the paramcters of the DELTIC, and the corresponding bearing wncertainties
at the outout of the gate circuit are computsed., The results are compared

: 0 (5) o
to thosc obtained by Ostrander and Ree for the lincar system, and by

(20) . . Sor the o ,
Usher Tfor a null-output split-bcam system, ror the purnoses of
comparison, cquivalent observation times and identicel array confisurations
are assumecd,

The signal and noisc spectral densitics are assumed to be identieal,

cxcept for pouer level, each being given by

S
7w lwl = e,
0
Gs(w) = (L2)
0 |wl > W
o)
and
M
'—270'; ) fcoo
Gn(w) = (L3)
0 W > w
)

The normalized avtocorrclation functions for sizncl and noise follow.

sin @ T /0T
p (1) = p (1) = ——2n - sinc'\——) (L)
v w T n

These asswmtbticons are fairvly rcalistic in that signal and noise are whitened
1S (=)

by the amplificrs ond spectrum shepers in Fig., 1 to an upper f{recuency

(10)

limit detorrmined by the target raonge,

A
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(22) and (LL) we have

b, = aresin {%inc %} (Ls)
The values of by are listed in Table 7.
k 0 1 2 8 Ly b 6 7 8 9
e L.57| .692 0 -.213 0 127 0 -.091 0 .078
5 . - I
Table 7 b as a function of k for mOT =5
The results in Egs, (37) through (l1) have been computed and the
. . . axl/2 s .
normalized bearing uncartainty, %3 TTH for the different cases
is shown in Table 8.
Gate width G/T 1
N . half (o half .
Gate center ug/P integer integer S Hteser integer
triangular interpolation z.28 ANN0
1188 1.90
rectangular interpolation 2,76 2,63

(1/2
T

ol

Table 8§ 9%

=

1

, Normalized bearing uncertainty

for on =5 s band-limited vhite spectrun



if wa = n, Egs, (22) and (b)) viecld

My arcsin {%inc k} =

12‘- k=0
(L6)
0 k#0

The property in Zq, (L6) allows a vast simplification of Egs. (37) through

(L1) and also allows the investigation in Section IV to be easily extended

for values of normalized gate with % larger than 2,

From the pronerty in Eq., (L6),

il

g Me-g-a

Equation (23) then reduces to

By extending Tables 1 and L, squaring, and swaming, we can show the

following relations.

T
—
no
L=l o]
1
d B
A
=3l o

=
ro
n
e
rolwe
o)

T
O
ro
=3l
1
]

For the rectangular interpolating function

K-1 ( 2 f,f G
- gt
-
\ 1\.2 : J
é_l C Bl I8
n=0 P &b =
1 Z T

i

For the triangular interpolating function

k=] a=20
(L7)
otherwise
2
- m) (L8)
t
2,3,... half integer —T%
" (b9)
1,2,3,... integer —&
t
= 1,2,3,... half integer 7§
. (50)
1,2,3,... integer ﬁg

i
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By simplifying Lq, (15) for oI = n, ve obtain for integer values

e /T
0 g/
dF 2s
o -2=5 | (51)
t =6
8
For half integer values of tg/T and T =n, Eq. (16) yields
G/T -1 -1
E)o 2820, (W 29_1) P
it nl n gl T
!
g
t =6
; 2
G/T
h(g-] +(-1)/ -1
. .p282 1 (52)
TS naNn >
)2 -1
Tl -

Substituting the results of Egs. (48) through (52) into Eq. (35), we

have for integer values of tg/T, and both interpolating functions,

,11/2
n o N -1/2 (G 3) G
o) re: A =1,2,3... (53)
Oi 2.\/’2" d3 T 0 i s
For half-integer values of tg/T,
Y
lG}2 X (%) (rectangular)
L\f -1 )
% o T : S5 g (51)
ho 22 2 G/T o 21|12
u(T) +(-1)" -1 X\5 =735 (triangular)
2. Q}B)L}
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As % increases, the effect of the interpolating function vanishes, but
the position of tg (tg = §) makes the result in Eq, (54) higher by a
factor % as a result of the decreased slope of F in the vicinicy of

tg = 6 for half-integer values of tg/T.

In order to compare the above results to those obtained by Ostrander
and Rae, we note that the total observation time is KT. In terms of
bearing uncertainty, the results of Ostrander = - Rae(S) yield Eq. (55),

which is written in terms of the symbols used in this report.

o e
1/2 fm2 G, (@) [Gn(co) +2 G (wﬂ dw
4 (K%) 7 (55)

Jra? Gs(w) dw
0

For the spectra in Lgs, (42) and (L3), and if % << 1, Eq, (55) reduces to

O'O=

(3n )1/2 gg K-1/2 T-1/2 wo_3/2 (56)
L

Lquation (56) holds only for small values of G such that the autocorrelation

functions for signal and noise may be approximated by

2
p(t) = 1+ g—: p(0) for [T| <G (57)

For the assumed spectra, the power series approxdimation is

sin wT (w T)2 (0 %
p(7) = el e e (58)

o 54

A T
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If ©=G and G = 1‘2- , the first two terns of Zq. (58) yield .589,

which is a good approximation to the actual value of ,638 Thus Eq. (56)

is a good approximation for wOG <~g .

For the system considered in Table 8, mOT = % . Eliminating @,

from Eq, (56), we have

S RS A P L WS Pl (59)

N -1/ (60)

o = cx
o = (1.83 to 2,76) 33

The data for § =2 is not significantly different. For 2 =1,

woG = in this case and comparison for equal gate widths is valid,

o=t

For the system represented by the development leading to Egs. (53)
and (5L4), agT = n . Eliminating @ fron Eq. (56), we have

1/2

o I 37 ¢} K'l/QT (61)
0 ds
L T
. SR . .o G 1 . ~ .
Equation (61) is valid only if T <5 The ratio of the bearing
uncertainty in Egs. (53) and (54) to that in Ec. (61) represents a

reasonable performance index that indicates the effect of increasing

the gate width., We have as the upper bound

-
G\1/2
5 G 2 X (T1 fgr rectangglar
o) . M(T] -1 J interpolation
B )*'6172&(6)2+(1)G/T ) ¢ 2|2
; Gp - h X (T - 35) for triangular
interpolation
\

(62)



and as the lower bound

"
Aot (9-3)1/4 (63)
9. 2. 60T L

L

Equations (62) and (63) are evaluated and plotted in Fig. L.

The result for bearing uncertainty for a split-beam system reported

by Usher(lo) is

- ']1/2

L
S ENE™ MERICY du]

W

(6l)

1/2
SM) (%)1/2 0 _

N
[a.? |#5(50)

0

2
g (@)

M =1 and the noise bandwidth of the low-pass filter(ll)

For our system,
. @ . ]2
H(39)] g, (0) and [iy(50)|" g, (0)

s s
is @ = XT - Also the quantities

correspond to the signal and noise spectra assumed in this report. TUnder

these conditions, the results for the split-beam system are identical to

(5)

those of Ostrander and Rae,
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lower bound--
triangular and rectangular
interpolating functions
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Performance
index

L
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VII, Effect of Nonlinear Tracker (110X-14)

The results of Pryorts analysis(h) can be applied to the system in
this report, but some care must be exercised in using Eq.{6)in Reference (l).

The actual step size of the tracker will be defined as Ag go that the

gate center of the tracker can assume values

tgﬂ6+r6g I‘=O, tl, tzj ij,v-o

(65)
It is asswicd that Ag is much smaller than T, The gate circuit output has

a varlance ch and the mean value of F fcr small shifts of the gate center

defined by Eq. (65) is approximately

Fopy (66)
€ 4t
g
t =6
g

Expressions for on and the derivative of ¥ have been given in previous

gections, TFrom Eq, (66), the shift of the input probability distribution

each time a step Ag is taken is

y
8 4t
g

t =6
g

Following Pryor!'s analysis,(u) we are forced to normalize the input

standard deviation o by the factor '%%* Iquation (67), which

Bl =6
g

follows, is essentially Eq, (6), Reference (L), modified to apply to the

system considered in this report.

1/k a7 -1

nt ’
I, = (B' Ag op |— (67)

et

et
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o
The bearing uncertainty at the oubtput of the gate circuit, oy's for
small bearing angles is % %y and from Eq, (67) is given by
: 1/h
_(n 1/2
; %' = (3] (o o) (68)
where
P 1 ¢
g Equation (68) is valid only where By << 0y .
§ In Section VI for % = 1, the following relation held for %
s
c T N n
g 1.83 3 myrR % =3
9y S (70) I
c T N
| 555 § T 3 O =
( K
! From Eq, (69) and the inequality of A, we have
(o N -1/
| XK e o I
A 1,83 3 K moT 5
_Tg' << ¢ (71)
l N . ~1/2
k.SSS 7 K ©T =n

for validity of Eq. (68).
A final complete numerical computation using approximate system

parameters is now in ovder. It will be assumed that

K = 500

k= SO)(lO"6 sec,

3|
1
[




WwT =g
o
f‘&
T =05

5000 ft/sec.

(o]
i

Qo
il

100 ft.

§= 100 (% = 220 db.)

From Eq, (61) for the linear and optimal result, we have

1/2
o = 377 5000 1400)(500) 2 (50X 1070) = 6,14X 10> rad = .35 degrees

L n 100
(12)

Assuming from Fig. L that an average performance index of 2 is appropriate

for % = 1, the bearing uncertainty for the output of the gate circuit is

00’?"2(.35) = ,7 degrees (73)

The inequality in Eq, (70) is easily satisfied, sc that the bearing

uncertainty represented by the output of the WOX-1A tracker from Eqs. (68)

and (69) is

/L 1/2
o' = [5) [22(.05)(50X20°)(57.3)(.7)| " = .06 degrees

100

HiReR ok iy o

W2
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VIIT. Summary and Conclusions

The numerical comparisons carried out in Section VI show that the
clipping and sampling operations of the DELTIC processors which were used
to compute a sampled estimate of the correlation function caused increased
bearing uncertainty velative to that provided by a system without sampling
or clipping.

The degradation is not too large, however, if the gate width is not
large relative to the correlation time., From the numerical factors in
Eq. (59) and Table 8 the ratio of bearing uncertainties ranges from 1,17
to 1.U46 for triangular interpolation., The variation is caused by the
position of the signal delay time relative to the integral values of T
at which the correlation estinates are made, Very nearly the same results
are obtained for gate width taking on values equal to the correlation time
of the process and also one-half the correlation time of the process, This
result shous that there is no advantage gained by making the gate width
extremely small,

By doubling the bandwidth of the spectrum, it was possible to obtain
numerical results for fairly large values of gate width due to the special
nature of the autocorrelation function of signal and noise. Figure L shows

the ratios of bearing urcertainties for this situation, 1In this case, for

g
T
Quite widely varying answers are obtained due to the nature of the

sin w.T

interpolating functions and the assumed T autocorrelation function

0

= 1, the gate width is c¢qual to the correlation time of the process,

for signal and noise,
However, the performance index generally increases as the squar: root

of the gate width, fo. gate width larger than the correlation time., For

)
J

7 1, the ratio of bearing uncertaintics varies between 1,0 and 3.0 for
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triangular interpolation. It is expected that the variation would be smaller
t
and less dependent on the position of the gate center for other assumed

autocorrelation functions, but the computation would have been much more
difficult, An average value of 2 for the ratio of bearing uncertainty
for the PUFFS system to that for the system without clipping or sampling
seems reasonable,

For the numerical example considered in Section VII, one might say

that ¢, = .7 degrees corresponds to a bearing error that exceeds the

0

linear range of the gate circuit. For = 1 , the gate width corresponds

3O

to an angle of % G(57.3) = .1h3° . An examination of a slightly altered
version of Eq, (1L4) reveals that the maximum of the gate output occurs in

, and the previous comment might

=3l

the vicinity of ltg -8 ' 22 @ for all

seem to be correct,

However, the slope term §%~
g

in Eq, (36) is used merely as a
t =6
[4

calibration constant in computing an apparent bearing inaccuracy from the
magnitude of the output signal. Note that tg = 6§ for this computation.
The WOX-1A tracker does cause tg to changs in accordance with the output
signal of the gate circuit, and it is the tracker output that one must
examine to be careful that the error does not exceed, say, one-third of
the angle at which the peak output of the tracker occurs, In the example
considered, the tracker random bearing error is ,056 degrees, which
slightly excoeds one-third of the maxirmm linear range of 0,143 degrees,
It is interesting to note that the WOX-1A tracler is able to reduce
the apparent bearing uncertainty because it acts as a nonlinear low-pass

filter on the output of the gate circuit and simply makes tne effective
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observation time rmech longer than the observation time, KT, for the

estimated data feeding into the gate circait, It should also be noted
that the actual observation time for the PUFFS system is one-half that
of a continuously operating system, since no aubocorrelation estimates

are made during the intervals that DELTIC 1 is in the loading mode,



(1)

(2)

(3)

(4)

(5)

(6)
(7)
(8)

(9)

(11)
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