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NOTATION

Source amplitude

Exponent of density stratification
Phase velocity

Acceleratlon due to gravity
Magnitude of group velocity

Components of group veloclty

Hankel function of the first kind of order v
Magnitude of wave number
Modified Bessel function of the second kind

of order v

M? =

2
Lo
2

€

Vaisala frequency

P2 = - M

Total, perturbation,and mean pressure, respectively
Source distribution

Time

Components of perturbation velocity

Components of total velocity
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V = NFE v!

Carteslan coordinates

Frequency

Components of wave number

Total, perturbation,and mean density, respectively
Direction of wave number

Amplitude of V

Green's function

Dirac delta function
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INTRODUCTION

Love (see Lamb 1945), was the first to derive the linearized
equations governing small oscillations about the state of hydro-
static equilibrium in a continuously stratified fluid. The propa-
gation of free elementary waves in continuously stratified fluids
were studied by Yih (1960), Eckart (1960), Yanowitch (1962) and
Tolstoy (1963). Some of ithese authors also considered the effects
of compressibility and rotation.

In this report the internal waves generated by a time de-
pendent local disturbance in an incompressible continuously strat-
ified fluid are examined. Followling the Love theory of wave motion
in heterogeneous liquids, the motion 1is regarded as a small per-
turbation about the state of hydrostatic equilibrium. For sim-
plicity, the equilibrium density profile is taken to be expo-
nential whereby the coefficients of the governing equations be-
come constants. The complications of multiple reflections from
physical boundaries are avoided by considering a fluid of infinite
extent. The disturbance is taken to be two-dimensional and time

dependent.but non-moving.

THE GOVERNING EQUATIONS

Consider the equations governing the two-dimensional motion
of an incompressible, continuously stratified fluid under gravity.
Let (x,y) be a Cartesian coordinate system oriented with gravity
pointing in the negative y direction, and (u,v) be the velocity

components in the x and y directions respectively.
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Since the fluid ig incompressible, then

%ﬁ-+%—;’;= erq(x,y,t) (1]

where 2mq denotes the volume rate of outflow from a source dis-

tribution in the fluid. Conservation of mass demands ‘that

9 o)
+u g% +V 3% = 2mq(x,¥,t)p,(x,¥,t) [2]

where p is the density fleld and p, 1s the density of the fluid
being given out (in this case, p, 1s left open) or taken in (in
this case, p, must be identically equal to the amblent density)
by the source distribution. Subtracting [1] from [2] yields the

following 'equation of state':
%% +u op +v 22 _ 2mrq(p,- p)H(a) (3]

where H denotes the Heaviside function. If p,  1s controlled
such that it is always equal to the amblent denslty, then Equa-
tion [3] simplifies to

5
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In what follows, thls 1s assumed to be always the case.

Equations [1] and (4], together with the Euler equations

du, . du, ,du__ 1 -
5t T Usx P VSy T T o ax [5]

v, dv, ,3v _ _ 1

5t Tt tVay T poy B [6]

where p denotes the pressure and g, the acceleration due to
gravity, form a system of four equations for the four unknowns

(ui,V,p,p).

If the motion is weak, it may be regarded as a small

perturbation about the state of hydrostatic equilibrium and,

as a first approximation, second order effects may be neglected.

Denoting the perturbations by (u', v', p', p’), the hydrostatic
pressure by p and the equilibrium density by p, Equations [1],

[4], [5] and [6], on neglecting second order terms, become

A

i i
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P 3t =~ 3x (9]
-§V_'_ é.L' '
P3¢ =~ 3y ~ &P [10]

The coefficlents are seen to be functions of y only and the
resulting system 1s linear. From this system of equations, the

following equation for v' may be uncoupled:

2 d>2 \ 2 : . dN
S e )T e B g ey BV gy e
3% - S5 [- 9%
+ N2 2 (pv') =or & [p 2 [11]
dx? 2 dt? '

N=T\/- &40 [12]
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This important parameter serves to characterize the capabllity

of the medium as an internal wave carrier,

In what follows, afttention is focused

vertical veloclty component only.

1t to a new varliable V according to

The Equation for V 1s

32 azv+azv+(gg_lg___

5t% | d3y®  ox®

For an exponentlal density profile,

T

e-2by
o]

viz.

entirely on the

It 1s convenient to transform

[13]

[14]

[15]

where po and b are constants, Equation [14] simplifies to
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6=

2 ~ 2 2 y 2
d Vo, ey |, e 2%
at2 1dy® %% ox?
by < -2by 2
= 2r\/p. e = le °q (16]
© oy at2

and the Vaisala frequency N = V 2gb is constant throughout the
fluid which means that the fluld iz homogeneous in character as

a wave carrier but anisotroic,

ELEMENTARY WAVES

In this section, certain results concerning the behaviour
of elementary waves in a stratified f{luid arediscussed. For a
more general treatment in this respect, tite reader is referred

to Eckart (1960).

The homogeneous character of the fluld suggests that plane

waves of the form

i(ax + By -~ wt)
V=Ae -

where A 1s a complex constant, a, B and w are real constants,
are possible homogeneous solutions of Equation [16]. Substitution
into Equation [16] reveals that this is indeed so provided that

the following characteristic equation 1s satisfled, viz
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wz(a2+[32+b2) -de.zzo [17]

In the first place, a necessary condition for Equation [17)
to have real solutions is that @ must be less than the Valsala

frequency, 1i.e.

N® >
= -1=M>0
w

Since the Vaisala frequency measures the stabllity or 'stiffness'
of the fluid, the above condition implies that higher frequency
waves require a stiffer medium; a result which is in accord with
Antuition. For each w that 1s less than the Vaisala frequency,
Equation [17] 1s satlsfied by all points lying on an hyperbola
of two sheets 1n the wave number plane. In Figure 1 the hyper-
bolas in the first quadrant for various ® are shown. The family
of curves 1s symmetric about both the vertical and horizontal
axes. It is seen that, for a given w/N, the magnitude, k, of
the wave number depends on its inclination from the horizontal

axis, 6, which cannot exceed tan~! M. 3

N oty Se

The phase velocity or, in other words, the velocity of
propagation of the individual crests and troughs has the same ;

direction as the wave number and its magnitude, ¢, 1s given by
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Flgure 2 1s a polar plot of c agalnst 9 for various values
of w, The fact that ¢ is a function of & demonstrates the

anisotropic character of the medium,

The group veloclty, according to which energy is propagated,
1s given by

dw oW

(Gx,Gy) = Sa' ) é_g [19]

The direction of the group velocity, then, 1s normal to that
hyperbola in which the wave number is found at (a,ﬁ) and is, in
general, different from the direction of the phase velocity.
This behaviour is characteristic of wave motions in anisotropic
media (see Lighthill 1960). At € = O the two velocities have
the same direction, as 6 increases the difference in direction

increases and tends to m/2 as 6 tends to tan~!' M. The magnitude

of the group velocity, G, is found to be

\/ M2 + tan®6 [20]

(o]
Il
Zn |G
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Figure 3 1s a polar plot of G against 6 for various values of w,

It is noted, that the amplitude of the actual veloclty, v!',
1s not constant but varies with y as 1/Vp . It follows that

the first order kinetic enecrgy 1s concerved.

INTERNAL WAVES GENERATED BY AN OSCILLATING SINGULARITY

Consider the waves generated by a source of constant ampli-
tude A and simple harmonic time dependency of frequency  located
at the origin. After a sufficlent time has elapsed for the
transients to die away, the dependent varliables would also ac-

quire the same time dependency. Therefore,

-lwt
V(x,y,t) = ¢o(x,y)e [21]

The equation governing the amplitude functicn ¢(x,y) is

2 2 .
9070 w2 2% _ p2p - oma YV Pq 5(x)(8(y) - p&(y)) [l22]
dy*? dx® ‘

where 5 denotes the Dirac delta function and a dot denotes a

differentiation.

First, consider the Green's function, ¢, of Equation [22].
By definition, ¢ satisfies the following equation:
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2 2
oL _ M2 90 | 2y - 5(x)6(vy) [ 23]
dy*® dx®

The two dimensional Fouriler integral representation of ¢ 1s easlly
found to be

teo e i(ax+ By)

o(x,y) = —= < dadp [24]
(2m)® M2a® - (B2%+ b?)

-00 =00

Consider first the case where w is larger than the Vailsala
frequency, thus M2 is real and negative. Let M2 = - P? where P

is real and positive. Rewrite Equation [24] as

Heo Ao 1(ax+ By)

o = - —1 J[ e dadp [25]
(or)? a?P? + (B2+ b3)

-0 =00

Integrate first with respect to a. The 1integrand has
simple poles at

T

Oy =t [26]
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The contour 1s closed by a large seml-clrcle in the upper or
lower half-plane depending on whether X 13 positive or negative
and the integral evaluated by the method of residues; the
contribution from the semi-clircle vanishes as its radius tends

to infinity. From here on, attention is focussed on x > O only.

For x > O
+ X
> ipy -V g2+ p? s
6 = - == © ag
P Vs o2
- 00
© - = Vﬂa+ b2
1 e P
= - = cos d
[ e
o
But

P

e
\/E;:;; cos By dB = Ko[b

2
X 2
-—+

> y

P

|

(see Watson 1958), where Kv denotes the modified Bessel func-

tion of the second kind of order v. Therefore,
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y [27]

A-4
"
i
|H
-~
(o]
.
o
»
n
+
N
o S

Next, consider the case where w 1s less than the Valsala
frequency, thus M® is real and positive. The poles now lie on
the real o axlis and the integral is indeterminate. Under such
circumstances 1t 1is usual to deform the path of integration
slightly such that 1t goes around instead of through the poles.
How the path should be deformed depends on additional physical
information. In the present problem 1t is physically obvious
that ¢ must be symmetric in x and that all internal waves are
outgoing'waves from the source at the origin. With this con-
siderations in mind it 1s found that the path of integration
should be displaced above the negative pole and below the posi-
tive pole by small semi-circles. The integral is then evaluated

as In the previous case to gilve

1y + VR 07 )
o = i e a8
o Vo or
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But
® 1% BE+1F

.~ cospyag =g
\'52"_ b2 2 v

(sée Watson 1958), where Hv(l) denotes the Hankel function of the
first kind of order v. Therefore,

2
¢=-41—MH0(1)(b x——yz) [28]

The motion generated by the osclllating source can be ex-

pressed in terms of ¢ as

%— - b¢) [29]

First examine the case where w 1s greater than the Vaisala

frequency. Substituting Equation [27] into [29] the following
equation for v' 1s obtained

.“%
k]
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[
r

by
-1lwt 2
vl = e Ab e . L K [0/ 2 + y2
P 2 2
\E L2 P
> Ty
P
2
X
+ K |b —2+y2) [30]
P

As the stratification tends to zero, 1.e. as b= 0

-iat
v! = e A —L— [31]

This 1imit 1= the motion generated by an oscillating source

in a homogeneous fluid. For finite b, the standing wave character
of the motlion is preserved Dbecause both Ko and K; are real for
real arguments. However, the purely antisymmetric character of
the vertical velocity component with respect to y 1s destroyed.

It is noted that no progressive internal wave 1is generated. This
is in accord with the result of the last section which excludes

the possibility of progressive waves whose frequency 1s greater

than the Vaisala frequency.

c o e W ok B ¢

Next consider the case where w is less than the Vaisala
frequency. Substitution of Equation [28] into [29] results in

the following equation for v!':
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A . tat TAb e J H (l) b )_(_2__ 2
B 2M CE L 2 J
X _ .2 \ M
V =2
M
1 xZ
-1 )(b X ya) [32]
M

The solution behaves very differently depending on whether

x2/M® - y® 1s positive or negative. Consider first the region
which satisfies the inequality

2

X ,
—;-y2<0
M
Rewrite Equation [32] as
by
-iwt 2
vl o= e TAb e v Hl(l)(ib y2- 5_.)
2M > 2
i yz— x M
M2

- Ho(l)(ib yZ - 5—2—) (33]
M
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Using the followlng relation, (see Watson 1958)

where £ 1s real and positive, Equation [33] becomes

-1 (wt+ 7/2) by 2
vl = e Ab e J Kl& y2- X
M 2 2
2 X M
y ooz
M
2
. Ko(b - = ) [34]
M

It is seen from the behaviour of Ko and K; that the motion in
thlis region 1s a standing wave also, but, here, the amplitude of
the motion 1is singular on the lines y® = x®/M® instead of Just

at the origin where the source is located.

In the region

X 2
S -y2 >0
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the arguments of the Hankel functions appearing in Equation [32]
are real., From the known behaviours of the Hankel function for
real arguments 1t 1s seen that internal gravity waves are present

in this region.

Thls peculiar pattern of motion is related to the behaviour
of elementary waves discussed 1in the previous section. The periodic
source may be regarded as an Integral of elementary waves of all
wave numbers and of a given frequency w. It was seen that only
those waves whose number lie on a particular hyperbola are pro-
gressive, The asymptotes of the hyperbola make an angle of
tan™* M with the horizontal so that the direction of the wave
number cannot exceed tan~t M. prever, the group velocity or
the velocity of propagation is normal to the hyperbola so that
‘the region in which progressive waves are found are sectors
bounded by the lines y® = x2/M2 as shown in Figure 4, Except for
the small wave number range the group velocities of the elementary
waves are approximately iIn the direction of either one of these

lines. Thus, there 1s a large concentration of energy in them.

INTERNAL WAVES GENERATED BY AN INSTANTANEOUS SOURCE

In this section, the transient problem of the motion due to
a source at the origin with a time dependency of the form &(t) is
considered. The appropriate forcing function for Equation [16]
is

VTSN

amh  p 8(x) 8(t) [8(y) - b8 (y)]
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Let ¢ be the solutlion of the equation

2 2 2 2
az 00 L 90 gzl o2 0 5(x) 8(y) 8(v) [35]
St dy?  ox? dx=

therefore, the vertical velocity component vi 1is given by

— - bo

= [36)

v! = 2m7A e

-

The Fourler integral representation of ¢ is easily found
to be

oot oo i{ax+ By +wt)

13 f[f 2e dadfdw
(2r) (EE - 1)a2 - (B2+ 1?)

¢(x,y,t) =

~00 =00 =00
@w

[37]

Integrate first with respect to w. The initial condition
of the fluild 1is the state of hydrostatic equilibrium., With this
consideration in mind, the path of integration 1ls displaced
slightly below the real axls. The contour 1s closed by a large
semi~circle In the upper half plane and the integral evaluated

by residues to gilve
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+oo oo
- i(ax+ By) 4 ——Nat
o = i Na e . Va2+p24 12
(21)3 (a® + B2 + b23;%
-00 =00
oo e 166,
- Ne_e dadp -
8r® (a®+ 2 + b2)%8
-00 =00
00
el 1tf2
i N
— 22 dadp = I + Iz
8 (a® + B2 + p2)%2
=00 =00
where
fi =« X + B L_ Na
t LR VAER B2+ b2
fa = a Zé- + B L No

+
o Va2s B2 + b2

Nat

VaZ+ £+ b?

dadp
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The polnts of stationary phase of the integrals occur at

=0, — = 0 (38)

As before we consider only x > O, For x/t > O only I; can
have points of stationary phase. Gilven a pair (x/t, y/t) the

real solutlions of the following simultaneous equations

b
4
¥
H
i
o
¢
H
i
i

x_ _ N(g® + b%) [39]
t 2 2 213 f
(a® + B® + p%)72 :
L Nap [40]
b (a® + g2 + p2)%%
are polnts of stationary phase. These two equations may be
combined ¢to give
2 2
| - B 2gb ) [41]
X B2 + p2

-’3:;— (B%+ b?)

[Ee
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For a glven y/x, the above equation passes from a situation
of no real solution to a situation of two real solutions as x/t
tends to zero from a very large value, The transition where the
equation has only one real solution, therefore, corresponds to
the maximum distance from the origin at a given time where the
disturbance is appreciable if we keep terms of 0O(l/t) only. Hence,
the wave front 1s the locus of the transition points for all y/x.
The equatlion of the wave front is obtained by eliminating B from
Equation [41] and its derivative with respect to B. The resulting

equation is

(5 3 )?é - B [42]
t b 2 £
3[%) (1 + B®)
where
a2 + Vig* + 362

2 _

B = 1 + o°

o = y/x

Since Equation [36] involves differentiation of ¢ with
respect to y only, the above asymptotic property of the wave front
also applies to that of the internal waves generated by the in-

stantaneous source.

Equation [42] is plotted in Figure 5. It 1s seen that the

wave fronts for different times are geometrically similar.
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