
UNCLASSIFIED

AD NUMBER

AD464264

NEW LIMITATION CHANGE

TO
Approved for public release, distribution
unlimited

FROM
Distribution authorized to U.S. Gov't.
agencies and their contractors;
Administrative/Operational Use; FEB 1965.
Other requests shall be referred to Office
of Naval Research, Arlington, VA 22203.

AUTHORITY

ONR ltr, 4 May 1977

THIS PAGE IS UNCLASSIFIED



UNCLASSEFIED

AD 4 64 264

DEFENSE DOCUMENTATION CENTER
FOR

SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION ALEXANDRIA. VIRGINIA

UNCLASSIFIED



NOTICE: When government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formlated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rigbts
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



CC

+ 46425 4

+DDC

A. in 7 M95

0Cr

HYDRONAUTICS, incorporated
research in hydrodynamics

j



HYDRONAUTICS, Incorporated

TECHNICAL REPORT 231-5

ON INTERNAL GRAVITY WAVES

GENERATED BY LOCAL DISTURBANCES

By

K. K. Wong

February 1965

Prepared for

Office of Naval Research
Department of the Navy

Contract No. Nonr 3688(00)
NR 220-016



H-YDRONAUTICS, Incorporated

TABLE OF CONTENTS

Page

INTRODUCTION..................................................1

THE GOVERNING EQUATIONS.......................................1

ELEMENTARY WAVES.............................................. 6

INTERNAL WAVES GENERATED BY AN OSCILLATING SINGULARITY.......9

INTERNAL WAVES GENERATED BY AN INSTANTANEOUS SOURCE .......... 17

REFERENCES.................................................... 22



I{YDRONATTTCS, Tnrorpornted

-Ii-

LIST OF FIGURES

Figure 1 - Allowable Wave Numbers for Differerit Frequencies

Figure 2 - Dependence of the Phase Velocity on the Direction

of the Wave Number

Figure 3 - Dependence of the Magnitude of the Group Velocity
on the Direction of the Wave Number

Figure 4 - Internal Motion Due to an Oscillating Source Whose

Frequency is Less than the Vaisala Frequency

Figure 5 - The Wave Front of an Instantaneous Disturbance in

an Exponentially Stratified Fluid of Infinite
Ext en



HYDRONAUTICS, Incorporated

NOTATION

A Source amplitude

b Exponent of density stratification

c Phase velocity

g Acceleration due to gravity

G Magnitude of group velocity

Gx,Gy Components of group velocity

H (i) Hankel function of the first kind of order v
V

k Magnitude of wave number

K Modified Bessel function of the second kind
V of order v

2

M M2= N l
2

(/W

N Vaisala frequency

p p2 m2

p,p'p Total, perturbation,and mean pressure, respectively

q Source distribution

t Time

u',v' Components of perturbation velocity

u,v Components of total velocity
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V V= V'

x,y Cartesian coordinates

(. Frequency

aA Components of wave number

p,p',p Total, perturbation,and mean density, respectively

e Direction of wave number

PAmplitude of V

0 Green's function

6(x) Dirac delta function
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INTRODUCTION

Love (see Lamb 1945), was the first to derive the linearized

equations governing small oscillations about the state of hydro-

static equilibrium in a continuously stratified fluid. The propa-

gation of free elementary waves in continuously stratified fluids

were studied by Yih (1960), Eckart (1960), Yanowitch (1962) and

Tolstoy (1963). Some of these authors also considered the effects

of compressibility and rotation.

In this report the internal waves generated by a time de-

pendent local disturbance in an incompressible continuously strat-

ified fluid are examined. Following the Love theory of wave motion

in heterogeneous liquids, the motion is regarded as a small per-

turbation about the state of hydrostatic equilibrium. For sim-

plicity, the equilibrium density profile is taken to be expo-

nential whereby the coefficients of the governing equations be-

come constants. The complications of multiple reflections from

physical boundaries are avoided by considering a fluid of infinite

extent. The disturbance is taken to be two-dimensional and time

dependent but non-moving.

THE GOVERNING EQUATIONS

Consider the equations governing the two-dimensional motion

of an incompressible, continuously stratified fluid under gravity.

Let (x,y) be a Cartesian coordinate system oriented with gravity

pointing in the negative y direction, and (u,v) be the velocity

components in the x and y directions respectively.
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Since the fluid is incompressible, then

6u 6v
-- + 5y- 2Trq(x,y,t) []

where 2wq denotes the volume rate of outflow from a source dis-

tribution in the fluid. Conservation of mass demands that

6p +p 6 + cv ) + u 6x + v c)P = 2vq(x,y,t)p.(x,y,t) [2]

where p is the density field and p. is the density of the fluid

being given out (in this case, p. is left open) or taken in (in

this case, p. must be identically equal to the ambient density)

by the source distribution. Subtracting [1] from [2) yields the

following 'equation of state':

6+ u + v = 2Trq(p.- p)H(q) [3]6t 6x y =

where H denotes the Heaviside function. If p. is controlled

such that it is always equal to the ambient density, then Equa-

tion [3] simplifies to
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! +U~x v o[4]
at 6x y6=

In what follows, this is assumed to be always the case.

Equations [i] and [41, together with the Euler equations

)u 6u + u L a£ [ 5j
at- 6 x 6 y p 6x

6- + u 6 + v 6 - p 9 - g [6)

where p denotes the pressure and g, the acceleration due to

gravity, form a system of four equations for the four unknowns

(u,v,p,p).

If the motion is weak, it may be regarded as a small

perturbation about the state of hydrostatic equilibrium and,

as a first approximation, second order effects may be neglected.

Denoting the perturbations by (u', v', p', p'), the hydrostatic

pressure by p and the equilibrium density by p, Equations [i],

[4], [5] and [61, on neglecting second order terms, become
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6u - 2?q [7]x a y

6t dy

6i 1p9]t ax 9

t- gP, [10]

The coefficients are seen to be functions of y only and the

resulting system is linear. From this system of equations, the

following equation for v' may be uncoupled:

62 62 a2 Ne 2 2Nd -
- ( vI) + VI (v') g+ LNv)+

6t 
2  6y2 ( X2  + 9 y Pg dy PV

+ 2  2 a 6 2 q _
--- (-v,) I 2v - p [11]
6x 2  6t 2

where N is the Vaisala frequency defined by

dy
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This important parameter servev to characterize the capability

of the medium as an internal wave carrier.

In what follows, attention is focused entirely on the

vertical velocity component only. It is convenient to transform

it to a new variable V according to

V = v13]

The Equation for V is

a2 6v v N dN N 4_262
_ bV+ -' + (dN N )V + N, '

It2 6y2 6x2  g dy g2 6X 2

y 4 t

27r 6 2 [14]

For an exponential density profile, viz.

Po e-2by
= p and bi5]

where po and b are constants, Equation [14] simplifies to
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2 -_ _v + N+ 2 v

b ~V b2 v3at 2  2 ya 21 6X2

by y -2by 62

= Pr e - e [16]
C) yL t 2

and the Vaisala frequency N = -\ 2gb is constant throughout the

fluid ihich means t]hat the fluid io homogeneous in character as

a wave carrier but aniaotroX2.

ELEMENTARY WAVES

In this section, certain results concerning the behaviour

of elementary waves in a stratified fluid are discussed. For a

more general treatment in this respect,t-e reader is referred

to Eckart (1960).

The homogeneous character of the fluid suggests that plane

waves of the form

i(ax + A y - Wt)
V=A e

where A is a complex constant, a, A and w are real constants,

are possible homogeneous solutions of Equation [16]. Substitution

into Equation [16] reveals that this is indeed so provided that

the following characteristic equation is satisfied, viz
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2(+2 p2 + b 2 ) - N2a2 = 0 [171

In the first place, a necessary condition for Equation [17

to have real solutions is that w must be less than the Vaisala

frequency, i.e.

N- i = M2 > 0

2CD

Since the Vaisala frequency measures the stability or 'stiffness'

of the fluid, the above condition implies that higher frequency

waves require a stiffer medium. a result which is in accord with

intuition. For each w that is less than the Vaisala frequency,

Equation [171 is satisfied by all points lying on an hyperbola

of two sheets in the wave number plane. In Figure 1 the hyper-

bolas in the first quadrant for various w are shown. The family

of curves is symmetric about both the vertical and horizontal

axes. It is seen that, for a given w/N, the magnitude, k, of

the wave number depends on its inclination from the horizontal

axis, e, which cannot exceed tan" M.

The phase velocity or, in other words, the velocity of

propagation of the individual crests and troughs has the same

direction as the wave number and its magnitude, c, is given by
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N cos 2 o 2  [18]

Figure 2 is a polar plot of c against 9 for various values

of w. The fact that c is a function of 8 demonstrates the

anisotropic character of the medium.

The group velocity, according to which energy is propagated,

is given by

(Gx,Gy) = 6- , W [19]

The direction of the group velocity, then, is normal to that

hyperbola in which the wave number is found at (a,p) and is, in

general, different from the direction of the phase velocity.

This behaviour is characteristic of wave motions in anisotropIc

media (see Lighthill 1960). At 0 = 0 the two velocities have

the same direction, as ( increases the difference in direction

increases and tends to v/2 as 0 tends to tan - 1 M. The magnitude

of the group velocity, G, is found to be

as M N ;V + tan 2 0 [20]
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Figure 3 is a polar plot of G against 0 for various values of w.

It is noted, that the amplitude of the actual velocity, v',

is not constant but varies with y as ./- It follows that

the first order kinetic Pnergy is (.orerved.

INTERNAL WAVES GENERATED BY AN OSCILLATING SINGULARITY

Consider the waves generated by a source of constant ampli-

tude A and simple harmonic time dependency of frequency w located

at the origin. After a sufficient time has elapsed for the

transients to die away, the dependent variables would also ac-

quire the same time dependency. Therefore,

-icut
V(x,y,t) = c(x,y)e [21]

The equation governing the amplitude function cD(x,y) is

SM
2  b 2 ( = 22-A J 5(x)[ (y) - b6(y)] [223

6y2  6X2

where 5 denotes the Dirac delta function and a dot denotes a

differentiation.

First, consider the Green's function, 4, of Equation [22].

By definition, ¢ satisfies the following equation:
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-2t - M -620 = b(2)6(V) (231

The two dimensional Fourier integral representation of 0 is easily

found to be

+O +00 i(ax+y)

40,y) e dadA [24]
(2r) 2  M2 a 2 ( 2+ b2 )

-00 -00

Consider first the case where w is larger than the Vaisala

frequency, thus M2 is real and negative. Let M2 = - p2 where P

is real and positive. Rewrite Equation [241 as

+-o +oo i(cx+ Ay)
1 " e

02=-22e p2 2 dadA [251
(27) J p+ (a + b2)

-Cc -00

Integrate first with respect to a. The integrand has

simple poles at

P [261
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The contour is closed by a large semi-circle in the upper or

lower half-plane depending on whether x is positive or negative

and the integral evaluated by the method of residues; the

contribution from the semi-circle vanishes as its radius tends

to infinity. From here on, attention is focussed on x > 0 only.

For x > 0

00 iy - 2+b 2 x

47rP be dA

4 .P I g

-00

00 x -\/g+b2
1 eP

- + cos Ay dA2irP V2+2

0

But

P2

e vcos Ay dA= K b + y2)]

0

(see Watson 1958), where K denotes the modified Bessel func-

tion of the second kind of order v. Therefore,
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1=-9-- K, b +L±X2 [27]

Next, consider the case where w is less than the Vaisala

frequency, thus M2 is real and positive. The poles now lie on

the real a axis and the integral is indeterminate. Under such

circumstances it is usual to deform the path of integration

slightly such that it goes around instead of through the poles.

How the path should be deformed depends on additional physical

information. In the present problem it is physically obvious

that 0 must be symmetric in x and that all internal waves are

outgoing waves from the source at the origin. With this con-

siderations in mind it is found that the path of integration

should be displaced above the negative pole and below the posi-

tive pole by small semi-circles. The integral is then evaluated

as in the previous case to give

e i(,By + f 2+b M d)
-- I ed
2frM V2+

- e cos Py dA

2M - tp2+ b2

0
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But

22 o 2

_____+ cos y df3 = - -x -

0

(see Watson 1958), where H v(1) denotes the Hankel function of the

first kind of order v. Therefore,

4) _Hb y2  [28)

The motion generated by the oscillating source can be ex-

pressed in terms of 0 as

-iwt by(

v'(x,y,t) = e *'a e r - be) [29]

First examine the case where w is greater than the Vaisala

frequency. Substituting Equation [27] into [29] the following

equation for v' is obtained
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v-ibt

v' -Aber Ajb [32 )

22

x + y

2  j 1301

As the stratification tends to zero, i.e. as b 0

11321

than the VasA2 2r

This limit is the motion generated by an oscillating source

in a homogeneous fluid. For finite b, the standing wave character

of the motion is preserved because both K 0and K, are real for

real arguments. However, the purely antisymmetric character of

the vertical velocity component with respect to y is destroyed.

It is noted that no progressive internal wave is generated. This

is in accord with the result of the last section which excludes

the possibility of progressive waves whose frequency is greater

than the Vaisala frequency.

Next consider the case where w is less than the Vaisala

frequency. Substitution of Equation [28] into [29 results in

the following equation for v':
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-votTI e y HI(1 b - y2

v' 2-e 7[ M )X 2  y 2

0 H(22(b L Y2) [32]

The solution behaves very differently depending on whether

x 2 /M 2 _ y2 is positive or negative. Consider first the region

which satisfies the inequality

x 2 y 2 <0

M
2

Rewrite Equation [32] as

I = - __t Hi b(i eb y2_ ) x\v -e2M yex2 M

L 
2

(o (i y2  X2  
[33]

0 2sfI
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Using the following relation, (see Watson 1958)

KA-vi (1) (it)K.( ) = 1 e HV  W
V 2

where is real and positive, Equation [33] becomes

Vt = e A L - 2
2_

+ Ko -- 2  
[341

It is seen from the behaviour of K and Ki that the motion in

this region is a standing wave also, but, here, the amplitude of

the motion Is singular on the lines y2 = x2/M 2 instead of just

at the origin where the source is located.

In the region

-2  _ y > 2
2

M
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the arguments of the Hankel functions appearing in Equation [32]

are real. From the known behaviours of the Hankel function for

real arguments it is seen that internal gravity waves are present

in this region.

This peculiar pattern of motion is related to the behaviour

of elementary waves discussed in the previous section. The periodic

source may be regarded as an integral of elementary waves of all

wave numbers and of a given frequency z. It was seen that only

those waves whose number lie on a particular hyperbola are pro-

gressive. The asymptotes of the hyperbola make an angle of

tan -' M with the horizontal so that the direction of the wave

number cannot exceed tan - ' M. However, the group velocity or

the velocity of propagation is normal to the hyperbola so that

the region in wh~ch progressive waves are found are sectors

bounded by the lines y2 = x2/M 2 as shown in Figure 4. Except for

the small wave number range the group velocities of the elementary

waves are approximately in the direction of either one of these

lines. Thus, there is a large concentration of energy in them.

INTERNAL WAVES GENERATED BY AN INSTANTANEOUS SOURCE

In this section, the transient problem of the motion due to

a source at the origin with a time dependency of the form 6(t) is

considered. The appropriate forcing function for Equation [161

is

27A po5(x) 6(t) [6(y) - b5(y)]
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Let 4) be the solution of the equation

eV + 6-- - b2 0 + N2  - §(x)5(Y) 6(t) [351
6t 2  6y2 6X 2  6X 2

therefore, the vertical velocity component v is given by

v 2wA e b - bO) [361

The Fourier integral representation of 4 is easily found

to be

++ i(ax+Ay+wt)

= 1t e dad~dw

(2r)3  -- (N 2 2 - ( 2 + b2 )
-00 -00 -002

[371

Integrate first with respect to w. The initial condition

of the fluid is the state of hydrostatic equilibrium. With this

consideration in mind, the path of integration is displaced

slightly below the real axis. The contour is closed by a large

semi-circle in the upper half plane and the integral evaluated

by residues to give
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4- I(a x+Ay) / i Nat +i Nat

Wi f Nae e a2+ p2+b 2  e-a2 2 c
(2) 3  J (a 2 + A32 + b2 2 e -e -d1d

-00 -00

+00 j I t f l

Na e dd-
8= Wf (a2 + p2 + b2)9 d

+-I- + 00Itf 2

_i f Na e dad =1 1 + 12

8r 2 -ff (a2 + p2 + b2))
-0 -00

where

x y Naf t=a t - /a2+ A 2+ b 2

f2 a" + A3 + a

t t Na,+
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The points of otationary phase of the integrals occur at

6f I
= , [38]

As before we consider only x > 0. For x/t > 0 only I, can

have points of stationary phase. Given a pair (x/t, y/t) the

real solutions of the following simultaneous equations

x._ N(13 2 + b2 )
t (2+B2 +b2) 2

Nc_ N [ 4o ]
t (a2 + p2 + b2)9 2

are points of stationary phase. These two equations may be

combined to give

x = 1 + b2 {x2

2 ( pB2 + b  2)

I
I
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For a given y/x, the above equation passes from a situation

of no real solution to a situation of two real solutions as x/t

tends to zero from a very large value. The transition where the

equation has only one real solution, therefore, corresponds to

the maximum distance from the origin at a given time where the

disturbance is appreciable if we keep terms of 0(1/t) only. Hence,

the wave front is the locus of the transition points for all y/x.

The equation of the wave front is obtained by eliminating A from

Equation [41] and its derivative with respect to 3. The resulting

equation is

[42

where

G 
2 + V 4 + 3 a2

1 +

a= y/x

Since Equation [36] involves differentiation of 0 with

respect to y only, the above asymptotic property of the wave front

also applies to that of the internal waves generated by the in-

stantaneous source.

Equation [42] is plotted in Figure 5. It is seen that the

wave fronts for different times are geometrically similar.
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