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THE PROBLEM

Develop new radar techniques based upon statistical mcth-
ods which are applicable to automatic radar systems with in-
creased detection capabilities. The specific phase reported here
is a review and evaluation of some of the distribution-free statisti-
cal techniques which can possibly be used in signal dctection and
CCM applications.

RESULTS

The use of distribution-free detectors is quite feasible
since:

1. Several of the distribution-free detectors are uniformly
better than the paramectric detectors for certain classes of
Gaussian noise.

2. Several simpler distribution-free dctectors are almost as
efficient as their parametric counterparts.

RECOMMENDATIONS

1. Initiate procedures to implcment the design and construc-
tion of one or more of the better distribution-frec
detectors.

2. Investigate better comparison for the various types of
distribution-free detectors.




3. Initiate simulated tactical tests of distribution-free detec-
tors as soon as possible.

4. Review current research in distribution-free statistics for
additional applications to distribuiiun-free detectors.
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|. INTRODUCTION
A. GENERAL

Signal detection, as employed in automatic radar (or sonar)
systems, is treated as a problem of testing statistical hypotheses.
In its simplest form, this reduces to a choice between signal or no
signal. The choice is inferred from the data collected by the ra-
dar (or sonar) system through the application of a decision rule or
process. When the statistical nature of the data is known for the
signal and no-signal cases, then a conventional procedure, such as
thc Neyman-Pearson test or the sequential probability ratio test,
may be used.

When the noise or signal-plus-noise distribution is unknown,
the afore-mentioned detection methods present two major difficul-
ties. If the underlying statistics are known to be unknown, then
the detection process fails to materialize; if they are incorrectly
assumed, the consequent detector performance can be absurd.

Distribution-free methods of signal detection can be em-
ployed whenever the underlying signal and noise distributions are
unknown. This can occur, for instance, in a jamming or counter-
measures environment, or possibly in less hostile circumstances
where the lack of physical knowledge, or where a priori knowl-
edge of physical considerations indicates uncertainties in data
statistics in either a temporal or spatial sense.




The study reported here involved a number of distribution-
free tests which offer some promise of improved performance
under circumstances such as those previously discussed. Informa-
tion related to the required data processing, distribution-free de-
tector characteristics, and comparison of distribution-free detec-
tors and classical detectors is presented. The physical or tactical
considerations related to the choice of a distribution-free detector
for any particular application is not discussed and must be con-
sidered at some later time. Indeed, the relation is strengthened
and generalized by the avoidance of particular and restrictive
applications. Specific radar systems are not considered but,
instead, a general approach is used.

The general approach consists of treating the radar target
and other factors external to the radar system proper as a
"transmission medium' through which the desired signal is not
only received but is obscured by noise. The signal might result
from the target's reflection of radar energy derived from the elec-
tromagnetic waves from the radar transmitter, or the target itself
might be the primary energy source. The noise might be additive
such as atmospheric noise or artificial interference, or might con-
sist of additive as well as signal-perturbing components. Three
models are presented.

Detection is accomplished by means of a device which re-
ceives known pure noise, possible signal (PS) data, and/or arti-
ficial noise, and from these inputs "decides'" (YES or NO) whether
or not a signal is present. In making this decision, the detector
is capable of producing two types of erroneous outputs: (1) false
alarm (FA), if NO signal is present and it decides YES; and (2)
false dismissal (FD) if YES a signal is present and it decides NO.

The probability that the detector will produce a false alarm
(PFA) will be designated «; 8 will denote the probability that the
detector will produce a false dismissal (PFD).

The perfect detector, which would produce a =0 and 8 = 0,
has not yet been constructed. However, there is considerable
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interest in the so-called ideal detector, which minimizes the prob-
ability of an error, either FA or FD

pPB +(1-p)

where p is the ¢ priori probability that a signal is present. To
construct the ideal detector it would be necessary to know the
probability p.

Interest will be directed here tc the distribution-free detec-
tor which in a subsequent section will be defined and compared with
the uniformly minimum PFD detector which, for fixed PFA q,
minimizes PFD B. It is first necessary to consider some of the
statistical properties of pure noise and of noise-plus-signal.

STATISTICAL PROPERTIES OF NOISE AND SIGNAL

Throughout it is assumed that

? the PS data received by the de-

tector consist of discrete ob-
servations X;, Xy, *°, X, ofa
continuous time process at

times ¢y, %2,°**, tr; and that
' the X's are measurements of

)}1 lez Xn voltage, current, power, etc.
— +—» TIME Further, the following restric-
t, to tn tions will be imposed on the

succeeding analysis.

1. Xy, Xp,*+*, X, are statistically independent random
variables;

2. Xy, X5,°*+, X, have a common strictly increasing continu-
ous cumulative probability function (cpf) ' such that F(r) =
P(X; =2x).

(It is clear from the definitions that a cpf 7 is mono-
tone non-decreasing so that #(-«) =0 and F(+») =1.)




3. 1If the PS data are pure noise, then ¥ =F#, ; if the PS data
are noise-plus-signal, then 7 = i} # e

The first two assumptions are equivalent to the statement
that x;,--+, X, constitute a random sample from a population with
cpf 7. More specifically, assumption 2 states that the observed
process is stationary or time-invariant. Under certain circum-
stances this assumption may not hold for long periods of time, but
should be approximately valid for relatively short periods.

Assumption 1, the assumption of independence, which is
valid in some situations, also represents an approximation in many
real situations. The approximation will be quite good if, for
example, the continuous time process is a normal or Gaussian
process in which the covariance function decreases to zero rapidly
relative to the time intervals ( ¢; - #._;) between observations.

Assumption 3 is, of course, essential to the whole concept
of statistical methods in detection. If the statistical properties of
noise and noise-plus-signal are not different, then it will not be
possible to design a detector using statistical procedures except
with the undesirable property that o+ 8 =1, i.e., with (PFA)
= 1-(PFD).

As previously mentioned, the detector will have as inputs
under certain circumstances not only PS data, but also pure noise
as well as artificial noise. The pure-noise observations will be
represented as 17, Y5,---, ¥, and will also satisfy assumptions 1
and 2 and, of course, assumption 3 with 7" = #,. Further, when-
ever PS data and pure noise are simultaneously available, they will
be assumed statistically independent.

In order to facilitate computations or to achieve certain
exact PFA values ¢, it will sometimes be feasible to introduce
artificial noise observations #;, 7y ,+-+, I, . These random vari-
ables will be assumed to satisfy assumptions 1 and 2 and to have
some continuous cpf 4, which is, in general, not equal to 7, nor
to 7y.

With these preliminary statistical considerations it is now
possible to introduce the three major statistical models of detectors
to be considered in subsequent sections.




C. THREE DISTRIBUTION-FREE DETECTOR MODELS

Before proceeding to a study of distribution-free models
one should point out that in the event that both 7, and 7, are known,
and PS data X,,---, X, are available, it is possible from weli-
known statistical considerations to design a uniformly minimum
PFD detector, i.e., one which for fixed PFA o minimizes PFD §.
Of course, such a detector would not in general have this minimiz-
ing property for other #,'s and 7 's and, hence, would not be
practicable for use except when the noise and noise-plus-signal
cpf's are approximately 7, and 7, , respectively.

Detectors whose performance (PFA, etc.) does not depend
on a specific fixed continuous 7, will be called distribution-free
detectors. The models of distribution-free detectors to be studied
here are based on three reasonable types of statistical situations:

MODEL I: The pure-noise cpf /, is known and there are avail-
able PS data X, Xg,---, X, whose cpf, /', is
unknown,

MODEL II: Both the cpf's /5 and /; are unknown, but there are
available PS data sample X;, X,--+, X, and pure-
noise sample Yy,---, ¥, . (This model was primarily

developed by J. Capon; see reference 1 in list at end
of report.)

MODEL MI: F,, 7} and a pure noise sample are not available, but
the scanned regions can be divided into subregions
and each PS data observation can be classified accord-
ing to its subregion of origin as follows:

1st Subregion: Ay1s Xyosmoos Xy "1
an SUbregionZ XZl N Xzz,"', XZ,“Q
_th .

k~ Subregion: Xpy s Xygrooy Xy,




7,(2)

1.00}

.50F

In making decisions on the
basis of Models I, II, and III,

it is customary to introduce the
well -known statistical concept
of sample cpf. For the obser-
i vations Xy, Xp,°**, X,, , the

i sample cpf ¥, is a step function
— such that 7, (z) = % (number of

L1 . » Z X's = z) for all z, as illus-
X, 1y X3 X4 trated here for n = 4.

Somple cpf for four observotions.

In terms of the sample cpf's the basic approaches of the

three models are as follows.

A Model I detector compares the PS sample cpf F, with the
pure-noise cpf 7, and decides YES if and only if 7}, is '"too
far'" from F,. Essentially, each different Model I detector
uses a different definition of ""too far." These ideas are de-
veloped more fully in Section II.

A Model II detector compares the sample cpf /% of the PS
data Xy,---, X» with the sample cpf 7, of the pure-noise
observations Iy, Yz,-+-, I, and employs extensions of the
ideas mentioned above for Model I. In Section III this is
developed in more detail.

A Model ITI detector compares the sample cpf's fn,,
Frgy+++, I'n, of the observations from the & subregions.
This model is treated in more detail in Section IV,

Before discussing the three models in detail it seems worth-

while to evolve a formula for producing distribution-free detectors.




D. CHARACTERIZATION OF A USEFUL CLASS OF DETECTORS

Paralleling known statistical techniques, one can character-
ize the class of Model I detectors by imposing a natural restriction
on the PFD S. Note first that if both the pure-noise cpf F, and the
noise-plus-signal cpf 7} are normal (or Gaussian) cpf's, then it is
known (see Section II D) that for each PFA &, 8 = (fo, F; ) depends
only on the function Fo(Fl'l), i.e., the composition of 7, and the
inverse, F;!, of F;. Extending this idea to the distribution-free
case one makes the following definition.

Definition 1. A detector is called SDF (strongly distribution-
free) if for each PFA «, each pure-noise cpf 7,, and each noise-
plus-signal cpf F;, the PFD, 8 =8 (/,, /1 ), depends only on the
function Fo( Fl'l) for all strictly monotone continuous cpf's 7, and
F; . This would mean, for example, that an SDF detector would
for each fixed PFA a have the same PFD f in both of the cases
illustrated. This so since in both of these cases F; = Fy2and
Fo (Fl'l(u)) = uz for all u.

v
8
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Further one needs

Definition 2.

A Model I detector is symmetric if its deci-

sions do not depend on the chronological order of the Xy,---, &, .
(Of course, such a detector is not sequential.)

From the statistical results of Birnbaum and Rubin? and
those of Bell®** it is known that

Theorem 1.

An SDF symmetric Model I detector must base
its YES-NO decisions on a statistic of the form zp[Fo (Ao,

Fo(X-)], where ¥ is a symmetric function and 7, is the known con-
tinuous pure-noise cpf.

Table 1 gives some examples of SDF symmetric Model I

detectors, with X(1) < X(2) < ---
values of Xj, Xo," "

Table 1.

Name of
Detector

s Ay

< X(n) representing the ordered

Some SDF Symmetric Model I Detectors

Decision YES

iff (if and only if)

Kolmogorov D»

)

maxl max [Fw_ (X(")> "L;‘l’ '}L' - Fr(X('l:)>] ]> di(n, a)

Fisher = -2 2 In Fy(X;) < doln, @)
U B ig(X) < dg(n, a)
Slgﬂ "d']_‘) Fp <F0—1 (p)) > ‘j4(7‘7_, s D )

Sherman S,

22

1

Fo (1)) - Fo (¥0-1)) - =7

n+l

> is(ns a)

For Model II detectors it is feasible also to impose the SDF
condition, i.e., that 8 (/,, /) depend only on FO(FI'1 ). However,
in giving the characterization of Model II detectors one must recall
the concept of ranks 7(4y),**+, E(4n); B(17), "+, R(Y,) in the

combined sample.




Example 1. If the pure-noise observations are ¥; = 2.1,
Y, =3.2, Y3 =0.9, and the PS data are X, =0.8, X» =2.5, L3 = 1.6,
X4 =3.1, then one has

1. as order statistics for the Y-sample ¥ (1) =0.9, Y(2) =2.1,
Y(@3)=3.2;

2. as order statistics for the X-sample A{1) = 0.8, 1(2) =1.6,
X(3) =2.5, X(4) =3.1;

3. as the order in the combined sample YYXYXXY ; and,
hence,

4. that the X's have ranks 1, 3, 5, and 6 in the combined
sample, while the Y's occupy ranks 2, 4, and 7. More
specifically, 7 (X1) =1, R(Xs) =5, R(X3) =3, R(Xy) =6,
R(Yl)=4’ R(Y2)=7’ (Y3)=2'

Further one needs the definitions:

Definition 3. A Model II detector is a rank detector if its
decisions depend only on the ranks of the X's (and/or Y's; and not
on their numerical values).

Definition 4. A Model II detector is SWS (samplewise
symmetric) if its decisions depend neither on the chronological
order of X;,---, X, nor on the chronological order of ¥y, **, 7, .

It is known from statistical considerations®*® that each rank
detector is an SDF, SWS detector. However, one needs the con-
verse of this result, and to that end must introduce an additional
restriction. This mathematical condition first considercd by
Scheffé®f is satisfied by all of the Model I detectors known to the

author; but the full significance of the condition is not evident to
the author.

Definition 5. A Model II detector is a Scheffé detector if its
decisions are based on a statistic 7=T({y,**, Xn 31,5 )
such that the boundary of the inverse image T'I(B) of each Borel

set B has probability 0 with respect to each continuous (power)
measure.
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This Scheffé condition is quite complex, and need not con-
cern the reader other than as a condition to guarantee the following
theorem.

Theorem 2. An SDF, SWS Model II Scheffé detector must
be a rank detector, i.e., must base its YES-NO decisions solely
on the ranks of the X3, *+, X, and ¥3,***, ¥, in the combined
sample.

Typical examples of Model @I rank detectors are given in
table 2.

Table 2.
Name Decision: YES iff

Cramer-von f 2 [nFn(z) *+ mFm(z)]
= >
Vi [Fe) - )| ¢ [T d1

Mann - 1
Whitney- > Z R(X;) > d,
Wilcoxon

For a Model III detector one recalls that there are available
PS data from each of k¥ subregions;

2SS ERPAT TR NP AT
da1, Yo, +, Xon,
K1y Lyga™ s Ay

Model III detectors can be characterized (as can Model II)
by requiring the SDF, SWS, and Scheffé condition.




Theorem 3. An SDF, SWS Model III Scheffé detector must
be a rank detector, i.e., must base its YES-NO decisions solely

on the ranks £ (411),°- -, R(Xh,nk) of the samples from the ¥ sub-
regions.

Typical examples of Model I rank detectors are given in

table 3.
Table 3. Some Model ITI Rank Detectors
Name Decision: YES; iff
k - 2
Kolmogorov max X n; |£r (x)-F(x)| > d,
=1 ’
where 7 = N'lz niF,,i and N =Zn;
2
Kruskal - 12 -z R—L— 3 (N+1) > d
+1 L 2
Wallis Ny - n
where R;=Z R (1)
J
Mosteller-
Tukey Length of last run > dj

Before summarizing this section on characterization one
should make two relevant comments.

1. Whereas the rank detectors correspond to a large class of
2-sample and k-sample statistics in common usage, one
important class of detectors has been omitted. These are
the Pii:man type, which are not rank detectors as defined
here.

2. In subsequent sections artificial noise will sometimes be
introduced into the Model II and Model III detectors in order
to achieve previously stated aims. For Model II, the in-
dividual PS data observations X;,---, X, and the individual

* Their statistics are discussed in ref. 7 and in ref. 8, p. 489.

11
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pure-noise observations Iy, ---, ¥, will be replaced by that one of
the artificial noise observations ¥y, /s, -, Wy (¥ =n +m) with the
same rank. For example, if X5 has rank 5 in the combined ¥-Y
sample then it will be replaced by that #g iff ¥y has rank 5 in the ¥
sample. Thus, the rank ordering of the transformed observations
is exactly that of the original observations. Consequently, a de-
tecter which bases its decisions on the ¥'s is also a rank detector.
Analogous statements are also valid for Model III detectors. These
ideas are treated in more detail in Sections III and IV.

Table 4 summarizes the results of this section.

Table 4. Summary for Model I, II, and III Detectors

Model I Model II Model III
Cpf' -noi
pf's Pure-noise None None
known cpf Fo
PS data: PS data: Regional PS data:
Vl,'.', XT’ Xls..., Xr Xll’ X12s“.sX1,n1
Data Pure-noisedata:| Xy, Xoo,°**, X2,f"2
1,0, Yy

available

Y1, Xz eo s Xieyny

Character- | SDF, symmetric{ SDF, symmetric| SDF, symmetric
ization Scheffé Scheffe
assumptions

Structure of dl.;’_‘o (‘1:1),"', 2112[1: (XI)’...’ ¢l3[}7(X11)’...’

detector .
) R R .
statistic Yol ’] g ([‘)l : (X""kﬂ

Sincc the number of statistics having the structures indi-
cated is infinite for each modcl above, some method of narrowing
the classes of possibilities should be devised. This is treated in
the next section.




E. GOODNESS CRITERIA FOR DETECTORS

Since the number of possible detectors is infinite it would
seem reasonable that not all of them are equally '"good." Conse-
quently, many of these possible detectors can be eliminated from
consideration by the imposition of reasonable goodness criteria.
In other words, consideration will be restricted here to those de-

tectors which satisfy one or more practical, reasonable goodness
criteria.

Since a detector is essentially a decision-maker, the ulti-
mate objective is the design of a detector which minimizes loss in
some appropriate sense. The losses in the given models are, of
course, of two possible types:

L(FD), the loss incurred by an FD (false dismissal), i.e.,
by deciding NO when there is signal present; and

L(FA), the loss incurred by an FA (false alarm), i.e., by

deciding YES where there is only pure noise.

If the detection process is to be repeated in a large number
of locations or for a large number of times in a given location,
then (as is assumed throughout this work) statistical considerations

such as expected loss or risk, PFA a, PFD B, etc., are important,
and some consideration of

D, the 2 prior?i probability of noise-plus-signal, is
necessary.

As previously mentioned the most desirable detector would
bc the

1. perfcct detector, for which @ =0 and 8 =0.

Of course, such a detector rarely, if ever, exists. How-
cver it is possible to achieve a =0 by always deciding NO; or = 0
by always deciding YES. These are

13
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2. trivial detectors.

A more practical detector can be obtained for large classes
of pure noise and noise-plus-signal cpf's if p, L(FD) and L(FA)
are known. Such a detector is a

3. Bayesian detector, which minimizes the risk

pB L(FD) + (1 -p) o L(FA).

In the event that the loss function L is not known or if
L(FD) = L(FA), one may settle for an

4. ideal detector, i.e., one which minimizes p8 + (1 - p) @.

In many practical cases, of course, neither p nor the
losses L(FA) and L(FD) are known, and one is therefore led to
criteria based solely on PFAa and PFDfS. From one point of vicw
the "best" such detector is the

5. uniformly minimum (UM) PFD detector, which, for fixed «,
gives minimum PFD § for each noise-plus-signalcpf 7.

It is well known from the Neyman-Pearson result that for
each fixed pure-noise cpf 7, and noise-plus-signal cpf 7, there
exists a detector which for fixed @ minimizes 8. However, in
general, no one detector will minimize 8 for a '"large' class of
cpf's Fy and 77 ; and a uniformly minimum PFD detector will exist

only in special cases. Hence, one needs other reasonable goodness
criteria.

A detector D is called an

6. admissible dctector if there is no other detector with uni-
formly smaller 8, i.e., if for each other detector D, there
is some pure-noisc cpf 7, such that 8(Dy, Fy) = B(Dy, Fy )3
an

7. unbiased detector if a + § =1 for all pure-noise cpf's 7,
i.c., if P(YES| pure noise) = P(YES | noise-plus-signal);
and a




8. consistent detector if for each fixed PFAw, limg3 =0 as the
sample size(s) increase(s) without bound.

Criteria 6, 7, and 8 are quite reasonable. If one detector
has smaller 8 than a second detector under all circumstances, then
one would prefer the first detector. Hence, admissibility is a
reasonable property to require of detectors.

Also, it seems reasonable that one would want to restrict
consideration to detectors which, for fixed @, have increasingly
small PFDp as the quantity of data increases.

Finally, as is the opinion of many who engage in applications
of statistics, it seems desirable to have the detector decide YES

more often when there is signal than when there is only pure noise.
Such a detector is unbiased.

Up to this point it has been seen that
a. perfect detectors rarely, if ever, exist;
b. trivial detectors can always be constructed;

c. Bayesian and ideal detectors require specialized
1 prioriknowledge; and

d. uniformly minimum PFD detectors exist only in special
cases.

Further, it can be shown that the requirements of unbiased-
ness, admissibility, and consistency neither reduce the class of
possible detectors to a '"reasonable' number nor provide criteria
for comparison. Consequently, one is not in a position to construct
a "best'" detector at this time; nor can one on the basis of the pre-
ceding criteria make statements of the form ''detector D; is 50 per
cent better than detector Do. " In an attempt to satisfy this need one
introduces the following two concepts:

9. Detector D; is max-min-§ better than detector D, for pure-

noise cpf class N = {F,} and noise-plus-signal cpf class
S ={F} if, for each % in.y,

15
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sup B(D1) = sup B(Dy)
and
inf B(D;) = inf B(Dp)

where the suprema and infima are taken over the class S of noise-
plus-signal cpf's.

The rationale for this criterion (essentially conceived by
Chapma.n,9 and used by Bell, Moser, and Thompsonlo) is as follows.
If detector Di1's best performance is better than detector D,'s best
performance for specified reasonable classes N = {F,} and
¢ = {F}} and if detector D;'s worst performance is better than de-
tector D,'s worst performance for these classes, one says that de-
tector D is "better' than detector D, (for these classes). Of
course, this rating of detectors depends cxplicitly on the classes
chosen; and, further, one suspects that only in special cases will

both sup B8(D;) = sup B(D,) and inf B(D,) = inf B(D,).

The second of these two concepts is that of asymptotic rela-
tive efficiency. Any detector of '"feasible' design can be expected
to have good performance when there is a strong signal. Conse-
quently, it seems reasonable to compare two detectors on the basis

of their relative performances in the presence of increasingly weak
signals.

10. The asymptotic relative efficiency (ARE), 4 (D;, Dy) of de-

tector D; with respect to detector D,, is defined to be the
n(Dz)
n(Dy)
fixed o and B are maintained as the signal strength tends
to zero, i.e., as F) tends to f, .

limit, lim , of the ratio of their sample sizes as

This statistical concept (often attributed to Pitman’) has
been recently treated by a large number of authors.!' '8 In order
for the limit to exist, be unique, and be independent of « and B, a
large number of regularity conditions are needed. (These are mcn-
tioned in Section II D.) Further, although one can make statements
of the form "D, is 50 per cent better than D,' on the basis of ARE,
the ARE depends quite heavily on the pure-noise cpf 7, and the




manner in which the signal tends to zero, i.e., the manner in
which the noise-plus-signal cpf 7} tends to 7, .

Consequently, in order to apply criterion 9 and rank a given
set of detectors, or to apply 10 and assign a number to each detec-
tor, one must specify classes of pure-noise and noise-plus-signal
cpf's.

Considerations such as these lead one to consider detectors
whose performances are the same for ''large' classes of pure-
noise and noise-plus-signal cpf's. Such detectors are strongly
distribution-free; one repeats the definition of Section ID.

11. A detector is called an SDF detector if for each PFA «,
each pure-noise cpf #,, and each noise-plus-signal cpf 7,
the PFD, B = B(F,, F} ), depends only on the function
12N (Fl'l) (for all strictly monotone continuous cpf's #, and
R).

Very recent statistical results of Bell and Doksum'Z can be
adapted to yield two additional goodness criteria for detectors.

Let {7} be a class of noise-plus-signal cpf's such that
lim 7, = Foe = o> the pure-noise cpf.
0 —~ 6
12, A detector D, is said to be a locally minimum (LM) PFD de-
tector for the class {7y} abowve, if there exists € > 0 such
that the PFD 3(Dy, 7, ) = B(Dg, Iy ) for all other detectors
Lo and all 0 satisfying

o -6,] < €.

Quite often it is impossible to design such a detector and,
for a given class {7,} of the form above, one may settle for an

13. almost locally minimum (ALM) PFD detector, which is a
detector whose YES-NO decisions are based on a statistic 7'
satisfying: for every positive 6 and 1, there exists a positive
€ such that 2, (|T' - T(8)] >n) < 6 whenever |6 - 6,l< e,
where, for each 6, T (0) is the statistic of the uniformly
minimum (UM) PFD detector for pure-noise cpf 7, vs.
noise-plus-signal cpf 7#,.
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It will be seen in Sections IID1 and IHE 1 that for SDF de-
tectors and families of noise-plus-signal cpf's satisfying certain
regularity conditions, one can develop explicit formulas for the
LM PFD and ALM PFD detectors.

Before beginning a detailed study of the detector models one
should mention that there are certain practical considerations,
e.g., those of equipment design, and those of calculation and tabu-
lation of the appropriate statistical distributions, which lead one to .
consider detectors which violate some of the goodness criteria,
i.e., detectors which are less '"optimal' and more "tractable."

One is now in a position to study the detector models in
more detail.




SIGNAL -~

PS DATA

X000,
TRAI\I/\IIEII\)/IIIISJ?VIION 1 r [ SETECTOR —O YES (SIGNAL PRESENT)
—QO NO (SIGNAL ABSENT)
i PURE-NOISE
NOISE CPF I
KNOWN
COMPARE X, ,---,X,, ANDF,

Il. MODEL | DETECTORS

As one reealls from Section I D, a Model I detector is one
for which there are available both the known pure-noise cpf #,,
and PS data X;, Xo,--+, £n. The decision-making process then
consists of comparing the PS data and 7, and deciding YES iff they
are in some sense "too far' apart. Further, with the imposition
of the very reasonable (Section ID) SDF condition one finds that the
SDF Model I deteetor must base its YES-NO decisions on statistics
of the form ¢ [F, (X)s s Fo(Xn)] .

Following the 'natural’ divisions of SDF statistics one con~
siders three classes of Model I detectors:

1. Sample cpf (SDF Model I) detectors, which employ statistics
based on differences of the PS data sample cpf 7, and the
pure-noise cpf 7, ; one recalls that 7, (y) =nl (number of

X's =y), the sample proportion of 1's which are less than
or equal to y.

2. Run-block (SDF Model I) detectors, which deal with the
number of PS data values Xj, +++, X, which fall in certain

preassigned intervals and/or the relative spacing of these
values; and

3. Rank-sum (SDF Model I) detectors, whose decisions are

based on sums of percentile ranks, F, (X;), of the
Hy oee, X,

b
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In the next three sections, general formulas and specific
examples of the common types of Model I detectors are given. In
later sections the various detectors are compared in terms of the
previously mentioned goodness criteria — PFA «, PFD 3, ARE,
etc.

. MODEL | SAMPLE Cpf DETECTORS

The detectors discussed in this section are primarily based
on generalizations and specializations of three well-known distri-
bution-free statistics whose formulas are given below,

1. Kolmogorov-Smirnov Detector

(75 ¥) = sup [ 1F,@) = Fola)] VI (Fo2)) | M

The usual specializations and variations of this statistic are
as follows.

D= sup [lfn(x) - Fo(x)l]
5
. -1 1 .
=m2‘1_x[maX[F0 (X(L)) -_n_'s; - FO(X(l))] } (2)
1

where X(1) = X(2) = --- = X(n) are the ordered values of the PS
data Xla XZ:"', Xa s

The two one-sided versions:

D% = swp [z - Fole)] = max [ £ - 7o (160 3)
7
D% =sup [Fo(x) - 7n(2)]= m?x[Fo (X(2)) - ":—I ; (4




and

Dy = S0 (an(r) ~ Fo(z)| {[Fo(x)] [1 - Fo(w)]}_i)

-1
= max <llT - F(X(3))
1

which is designed to be sensitive to deviations in the tails of the

pure-noise cpf 7;.

2. Cramer-von Mises Detector

{Fo(X(1)) [1 - F (X( i»]}'%>(5)

Vs s B = [ || 2@ - B(@)| VEER@I] di@ ©)

The common versions of this statistic are:

nw, =n f[Fn(r) = Fo(r)]2 dFy(T)
n 2

_ 1 27-1 )
“Ton” z I an " Teld()

The two one-sided versions

>}

n [ Fa@) - Fo(@)) dFo(a)

-0

+
W'n

and o
nEn [[Fo(:c) - Fo(z)] dFo(z)

-0

=
3
i

(7

(8)

)

- 1 1
are related by Wt,=-WV_,=n [-5 - z Fo(Xi)] and, hence, are

=1
both equivalent to the rank-sum statistic == z Fo (4;), which

is treated in the following section.
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e}

W%=n f [F(z) = Fo(z)]?

-0

-1
Fo(z) (1= Fol@))|  dfo(2)

n
=-n -% z |(27;-1) In #o(X(@) + [2(n-1)
i=1

+1] ln[l - FO(X(i))” - (10)

which corresponds to D', above and is designed to be sensitive to
deviations in the tails of the pure-noise cpf F,.

On examining the preceding formvlas one sees that these
statistics are simply generalized distances between the PS data
sample cpf 7% and the pure-noise cpf fo. The Kolmogorov-Smirnov
class of detectors is concerned with the maximum of certain func-
tions of the differences #5, - F, , while the Cramér-von Mises class
of detectors base their decisions on the integrals of certain func-
tions of 7, - F, . The one-sided versions of both classes of statis-

tics are natural to consider if the noise-plus-signal cpf 7} < 5 or
if /§ > Fy.

-1
One notes that the function ’Fo(x) [1- F(x)] ; : diverges
as r tends to = =, i.e., as fy(x) tends to 0 or 1. For this reason

ol

iz} = Fol2)| | Fola) [1 - Rl |

will tend to be large if the absolute difference |7, (z) - Fo(r)| is
large for very small z or for very large =, i.e., differences in
the tails of Fy(r) are magnified. Hence, detectors based on equa-
tions 5 or 10 are sensitive to noise-plus-signal cpf's 7; which
differ from the pure-noise cpf 7, in the tails.




F(x) F(r)

3. Sign-Quantile Detector

Before giving numerical examples of the use of the detectors
just described, one should consider the simplest sample-cpf detec-
tor, which is based on the sign statistic and is historically, per-
haps, the first distribution-free statistic.

In its rudimentary form a sign detector (sometimes calied
a threshold detector) is one which decides YES if the number @' of
PS data observations X, ---, X, which fall below some preassigned
threshold &,(%,) = Fo (p) is "too large." That is,

n

n
0= Y e[EpE) - 1] = P €[p - Bali))

1=1 1=1
where € is the degenerate cpf such that

0if 2 <0
€(z) =
lifz=0

A cursory examination of the situation indicates that in the
pure-noise situation approximately 100p per cent of the X;,---, Xp
will be equal to or below the threshold £, (/5); and, of course, ap-
proximately 100(1-p) per cent of these observations will exceed

23




£ p(Fp). Consequently, Q' will be too large if

o (§p(R)) = F(£p(R) = p- Fy(E7(p)

is too small, since nf, (Fo'l(p)) is the number of Xy, -, X, which

are less than or equal to §,(5,) = 75 Y(p), the pthquantile of F, (see )
illustration, A).

The sign detector, although it will be seen to have certain
good properties, does not provide a desirable situation for dis-
tinguishing between pure noise and noise-plus-signal if F]_'l( p) = F5(p),
In both the pure noise and noise-plus-signal cases, the X's will then
fall below the threshold with the same probability, and elementary
calculations with show that ¢ + 8 =1, i.e. PFA +PFD =1 (see
illustration, B).

F(z) A. F(x) B.
[} )

7
Py '//F Pr——— |
4 _ l
—1--" —1 | .
— >z — >z
£p o) =Fo™ (p) §p (Fo)=Fo (p
Fo ()

This leads one to consider de-
tectors whose decisions are
based not on a single threshold
£p(Fy) = F5l(p), but on "thresh-
olds" qu(Fo), qu(Fo), 000
&QS(FO), as diagrammed.

Follg) Fo'(g,)
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Let 0= g, < g, < gy<-+" < g . ,<g.~ 1 be an arbitrary
finite sequence of probabilities. Then

(Be Flap | (Rla)s g | (Fe, s P Nay))

is a partition of the real numbers into s nonoverlapping intervals
on the real line. If there is only pure noise, i.e., if /' =7%,, then
for the i*® interval J; = (Fgl(qi_l), Fo'l(qi)],

1. its probability is PFO('Ji) =9;,- 9,17 P,

2. the expected number of PS data points X;,---, X, to fall in
the interval is n(g,-gq,_)) = np;

3. the actual number of PS data points in the ith interval
ni =R (7)) - Fa (% (g.9)] s and
4. each of quantities IFn(Fo‘l(qi)) - Fn(Fo_l(gi_l)) -
1
(9; = 9.1) I =

7 -~ P;| is in some sense a measure of the
deviation of the PS sample X;,*, X, from F#,.

For these reasons one is led to the following generalization
of the original sign statistic.

For the sign-quantile detector,
Q(n; qu' "y QS-I; rs ‘I’)

ng r
v [—nl ,.pi] % a1)

ng
n P

i
1=1

where for 1 =1, 2,---, 3,

ni;=n

Fn(Fo_l(qi)) - Fn(Fo-l(CJ;_l))] and p. =g;~ g ;-
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On setting s = 2, 9, =p, r=1and ¥=1, one obtains

a. TWO-SIDED SIGN DETECTOR

n 1 n
o -p|=2 z€[p-Fo(Xi)]'p
i=1

G(n; py 1; 1) =2

2
== @' -np| (12)

where @' and € are, respectively, the sign statistic and degenerate
cpf defined above and given below.

b. SIGN DETECTOR

n

n
Q}D‘— Z €[p- Fo(X3)] = Z e[gp(Fo) -] E=Em 13)
1=1 1=1

(Note: When p = 0.50, &';, is sometimes referred to as the
median statistic.)

The most common statistic for s =2, i.e., for more than

one "threshold, " is the following, which is sometimes called a
"chi-square' statistic because of its limiting distribution.

c. EXTENDED (MEDIAN) DETECTOR

2
~ (n; - np.)
g= T , which is the specialization of (14)
= B

Qi s Gp T3 ) for which r =2 and ¥ (u, v) =~Nn/v.
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In the event that p. = 1/s or, equivalently, g, =1/s, then
one has '

s . S
:S=5152(sni— =§Z( ) (15)

=1

From one point of view the extended median a gives undue
weight to intervals (Fo'l(qi_l), Fo'l(qi)] = (Eqi_l(Fo), Eqi(Fo)] for
which p, = g, - g,_, is small because of the denominator np,. In an
attempt to adjust this situation one considers a statistic ¢ with

r =2, and w(, v)=(WT+ T )

d. MATUSITA DETECTOR

- 2<w/n )

S
an D [IW-'/“ - -
1=1

o

< ey «/}jf] = 8n - 8\n i\/n_p— (16)
i1

which reduces in the case p.=1/s to

J.=8n|1- (ng)? Z N7 (17)
i=1

Of course, the twelve or so types of Model I sample cpf de-
tectors above do not in any sense exhaust all of the possibilities.
However, they do give a more or less comprehensive picture of
the sample cpf statistics in current use and, hence, of Model I
sample cpf detectors which should be considered.

Examples illustrating the computations involved in the use
of several of these statistics are given below. Since the normal
distribution and the Rayleigh distribution are, of course, two of the
more common noise distributions studied in signal detection, the
use of the Kolmogorov-Smirnov and Cramér-von Mises detectors
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will be illustrated for a pure-noise cpf 7, which is ¥(0,1), i.e.,
normal with # =0 and 02=1; and the sign-quantile tests will be il-
lustrated for a pure-noise cpf ¥, which is standard Rayleigh, i.e.,
Fo(z) =1 - exp(-22) for z = 0.

Example 2. Consider the following Model I detection
situation.

Pure-noise cpf: Standard Rayleigh, 7, (z) =1 -exp(-z3)(z = 0)
PFA o =.05
PS data: 1.3, .3, .2, 1.9, .8 n=95

Dy detector: Decide YES iff

m‘;}x gmax [F(X(i)) - zn;l ‘:{ - Iy (X(i))] E > .5633

nw2y detector: Decide YES iff

n
‘1_+§, [Zi'l ; ]2> 4613
12" & Loen Fo (2(3)) | > .46136

(Note: '".5633" is the 95th percentile of the D, distribution
for n =5 obtained from ref. 19, p. 431. '.46136" is the 95th per-
centile of the nw?2, distribution obtained from A. W. Marshall's
table, ref. 20.)
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Computations

Kolmogorov Crameér-von Mises
Basic Computation -Smirnov Computation Computations
. Wy . : . . 2
g e éf;ggz(;)] ) -5 L omeey |22 [Rao) -2 ;1]
.2 .2 .04 .04 .16 .10 (-.06)?‘= . 0036
.4 .3 .09 -.11 .31 .30 | (-.21)%=.0441
.6 .8 .47 .07 .13 .50 (--.03)2 =.0009
.8 1.3 .82 .16 .04 .70 (.12)2 =.,0144
1.0 1.9 .97 .17 .03 .90 (.07)2 =,0049

For the D» detector

D = max (.04, .16, -.11, .31, .07, .13, .16, .04, .17,
.03) = . 31.

Since .31 < .5633, the D, detector decides NO.

For the nw?, detector

nwln= [(12)(5)] + (. 0036 +.0441 +.0009 + .0144 + .0049)

=.0167 +.0679 =, 0846 < .46136. Hence, the nw?,
detector decides NO.
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The approximate value of U, can bc obtained from the graphs
of I}, and ¥, in the following figure, since D, is the maximum of the
absolute value of the differences 7> (m) - 5 (x). From the graphs
one can see that the maximum differcnce is attained for r = .3,
and is 7, (.3) = Fo (.3) = .4 - |1 - exp [-(.3)2]] =.31.

1.0 —
.8 /
3 /
Vi .6 4
m
S 4 /
oy /
.2
/4[ L L L
0 .2 .3 .5 .8 1.0 1.3 1.5 1.9 2.0 2.5
T
Rayleigh cpf F, and somple cpf Fy (see example 2, p. 28).
Note also that from the table ahove the values of several of
the other sample-cpf detector statistics can be computed, as follows:
From the sixth column,
D*, = max [’?- 7 (X(i))] = max (.16, .31, .13, .04, .03)=.31 .
7, 4
From the fifth column,
. ‘ . 1-1
D7 =max |Fy (X(1)) - - I =max (.04, -.11, .07,
.16, .17) = .17




From the fourth column,

7
S ¢ . . )
Win=% - z F (X)) =5 - (-04+.09 +.47 + .82 +.97)
=1
=2.50 -2.39 =.11, and
_n=_ ”+n= _.11.

For an illustration of the use of the sign-quantile detectors
one can consider the following example.

Example 3.

Pure-noise cpf: 7, is ¥(0,1) (See figure below, in which
Fyand 7, are plotted.)

1.0
/
.8 v
————————————————————————————————— jz{r-l F,
8
Vi 6 / : —
Y . T
b / !
—-— e |
o) /' |
o .4 | n
o 1
" // | :
|
________________ L |
|
2 T ! i
I I I
/l_ [ I :
0—"’&4 : : !
-2.5 -2.0 -1.5 -1.0 :-0.5 :0 0.5 : 1.0 1.5 2.0 2
§.25 (‘FO i §.75 (FO)
£ oo (Fo) = Fy1(.5)
z
N(0,1) cpf F5 and sample cpf F (see example 3, p.31).

.5
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PFA o = .10 n =20

20
(a) Q'sodetector: Decide YES iff Z €0 ~X,)=6
1=1

20
(b) @', detector: Decide YES iff z € (.675 - X;) =12
- =1 .

4
(c) @, detector: Decide YES iff [(20)(4)]'12 (4n;- 20)=6.25
s =

4
(d) M: Decide YES iff 8(20) ll—- [(20)(4)]‘% z '\/ﬁ?l
=6.25 S

PS data: .06, .40, .09, 1.58, -.27, -1.15, 1.68, -.05, -1.55,
1.54, .55, 2.38, .81, -.46, .32, 1.02, -.91, -.78,
.50, .11.

Computations: & 5(Fo) = -.675; £ ((Fo) = 0. 00; £.o(Fo) = .675

Computations Computations  Computations
PoAo for ¢'s0 for @'y for @y, G4
1 -1.55 - - ¥
2 -1.15 - - 1
3 -.91 - _ i ™ 4
4 -.78 -V 7= sto _ 1
' L) =-.67
5 - .46 - = 2 5‘25( o) 5
6 - .27 - . 2l mems
7 - .05 - taamg 2
8 06 +)osolfo) =0.00 375 sqtf0) =0.00
9 .09 + _ 3
10 1+ - .
11 .32 + - 3) ng=7 .
12 .40 + - 3
13 .50 + _ 3
14 .55 + 13 - 3
15 .81 + +l5_75(Fo) =.6T5 b qi(7) =675
16 1.02 + N .
17 1.54 + + 4
n4=6
18 1.58 + +f 8 o ™
19 1.68 + + 4
20 2.38 + + ] 4




a) For the @'-, detector: @'~y =7 > 6 and the §':, detector
( .50 .50 .50
decides NO.

(b) For the @' 75 detector: @!75 =14 > 12 and the @' 75 decides NO.

(c) For the 4, detector: §, = (80)'1 [(16-20)° + (12-20)° + (28-20)°
+(24-20)2]=2.00 < 6.25 and the @,
detector decides NO.

(d) Forthe , detector: @y = (160) [1 - (80)F (Na + N3 +N7 +15)]
= 4.00 < 6.25 and the ¢, detector decides
NO.

In closing this section one should mention two pertinent
facts:

1. In none of the cases in Example 3 (p. 31) was the exact
PFA « attained, since the exact distributions of the statistics in-
volved are given by:

Theorem 4. If I’ =F,, (i) ¢, has binomial distribution
with parameters n and p; and (ii) as n tends to infinity, Q and Q

both have asymptotically a chi-square distribution with {(s-1)
degrees of freedom.

The "6" and "12" for @'s59and @'7s5, provide a's of . 0577
and .1018, respectively; @ = .10 is attainable with these sign sta-
tistics only through randomization. Further, for n= 20, the "g. 25"
is only an approximation to the 95th percentile of q4 and Q4 distri-
butions. A summary of the distribution situation is presented at
the end of this section.

2. Up to this point nothing has been developed which would
allow one to objectively express a preference of detectors among
those already considered. This aspect of the detection problem
will be discussed in Section D.
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B. MODEL | RUN-BLOCK DETECTORS

The detectors of this type are based on the spacings of the
PS data relative to the pure-noise cpf 7, .

It is well-known that

Theorem 5. 1f0=g_ < g;<*** <g,_, <g, =1, and there ;
are n PS data observations,

(i) the expected number of observations falling in the interval or
cell (&g, ,(Fo)s bq,(F)] = (Fo™(a:), T (@) s
n(q;=g_) =np; and

(i) for integers k¥ = r, the expected value of the difference of
"heights" F, (X(r)) - F (X(k)) is E[Fo (X(r)) - FO(X(k))] =
r-k

n+l

Hence, when the (n+1)q, are integers, then each of the
quantities IFO (X [(n+1) g, ]) Fo( [(n+1) q,_ 1]) 7;I is in some
sense a measure of the deviation of the PS data from Fo. This is
also true for the number % of empty cells among the (Fo (9:21)»

By (ql)] . One is therefore led to detectors based on the following
statistics.

1. Spacing Detector

s
Slns> Qs 7t Qs Ty ¥) = z [ Fb(X[(nﬂ)CJ,-])‘ Fo(X[(n“l)qi_l])
i=1
. -
- p, | W(m] (18)
where each (n+1)q. is an integer; 0 = Fo< 91 << .=1 i

P;=; - 9,4, X(0) = - and X(n+1) =

The most common versions of this detector are based on
the following statistics.




a. SHERMAN DETECTOR

1 N N n+l
~ n . - .
Sy = S(n; a3 oap 1;§> =3 ; FolX(i)) - Fo(X(i-1))
1
- -;H'—l ; and (19)

b. KIMBALL-MORAN DETECTOR

n+l .
1 ‘ . .
S'p = S(n; e TR n_r-Li-—l; 2;1 )= i-—él [Fo(X(L)) - B (X(i-1))

= . . 1
ai | = 2 [ - moen] - 20
The following example illustrates the computations involved.

Example 4. Pure-noise cpf: 7, () =1 - exp(—x2/4) (z =0),
PFA o =.01, n=5

PS data: 1.6, 3.8, .4, 2.6, .6
S, detector: Decide YES iff Sn > 0.57442%

S', detector: Decide YES iff 8% > s(5, .01)

* +10.57442"" is the 99th percentile of the §,, distribution far n = 5, fram ref. 21, p. 448.
As of this writing there are no published tables af the distribution of S', , althaugh such
tables can be canstructed with the aid of high-speed camputers. Hence, s(5, .01) is nat
knawn.
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Computations

For S, For S1,
Fo (X())- Fo(X(1-1))

——L=Di [FO(X(L)) - 2
| X() | Bo(X(3) n+l Fo(X(3-1))]
0| -~ 0
10.4 .04 | |.04- 0 -.17| =.13 . 0016
20.6 .09 | |.09-.04 - .17] =.12 . 0025
311.6 47 |41 -.09 - .17 =.21 .1444
412.6 .82 | |.82 - .47 -.17] =.18 .1225
5/(3.8 .97 | |.97-.82-.17] =.02 . 0225
6] 1.00 {|1.00-.97 -.17| =.14 . 0009

.80 | . 2944

Therefore Sp =.80 and S, =.29 - .17 = .12
The En detector then decides YES, since .80 > 0.57442.

The decision of the S, detector depends on the unknown
s(5, -01).

2. Empty-Cell Detector

The second type of Model I run-block detector is the empty-
cell detector, which, as its name suggests, is based on the number
of the cells (Fo ™ (g;_; ) Fo™ (g, )| which are empty. (For this
detector it is convenient to let s + 1 denote the number of cells.)

Before giving the general formula for the statistic involved,
one should note that

1. n;=n [Fn (Fo_l (qi)) - F, (Fo_l (9, ))] is the number
of PS observations in the i'" cell J; = (Fo'l (9;.1)
F (g,




0 if J; is empty

1
-1 _ -1 -} =
2. G[Fn (Fé) (qz)) Fn(Fo (qi—l)) on ] ‘ 1 if Ji is occupied,

lifz=0
where € (2) = , the degenerate cpf.
0if 2<0
s+l
1
-1 -1 .
3. 121 €[Fn (Fo (C]i)) - Fn(Fo (qi_l)) - —2—n]15 the nuraber of

occupied cells; and since s division points Fo'l(ql) <<
Fo'l(qs) give (s+1) cells J;

s+l

4. (s+1) - z € [Fn (7)) - F (Fo'l(gi_l))-zl—n ] is the
=1

number of empty cells.

Consequently, one defines for the empty-cell detector

s+1

E(ns gp s gg) = (stl) - z Gan(Fo_l(Qi))
i=1

- (57, ) 57 e

One usually chooses the cells to be equiprobable, i.e.,

1 1
q;= ] and P, =73 and works either with the statistic

s+l
stl
. i i-1 1
= - -1 — - =1 - -
Eou™ (571) 12:1 G[F”<F° <3+1>> Fn<F° <3+1 >> 2nJ (22)
or with the equivalent statistic
s+l
~ 2 -1 1
& z —1< _l_> - -1(1_ -2
Ser | ¢ [F” (F° s+l Fn\Fo 3+1> Zn] (23)
7/=

which is the number of occupied equiprobable cells.
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Since the distribution of £ is the one usually tabulated (see
ref. 21, p. 454 ff), the detection example below will use .

Example 5.

Pure-noise cpf: Fy is standard Rayleigh, fo(zx) =1 -
exp(-z?) (Z = 0).

PFA a=,01

PS data: 1.66, 2,06, 3.16, 1.69, 1.33, .45, 3.26, 1.55,
.05, 3.14, 2,15, 3.98, 2.41, 1.14, 1.92, 2.62,
.79, .82, 1.71, 2.10

Elo detector: Decide YES iff £;, <6 (i.e., if six or fewer
of the ten equiprobable cells are occupied).

Computations

To find the boundary points of the ten equiprobable intervals
or cells one must solve

1
1 -exp(-z?) =p orz = [-In(1-p)]® forp=.1, .2, -, .9.

The cells and the number of PS-data points falling in them
are as follows:

il 1 2 3 4 5 6 7 8 9 10

110, .325|. 325, . 472{. 472,.597].597,.715|. 715, . 833|. 833, .957|. 957, 1. 097|1. 097, 1. 2691. 269,1.517{1.517, =

N ! 1 0 0 2 0 0 1 1 15

Since four cells are empty, §10= 6 and the E’m detector
decides YES.

In closing this section one should note

1. that the exact distribution of £ and the limiting distribution
of Sherman's S5 are given by:

If = F,, then
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”
W pEsn= Y P e (1) ()
=il i J

J=0 s+l

and

®) gn is asymptotically ¥(u,, o,2)

n+l

where y, = [n/(n+1)]" which tends to 1/e and
0,2 = (2024 nn-1""2] [(n42) (ui1)"2 17 [n /(1))

which is approximated by (2e-5)/ne?;

ro

that in view of the discreteness of the statistic, only a few
significance levels can be obtained exactly;

3. that there is a need for a more extensive tabulation of the
statistic #; and

4. that there is a need for a "rule-of-thumb" for choosing the
number s (of divisicn points or (s+1) of cells) for a given
PS data sample size n in order to attain some preassigned
goodness criteria.

In order to circumvent the difficulties above, one can make
use of the Model I rank-sum detectors of the next section.

C. MODEL | RANK-SUM DETECTORS

The detectors of this section are based on statistics of the
form

n

K(#H) =% z M Fo (X))

1=1

(24)
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where H is a strictly increasing continuous cpf, and F7lis its in-

verse. At first glance it is seen that K(%) is the mean of the trans-

formed observations H {Fp (¥;)], -+, H ' [Fo (Xn)]- In fact, if both
H and Fy are normal, exponential, or Rayleigh cpf's, then X (H) is

of the form a X+ b , i.e., is a linear function of the sample mean.
(See table 5.)

Table 5.
H HYw) o R ()] K (H)
} %\ r G )y
18w + g <?2 ” %)
where & is the 01 12 01 K
+ ' - + _ 1 M2
Npys 012) V(,1) cpf. N (pgys 022) <’Jl O3 & Og
1-e /M1 A1 In (1-u) 1-e7*/*2 (A1/As) X; M/rg) T
(z=0) (z=0)
2 1 2 =
1-e /M [-A1 In(1-u)]? et | Ay X MAy X
(r=0) (z=0)

These statistics are, then, generalizations of the sample
mean X; and one might expect such statistics to have properties
similar to the properties of ¥ in the parametric cases even when
there is no simple relation between H and 7.
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F(x) Consider the situation in
ﬁ\ which the pure-noise cpf 7, is
above the noise-plus-signal

cpf /1, or equivalently, 7 is

to the right of 7,. In this case,
if there is noise-plus-signal

the PS data values Xj,-+, Xp
will "on the average'" be larger
than if there is only pure noise
and one says that the noise-plus-
signal values are stochastically
larger. Consequently, if there
is noise-plus~signal the {F&,(Xi)}
are stochastically larger as are
the {#7' [, (X1}, and K(H) =

1
-~ ZA "7, (X;)] - Hence, in the
n

case outlined above, the K(H)
detector would decide YES iff
K(H) exceeded a level deter-
mined by n and «. Of course,
the reverse decision rule would
be employed by the detector in
guarding against noise-plus-
signal which is stochastically
smaller.

In practice, the detectors are usually based on one of the
following four statistics:

n

@7 =2 ) In [F()]; (25)
1=1
n

® © = -2 > I [1- F(x)]; 26)
1=1
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n
(c) ﬁ:nl Z:l Fo(Xi);and 27
e

n.

@ Z=1 > elman]. (28)

i=1

3|

Coincidentally, these four statistics result from choosing,
as H, those distributions which have maximum Shannon information
over (a') the right half-line; (0 ') the left half-line, (c¢') the unit in-
terval and (d') the whole real line, respectively. Namely, (a'') the
exponential H(z) =1 - e™*(x = 0); (b"") the negative exponential,
H(x)=eT, T <0; (c") the standard uniform H(r) =z, 0 = r =1 and

b

(d") the standard normal cpf H(r) = /

- 27
Thus, there is some intuitive justification for the choice of these
four statistics, although they seem to be directed toward detection
situations in which 7, and F; do not cross, i.e., in which the
puare-noise distribution is stochastically larger or stochastically
smaller than the noise-plus-signal distribution.

exp(-t%/2) dt.

Example 6.

Pure-noise cpf: Fo(r) =1 - exp(-.0625 r2) (z =0)
PFA a=.005

PS data: 3.2, 5.2, 1.2, 7.6, .8 (n =5)

(a) m detector: Decide YES iff
5
-2 z In [Fo(X;)] > 25.2 (the 99.5th percentile of the

1=1 chi-square distribution with
2n =10 degrees of freedom).




(b) w' detector: Decide YES iff

5
-2 z In [1 - f5(X;)] < 2.16 (the 0.5th percentile of the
=1 chi-square distribution
with 2n = 10 degrees of
freedom).
5

() U detector: Decide YES iff (.2) Z Fo(X;) > 751
1=1
(where . 751 is the 99. 5th percentile of the distribution of
the mean of a sample of size 5 from a standard uniform
distribution).

5
(d) Z detector: Decide YES iff (.2) z <I>_1[Fo (£3)] >1.117
1=1
(Where 1.117 is the 99. 5th percentile of the normal distribu-
tion with . = 0 and o=, 2).

Computations

Fo (X(3)) = ; In [1-Fo(X ()]

x(3) 1-exp [-.0625 ¥%(i)] In Fo(X (%)) &7 [Fy (X (i))] =-.0625 X?2(1)
.8 . 040 -3.220 -1. 750 - . 040
1.2 .086 -2. 450 -1.365 - . 090
3.2 .457 - .782 - .108 - . 640
5.2 . 816 - .203 + . 900 -1.690
7.6 .973 - .027 +1. 927 -3.610
2.372 -6.682 - .39 -6. 070




EF(,(X-) = 2.372
z In F(X;) = -6.682

z & [, (X5)] =-.396
z In [1 - Fo(X3)] =2[-.0625 X2(3)] = -6.070

(a) = detector
5

-2 z In [F,(X;)] =13.364 % 25.2 Decision: NO
i=1

(b) w'detector
5

-2 z In [1 - 7,(f3)] =12.140 §2.16 Decision: NO
=1
(c) U detector
5

(-2) z Fo (£3) =.4744 % .750 Decision: NO
=1
(d) Z dctector

5

(-2) z @7, (£;)] =-.0792 # 1.117 Decision: NO
i=1

Very recent results? indicate that the statistics of the form

7

z H'I[Fo (X;)] are really special cases of a more general class
1=1

of statistics--the "likelihood-ratio' distribution-free statistics.
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They are of the form

n
T, = z In h' [Fy(X3)] (29)

1=1

where h is a differentiable strictly monotone cpf on the unit inter-
val, i.e., h is monotone increasing and h(0) = 0, h(1) =1, and of
the form

T = ZJ [Fp(X;)] 30)

where J'(u) = —a%ln ho' () l e and {n,} is a family of differ-
=do

entiable, strictly increasing cpf's with h, (u) = u.

Detectors basced on this more general statistic reduce to the
w', m, U, and Z detectors when h(u) = 1-(1-u)%; u®; aeb“+c and
$ [@'l(u) - 2], respectively. Of course, the number of detectors
of this more general type is unlimited. However, the most common
version other than the w, ', 77, and Z detectors, which intuitively
seem good for the stochastically larger and stochastically smaller
cases, is

n
=
72 = z ch‘l[ﬁb (Xi)]}2 , which results for h(u) = & [q) a(u)]. (1)
=1

By intuition and/or an
investigattion12 of the method of
deriving this formula, one con-
cludes that a Z2 detector has
some optimal properties for
situations in which the noise-
plus-signal cpf /7 and the pure-
noise cpf 7, have different dis-
persions or spreads. Exact
methods of choosing & will be
discussed in the section on
goodness criteria. This section
will be terminated with an

example of the application of
the Z 2 detector.
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Example 7.*
Pure-noise cpf: F, is N (0,4)
PFA a =.005

PS data: -.472, -2.180, 6.684, 2.592, 3.332, 2.584

n==6
n

— 2
Z? detector: Decide YES iff 2 te™ [Fo(xn)]]” >18.55
i=1

(the 99. 5th percentile of the chi-square distribution with n
degrees of freedom).

Computations

il X() Fo (X(3)) & [F (X)) | |7 (X(i))]{2
1 | -2.180 .1379 -1. 090 1.188
2 |- .472 . 4067 - .236 . 056
3 | 2.584 .9018 1.292 1. 669
4 | 2.592 . 9025 1.296 1.680
5 | 3.332 . 9521 1.666 2. 776
6 | 6.684 . 9996 3. 342 11.169
18.538 = 72

Decision: NO

* In example 7, ¢! [F, (x)] reduces to x/2. This type of simplification is not possible in
generol.
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GOODNESS CRITERIA FOR MODEL | DETECTORS

All statistical goodness criteria for detectors are based
directly or indirectly on the PFA « and PFD 3. Usually one fixes
PFA « and is consequently led to criteria which (for fixed @) de-
pend solely on the PFD 5.

Assuming that both the pure-noise cpf %, and the noise-
plus-signal cpf F; are normal, one finds that for SDF detectors 8
depends only on 0,/0; and (g, -po)/0;, i.e., the ratio of the stand-
ard deviations and the ratio of the difference of means to o;.

Hence, B can be completely tabulated subject only to limitations of
computation time and costs.

The detectors being considered here are all SDF and, hence,
B depends only on FoFl‘l = (FlFo'l)'l. However, even with this sig-
nificant reduction of the possible alternatives, it is impossible to
tabulate or give formulae for all situations of interest. Conse-
quently, a statement of the form ""The T detector is better than the

Ty detector' cannot be made without some rather severe qualifica-
tions.

In order to make some recommendations as to the relative
merits of Model I detectors, one must restrict consideration to
certain special classes of alternatives, as follows.

1. One-sided Bands and max-min PFD B

Based on the statistical
(z)

{\ work of Chapman® one considers

for each strictly increasing
continuous pure noise cpf o
the class G (fo, A) of all noise-
plus-signal cpf's ¥ such that

(a) #, > F; and

(b) max [Fo(x) - )] = A,

where 0 <A< 1,
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For the class § (%,, A), one says a T, detector is max-min
PFD better than a T, detector if 8 (T}, A) < B(T,, A)and 8 (T;, A)
< B(T,, A) where g and B are, respectively, the supremum and
infimum of the indicated detectors for the class G (F,, A).

The following curves contain slots of 8 vs. Aand § vs. A
for the Model I detectors based on the statistics w, =', D7, , nw?,
U, €%, @5, and ¢y .

The maximum PFD's, the B_'s, for the statistics @', are all
B(4¢, A)y=1- « and are not piotted. Also, on these graphs,
which are plotted for o = .01 and .05, and n =50 and 100, there is
a single graph labelled "X, " which is a plot of PFD g vs. A for the
parametric case in which both the pure-noise cpf #, and the noise-
plus-signal cpf /; are normal cpf's with equal variances and for
which (a) and (b) above arc satisficd. All the other graphs are
completely DF, in the sense that they are valid for any strictly in-
creasing continuous cpf ¥, and its alternative class G(F,, A).

From these graphs one concludes that

1. there is a general tendency for detectors with high maximum
PFD's to have low minimum PFD's, and vice versa; hence,

2. mno one of the Model I detectors based on m, w', D%, nw?,
U, @2, @5, @'y is max-min better than any other one
for all of the cases considered.

This result is somewhat discouraging to one who wishes to
order the detectors as to goodness. It is further discouraging to
note that as of this writing there are not available max-min PFD
data for the other Model I detectors being studied, D, Wzn, Q,
DY, as, z, 52, etc. One therefore seeks other criteria.




-sided no

Maximum ond minimum PFD {or one
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Maximum and minimum PFD for one-sided naise. (Continued)
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Moximum and minimum PFD for one-sided noise. (Continued)

51




52

Maximum and minimum PFD for one-sided noise. (Continued)




Flx)
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14

2. PFD for Rayleigh Alternatives

Some engineers have
found that Rayleigh-type dis-
tributions occur frequently in

Fo(z) =1 - exp (-72) practice. Consequently, it is

~

not unreasonable to consider
- - the performance of Model I de-
7/ tectors in the situation for
/4—F1 (z) =1 - exp (—.rz/e) which 7, (z) =1 - exp (-z?) and
7 Fi(z) =1 - exp (-z%6), as

» T illustrated. (A more accurate
plot of 7, is given on page 30.)

Since the mathematical expressions for exact PFD are al-
most completely intractable, one has to resort to Monte Carlo
methods (10, 000 trials) to obtain accurate estimates of the PFD's
except for the @' detectors in the plots of 8 vs. n for fixed values 6,
where only the values for which 6 =2 and 4, and n =5, 10, 15, and
20 are computed. The curve labeled &'ning represents the value of
B for the optimal choice of the quantile. Further, one might in-
tuitively divide the graphs into two sets--one for those detectors
which are based on the "one-sided" statistics D%, w, ' and U and
the other for those detectors based on the ""two-sided" statistics
Dy, nw?,, S, , W2, and E,Sﬂ. This latter division of the class of
detectors was made because, prior to making the computations, it
seemed intuitively clear that the ""one-sided" detectors should have,
in general, better performances against the one-sided alternatives
1 -exp(-z%2)and 1 - exp (-z2/4). This suspicion is, however,
not borne out by the plots of the Monte Carlo computations.
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PFD faor Rayleigh noise.
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PFD for Rayleigh noise. (Continued)
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(Continued)

PFD for Royleigh noise.
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(Continued)

PFD for Royleigh noise.
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From these plots one can make the following general state-
ments in which " t " indicates ''generally better than' for the cases
considered.

(a) For the "two-sided' detectors
% i no?, | Dy iSn iEsH

(b) For the "one-sided'" detectors
“'tf))D_n g“ ‘ s

(¢) There is a significant overlap of the ranges of PFD for the
two sets of detectors.

(d) Of the detectors studied for the cases considered, w'is
clearly the best and £, is clearly the worst.

These results, of course, depend very heavily on the class
of alternatives considered, and the strongest statement one can
make on the basis of these results is the following.

(e) If one wishes to use a Model I detector which (besidcs its
DF property) performs well against Rayleigh alternatives,
one should choose a w' detector and avoid using an Fsy
detector.

In order to make comparable statements concerning other
classes of pure noise and noise-plus-signal cpf's one would have
to makc comparable computations. Of course, the amount of such
computation possible is only limited by time and money considera-
tions.

3. Asymptotic Relative Efficiency (ARE)

The next comparison of Model I detectors will be made on
thc basis of ARE. One recalls that, roughly, the ARE, A(T, T,),
of a T; detector with respect to a T detector is the limit,
n(Ts)

n "‘1

lim

, of the ratio of sample sizes for fixed o and 8 in the
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presence of increasingly weak signals.,

Of course, as the signal

becomes increasingly weak, the noise-plus-signal cpf /; tends to
Fy; and, as one might suspect, the limit, 4(7, 7y), is sensitive
to the form of the fo and the manner in which the F3's tend to F,.

F(z)

'y

Fg (x) = Fo (x-0)

T

able 6.

Another consideration of

great practical importance is
the fact that in a large number
of cases of interest the deriva-
tion of a computable expression
for ARE is almost impossible.
This situation is reflected in
table 6, which treats only de-
tectors based on Z, U, w, and
m', translation alternatives (as
illustrated here), and certain
classes of pure-noise cpf's F#.
Several numerical entries are
missing because they have not
yet been computed.

ARE's for Model T Detectors

Pure-noise Noise-plus-signal | _ _ 3
epf Fo(x) Fy where 8\0 |A(Z, T) | 4@Z.m | 4@, 7| 4@, T) | A" U){A(mT"
»(2) @ (z-6) 1.05
(Normal)
Uo Fy(z) =7-8 - w e | 1.00
(Uniform) 0=z=1+0
_ -r+g
H, F, (@) = 1-e - - 33
(Exponential) 0=
e e -8
r=0 .33
(Negative exponential)
(1+e7)” X
(1+e77%0) .955 1.27 1.27 .75 .75 | 1.00

(Logistie)

e /2,2= 9 e’ Y2, r=0 -

1-e7%/2, = >80 1-e**%2, x>0 :
(Double exponential)

1

Lilants N ) 71
2 7 2w
(Cauehy)
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From table 6 it may be concluded:

(2) that there is no clear-cut ordering of the detectors on the
basis of known ARE's; but

(b) that if one wishes good asymptotic performance (in the
presence of increasingly weak signals) for logistic type
distributions one should use a U detector and avoid  and
' detectors.

The final goodness criteria to be discussed are adaptations
of very recent statistical results of Bell and Doksum®2

4. Uniformly Minimum PFD and Almost Locally Minimum
PFD Detectors

In keeping with the ideas developed in the preceding section,
two other optimal properties, which depend on the particular class
of alternatives, will be discussed and illustrated here. UM PFD
and ALM PFD detectors will be considered here to be as defined
in the Introduction.

One recalls that for SDF Model I detectors, § is a function
solely of h,=F, Fyl, where F, is the pure-noise cpf and Fy is the
noise-plus-signal cpf. By restricting attention to classes :Fg
which satisfy

(1) Olilne ho(u) = ufor all u; and
(o]

9
2) .8_9 In h@' (L)

= J (1) exists;
0=90
one can make use of the following theorem of Bell and Doksum:12

Theorem 6. An SDF detector whose YES-NO decisions
are based on the statistic

a

= D o [Fal)]

1=1




(i) is a UM PFD detector for each class of noise-plus-signal

cpf's with hy'(w) =exp [a(8) Jo(u) + b(0)] where 2(9) # 0
for 6 # 60, and 2(0,) = 5(6o) = 0; and

(ii) is an ALM PFD detector for each class of noise-plus-signal
cpf's with hy(u) =exp [2(0) Jolu) + b(O) + (U, 6)] where
a(f) and b(0) are as in (i), and lim Q(u, 6)/(0 - 6o) = 0 for
all u,where the limit is taken as 0 tends to 6.

Employing this theorem and the fact that a detector based

on a statistic T'' is equivalent to that based on the statistic c(0)TI" +
d(0), where c(6)# 0, one can construct table 7, which illustrates
and summarizes known results in this direction. The complexity
of the formulas and the vacant spaces in the table indicate the depth
of the problem here. (Note that each detector is an SDF detector,
which also has certain optimal properties for specified classes of
noise-plus-signal cpf's.)
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Table 8.

Statistical Distributions for Model I Detectors

Source of Tables, Formulas,
etc. (Numbers refer to

Statistic Distribution Bibliography.)
D, (1-sample Kolmogorov) 21, p. 423 ff
D%, D% | (1-sample one-sided 22

Kolmogorov)

b, 23

nmzn (1~sample Cramer-von 20; 21, p. 443 ff
Mises)

V. W% | (Equivalent to I7)

W2, (Anderson-Darling) 24
Q' Binomial (sign) 21, p. 362 ff
;, 53 Asymptotically chi- 21, p. 49 ff; 8, p. 421 ff

square

(3, S Asymptotically chi- 25; 21, p. 49 ff

square (Matusita)

gn Asymptotically normal 26; 21, p. 477 ff

(Sherman)

St (Kimball-Moran)

Fon (Empty cell) 21, p. 454 ff
T, 7' Chi-~square 9; 21, p. 49 ff
U Sample mean of rectan- 27, p. 257

gular; asymptotically
1 77

(5, =) 11
2 12

7 (0, 1) 21, p. 1 ff
=z

Chi-square 12; 21, p. 49 ff
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sion of the Model I detector.
available, as well as kaown pure-noise data 1,+-+, ¥, .
decision-making process then consists of comparing X, --

The Model II detector is, as would be expected, an exten-
In Model IT PS data X;,---, X, are
The

» An

with I3,---, ¥, and deciding YES iff they are ''too far" apart in

some sense.

Further, one recalls that by imposing the reasonable

SDF and Scheffé conditions of theorem 2, page 10, one is led to the
class of rank detectors which base their YES-NO decisions solely
on the ranks E(Xy),---, B(Xp), B(1), -, R(Y,) of the X's and I''s

in the combined sample X3, - -

*y X”l, -Yj[,“" -Y'n.'

As in the case of Model I detectors one considers three

"matural' subclasses of Model II detectors:

Sample cpf (SDF Scheffe Model II) detectors, which employ
statistics based on differences of the PS-data cpf 7, and
the pure-noise-data cpf &;.

Run-block (SDF Scheffe Model TI) detectors, which base
their decisions on the number of PS-data values X, -+, X,
which fall in certain intervals determined by certain (pre-

assigned) order statistics of the pure-noise sample
Moo 0y I o

Rank-sum (SDF Scheffe Model II) detectors, whose decisions
are based on sums of functions of the ranks R(X;),***, B (X1,),
P(Yl),"', B(Y'“)'




In the succeeding three sections general formulas and
specific examples of the common types of Model II detectors are
developed. The fourth of the succeeding scctions introduces a de-
tector based on a randomized statistic, which is relatively new.
This new class of detector introduces artificial noise into the de-
tector in order to circumvent some difficulties arising in the use
of the more classical DF detectors.

In the latter sections of this chapter, the various Model I

detectors are compared in terms of such previously developed
goodness criteria as PFA «, PFD 3, and max-min S.

In describing the Model II detectors it is necessary to recall
some notation and to introduce other notation.

1. PS sample: A;,---, 1, Order statistics: X(1)<--- <X (n)
2. Pure-noise sample: I7,-++, 7, Ordcr statistics: ¥ (1)<---<¥(m)

3. Combined sample: {«'1,"', 37} = {Xl,"', Yos Yy, Y‘,}
where N = n+mn

4. Combined sample order statistics: Z(1)<-.-<Z(XN)

]

Degenerate cpf: € where €(z) = 0 or 1 according as
r<QQor =90

n

1
6. PS sample cpf: Fn where () = 3 z €(r-X;)
i=

m
1
7. Pure-noise sample cpf: &, where G, (1)) = z €(y-7;)

N
— - 1
8. Combined sample cpf: F where /(z) = ;7 Z €(z-Z

9. Rank of 4, in combined sample: 7 (X;)
Rank of " in combined sample: 7 (1))
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are:

3.

4.

Some of the more useful relations between these quantities

7

(X)) = z e(X; - Z;) = NF(X))
r=1

nkp(2) + mGy2)
nt+tm

f(2)=

N

n m
2 RO 2 A= 2 r=f Y
1=1 j=1

=1

The possible ranks are {1, 2, -++, N} and, consequently,

the collection {R (X)), -+, E(X,)} of X-ranks uniquely de-

termines the collection {R (I7), -+, R(%;)} of Y-ranks and
vice versa.

A. MODEL Il SAMPLE Cpf DETECTORS

The detectors of this type are essentially extensions of the

Model I sample cpf detectors.

1. Kolmogorov-Smirnov Detector

66

D(n,m; r; ¥) = sup g'Fn(l') = Gn() | V¥[F@)] %
a5

32)




The usual variations of this statistic are

D(n,m)=sup |F(x)- Gnl(z)| (33)
X

=max |F (Z(r) - Gu(Z ()] =n"" max |VF, (Z(r)-r|
r

= max [ma..x I%— Gm(X(i))l » max
i

% 0 -2 |]

D'(n,m)=sup [F,@) - Gulz)] =max [F,(Z(r)) - Cn(Z(m)] (34)
x r

s e [ 0] e [ -2

D(n,m)=sup [G,(x) - F(x)] =max [G, (Z(r)) - F, (zr)] (35)
d5 r

= max ’m:;x [Gm(X(i)) - %], m;x [%l— F, (y(j))](

2. Cramer-von Mises Detector

Corresponding to the two-sample Kolmogorov-Smirnov de-
tector is the two-sample Cramer-von Mises detector which bases
its decisions on statistics of the form below.

Win, mir, ¥) = f |F(2) - 6, ) \/w[f(x)]g d Fiz)

(36)
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The common versions of this statistic are

Win,m) = f [F () - 6, @] d Fz) (37)

- 00

]%[ 2 2 (Z26)) - @, (Z(r))]

N-1
= (1/ Nm%n?) z (VnF,(Z () - r n]z,
r=1
Wi, m) = f [ (@ - G,.@)]d F (2); and (38)
Win, m)= f [G. (@) - F @)]dF (). (39)

The two one-sided versions are related by W+(n, m)=
n

+1 1 z L _
27 + 5" E(X;), which is equivalent to the Mann-
1=1

Whitney-Wilcoxon statistic to be treated later.

- (n,m) =

For an illustration of the computations involved with
Kolmogorov-Smirnov and Cramer-von Mises detectors, one can
consider the following example.
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Example 8.
PFA«a =.005 n=5 m=6

D(n,m ) detector: Decide YES iff

max |F, (Z(r)) - G, (Z(r)] > .833%
P

WX n,m ) detector: Decide YES iff

V-1

LD I (z0) -6, (26D > .766%

=L

=

PS data (X;): 3.2, -1.4, 7.0, 4.5, 0.7

Pure-noise data (¥;): -1.6, 5.4, -0.4, -0.3, 2.5, 1.0

r | 2 {Sample | B (Z() | 6, (2() | B (26 -6, (20) | [F (26 -6, (2]

1| -1.6 Y 0 .167 -.167 .028

2 | -1.4 X .200 1167 033 .001

3 | -0.4 Y .200 .333 -.133 018

4| -0.3 Y .200 .500 -.300 .090 -

50 07 | x .400 .500 -.100 .010 )

6 | 1.0 Y .400 .667 -.267 .071

7| 2.5 Y .400 .833 -.433 187

8 | 3.2 | «x .600 .833 -.233 054

9 | 45 x .800 833 | -.033 .001

10 | 5.4 Y 800 1.000 | -.200 .040

11 | 7.0 ¥ 1.000 1.000 | .000 .000 )
500

D (n, m) detector: D(n, m)=.433 <.833 Decision: NO

W2, m)detector: Wi(n, m)= %i (. 500) =.045 < . 766 Decision; NO

* Obtained from ref. 21, p. 443-444. Since the exact value PFA a= .005 was not tabulated,
“,766"" is an interpalated value, and *‘.833"" yields = .004.
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From the table above it is easy to compute the values of
some of the other statistics of importance, such as

D (n,m)=.033; D7 (n, m) =.433 and

TR(X)=2+5+8+9 +11 =35,

3. Sign-Quantile Detector

The final Model II sample cpf detector of importance is the
sign-quantile detector. The rationale for its use is the immediate
extension of that for the Model I sign-quantile detector, which is,
rougily: if the unknown continuous pure-noise cpf 7, and the un-
known continuous PS-data cpf Fj are equal, then one would expect
the PS sample X, -+, &y and the known pure-noise sample
Yy,+-+, ¥ tobe "well interspersed."” More specifically, it would
be expected that approximately np of the X's and mp of the Y's are
less than or equal to the 100 pttpercentile Z (¥p) of the combined
sample Z;,° ", Zy .

Consequently, for 0 = g < g, < g, <+ <g,<qg,,, =1
[Fn (Z(Nqi)) - B (Z(Nqi-l)) - (qi - qi-l)]
and

le(Z(Nqi)) - Gu(2(Ng;_)) - (qi'qi_l)]

are both measures of deviation from the "well-interspersed situa-
tion. Customarily, one uses the notation P,=9;,-9

i-1°
g = n[Fn (Z(Ng,)) - Fy (Z(Nqi-1))]

and

Moy = m[Gm (Z(Nqi)) - Gm(Z(Nqi_l))] o




Hence

[_ i pi} and

n

Tloy

are the above-mentioned measures of dispersion.

For visualization it is perhaps helpful to consider table 9.

Table 9
% PS Data Pure-Noise
Interval 'O/@ Frequency| Data Frequency TOTALS
(-, Z(Mqy)] n11 na1 Np, = Ng,
(Z(Ngy), Z(Ngy)] | nyp Moy Np,=N(g,-q,)
(Z(g,), *) 1,541 Mg, 541 Npg,, =¥N(A-95)
TOTALS ny T n Ng = M N

7 (Ng;) is the (100g,)t™ percentile of the combined sample
and, hence, Ng, of the combined sample points are less than or

equal to Z(Ng,).

Further, if the unknown cpf's of the PS data and the pure-
noise data are equal, one expects that n,,is approximately
n,p, = np; and that n,; is approximately n,p, =mp, for all 7.

One then generalizes the contingency-table tests for inde~
pendence to obtain detector statistics of the form below.

For the sign-quantile detector,

Qnp nys gy

s+l

S

1=1

.! qs;r!
2

2

J=1

¥)

-
nji
il pi‘ ¥ (nji/nj, P )]

(40)
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where n;=n, n, =m to simplify the summation, and the p, are
such that each Npi is an integer.
. — 1 —_—
On setting s =1, g =g, TS 2, ¥(njifn;, p;) = Jn;/p;

and making the usual chi-square correction for a 2 x 2 contingeiicy
table, one obtains the median detector

N 2
Q1= = (I12ny; - n] -1) (41)
On setting p, = (s +1)'1, r =2 and ¥ =1, one obtains, on
simplifying,
s+l
_ (s+1)N _nN
Q1= 57— < m T = (42)
The Matusita modification yields
s+l ) s+l
A 1
_ Nqs Moy \ — —
Ui = z - 2t ) =2 1—\/_ z N
7:‘:1 n m nm i=
(43)

As an illustration of the computations one might consider
the following example.

Example 9.
PFA o =.005 n=20; m=16

36 2
¢, detector: Decide YES iff (12n,, - 20] -1)

(20)(16)
=.450 (|nyy - 10| - .5)*> 7.88 (the 99.5th per-
centile of the chi-square distribution with 1
degree of freedom)

i . e (4)(36) z 2 (20)(36)
¢4 detector: Decide YES iff 20)16) . Ny ==

4

= .450 z n3;2 = 45 > 10.60 (the 99.5th per-
=1

centile of the chi-square distribution with 3

degrees of freedom)
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@ ', detector:
ik Somiishibeistnl

PS Data (X;):
n =20

Pure Noise (I;):
m=16

4
1

J(20)16) i=l

Decide YES iff 2| 1 - ny; Nag

4
=2 -.112 z VNMe; > q(.995) [where g(.995)
‘1

is the as yet untabulated 99.5th percentile of the
distribution of Matusita's?® two-sample statistic ].
-.44, -.10, -.41, 1,08, -.77, -1.65, 1.19, -.55
-2.05, 1,04, .05, 1.88, .31, -.96, -.18, .52
-1.41, -1.28, .10, -.39

-1.18, -1.31, .52, -.08, -.86, .41, 1.98
.15, 1.14, -1.95, -.45, 1.28, -1.55, 67
1.18, -.31
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Sample

Computations

, Z(r) Designation for @5, Q4 @'4
1 -2.05 X

2 -1.95 r

3 -1.65 X

4 -1.55 Y five X's
5 -1.41 X four I's
6 -1.31 r

7 -1.28 X

8 -1.18 r

9 - .96 X

10 - .86 r

11 - .77 X

12 - .67 Y

13 - .55 X five X's
14 - .45 Y four I's
15 - .44 X

16 - .41 X

17 - .39 X

18 - .31 r

19 - .18 X

20 - .10 X

21 - .08 Y

29 .05 X six X's
23 .10 x three I's
24 .15 ¥

25 .31 X

26 .41 ¥

27 .52 X

28 .62 Y

29 1.04 X

30 1.08 X

31 1.14 Y four X's
39 1.18 Y five I's
33 1.19 X

34 1.28 ¥

35 1.88 X

36 1.98 Y




From observing the ordered values above one can construct
the necessary tables for computing ¢,, ¢,, and @', (tables 10 and
11).

Table 10

For computing ¢,
&

2y

Interval ! x| Y | TOTALS
(==, Z(18)]

10 8 1
1st half 8
(Z (18), =)

10 8 18
2nd half
TOTALS 20 16 36

Table 11
For computing ¢, and @'4
%
Q’«O

Interval !l X Y | TOTALS
('°°’ Z(Q)] 5 4 9
1st quarter
(209, 2(18)] 51 4 9
2nd quarter
(2@8), Z (2] 6l 3 9
3rd quarter
4th quarter
TOTALS 20 16 36

Using the given formulas one finds:
@ = .113 < 7.88 and the ¢, detector decides NO;

@4 = .90 < 10.60 and the @, detector decides NO; and




(:'4 = .022. (Sinee the Q'4 has not been tabulated no deeision
can be made here.)

Optimum ehoiees of the number (s+1) of intervals and other
topies related to goodness criteria will be treated in Section E.

B. MODEL Il RUN-BLOCK DETECTORS

This elass of deteetors is also based on the measures of
relative "interspersion.'" An X-run in the ordered eombined sample
is a conseeutive sequenee of X's immediately preeeded and imme-
diately succeeded by Y's. A Y-run is similarly defined. If the PS
data and the pure-noise data have identieal cpf's, one feels that the
two samples should be well interspersed and that, therefore, the
total number of runs, i.e., the number of X-runs plus the number
of Y-runs, should be relatively large. On the other hand, if the
pure-noise (or I) cpf and the PS (or X) cpf are as illustrated, one
expects that the number of runs will be relatively small.

F, (PURE NOISE)
F, (NOISE PLUS SIGNAL)

F(x)

A. "Location" B. '"Spread"
alternatives alternatives
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Once the eombined sample is ordered it is a simple matter
to ealeulate the total number of runs. However, it is of some
value to give an explicit formula for caleulating this total number
of runs. To that end, one first notes that

€1 =€ [BZ3E+)) - Fy(2(3)) -1/2n] =1 iff Z(i+1) is an X;

0 if both Z(i+l) and Z(%) are X's or both are ¥'s
Ei41-€; = 1if Z(i¥1)isan X and Z(7)isa ¥
| -1 if Z(i+1) is a ¥ and Z(7) is an £;

1if Z(i+1) and Z(i) are from different samples

lesn-€sl= 0 if Z(7+1) and Z(%) are from the same sample;

n-1
z |€;+1-€;|= number of changes of sample Z-to-1 and I-to-X
im1 in the ordered eombined sample;

and that the total number of runs is therefore

n-1
E=1+ Z Ie[Fn (Z(i41)) - F (Z(3) -1/2n]
=1
- e[F, (2(3) -F (2(3-1) 1/2n]] (44)

Closely related to the run-detector is the detector based on
the number of empty Y-bloeks. Originally, a ¥ -bloek was defined
as the interval between two suceessive Y's in the eombined sample.
A large number of empty Y-blocks would indieate that the samples
were not well interspersed.

The m Y-values 1;,+++, ¥, give rise to (m+1) bloeks:
(-=, Y)], (Y1), 7(2)], - , (T(n-1), Ym)], (¥(m), «). The
number of empty Y-bloeks is found to be

m+l

&= (m¥l) - Z ¢ [(T()) - Fn (7(7-1) - 1/2n]
= 15)

where Y(0) = - o and Y(mtl) = +teo.
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More generally, one may wish to consider blocks deter-
mined by certain percentiles of the ¥ (or pure noise) sample. Let
0=gy<g,<-++ <gy < Qg4 =1 be probabilities such that each
mq, is an integer; then a more general empty-block statistic is

E(m,m, gystcy gy ) =(sH1)
s+l
- z € [Fn (Y(ng))) - Fn (X(mq;,)) - 1/2n] (46)
J=1

The detectors based on statistics (45) and (46) are, of
course, immediate extensions of the Model I empty-cell detector.
The Model II extensions of the Model I spacing detectors are based
on statistics of the form

S+1
S(n,m;ql,"',qs;r, ‘II)= z Fn(Y[(m+1)qJ])
J=1
- A(eeL) - @ - g @7)

where 0 = p< Q< <Qg < g =1

Corresponding to the Model I situation there are two special

cases,
. m+l

S(n, m) = Z B, (2(5)) - Fn (Y(J-1)) m—fq (48)
J=1
m+l

z . 1 )2

Sp(nym) = 2, |B (T() - Fo (F(G-1) === | (9)

J=1

For the final detector discussed in this section, one con-
siders a statistic specifically designed for the one-sided situation
just illustrated (A, in preceding figure). It is the Epstein-Rosenbaum
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statistic which equals the number of X-values exceeding the last
Y -value, i.e.,

L'=n[1 - F, (¥(m)] (50)

Since the last order statistic Y(m) is relatively "unstable, "
one quite often makes use of the more general statistic

L(n, m; q) =n[1 - F, (¥(mq))] (51)

the number of X-values exceeding the 100¢g* percentile of the
Y-sample.

Before giving an example of the use of the statistics de-
scribed above it seems worthwhile to comment that except for Tf,
the statistics described above are asymmetric, in the sense that
one is working with Y-blocks or Y-runs. Detectors with similar
rationales could be constructed if one considered X-blocks and
X-runs. Also there is some merit in considering the sum of the
statistics based on the & -blocks and the Y-blocks. This latter

technique is used in constructing E which is the sum of the number
of X-runs.
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Example 10.

Consider the data of Example 9 with n = 20;
m =16; and PFA«a = .005,

Cum. No. Cum. No. of

+ | z(+) | of Runs Empty Y-blocks | L' | L{n,m..75) |F (YD)} 125] = [Fa(¥(D) - Fal¥(7-1)) --1—,1,-| 10%0;2
1| x 1 0 :
2 Y 2 0 .05 | .05-0-.059] =.009 81
3 | X 3 0
4 Y 4 0 .10 | .10-.05-.059] =.009 81 )
5 | ¥ 5 0
6 Y 6 0 .15 |.15-.10-.059| =.009 81
7| x 7 0 -
8 ¥ 8 0 .20 |.20-.15-.059| =.009 81
9 | T 9 0
10 | ¥ 10 0 .25 |.25-.20-.059] =.009 81
1 | x 11 0
12 Y 12 0 .30 |.30-.25-.059]| =.009 81
13 | 7 13 0
14 Y 14 0 .35 |.35-.30-.059] =.009 81
15 | ¥ 15 0
16 | ¥ 15 0
17 | ¥ 15 0
18 | ¥ 16 0 .50 |.50-.35-.059|=.091 8281
19 | T 17 0 N
20 | X 17 0
21 Y 18 0 .60 |.60-.50-.059| =.041 1681
22 | ¥ 19 0 R
23 | X 19 0 o
24 Y 20 0 .70 ].70-.60-.059] =.c41 _l T
25 | X 21 0 1 ! o
26 Y 22 0 .75 |.75-.70-.059] =.009 81
27 | X 23 R
28 Y 24 0 .80 |.80-.75-.059| =.009 81
29 | & 25 0 1 1
30 | ¥ 25 0 2 | o
31 Y 26 0 2 | .90 L |.90-.80-.059| =.041 168‘1- )
324 Y 26 1 2 | 90 l_ |_.9o-.90-._05_9_| .059 i 3481
33 | X 27 1 3 ' ' ] ' )
34 : 28 1 3 | -9 |-95-.90-.059] =.009 81
35 : x 29 1 4 t -
36 1 Y 30 1 0 4 | 1.00 |1.00-.95-.059] =.009 81

! .372 17,696

7 =30 1 '=0{ L(n,m,.75)=4 | (n m)‘—'.372' 5(n.m) =.018
»




The decision rules are:

R detector: Decide YES iff & = 10.

¢ detector: Decide YES ifft &P )S 19 576

where p(g) =n?/N =11.11
o(e) =nm/N¥%=1.48

L' detector: Decide YES iff 20 [1 - 7, (¥(16))] =7.
(Note: The value "7" corresponds to PFA a =
.01. There are no tabulated values for a =
. 005 cs of this writing. )

L(n,m, .75) detector: Decide YES iff 20 [1 -~ i, (7(12))]
=71 - p(a)] +1where [q- q(a)]-

ple) [1-p@] |
n

consequently, n[l - p(a)] +1 =15.

1-q))% -
Q(mQ)g =¢I>1(a)a.nd,

17

S(n,m) detector: Decide YES iff Z I‘ﬁ’“‘ (Y(j)) =
1 J7
Fn(Y(j-1) - 1| = by, where b, is the untab-

ulated 99. 5th percentile of the S(n,m)
distribution.
17

So(n, m) detector: Decide YES iff z
J=1

o (Y ()~

1 2
F(Y(j-D) - = = ¢,, where ¢, is the untab-

ulated 99. 5th percentile of the Sy(n, m)
distribution.

Consequently, the P’T, &, L', and L(n, m, .75) detectors
decide YES. Further, since b,and c, are unknown, the decisions
of the S(n,m) and Ss(n, m) cannot be determined.

Optimum choices of g and other topics related to goodness
criteria will be treated in Section ITTE.
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C. MODEL Il RANK-SUM DETECTORS

The detectors of this type are generalizations of the detcc-

n
tor based on the statistic 7 = z R (X;). The intuitive justifica- .

=1
tion for the use of this statistic is as follows. If F, > F} (see
illustration, p. 41), then the X distribution is stochastically larger
than the Y distribution, and one expects that in the ranked com-
bined sample the X values will occupy the upper ranks. Hence

n
1
14 == z E(X;) will be significantly large.
=1

In order to determine which values of R(X;) are "'sig-
nificantly large" or "'significantly small,' one needs tables other
than those previously used. Therefore, one might ask which con-
stants can be used in place of the ranks, to permit use of the
"standard tables'' and satisfy certain goodness criteria. One, then,
is going to consider statistics of the form

n
1
et YRR (52)
i=1

where 7 is an appropriately chosen function. Table 12 presents
some usual choices of h.

T

1
Table 12. Statistics — z h[R(X3)]

i

i=1
Corres.
1-Sample Two-Sample
Statistic Statistic h(r) (Expectations) hy{r) (Percentiles) -
2 . BYIRAR
z Fisher-Yates- E[E)] #] +(575)
Van der Waerden
= . _.r - r\__ 1 .
U M:llmn-Whltnoy— E[EmI1 U] = T Jo I(IV " 1)~ =
Wilcoxon
N
N+1
T Savage EE(r) | He )= z 17| B2 L V=1n ]
j=N-r41 e (N+1) N+1-7r
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Where ®, U, and H, are, respectively, the cpf's of the
standard normal, standard uniform, and standard exponential dis-
tributions (see Section IIC); {(r) is the rth order statistic of a
random sample §W1 y Woyoee, Wnt from a population with cpf H;
and £ [W(r)| H] is its expectation.

Historically, the Fisher-Yates detector was studied first.
In an attempt to attain approximate or asymptotic normality one
replaces each R(X;) by E )W [Rx)] | @t to obtain the statistic

3

7(3) =% Z v 2] | 2. 53)

=1

This statistic turns out to be asymptotically normal, but
for small or moderate values of n and m, special tables of signifi-
cance levels are needed. Further, one needs the not-too-common
tables of expected values E [W(r) | ] of normal order statistics.
To circumvent this latter difficulty (which does not exist for U,
and H, since explicit formulas are available in these cases), one

introduces the statistic based on percentiles 31 (ﬁ) , i.e.,

n

1 -1 R(Xy)
(@)=~ z 3 <—N+1>. (54)

=1

Since there is no apparent reason for restricting considera-
tion to statistics related to ¢, one naturally extends consideration
to statistics based on U, and H,and, finally, to those based on
arbitrary strictly increasing cpf's. The general rank-sum detec-
tors are, hence, based on statistics of the form

n

V'(H) =nl z £ {W[RX;)] | ¥ | and (55)
i1
n

V(H) =% Z ' ;(’ii)l] . (56)
i=1
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Before illustrating the necessary calculations, one should
note the following:

1. In practice, one usually employs principally those detectors
for which #= &, U, or He. These restrictions, as in the
one-sample case, coincide with certain seemingly unrelated
information theory results.

2. The statistics V(X) and V'(¥) are primarily designed for the
one-sided situations as illustrated on page 41. Several de-

tectors for other types of situations will be discussed after
the numerical example.

3. In the one-sample case, the corresponding rank-sum de-
tectors are based on statistics of the form

1 n
K@#H) =+ B [F ()] .
%

Since Fy, (X,) is the percentile rank of X;, one might be led
to consider statistics of the form
n
1 -1
Py HR (X)) .
=1
This statistic is not well defined, since F~!is only defined
for numbers between 0 and 1. The next step in the evolu-
tion is the detector based on
n

1N alRE)
n & H[NI]’

which would be well defined except for the fact that
H™(1) =, if H is a strictly increasing continuous cpf. The
final result is, then, the given statistic V(X).

4. For the case H = Uy, Uo'l(u) = y whenever 0 < u <1 and,
hence,

1 R(X;) _

7
. 1
= 2y T izl R() (57)
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which is equivalent to the more usual

n n
1
= z E(X;) or z EX),
=1 =1

the Mann-Whitney-Wilcoxon statistic. Further, V(U,) =
V'(Uo)-

Finally, to facilitate the computations in the example below,
one needs to know the following theorem (see ref. 8, p. 500):

Theorem 7. If F,=Fy, i.e., if the PS data are pure noise,

then
n
1
(i) the statistic 7, = z h [R(X3)] has
=1
N
1
mean E(V,) == z h(r)
N
r=1

and variance

- " N [ 2
var (V}-) = n—]\;:? <N___i> z hz(r) —N—"l z h(]')

r=1 r=1
and
(ii) the statistics
V) - E e g 'V'(H) -£ [v'(@#)]

have asymptotically a normal distribution for ¥ =&, U,,
and H.
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Example 11.

PS data (X;): 18.1, 14.3, 15.2, 14.5, 17.9, 17.5, 15.3, 16.5,

17.1, 16.6

Pure-noise data (T;): 14.2, 15.4, 16.4, 17.7, 18.2, 17.3, 15.1,

Using normal approximations, one derives thec decision
rules below for the detectors described above and for the one-sided

16.1

alternatives illustrated on page 41.

V(U,) detector:
Decide YES iff

V(®) detector:
Decide YES iff

V (He) detector:
Decide YES iff

V'(H.) detector:

Decide YES iff

V'(®) detector:
Decide YES iff

The ranked data and computations are best given in tabular

form.

V(Ulo__.)4;)$'5 < -2.326.
__V(‘f’)zgzo < -2.326.
@mﬂ < -2.326.
V'({fizsg‘_l < -2.326.
% < =-2.326.

Consider the situation for which n =10,
m =8, N =18, PFA @ = .01 and the data are as given.




. (Van de s V' (He)
(Mann-Whitney (Fisher- hg(r) =
k) -Wilcoxon) Wa;rg\e n) Yates) V(He) v
E‘ (V+1) V(Uy) fl’ r V' (®) hy(r) = 2 1/
n 2r) & hry=r hy(r)= & (m> ha(r)=E [$(r) | €] | In(V= 1) = In(N+1-r) | j=N-r+1
1 14.2) ¥ 1 -1.62 -1.82 .054 .056
2 14.3| X 2 -1.25 -1.35 111 .115
3 14.5 | ¥ 3 -1.00 -1.07 17 177
4 15.1| ¥ 4 -0.80 -0.85 .236 .244
5 15.2| X 5 -0.63 -0.67 .305 .315
6 15.3| X 6 -0.48 -0.50 .379 .392
7 15.4| ¥ 7 -0.34 -0.35 .459 .476
8 16.1| ¥ 8 -0.20 -0.21 .546 .566
9 16.4| ¥ 9 -0.07 -0.07 .641 .666
10 16.5| X 10 0.07 0.07 .747 777
11 16.6 | X 11 0.20 0.21 _ .864 .902
12 17.1| X 12 0.34 0.35 1 .998 1.040
13 17.3| ¥ 13 0.48 0.50 ! 1.152 1.212
14 17.5| X 14 0.63 0.61 1.385 1.412
15 17.7| 1 15 0.80 0.85 1.558 1.662
16 17.9) X ism I Too' [ 1.07 1.845 1.995
17 18.1| X 17 1.25 1.35 2.251 2.495
18 18.2| ¥ 18 1.62 1.82 2.944 3.495
Zh(r) Y | 0 0 16.60 18.00
Zh3(r) 2109 13.23 15.75 26.23 32.50
E(V,) 9.5 0 0 .922 1.00
var(V,) 1.979 .0540 .0643 .0286 .0592
Jvar (V) 1.407 .232 .254 .169 243
v, 9.6 .013 .013 .901 .962
v, = E(T) ’
—_\W 071 .056 .051 -.124 -.156

Therefore, each of the detectors decides NO.
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One should note here the following useful lemma.

Lemma. If Uis a random variable with cpf Uy, then for each
strictly increasing continuous cpf #

H~Y17) is a random variable with cpf #; and

E{glr-t(n]| Uot = E[g(w)|H] whenever such expectations
exist.

Consequently, one can rewrite the statistics

n
1
V'H) = z E{wir(x;)] | #}
=1
as
n
1
v == > EEYIR(O)] | 0} (58)
i=1

Recent results!®''?indicate that the statistics 7Y(H) are special

cases of the more general class of '"locally most powerful" rank
statistics. They are of the form

n

rmey== S (5ol (o]} (59)

1=1
where

[7(7) is the ith order statistic of a sample of size ¥ from [J,;

Jo'(12) =§_9 In hy'(n) beo
“lo

{he} is a family of cpf's on the unit interval (0, 1) such that
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dhg
] =] t =— 3 —
hgo(_z) 1w, and hy 7, s non-zero for all © and 9.

[Model TI detectors based on these statistics correspond to the
Model I detectors discussed immediately preceding Example 7
(p. 45)].

Special examples of these statistics are

Uo:l (60)

(2.7 N[R(Xz)]})
E 3 Uo (61)
[

n

% z E[(@‘I{U [R(Xﬁ]})z

=1

3| =
M =

ote o))

=1
and

{v[R(x)]}
o[k ral})

;flr—a
M =

(62)
=1

H, is the cpf with derivative [m(1 +=2)]71 .

The figure on page 76 illustrates (A) detectors based on
equation 62, primarily designed for "location' alternatives, and
(B) detectors based on equations 60 and 61, used principally for
"spread' alternatives. In each of these cases there are difficulties
in computing and tabulating the expectations Z [W(r) | H] , as well
as in attaining predetermined PFA o's. To prevent these diffi-
culties, one should consider the detectors which make use of arti-

ficial noise generators, as discussed and diagrammed in the
follcwing section.

89




PS DATA
RN &

D. MODEL Il ARTIFICIAL NOISE DETECTORS

In attempting to obtain the desired preassigned PFA and to

tabulate the distributions involved, one should consider an adapta-

tion of a statistical result reported by Doksum.

RANKER

A. Overview.

11

PS DATA
200 0l pETECTOR| O YES
; ; NO
KNOWN ARTIFICIAL
PURE-NOISE| |NOISE DATA
DATA WITH
Tirernn DESIRED
L CPF ¥
Wistoe, WN

B. Detailed sketch.

R(Xl)-°'°'R(Xn)- R(Yl)-”"R(ym)

i

KNOWN
PURE-NOISE
DATA
yl NCEER YL‘.
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DATA

CONVERTED DATA
WRZD]) oW [RUZ,)]

CONVERTER

W),

RANKER
AND DATA
BUFFER

t
ARTIFICIAL
NOISE DATA

WITH
DESIRED

CPF #
Wioto oWy

Tty W(N)

Detector employing artificial noise.

DECISION}—O YES

MAKER

NO




The mathematical basis of the method to be described is
theorem 8, which is proved in reference 11.

Theorem 8. If Z;,*-+, 7 and W, **, Wy are independent
random samples with common continuous cpf's & and #, respec-
tively, then W[E(Z;)], -+, W [R(Z;)] (i) has the statistical distri-
bution of a random sample with common cpf 7, and
(i) R{W[R(Z;)]} =R(Z)for i=1, 2,---, V.

The result of theorem 8 is that on replacing each Z-value
with the W/-value of the same rank, one is able to replace a random
sample with cpf ¢ by a random sample with cpf #, while preserv-
ing the ranks on which the Model IT detectors will base their YES-
NO decisions.

Since the Model II detectors under consideration are rank
detectors, and since the described transformation preserves the
ranks, there is no loss of information, but a gain of tractability,
convenience, and economy in using the transformation with a
judicious choice of the ¥ cpf H.

As just illustrated,
1. the combined sample X, -, X, ; ¥;,**, ¥, is ranked;

2. a random sample Wy, Wy, -+, Wy of artificial noise with
common cpf H is generated;

3. each combined sample value X; or Y; is replaced by the

W -value W[R(X;)] or W[R(Y;)] which has the same rank;

4. an appropriate statistic is evaluated with the i inputs
W(Xl)s s, WX W(Yl)’ *e, W(Yy,)s and

5. on the basis of this computed value, the detector decides
YES or NO.

(To make use of such a detection procedure, one needs, in
addition to the equipment used by previously described detector
models, a random noise generator capable of generating a i
sample having the desired cpf 4.)
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The major question at this pcint is: Which statistics are
appropriate for the transformed data?

To answer this question one first considers statistics of the
form

n

1
V') == z E{w[R(x)]IH}

i=1

Since for fixed n, m , and hence for ¥, the N expected values
Elwq@)y | H],+-, E[W() | H] are fixed, the set of values
E{w[Rxy] | B}, -+, E{W [R(X,)] | H} uniquely determines and
is determined by the E{W[R(¥))]| B} ,---, E{w [R(¥,)] | H} .
Therefore, the statistic V'(#) is equivalent to the statistic

n m
1
TUE) = z E{Ww[Rx)] | £} - Z E{w[r(z;)] &}
=1 7=1

SHES

For non-artificial noise detectors it is more convenient to
work with V'(H) than with V'"'(¥), since the former statistic requires
less calculation and is equivalent to the latter.

For artificial noise detectors, it is proposed that the ex-

pectation signs "E' be dropped and that one consider statistics of
the form

n
~ 1
T(H) == z W [R(X;)] (63)
i=1
and
n m
1 Z B 1
T(H) =- WIR(X;)] - = WR(Y;)]  (64)
n = mo = :
1=1 7=l
wheve I/}, -, I/, is a random sample of artificial noise generated
with common cpf 7. Since the values #(1),---, I/(¥) are not fixed
as are the £ [W(1) | B]), -+, E[¥ )| H], the statistics I'(H) and

T(H) are not equivalent as are V'(%) and V7'"(H). It is clear that




T(H) does not make use of all the randomly transformed data; and it
has been proved11 that under some usual (translation) alternatives
and for large sample sizes, detectors based on T(H) have approxi-

n
mately the fraction I of the PFD B of detectors based on T(H). For

that reason attention will be restricted to detectors based on the
statistics I'(H).

Before illustrating the technique outlined above it is neces-

sary to state the following theorem, which will be employed in the
example.

Theorem 9. If the pure-noise and PS-data cpf's are equal,
and Wy ,---, ¥y is a random sample generated by the artificial
noise generator with cpf X, then I'(H) has the distribution of the
difference of means of independent random samples of size n and

m, respectively from populations with cpf's equal to H. In
particular,

(i) if H=&,Vnm/N T(®) has cpf ¢;
(i) if H=Uo, and n=m = N/2, then .5 [1 + T(U,)] has the cpf

of thc mean of a random sample of size ¥ from [,, i.e.,
its density is

, - V-1
N/ -1y z (-1)’ <f) (;c - %)

where the summation is over r = Nz;

(iii) if #= He, and n =m = N/2, then I T(H,.) has the cpf of thc
differencc of two independent chi-square variables, each
with V degrees of freedom; and

(iv) v 3N T(U,) and \/;/? T(H.) are asymptotically ¥(0,1) when
n=m=N/2.

It should be remarked that with reference to (iv) of Thcorem
9, the normal approximation is ""adequate" for n = m = N/2 =10.
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Example 12. Consider the situation for which n =m =10,
N =20, PFAa =.05 and the data are as given.

PS data (X;): 18.1, 14.3, 15.2, 14.5, 17.9, 15.3, 16.5, 17.1,
16.6, 18.4

Purs-noise data (¥;): 18.3, 17.5, 14.2, 15.4, 16.4, 17.7, 18.2,
17.3, 15.1, 16.1

Using results (i) and (iv) of theorem 9, one derives the fol -
lowing decision rules for the case (F, > F; ) illustrated on page 41.

T(®) detector: Decide YES iff Vnm/N T(®) =2.236 T(&) < -1.645
T () detector: Decide YES iff V3N T(Uo) =7.746 T(U,) < -1.645

T(H,) detector: Decide YES iff Vn /2 T(H,) = 2.236 T(He) <-1.645

The detectors above need artificial noise samples generated

from &, U, and H, distributions, respectively. One such collec-
tion of samples is as follows.

& artificial noise sample: 2.455, ~-0.531, -0.634, 1,275, 0.046,
-0.525, 0.007, -0.162, -1.618, 0.378, -0.057, 1.356,
-0.918, 0.012, -0.911, 1.237, -1.384, -0.959, 0.731,
0.717

Uo artificial noise sample: .950,

.455, .317, .869, .358, .853,
. 540, .985, .266, .373, .920, .164, .998, .073, .495,
.496, .641, .417, .906, .903

Hg artificial noise sample:

.623, .272, .511, .294, .257, .639,
.818, .165, .110, .691, .606, .317, .219, .428, .223,
. 275, .051, . 544, .492, .466
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Table 13

Artificial Artificial Artificial
Noise { ¥, } Noise {#; } Noise {;}
r Z(r) Sample for T(®) for T(U,) for T(H,)
1 Y 14.2 -1.618 .073 .051
2 X 14.3 -1.384 .164 .110
3 X 14.5 -0.959 .266 .165
4 Y 15.1 -0.918 317 .219
5 X 15.2 -0.911 .358 .223
6 X 15.3 -0.634 .373 .267
7 Y 15.4 -0.531 .417 .272
8 Y 16.1 -0.525 .455 .275
9 Y 16.4 -0.162 .495 .294
10 X 16.5 -0.057 .496 .317
11 X 16.6 0.007 .540 .428
12 X 17.1 0.012 .641 .466
13 Y 17.3 0.046 .853 .492
14 Y 17.5 0.378 .869 .511 )
15 Y 17.7 0.717 .903 .544
16 X 17.9 0.731 .906 .606
17 X 18.1 1.237 .920 .623
18 Y 18.2 1.279 .950 .639
19 Y 18.3 1.356 .985 .691
20 X 18.4 2.455 .998 .818
N
z Wi .519 11.979 8.001
1=1
n
ZW'[R(Xi)] .497 5.662 4.013
1
m
z WIR( }j.)] .022 6.317 3.988
1
T(H) .0475 -.0655 .0025
On the basis of these computations, all three of these detectors decide NO.
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For generating artificial noise with a given strictly in-
creasing continuous cpf 4, it is often most convenient to make use
of the lemma on page 88, One first generates uniform random
numbers, Uy, -, Uy, i.e., random numbers with cpf Uy; and then
transforms them using H~1to obtain the sample H'I(Ul), cee, H1 (Uy)
which is statistically equivalent to artificial noise fror: in
" H-generator. "

Uo GENERATOR Ops Ugse\Uy I Wiete s Wy
(O35} 16 DIO "ICONVERTER
DIGIT GENERATOR)

[w, = B W) fori =1, -+, V]

Artificial H-noise generator.

From these considerations one sees that the statistics

n m
1 1
T = Z vir)] -~ Z W[E(Y;)]
1 1

can be rcwritten as

m
ZH‘ vlR(r:)H}
1

(65)

n
0= Z HHUR @]}
)

Sl'—'

Corresponding to the results mentioned in the latter parts
of sectionsIIBand IIIC, itis found'? that detectors based on the

statistics T'(H) are spccial cases of detectors based on statistics
of the following forms:

n . m

1 1
T(h.0) =~ Z Jp {U R (x)1} o Z Jo {U[R(x;)]}
= 7= (66)
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and

n
1 )
T'(h,09)=; z 20 Jo {U[R(E)]} Ie:eo

1=1
mn
1 )
3 L o S TR} 1, ©7)
J=1
where
Jo (u) =1n hg'(u);
U() <--- < Ul) are the order statistics of a random

sample from Uo; and

{ho } is a family of cpf's on the unit interval such that
dh

ho'= a-o exists and is positive on the unit interval, and

hgo w)=u.

The most common versions of these statistics are with

o | _F(rtw))
J =
ag 7o) |0=0O Fo(F(w)
and with
3 [ (7 w)] FH(w
—_ J(U.) =
26 °° 0=0, Fr(FE(W))

where F is an arbitrary strictly increasing cpf with two derivatives.
The first of these two types is primarily for "location" alternatives,
and the detectors based on statistics of the second type are for
"spread'" alternatives.
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E. GOODNESS CRITERIA FOR MODEL Ii DETECTORS

As was the case for Model I detectors, all goodness criteria
will be based on PFD B (for fixed PFA o), and since these Model I
detectors are SDF, the PFD will be a function solcly of £, _/7’1’1 :
Further, because of the multitude of possible alternatives it is physi-
cally impossible to make a ''reasonably'' complete tabulation of
PFD. Consequently, one is led to a comparison of detectors based
on (1) max-min power for one-sided bands; (2) PFD for Rayleigh
alternatives; (3) ARE; and (4) LM PFD (locally minimum PFD) and
ALM PFD (asymptotically LM PFD).

1. Minimum PFD for One-sided Bands

The results here are adaptations of the statistical work of
Bell, Moser, and Thompson,!® which is a partial extension of the
statistical work of Chapman.? One first considers, for each
strictly increasing continuous pure-noise cpf f5, the family
G (fo, A) of noise-plus-signal cpf's F;} satisfying (1) /; < F, and
) m;lx [Fo(r) - Fi(x)] =A. (Anillustration is given on p. 47.)

In order to apply the max-min PFD criteria one must compute both
the maximum and the minimum PFD for F, vs. noise-plus-signal
cpf's in the one-sided-band family G (%5, A). Unfortunately,

Bell, Moser, and Thompsonm were unable to derive a reasonable
computation procedure for maximum PFD. The only results avail-
able are those for minimum PFD, as given in the graphs on pages 99-
111. Here the PFA = .01 or .05; B is plotted vs. A; and the sample
sizes range from n =4, m =5 to n =10, m =10. These graphs

are based exactly on the complete set of computations of Bell,

Moser, and Thompson, with the same cases omitted. Those

labeled A through L represent the results of the use of accurate
approximation formulas, while the curves in the M graph are the
result of Monte Carlo calculations for T'(®) with 1000 trials per
point. It is felt that since other Monte Carlo computations in this
study are based on 10,000 trials per point, the results for T(®)

are somewhat less accurate than the other Monte Carlo computations.
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Minimum PFD for one-sided noise. (Continued)




Minimum PFD for one-sided noise. (Continued)
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On the basis of the Bell-Moser-Thorapson calculations for
the Fisher-Yates, Epstein-Rosenbaum, Savage, Van de Waerden,
Mann-Whitney-Wilcoxon and Cramér-von Mises Model II detectors,
one concludes:

a. On the basis of minimum PFD,

TN@)} (@)} T =T} T EIH LT~ i)

~ ~

where
= very slightly better than

= slightly better than

= U=~

better than

Il

} = much better than

4
]

= approximately equal

b. The max-min criterion cannot be applied here until com-
parable maximum PFD calculations are made.

2. PED for Rayleigh Alternatives

One next considers comparison of the Model II detectors on
the basis of Rayleigh alternatives, which are considered quite im-
portant in signal detection (see illustration, p. 53). Because of
time limitations, computations were made only for D(n,m),
DYn,m), W¥(n,m), and V(Uo); for 6 =2 and 4; and for sample size
combinations (5, 5), (5, 10), (10, 5), and (10, 10). For computa-
tional convenience the curves are plotted in the form @ vs. § for
the cases mentioned in the following figures (p. 113-116). On the
basis of these computations one concludes:

a. For Rayleigh alternatives

T }D7(nsm) }} w3(ns m) | D(nsm)

b. If one wishes to use a Model II detecior which (besides its
DF property) performs well against Rayleigh alternatives,
one should choose a V() detector, and avoid using a
D(n, m) detector.
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3. Asymptotic Relative Efficiency (ARE)

The ARE results for Model II detectors are exactly the
same as those for the corresponding Model I detectors. In fact
one has the following theorem from Bell and Doksum.!!

Theorem 10. Let H be a strictly increasing continuous cpf
with second moment; and let {GV} be a family of noise-plus~
signal cpf's satisfying (a) Gy = %, and (b) lim /G’-N dfy, =las ¥
tends to infinity. Then one has &

Ay, V(8] =AE), )] =AVE), TE)] =1

for Model II detectors; and in comparing Model T and Model II
detectors,

A[K(H), K(H)]=A[V(H), V'(H)] = A[V@#), V(E)] = A[T@E), T(E)] =1

for all (sufficiently regular) 7 and H;. Consequently, one has for
translation alternatives table 14, which is an exact replica of
table 6. From this table one concludes:

a. that on the basis of known ARE's there is no clear-cut
ordering of the Model II detectors; but

b. that if one wishes good asymptotic performance (in the
presence of increasingly weak signals) for logistic type
distributions one should use a V(U,) or T(U,) detector and
avoid the use of the following detectors:

V(He), T(He)s VNHe)s VN(He)s T(He), T(H,)
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:omi ‘CH)I] V=

1.00

[CHYL «(°H) 4] V =
(CE)a CA] v

1.00

[C2)z CH)I]V =

.333

[Ca)z «CH) 4] V=
[(°a)a <CHIA]V

.75

[0z «CHI]V-=
[(Cmz B 4]V =
[(°m a4 *CH)A]V

.333

.75

[CH)Z “@)I] V =
[CH)L (@) L]V =
(CHYz “@)1] ¥

1.27

lm@v& “@)I] ¥ =

oooooo

(CH)Z @) 4]V =
(e @] v

1.27

() I “@z]v =
[Cn) @), 4]V =
[(%2)2 ‘@) 4]

Table 14. ARE's for Model II Detectors

1.05
o
o0
o0

<

.955

.85

.71

ARE's
Helz)

Negative exponential

TRANSLATION
ALTERNATIVES
Normal

B (2) =2 (2)
Uniform

Folz) = Uolx)
Exponential
Fo(z) = Hel2)
()

et, r=0

Logistic
Folx)

1+e—.7‘

Double exponential

r =0

et/ 2,

1-e%/ 2,2>0

Fo (2) =‘

Cauchy
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4. Almost Locally Minimum (ALM) PFD Model Il Detectors

Using the randomized statistics of Section III D and the
following theorem of Bell and Doksum?!2, one can construct ALM
PFD detectors for certain specified noise classes.

Theorem 11.  If conditions (i), (ii), (iii) and one of (iva),
(ivb) and (ivc) below hold for strictly increasing continuous pure-
noise cpf F, and the noise-plus-signal class {GG =he ' (Fo) } , then
a Model II detector which bases its YES-NO decisions on the
statistic

n m
1 1
T(hs0) =~ z o {UR X1} - 2 Jo {U LR ()]}
i=1 J=1

or on the statistic

n mn

T'(hs 60 =% z Jo' {UR )1} —% z Jo" {ULR(¥)]}

3=1 j=1

0
(where Jy(u) =In ho'(u); Jo'(1) = 5o In ho'(w) |
0 0=6o

and U/(1),---, U() are the order statistics of a U,~-random noise
generator) is ALM PFD.

Regularity Conditions:
(i) hy has a derivative hy', which, for almost all u, is con-
tinuous in some nondegenerate closed interval I(f,) contain-

ing 0,, and satisfies heo'(u) =1;

(ii) there exist functions /() and ¥;(u) integrable over (C, 1}
and such that for all u and all 6 in Z(6,),

0 < hg'(u) = Mo(u) and | hg(u)] =My(u);
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mn
(iii) 0 <lim Z=r < as N tends to infinity;

(iva) Jo'is the inverse of a cpf # with finite second moment;

1 f
2
(ivb) Jo'is convex, f [61w)]” du<wand J, is bounded
0 [ ]

below; and

(ive) there exists a continuous cpf 7 such that Jo'[[{(x)] is
convex, bounded from below, | f.rd[{(x)
[ % 5] =) <.

<, and

Table 15 gives the J, and Jp' for detectors which are ALM
PFD with respect to some special classes of noise-plus-signal
cpf's. Since the detectors in question are SDF, the functions J
and Jy' depend only on hy= Fj Fb'l .
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Table 16.

Statistical Distributions for Model II Detectors

Source of Tables, For-
mulas, etc. (numbers

Statistic Distribution refer to Bibliography)

D(n,m) (2-sample Kolmogorov- 21, p, 434 {f
Smirnov)

D (n.,m), D*(n, m)(2-sample, l-sided 21, p. 431 ff
Kolmogorov-Smirnov)

Wz(n, m) (2-sample Cramér-von 21, p. 443 ff; 23
Mises)

W+(n, m), [Equivalent to V(U)]

W= (Th m)

@1 Asymptotically chi- 21, p. 49 ff; 28, p.
square (median) 226 ff

Qin Asymptotically chi- 21, p. 49 ff; 28, p.
square (extended median)| 296 ff

@sﬂ Asymptotically chi- 21, p. 49 ff; 25
square (Matusita)

e (Empty block) 29, p. 446

S(n, m) (2-sampie Sherman)

So(n,m) (2-sample Kimball-
Moran)

! (Epstein-Rosenbaum) 21, 499 ff

(Moses "extreme 30
reaction')

V(Uo)s V" (Up) |(Mann-Whitney-Wilcoxon)[ 22, p. 325 ff

v " (q,)

Asymptotically normal
(Fisher-Yates)

8, p. 498; 31, p. 66

7 (®) Asymptotically normal 32
(Van de Waerden)
T(P) Normal (Doksum) 11, 12




YES
NO

T Xl,nl
DETECTOR

COMPARE
X3y » Byg > I1ng
Xy Xag» """ Xon,
Xy K2 """ 0 Xiny

IV. MODEL Ill DETECTORS

As mentioned in Section I, the Model III detectors are ex-
tensions of the Model II detectors. The region being searched or
examined is divided into k subsectors and the PS data from the k
subsectors are compared. The detector, then, on the basis of the
appropriate k-sample statistic, decides NO iff there is no signifi-
cant difference between the ¥ PS data samples:

Sector 1: X1y, d12,° 7+, A1,n

Sector 2: A1, X9z, Xon,

Sector % : Xkl , sz,' ccy Xk,n},
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The three "natural' subclasscs of Model III detectors are:
(1) Sample cpf (SDF Scheffe Model IM) detectors;
(2) Run-block (SDF Scheffe Model III) detectors; and
(3) Rank-sum (SDF Scheffe Model III) detectors.

These three subclasses are introduced and illustrated in .
the next section, where the following notation will be employed

n; = the number of data points in the i*? PS data sample;

k
k = number of sectors; and ¥ = z ng.
7=1

PS sample from sector i: X;q, X9, ", Xi,ni

Order statistics: X;(1) < X;(2) <+ -< X;(n;)

Combined sample: ;Zl,"', Zyf = ;Xu,"
X."h..., Xk,n;- f

s Aing st

Order statistics: Z(1) <--- < Z(N)

Degenerate cpf €, where €(z) = 0 or 1 according as
z<0or zr =0.

Sample cpf of ith sample: 7., where
n

- 1
Fi(zy == Z e(zx-X;;)

T =1
o

Combined %mple cpf: F_, where

- 1
F(2) =2 2 e(z - Zr)

r=1




Rank of Z;; in combined sample: F(X;;)
ni

Ri, = z B(Xi_.-), the sum of the ranks of the members of
J=1

the ith sample

Artificial noise: Wy,---, Wy

Order statistics: W(1) < -+ < W()
ni

Wip = z W[R (X;;)] , the sum of the artificial noise
J=1

values having the same ranks as the members of the th
sample

k n;
Wey = z z W[R (£37)], the sum of all of the artificial
=1 j=1

noise values

H: the cpf of the artificial noise sample

nig

B = . slwlr ;)] | £

J =1

kE n;
B = 2 D E{WIRGGp] ]

=1 j=1
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For some of the detectors to be described it will be neces-
sary to consider blocks of the order statistics Z(1) < --- < Z(¥).
The blocks are chosen tobe of equal size (if possible), and, conse-
quently (wherever possible),

b, the number of blocks, is a positive integer which
divides ¥ and

The b blocks of order statistics are, then,

[ v i am\| ...
LZ(l),...’ Z<—b.>:l, Z <.5+1>, . ’Z<?>J’ ’
[ N

\-ZN—-Z—)_*—] y T % Z(N)

n;; =number of members of the :th sample in the jth
block

() (F)




Further, it will be helpful to recall some of the more use-~
ful relations between these quantities

N
R(Xij): z E(Xi.'_Zr)=N f(X,;j)
r=1
K

_ 1 - = r

F=y 2 miFiea, F2e) =5
© o=
k ng k
> 2 1 -2
B(f;) =5 NN +1) = Ry

= J': =1

k k K

z Wiy Wi s z Eiy = Esqs z H; o= H+-;l

i=1 =1 1=1

k 2 k

z Wiw Wiy _ z WL+2 W++2

= e ni N 2 ng N

b k

z n7,7=ni, Z nij =N/b

Jj=1 1=1

One can now introduce and illustrate the model III detectors.

‘ A. MODEL Il SAMPLE Cpf DETECTORS

The sample cpf detectors are those Based on the given
statistics.
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1. Kolmogorov-Smirnov Detector

D(ny, -5 nk; s:¥)

k
=mgx z jIF—i (Z(r) =F(Z(r)) ‘ Vn; wlf[f(Z(r))]gk ,
=1

(68)
for which the most usual special case is
k
= P2
D(ny, -, nk; 23 1) = max z ng BE(Z(r) - — (69)
" li=1 o

2. Cramer-von Mises Detector

W(ni, =y np;s;¥)
I8

N
> Z § |7 (2()) - P2 | Vos 2 [T (20m)]
r=1 i=1

=

(70)

for which the usual special case is

N k
i 1 _ N+1) 2V +1
; (M, 52 1) =3 z zn F_.2(r,(,.))_( +)((5N+)

(71)
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3. Sign-Quantile Detector

Qnp s np3Qys° 79 q, 38, ¥)
m+l k
t=1 i=1
(72)
for which the most usual version is
k b 5
> D
Q(ny, vy ms D)= b =yt (73)

i=1 j=1

B. MODEL 1if RUN-BLOCK DETECTORS

Model 1T run-block detectors are used very sparingly, but
the most usual one is based on the Mosteller-Tukey statistic

],u\', length of last run, =max n; [1-7 (1. (n:))] (74)
Tt

C. MODEL Il RANK-SUM DETECTORS

Model IIT rank-sum detectors are based on statistics cor-
responding to the numcrator of the "¥ -statistic' in the ordinary
analysis of variance

k 5 k
- - -1,2
S(H = Z r- H'+1 - H++1 = z (Hi+ ) - H++2
i=1 ng N i=1 D4 N
(75)
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Usually one chooses H = U, to obtain the statistic of the
Kruskal-Wallis detector

[

- 2

12 ‘> Ri+
N(N+1) ;:1 n;

S(Uo) = - 3(V+1) (76)

1

or H = & to obtain the Model IIT Van de Waerder detector

k ( W2
Hi+-
S(®) = z (77)
1=1

ni

The detectors based on the expected values E[W(r)|#]in-

r
stead of the percentiles A ‘1< N——+_1> are those whose statistics are
of the form

k k
> Eo(H) E(D\ S B2 (H) 2 (H)
Sy = 3 n; N - n, N
=1 £ 7=1 v
(78)
SY(Uo) = 5(U,), and (79)
k 2
E;4(H)
S'(®) = z A (80)
;=1 n;

are the usual special cases of this statistic.

D. MODEL Iii ARTIFICIAL NOISE DETECTORS

The final Model III rank-sum detectors are those which
make use of artificial noise in making decisions. (See illustrations,

pp. 90, 96). The statistics employed here are based on an idea
of Doksum!! and are of the form
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' 2
~ z L’/1f+ W++ S‘ Wi+2 W++2
S(H) = Yi\n, TN = Lo - N 81)

where H is the cpf of the artificial noise random sample ¥y, -+, ¥, .
S’(@) is the most common version in use. (82)

To illustrate the computations involved, the following
example is presented.

Example 13. The region being searched is divided into four
subregions, and the PFA is set at @ =.05. The data from the sec-
tors turn out to be

Sector 1: 4.7, 4.1, 4.5, 7.6, 6.9, 5.8

Sector 2: 4.8, 4.4, 4.9, 5.7, 7.0

Sector 3: 4.3, 5.4, 3.4, 4.6, 5.0

Sector 4: 5.6, 5.3, 6.4, 6.0, 5.2, 6.5, 5.1, 4,2

Consequently, one has

k=4, n,;=6, ny=5, ny=5, ny =8, and N=24.
The decision rules for the various detectors are as given.

i detector: Decide YES iff 1= 4, the 95th percentile of the
Mosteller-Tukey table 33

¥2%@®, 5, 5, 8) detector: Decide YES iff ¥2 > 1.00, the 95th per-
centile of the Kiefer table >4

D6, 5, 5, 8) detector: Decide YES iff D > 3. 06, the 95th per-
centile of the Kiefer table.?

S(Ue) = S'(Up) detector: Decide YES iff S(U,) > 7.81, the 95th
percentile of chi-square distributions with 3 degrees
of freedom.
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S (@) detector: Decide YES iff S(®) > 7.81.

¢ (6, 5, 5, 8; 3) detector: Decide YES iff ¢ >12.59, the 95th per-

centile of the chi-square distribution with 6 degrees
of freedom.

Since all of the detectors being considered base their de-
cisions solely on functions of the ranks £( 4;;), the data may be
ranked as shown in table 17.

The last column of the table contains the ordered values of
the data produced hy an artificial normal noise generator: 0.344,
-0.664, 1.351, -0.429, -2.510, -0.148, -0.132, -0.605, 0.379,
0.394, 0.526, -1.354, 1.119, 0,705, -1.167, 0.256, -0.517,
-0.084, 1.553, 0.588, 0.336, 0.220, -0.177




Zn FEZ(Z(T‘)) T2 Not:x:;fll(;z:se
r| 20y | sample |y (2(r) | B @) | By (20 | By @) = S,00) 50y W ()
1] 3.4 3 0 0 .200 0 .200 .158 -2.510
21 4.1 1 167 0 .200 0 .367 200 -1.354
3| 4.2 4 . 167 0 .200 .125 .492 .117 -1.167
4] 4.3 3 .167 0 .400 .125 1.092 .425 -0.664
5] 4.4 2 . 167 .200 .400 .125 1.292 .250 =(.605
6| 4.5 1 .333 .200 .400 .125 1.791 .291 -0.517
7! 4.6 3 .333 .200 .600 .125 2.791 . 749 -0.429
81 4.7 1 .500 .200 .600 .125 3.625 .958 -0.177
91 4.8 2 .500 .400 .600 .125 4,225 .850 ~0.148
10] 4.9 2 .500 .600 .600 .125 5.225 1.058 -0.132
11| 5.0 3 .500 .600 .800 .125 6.625 1.583 -0.084
1214 5.1 4 500 .600 .800 .250 7.000 1.000 0.014
13{ 5.2 4 .500 .600 .800 .375 7.625 .583 0.220 3
141 5.3 4 .500 .600 .800 .500 8.500 333 0.256 )
15| 5.4 3 .500 .600 1.000 .500 10.300 .925 0.336
16| 5.6 4 .500 .600 1.000 .625 11.425 .T58 0.344
171 5.7 2 500 .800 1.000 .625 12.825 .783 0.379 B
18| 5.8 1 .667 .800 1.000 .625 13.993 .493 0.394
19| 6.0 4 .667 .800 1.000 .750 15.367 .325 0.526
20| 6.4 4 .667 .800 1.000 .875 17.013 ,346 0.588
211 6.5 4 . 667 .800 1.000 1.000 18.867 .501 0.705
2216.9 1 .833 .800 1.000 1.000 20.365 .199 1.119
231 17.0 2 .833 1.000 1.000 1.000 22.165 .123 1.351
24 | 7.6 1 1.000 1.000 1.000 1.000 24.000 0.000 1.553

> 5 g2
rS+(r) 17
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From the table one computes readily

yoo217.170  (25) (49) _
24 6 (24)

.542;

D =max (.158, .200,---, .123, 0.000) =1.583; and

~

M =1,

Consequently, the decisions are

w¥6, 5, 5, 8) detector: NO

D(6, 5, 5, 8) detector: NO

M detector: NO

In order to compute S(Us), S'(®) and @(nq, -+, ny; 3) it is
convenient to construct tables 18 - 20,

Table 18. S(0y)

1= 1 2 3 4
8 9 4 16
2 5 15 14
6 10 1 20

24 17 7 19

22 23 11 13

18 21

12

R+ 80| 64| 38 | 118|300

Entries are the ranks 2 (X;;).
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Table 19. S (&)

= 1 2 3 4
-0.177 | -0.148 -0.664 0. 349
-1.354 | -0.605 0.336 0. 256
-0.517 | -0.132 -2.510 0.588
1.553 0.379 -0. 429 0.526
1.119 1.351 -0.084 0. 220
0.394 0.705
0. 014
-1.167
W 1.018 . 845 -3.351 1.486 . 002
Entries are the /[ R (&; ;)] replacing the ;.
Table 20. @(ng, " *sngs 3)
= 1 2 3 4 TOTALS
1st 3 1 3 1 _i\/
Block T3
2nd v
2 ==
Block 0 2 4 8 3
3rd ’ N
Block 3 2 0 3 8= 3
T ng, 6 5 | 5 | & 24
Entries are the n;;.
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From these last three tables one computes, respectively,

12 (80)2 . (64)%  (38)% . (118)°
S(U°)"(24)(25) [ 6§ 5 5 ' 8

] - 3(25) = 3. 432

¥

A 2 2, 2 2 2
S(q)):[(l.018) L (845 | (-3.351)° (1.486) ]_ (- 002)

=2.838;
6 5 5 8 24 838;
and ¢(6, 5, 5, 8; 3) =

2,02+32 12+92+92 32492402 12 442+ 32
p[reest tagest e Rad Bafa ]y,

These detectors then decide as follows:

S (Up) detector: NO

S (&) detector: NO; and

06, 5, 5, 8; 3) detector: NO.




E. GOODNESS CRITERIA FOR MODEL Iii DETECTORS

The goodness criteria treated for Model I and Model II de-
tectors are primarily related to one-sided alternatives as illus-
trated previously (see page 41.) Unfortunately, when there are
three or more samples to be cownpared, the term '""one-sided
alternatives' does not have a clear meaning, and the number of
reasonable interpretations is excessively large to tabulate. Con-
sequently, no attempt will be made to apply the max-min PFD
criterion or that for PFD with Rayleigh alternatives.

No statistical work comparable to that of Bell and Doksum'>
is currently available for adaptation to Model III detectors. Hence,
the ALM PFD criterion will not be employed here.

However, the statistical work of Puri'® and of Bell and
Doksum!! can be adapted to give ARE results for some of the rank-
sum Model III detectors. These results are replicas of tables 6
and 14 with the appropriate changes of statistics. From tables 21
and 22 it is evident that the following adaptation of the results of
Puri!® and of Bell and Doksum!! is valid.

Theorem 12.  Under the regularity conditions of Puri'®
and for translation alternatives, one has:

. X A A

(i) 4 [sH), s ] = als@m, S@)) =4 Ls'w), S@E)] =1
for Model IN detectors; and, in comparing corresponding
Model I, II, and I rank-sumn detectors,

(ii) LK), K(A)] =4[V @&, V(@] =4 [rH&®, 7'(3)]
L1, To)] =4 ls @, s@)] =4ls'@), s'(6)]
4 L&y, $(6)], tfor all (sufficiently regular) ¥ and 4.

1




ARE's for Model III Detectors

Table 21.

- -

Ca)g .Aomvm_ V=
[CE)s *CH).S] v =
[Cais ‘Crs] v

1.00

1.00

_3:% .@vm_ V=
[C2)s CH)S]V =
[(ep)s *CrIs] v

.333

.75

_Aos,m ‘CHg|v =
[Cms CHs]V =
[(°ms CH)S] v

.333

.75

[Cms @ |v =
[CH)S ‘@), S] V=
[CH)S «@)S] v

1.27

s @is|v -
[CE)s @ .s] v=
[Cr)s @)s] v

1.27

- [eng @] 7=
[Ca)s @) (5] 7 -
[C)s @)s]v

1.05

.955

.85

.71

TRANSLATION
ALTERNATIVES
Normal

Fo(z) = @ (2)

Uniform

Folz) = Uo(x)

Exponential
Fo(z) = Helz)

Negative exponential

Fo(.r) = He(-r)

eT,x=0

Logistic
Fo(z)

1
l1+e 2

et/2, T =0

Double exponential

Fo(z) =

1-e%/2, T >0

Cauchy

1, _
+ = tanly

T

-2
2

Fo(r)
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Table 22.

Statistical Distributions for Model III Detectors

Source of Tables,
Formulas, etc.
(Numbers refer to

Statistic Distribution Bibliography)

Dy, oo 2, 1) (k-sample Kolmogorov- | 34
Smirnov)

Wz(nl, “tcyny, 2, 1) | (KF-sample Cramér- 34
von Mises)

@y sny ) (Extended median) 28, p. 293;
Asymptotically 21, p. 49 ff
chi-square

M (Mosteller-Tukey) 33

S(Uo)s S'(Uo)

Asymptotic chi-square

21, p. 49 ff; 19,

(Kruskal-Wallis) p. 290 ff

S (®) Asymptotic chi-square | 21, p. 49 ff; 32
(Van de Waerden)

St (®) (Fisher-Yates) 21, p. 49 ff;
Asymptotic chi-square 31, p. 66 ff

.§(<I>) Chi-square 21, p. 49 ff; 11

REVERSE SIDE BLANK
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