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Abstract 

An expansion is given for the ground-state energy of a system of 

interacting I-c-c- particles, using Rayl'?.ig.*"."£^hrodi,?gcr pertubaticn theory 

with the scattering part of the interaction an ihc pertubr.tion. The result 

in second order reproduces the energy shift fcund by various authors. The 

energy specxruri of the zero-order Hamiltcr.iau contains a gap cf magnitude 

£>0V where V is the Fourier transform of tho two-particle interaction. 

This gap renoves the third-order divergence resulting when the entire 

interaction is used as the pertubaticn. The structure factor, computed to 

first order, is in qualitative agreement with experiment for large momentum 

values. For. non-zero temperature, expressions are obtained for the depiction 

of the zero-momentum v..'.ode and the specific heat, using the zer^-crder 

Hamiltonian.  The specific heat exhibits a discontinuity at the critical 

point. Quantitative estimates for the magnitude of  the specific heat at 

the critical point yield results which are in fair agreement with ecpirical 

values for liquid helium. 

-2- 



Introduction 

As is well known, liquid helium II can be idealized as a systen of 

interacting B< se particles. The aon-intereating systen "as stuuied by 

London who showed that below a "critical" temperature, a  condensation 

phenomenon occurs.  The average number of particles in the zero momentum 

node is of the sane order of magnitude as the total particle number.  In 

contrast, the average number cf particles in any other state is of the order 

cf unity.  The term "B<~se-Einstein condensation" is used to denote the 

special role cf the zero-momentum node. 

For the interacting system, it will not suffice to use simple 

2 3 perturbation theory. Brueckner and Sawada and also Huang and Yang have 

shown that the ground state energy per particle is not independent of the 

total particle number N in third order and beyond: instead, it becomes 

infinite in the limit cf large N. 

The first microscopic theory of the interacting system is due to 

k 
Bogcliubov . Assuming sufficiently weak interatomic forces, he showed that 

the Hamiltcnian c:;uld be diagonalized by a canonical transformation. The 

transformed Har.iiltonian represents a set of non-interacting quasi-particles 

which obey Bose statistics. For large momenta, the energy spectrum of the 

quasi-particles is quadratic and is identical to that of the ideal systen. 

But for low momenta, the spectrum is linear (phonons) a radical departure 

from the free particle results.  The spectrum found is similar tc that 

proposed earlier by Lnndau , based on thermodynamic data. 

Two approximations are necessary in the Bog ;linbov theory. First, it is 

assumed that condensetim io still present when the interactions are taken 

into account. Thus, for sufficiently Lew temperatures,   the average value cf 

N = a  a will ho large, compared to null v.  (We denote the number operator o    o   o ...    i \ v 

for the zero momentum node by N ; n  and e are the creation and destructi.^ 



operators for the zero momentum mode, respectively.) The commutator 

la • a    , (which is exactly unity for Bose statistics) is snail compared 

to ^N S . Hence, a approximately connutes with a . Both these operators 

can therefore be replaced by the constant <^ II N '   ;  the value of ^N S ' 

can be deternined later by the requirements of self-consistency, when the 

ground state has been deternined. This approximation is called the c-number 

approximation.  It is worthwhile to remark that the c-number approximation 

ignores the fluctuation in N = a  a ; this is justified because the theory 
o   o  o 

l/2 
yields a fluctuation in N which is of the order of magnitude of /N )   , 

much smaller than ^N ^ . 

The second approximation is to omit the terms in the Haniltonian H which 

contain less than two factors of a or a  . A straightforward analysis 

shows that this approximation is valid only for weak interactions. That this 

is to be expected can be seen from the following argument:  Due to the 

interaction, states other than the zero-momentum mode are occupied.  It is 

said that the zero-ncmentum mode is "depleted". For sufficiently weak 

interactions, the depletion is small. Then the terms of H containing less 

than two factors of a or a^ will be unimportant since (N "> ">^N "> -  \N^. 

Lee, Huang and Yang have investigated the hard sphere Bose gas, using a 

pseudopctential for the two-particle interaction. Their method can be shown 

to be equivalent to that of Bogolinbov; their results for the ground state 

energy and the excitation spectrum are similar to the Bogolinbcv results.  Loe 

7 
and Yang have extended the study to ncn-zero temperature and have computed 

the specific heat. The specific heat is found to exhibit a discontinuity at 

the critical temperature; the magnitude of the discontinuity is 

proportional to the hard sphere diameter. 

Extensive studies have been completed on the interaction between the 

quasi-particles.  (The quasl-particle interaction is contained in the terms 

dropped by the Bogoliubov truncation of the Hamiltc nian.) The ground state 



Q 

energy has "been examined "by Wu for the hard sphere gas. Applying 

pertubation theory to the qur.ei-particle interaction, Wu obtained the next 

ordoi- tern beyond that calculated by Lee, Huang and Yang. 

9 
By employing the Green function nethcd of quantum field theory, Beliacv 

and later Hugenhcltz and Pines  have conf imed the results of Wu. 

Hohenberg has reformulated the Green function uethod using variational 

derivative techniques. His work enables the computation of the denisty 

correlation function to one order bey nd the Bogcliubov approximation. 

Several workers have studied the properties of truncated Hamiltonians 

12 
which are no re complete than that of Bcgclinbov.  Girardeau and Arnovitt 

have added all pair scattering terms to "the Bcgoliubov Haniltonian and 

diagonalized the resulting Haniltonian by a canonical transformation. The 

energy spectrun that is obtained contains a gap in the limit of long wave- 

length and thus shows that the sucess of Bogcliubov in obtaining a phcnon 

spectrun was fortuitous. 

13 Takano  has considered correlations beyond simple pair scattering. He 

shews the existence of a collective node which removes the gap. H wever, it 

is not easy to obtain the corrections to the equation-cf-motion used by 

Takano. 

Ik 
Luban  has considered the thermodynamics of the Girardeau-Arnowitt model. 

The phase transition at the critical temperature is found to be of first 

order. 

Lieb and Leninger  have shown that in one dimension a system of bosons 

interacting pairwise via delta-function potentials can be solved exactly. 

16 
Lieb  has investigated the excitation spectrum and has shown that in this 

model there is a double spectrum. The two dispersion curves possess a 

con-ion Slope in the limit cf low momentum. 

The work described in this report has been motivated by the desire to 

obtain a systenatic perturbation theory to compute basic properties of the 

-5- 



Bose system In a region of temperature above as veil as below the critical 

temperature. For this purpose, we develop a method which avoids the use of 

the Bogolinbov d-number approximation. 

Section I begins with a discussion of Rayleigh-Schrodinger perturbation 

theory (R-S) applied to the Bose gas. We show how the straight-forward use 

of R-S perturbation theory in a calculation of the ground state energy leads 

to divergent results in third and higher orders. A simple modification of 

the R-S method is given which avoids these divergent terns. The structure 

factor is computed to second order in the modified perturbation scheme. 

The calculation reveals the expansion parameter, which is a function of the 

Fourier transform of the potential. The parameter ie small at large momentum 

values but approaches one half in the limit of vanishing momentum. The 

structure factor is in qualitative agreement with experiment in the region 

of large momentum. In the low momentum region, the perturbation series for 

the structure factor converges slowly so that the first few terms do not 

provide a good representation. 

In Section II, we present a mathematical introduction to the methods used 

in our calculation of the statistical mechanics of the lowest order 

Hamiltonian. The ideal gas is used as an illustration. 

Section III contains the calculation of the statistical mechanics of the 

Bose gas interacting through the Hartree-Fock potential. A discontinuity in 

the specific heat is obtained. The magnitude of the discontinuity is 

proportional to the rate of depletion of the 2ero-r.:onentun node with increasing 

17 
temperature. By using the Yntema-Schneider  potential, qualitative agreement 

with the experimental specific heat is obtained. The range of validity of 

the calculation is examined and is found to exclude only the case of a weak 

repulsive interaction near the transition temperature. 

-6- 



Section I 

Modified Fcrtubation Theory and Structure 

Factor of a Many - Boson Syatew 

We first wish to s iudy the properties of a system of hj int?r. cting 

Bose particles with the use of Rayleigh - SchrodJn?cr (R-S) perturV/t 'r.~ 

theory. 

18 The Harr.iltonian we shall consider is' 

H   = H + H 

A     *     * *    > 
o (1.1) 

1-        t 

In Eq. (l.l),   T  —  Tj^A / 3, /m is the kinetic energy of 
•A ' 

particles of momentui.;  f\ I: and mass m. The operaxors a   ana a  are 

creation and annihilation operators for these particles and satisfy the 

commutation relations: 

E aa'   ) *A1 = °      '        C cJJ      Q
r   1 = o     • 

fa a 
f 1 - S (1-2) 

V     is  the Fourier transform of the two-body potential       V C Y )    * 

3 -<   yV 
V;   -   f^   erVV(v) i 



The allowed values of the wave vector in  the stras are determined by 

imposing periodic  boundary conditions  in a cube of length L and volume 

Jl   =    L3.    Hence,     Jk       -   2 TT/>»      h A       -    1TT/m,   \\ x * /       ? g y/U 

' ^ i /L   ^       ^  **y *»     - 0}± l^±l t  • 

In calculating the ground state energy of the Hamiltonian II, a -'i" :,_• •. 

integral appears iu the third order of the perturbation expanse.   in 

section l.A we show how this difficulty can be circumvented by •_• >..-  lificatlcn 

of the R-S expansion, and we give results for the ground state e >er;f up to 

third order.  In section I.B, the structure factor of the Bose sv-V* i~ 

computed in the modified perturbation scheme. 

A.  Modification of the R-S Perturbation Ex >ansion 

The interaction n (Eq. l.l) contains two types of terms.  First, we hav 

terms that are called forvard and exchange scattering terms.  They correspond 

to £ = 0 and ^ = ic'-k-  These terms do not result in any net exchange of 

r.omentum between the Bose particles.  Hence, the plane wave eigenstates 

of H are also eigenstates of the forward and exchange terms. We are thus 

led to separate out these terms from the interacticn H and include them in 

the unperturbed Hamiltonian. 

The second type of term in H is composed of that part of the interaction 

which remains, after the forward and exchange terms are removed. These terms 

allow the Bose particles to exchange momentum. These terror- will be the 

perturbation and are denoted by H '. 

Thus, /       / 

H = H.  + H, 

X & 3 Jl   ° (1-3) 



where 

Examining the incdified free Har.iltonian H  ' wo find that the 
o 

energy is not zero, hut is given by 

£•' -   NCM-O-T/ 
o  ;    V 

Eq. (l.k)  is easily ottained by simply netting n = K and :..    • -• 

~* 
k t   O      The next excited state of the Hamiltonian H ' with total 

c 

momentum, zero is the state of a single excited pair with momentum (,q, - qj. 

The energy of this state is obtained by sotting n =  /'V ~"o<. 

Thus, 

/p')    = til!" 4-lOt!^ + ifo-^y *T£ 

(1.5) 

If we take tho difference between (l.j) and (l.^), ve have 

/£"')   "^'   r £|l f i_£Li)y 0.5) 

In the limit y ~)  o,   there  Ir a gap of magnitude ;:(/V"2) V   ' ^L betv :c 

the ground state and the first excited  ntntc of the Htuuiltonian H  '.     It ie 

the presence of thia rap  In the energy  fnr an excited pnir that nrevents the 

-•)•• 



divergence of the third order perturbation term, as we shall soon see. 

Using H ' as the unperturbed Hamiltonian and H ' as the interaction, 

the energy corrections to the ground state are as follows: 

£' .   H€fH)\/ 

&      -   o 
i 5 

Ji£^f ; "N 

C5 

Note that tho denouinctions in the intojrands arc cf the for.n 

^s ft.1 JL.    2 fft -3 l"f/  Si T"        ——^zJ._y.?ir      , .     Tae second ton:: preclude the 
3-, vr*j *l*        • 

possibility of a loir r.'.or:cn+.ua d:i.v.r,"< nee. 

B. Structure Factor cf Interacting Bose Gas 

It JM been sho^.n by Van Hove'"    and also by Cohen and Feynreua..     that in 

an inelastic neutron scattering experiment one can r .ensure the probability 

per unit time that a slow neutron transfer energy 7JW1 and uoi.ienturi   n-jk.    to 

the Boson system.    Per the ground state,  the probability is 

in the Born approximation.     Hen?,  A  Is u coiuU.aul' wb Ivh characterizes the 

neutron - Bosrn interaction,  while f> ( £ in )     if. or lied  the dynarie structure 

factor and depends only tffi the proper!. t*M nf the 1' ••••".- tpnuat.     -r:   ij def !:•<:•? 

I"- 



*y 

S^»=   Ztfl   SCr-urJ.   (i9) 

In Eq. (l.9)>  O   is the density fluctuation of momentum k , de.' 

-ft 
"by 

? 3 

% fAfr' (l.lO) 

The subscript n and 0 in      (   P    )    denote matrix ele.ueucs between the exac 
( /A Vie 

boson state n ani the grtund state. Also, r)  ^1_ is tae e\. *utat:'on ener 

of the state n abeve the ground state. 

The differential cross section for inelastic neutron scattering can be 

obtained fron Eq. (1.8) by integrating ever the energy h^-  Thus, the 

differential cross section is proporti">nn?. t 

JYftH 

o 

lulled tine liquid structure factor.     It  is the Fourier  transform 

of  the pair correlation function      h>  ( ?).    Thus, 
(I 

H    H         - , 

i 
^(yy~ IN H<°lno) fcy)\u) (i.'-0 

H 
•ii- 



The state  0^> refers to the exact ground state. 

To obtain S(&>  wc use the perturbation expansion of the ground state 

for the matrix element of the density fluctuations in Eq. (1.12). 

Frcri R-S perturbation theory, the ground state can be expanded to second 

: -rder. 

The result is . 

" £ '        _ r 

•>> 

+ 2   i^O ltf,'l*)(«))(l») 

The coefficient a of the unperturbated state \c\  in Eq. (l.l4) is a 

normalization fact a- which must he chosen such that Ws Q I        4      _ 1 

This calculation yields 

^7 

Eq. (l.lU) can bo applied specifically to cur Haniltonian, Eq. (l.j). 

A straight forward calculate n yields the result 

l°>    =  a|0> - Aw-.;  >     1/   a   ft     /o> 
z—       o_ I I - 

4* a 
U [r/-'i''/^¥fp][i^ 



(The notation       \ o^) refers tc the ground state of the non- 

interacting system of N-2 particles,  etc.) 

To evaluate 3(A)*    i      Solo   pf lo^^ 

we use the ider 

A >& 

an immediate consequence cf the confutation relations Eq.   (1.2; 

a   a 
A      Ji/S        4'   JP     y 

7   S(A ) -  / -f 7j H 

u> 
Inserting cur result f< r I O?      in  ~l10 a^ 

yields cur result for the structure factor: 

ve expression t-r 

+ i /> ^ ^ 

8 
a *f\ j 

A, 
A 

W/ *>«£„ <Sg>/1£* 
The notation    ^      (Jj,)    signifies the structure fact: r with terns up 

to sec-:nd order in K ' included. 

Examining Eq. (1.15). it is seen that the expansion parameter for 

can be roughly designated by  — /  ^4 /I— -t-fty-     Hence, at high k, a 

rapid convergence ' f the series can be expected. However, at email k, the 

ceric-s converges slowly, since each term in the series is roughly one half 

the preceding term in the limit k —) 0. 

Suppose we retain only the first order correction to ^)(/v *n Eq. (1.15) 

and compose the qualitative fono of the results with experiment. The 

experimental values for -){$>)  are characterized by dumped oscillations about 

ity V r  high values of k. Experimental curves for .)(£.)  rire contained Ln •in 

the work performed   uy Honchaw   . !• •13- 



To compare with Eq. (l-5), suppose we employ the soft core potential 

(A «)i   U  -A «. J j 
where a is the radius of the soft core and where   \j    - *+<'  C Q.   / ^   ^ 

(Here, C is the magnitude of the potential harrier. ) Then, for Large k, 

Eq. (1.15) becomes 

A*(A«fL     A* J(1.l6) 

Note that the general form of Eq. (l.lo) is in accord with the empirical 

results. 

In conclusion, ve night add that we expect the series expansion for the 

ground state energy,  Eq. (l.T) to be rapidly converging.  For the phase space 

factors in the integrals over the momentum q in the expressions for the 

corrections to the ground cta^e energy are such as to deemphasize the low 

momentum region. 

So the slew convergence of the series for 3 (•&) >   in the region of 

small k, has no counterpart in the series for the ground state energy because 

in the latter series, the sum ever all momentum levels contributes a density 

of states factor that diminishes the Importance of the low momentum states. 

Hence, we believe that the expressions Eq. (l.T) for the ground state energy 

up to second order is a good approximation to the exact perturbed ground 

: energy 

In the next section, we shall pursue an investigation of the themo- 

dynaraic properties of a Bone system using the lowest order Hamiltonian H ', 

with the view <--f obtaining reasonable quantitative agreements with experiment 

for quantities such as the specific heat. 

-11,. 



Geetion II 

Base Gas with Hartree-Fock Interaction 

A. The Transition Temperature and Zero-Momentum Mode Occupation 

According to statistical mechanics, all thermodynamic 
properties can be obtained from the canonical partition 
f unc i :tion  (T) ,  defined by 

'm 

a i 

Here,     -".>,    is  the th energy level of the N-body 
system, T is the absolute temperature and K is Boltzman's 
constant. 

A partial list of thermodynanic quantities of interest, 
derivable from       £")   ,  are giver, below: 

ft - - -k JL<>« Q \) 
$     j   -^ ) 

(Helnholtz Free 
Energy) 

0 -   ^ 0 
30 

•<> i 9, /V (internal Energy) 

} 

(Heat Capacity at 
Constant Volume) 

To begin the task of evaluating the partition function, 
we insert the eigenvalues of //^ . given in £~s, // -A, 
for thu values of £•    in t. c  (ij).   Thus,      0 

9, '1 
*VY 
^f^^-^^^l}^^. 

A 
ft£ 

-   /£T«- 



Each stale in the canonical ensemble has a fixed total 
particle manber  /\| . Hence the second tenn in the exponent 
can he removed outside the su?n. The partition function can now 
be written 

9,    e      ^   ft 2-31 

where        (O       is  defined by 
Y'N 

v-^^ffe^^fXvJf- w <v   l 

To earrui-2       (0      ,  re c.eC \ne      (y   ' \   'V!      ) 
•' A! ' ' 

^ v y*.'*y 

where j -   "h 
1 

Hence, 

^=0 

-/5V~ 



Note that    G>/ H    W    J      can te thought of simply as the partition 

function of a system of N particle, whose single particle levels do not include 

the zero momentum level 

Let    £0 C N ~/>r>
0 ~P^a /rv Q / denote the ro.fi' am term in the sum 

on 71      in Eq. (2.6).  Then, in the limit of large N 
o 

The verification of Eq, '•,?.."')  is simple: 

Write 

Thus. 

/N|  ~ ^ 'N ' 
Now     -fcrc Q ia r'°^' zero ":-n the limit N      ' c*2 , but 

M 

which verifies Eq. (2.7). 

The generating function for Q (. /V /W / ic defined by 
'.      o ' 

^V^f *"?«,*.)        (8,, 

The prime on  the  summation rl&na   Lrid lrat.cn   the i1»• lot i.>n *>t'   the zero momentum 

rrade  from  the  Bun,     Thi:  symbol      ^   t]    j   rUnotus  the   fuel   that we sum over  the 

entire set of occupation n iwbi*ru (• icrrpi      //   ),  euch occupation nisriber assumes 
< 

the values:   L,2,3 , O 

to 



To evaluate Eq.   (2.9).  we replace    '??       by     ^L /    >  where the average 

is performed in the ideal ;;as ensemble]   and will be eoi.tputed later.    This 

replacement enables  the calculation of the  ^ wr,  in F-fj.   (2.9)  since  the 

suniraands are now separable.    We obtain 

(2.10) 

How Q      can be obtained frcra     w   (•?•/        by means of the  identity 

^   "  ^      P  ZpTTi    <   ^) (2.11) 

an immediate consequence rf Eq. (2.3). The contour is any closed curve 

containing the \<olc z  = 0 and lying within the radius of convergence of 

In the limit N —>» C<s>  Jl ~* ^ -. d_L ~^>  P n 
Eq.   (2.7) can be written  in the form 

n n       nfi   / (2.12) 

«F 9.,*^ = £<>,*>- f-^j WhC2 

^ <3 '*? 

The-  integral   (2.12)   La   In H   form   In which   il   can be  evaluated by   the 

method of saddle-point   lnl.<"K.ru1.inn.     (ik-tnlln  enn bu   1\>IUHI   'n  ivf'crenoo 23, 

particularly par.'':'' V.l •>!• 5.   :'.<•<• nlim 1 • :. i.n.-.   .'•>    Chapter !.,   for an outline 

of the genera I met,h< d). 
1 I 



The result, is that GL,  is given by 

^_%        r, s£*j£C*)     -j> ^7 * 
j2_ -^Tt      * ^-13) 

where z is the solution of the equation 

2    ^^TJ3 c-i)    =   o 

Substituting Eq. (2.10) in Eqs. (2.13) and (2.1'v) gives the result 

(2.14) 

where z is determined from the solution of the equation 

2-/1 

We now wish to maximize   /~) (/V -^v) sy\    )  'to obtain CL, from 

Eq. (2.7). The maximal condition, using Eqs.  (2.lU) and (2.15) is 

27r ^{^fii^/^^W-U, 
The two  simultaneous equations  (2.l6) and (2.1?) determine z and     ;   , 

Eq.   (2.lU) then gives    o  . 

We must now evaluate the   Integrals.    Fir.-.t,   consider  '.he sum 

T*       ^"J t     \J»    t    \^o  S which appears   Ln  '-.he exponent  of the 

Li.terrrulr.   in Eq.   (2.1?) and (,'.'. L6).    The  region   In which q   ..-  large contribute; 

ifl 



negligibly, due to the exponential factor.  We therefore rv-ilace  \'0     ..     Ay K i 

Changing the sum to an inti_^ral yields the result 

i    I   V. <V  "- \j. * h, 0) 
« 1**     * * '       "5 * .-     (2.17) 

The numerical value of F,    (i)      =. 2.. 6 / Z 

Defining   °^     by   -£»- ~ <p~        we can now rewrite Eq. (2.15) 
; 

and Eq. (2.l6) as follows: 

1+§ifV0 + i-H'K^_ -    } (2.i3) 

w**   ' 

- °< -- ^ i-f^rsFf^:,  ' <2-i9) 

The chemical potential .^ is defined "by  /^ ~ — ^/Q>   • 

To proceed further, we define the temperature T by T = l^JT n       Q 

^ *** A. 

We also define the diraensionless parameter x by  -^ —   p v    /L^T ° 

and the parameter y- --si 
oJ 

The magnitude  or  •  for helium is 5.97°K. 

,, »lso e.nnc P„ (., . X-  f "y "•' cL, //   ?t~_ 
0 

With this notation, Eqr. (2.l8) and (2.19) become 

(2.20; (LJ'0-O, r 
) 

19- 



-        y -  Fh (\*l\x(Lftr>-l)) 
(2.21) 

0*  can be eliminated from the pair of equations, Eq. v2.20) and (2.21). 

The result is 

\.y-x 7 (£)*«-»-\(»>f+ti (2.22) 

Eq. (2.22) is a transcendental equation for J      the fractional occupation of the 

zero momentum made. For each value of x, there will be a solution for ) .    Of 

course, x  — P V,0     is a measure of the strength of the interaction. 

The transition temperature T is defined to be the value of T for which 
c 

j = 0.     Hence, from Eq. (2.22), we ha ve 

I-0    ^    F        (>{TC   )'<    ~*T°) (2.83) 
3 

' c 

the equation giving T . 

We solve Eq. (3.25) 3raphical.lv for  'c If    as r. function of x, by 

imparting values to   / /~f and determining the corresponding value of 

x.  (Numerical values of F~ /p were obtained from reference 1, page kk.       The 

result is a single-valued function of x. which we illustrate in Fig. 3-"-- 
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As x approaches infinity in the positive direction,   /^ / / 

approaches the value O.Qk   from above- As x approaches infinity in "-ho negative 

direction. Ic   If      approaches the- value 0.C+ from below.  As x approaches zero 

from negative values,   ~T^ /~7~<t-^ $2 7 •'•"" fc^m^ in "^is case,  T^ approaches 

the ideal gas transition temperature , .527 T".  Note that the effect of the 

interaction is always to raise the critical temperature. 

For   O <, X <C    . 8 6 T~   / ~T~ is greater than two and 

rapidly increases with an almost vertical slope.  We shall show presently that 

the values    ~J~       I ~~J \  ^  (corresponding to  O <,/* *i <£6 ) are not 

bonafide critical tenperaturejand will also discuss the criteria for an 

acceptable critical temperature. 

The density £>  of liquid helium in the X-regior is of the order of 

10 "" cm.  , and for this density  /f /  — /o ergs. Inserting these 

values of F .?. i id .3 h("fa     into the definition of :: gives x ^  lCr.  (ii 

the calculation, v;e ha ave ired y       ~      /O      uA^fa,  a remit  obtained from 
1 7 

numerical estimates based on fcho Yntena--5chneider potential   '). 

We now examine tempex-cturee below        /,     .     In Ec.   (2.22), we can expand 
C 

•I 

the function F ..   for small values of the argument. The expansion, is 



where  7 is the Riemann zeta-function. o 
Employing this expansion (which converges rapidly foi runall > ), wo obtain 

(2.2U) 

where 

In obtaining Eq. (2.2':), we have also expanded in powers of  5 • 

For x ^ O.85, the large argument expansion of F0 /„ C°i/ can be used 

Then Eq. (2.22) becomes .,       '/, 

'riV.;-«""*   (w'i"1 
7" / (2-2^) 

Before turning to the calculation of thermodynarnic quantities, we examine 

the range of validity of our results for   (T . We must require that ( / %1 ) 

be negative for a true transition.  (That is, 5  must be a decreasing function 

of T  as T —•} T . ) If we compute (T $J   )     we find that this requirement 
c ar'c 

does hold except for x 4. .85- Thus, the results are valid for all x except 

near the transition temperature.  Near the transition temperature the results arc 

valid for negative x and for ;: _ .85 hut not for x \   .85. 

B.   Thermodynamic Functions 

We are  new in a  oonitlni    to calculate  the enorfo' and   specific heat of the 

cyctem of Br.se particlor,   Lnternctinrf with  Ihc Hni*troe-Fock  part of the  interact'.  1 

The  Internal  ener/^y <>f  i.hr ny: ten   I • iW*flue«1 by 

2   /      (     
v    >t /  5  £ U = ->! > , 

(2.26) 



Using Eqs.   (2.3).   (2.10) and   (2.lM>  we have 

/ 

~ .9-0       t\ ' ' I 

(2.27) 

Combining Eq3.   (2.26).   (2.27) and using Eqs.   (2.15).   (2.1.8)    and. (2.19) 

f rives  the result 

y = /3 +^Jt)/: ^^ syv>^ 
1   >J   vo      <^n     <? 

-T/ 
*  f 

f/:<^>K'-/; 
(2.20) 

To obtain the specific heat, we differentiate Eq. (2.28) with respect 

to the ter.perat.ire, make use of Eq. (3.11), the fact that  «? p^ (oi )        ~ /. ) 

ana  Eqs. (2.20) and (2.17).  The result i. 

S .= }sfi' 
l)rs f     T   <      _Vi   x        ^ 

-7- J V  ° ' 

Since      f   <yj '•:.   • 1 i .. •" • ... I  I lilt- »11: --   I   I     I lie    V-potllt,    IV   :V.     i't\ •:.   Eq.    (2.29) 

t,h'.',   the   Specific:   tic'il.    ;:.   r|i;.-,,nl  11 tin HI::   111     till:     I LMilfV rat ure. 



To examine the result,  Eq.  (2.29)    first consider the limit   >f low 

A lenjthly, but straight-fr rward 

calculation yields  the resui1 

temperature.    As      7"--} D       \ —>   1 

(2-30) 

The exponential result is expected since there is an e.ieru;y ^ap in the 

energy spectrum. 

Next, consider the* care in which the temperature is in the neighborhood or 

the critic;-! temperature.  For temperatures above , S-O Tat   = C and   T^ f   _ 
2T 

     - o 
XT 

.-;o   T.hr 

(2.31) 

At the critical temperature•     C       is essentially a constant,   independent 
V 

of x.  (Cy^ / /V/T 

of 3.2 at x = co 

at T varies from a value of 3-5 at x --- 1 to a value 

For temperatures Just below T , Eq. (2.2°) yields 

V. 
-  ,r/T ^ 

kT   '~f'*Tr 
V IT £.j /? H^ 

^ 

N . *.      ^ o 

o 

r 
'A    n / 

•7 ° 
/.3 J7/C 

(2.32) 



We can now compute the magnitude of the discont-' mity cf the spec.'.fie heat 

at the transition: 

( 

(2.33) 
C 

The discontinuity, Eq. (2.33) is proportional both to ,: r.nd to // a)    \ 

;   lwtch     C//MK Ln Fig.  2 for large x. 

Mir 

Conclusion 

T c 

PtJ. A 

Mir 
vr. 

7- 

The ex: erinental vr.lues  "or c    at the  \-poi:rt have beer, deter lined by 
v 

31 / --o \ 
Fairbank, Buckingham and Kel3erc  (to within 10  degree of  .he X-pcint). Their 

c nas a 
P 

reaults indicate that c  is finite and continuoir; at T, and tl 
v A 

logarithmic 2i.ngulr.rity at T . 
A. 

The theoretical result for    (c^_     //sjh   )- A ^ 

].-[.   (2.32) is in order -„f magnitude agreement with  the observed  value of 

^iven by' 



(for pressure of 0.05 atucsphere),  as given in reference 31 >    However, 

Eq-   (2.33) pmllctfl a discontinuity in (r fw.)  ,  diBr^roeing vifco  the 

results contained in ve-fsrencs 31-    But the discontinuous "behavior jf 

c /JJK at the criticr.l roirt ia  in cua3.it«tlve>  *rreer,<.:r.t with experl- v' 

nental data on c /KK repoi'tec. ic /'.l :Lr^r"",    rj?be eirperiiiental values of 

32 
c noted by AtkinB  are derived fror. work uerforued prior to the work 
v 

of Fairbanks BucKinchan and Kellers  The theoretical expression for 

(c ) /UK  in Eq. (2.3l) evaluate."!, at T is in order-cf-magnitude at;ree- 
+ 32 

neni with the data reporter by Atkirs . 

V 
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