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Source strength

Exponent of density stratification
Depth of submergence of dilsturbances
Acceleration due to gravity
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Quadrupole strength

Vaisala frequency

Time

Velocity components in x,y direction respectively
Transformed velocity components
Carteslan coordinates

Horizontal component of wave number
Frequency

Equilibrium density

Thickness of thermocline

Dirac delta function

Fourier transform of V




HYDRONAUTICS, Incorporated

-1-
INTRODUCTION

A submerged dlsturbance in a stratified ocean will, 1n gen-
eral, generate motlions that are quite different from those gen-
erated in a homogeneous ocean. By stratification we mean a den-
slty stratification due to elither the presence of a sallnity or
temperature gradient or both, the fluid being assumed to be in-
compressible. The difference 1s not slmply a modification of
the motion by the density stratification, which 1s slight in a
real ocean, but rather the appearance of other forms of motion
whose exlstence depends entirely on the density stratification.
The difference, then, 1s one of kind and not simply one of

degree.

In this report, the surface currents, 1.e., currents at the
alr-sea interface due to a two-dimensional submerged disturbance,
are consldered. The equilibrium density profile of the ocean 1s
assumed to be of the form shown in Figure la. This profile 1s
chosen for i1ts simplicity and also for 1its closelapproximation
to reality. The disturbance 1s assumed to be always below the
thermocline: It 1s a quadrupole of constant strength amplitude
and with a simple harmonic time dependency. 1In spite of 1ts sim-
plicity it provides a time scale (inverse frequency) and length
scale (proportional to i1ts depth below the thermocline) charac-
terizing the disturbance.

In the Appendlx similar calculations are carried out for an-

other class of density profiles shown schematically in Figure 1b.
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FORMULATION OF THE PROBLEM

The equllibrium density profile of the ocean 1s taken to
be of the following form:

/o

P in R_: (fF+H>y>f +1)
i‘! - -
E=<p232b1(yf) inRy: (f+1>y>T71)
. )
G e 2Py inRy: (f>y > - )

The. . fluld -1s_assumed to be inviscid and incompressible. In the

above,p, p1, pas £ T and H are all positive real constants. A

schematic dliagram of the profile 1s shown in Figure la.

We are interested 1in the currents at the free surface

y = f + H generated by a two-dimensional quadrupole of constant

strength amplitude M and with a simple harmonic time dependency

of frequency w located at the origin of the coordinate system

(x = 0, y = 0). The solution for a periodic source of strength

A 18 found first. From this solution, the one for a quadrupole

is obtained by differentiation.

It 1s convenlent to work with the transformed velocity

components U and V defined by

rvnas ks o
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where

u, v are the physical veloclty components.

Since the forcing function is simple harmonic, so, after a
sufficient time has elapsed for the transients to die away, the
whole system would acquire a simple harmonic motlion of the same
frequency. In this final quasli-steady state,the time dependency

of the dependent varilables may be factored out so that

-lwt

U(x,y,t) = U(x,y)e

-lwt

V(x,y,t) = V(x,y)e

If the disturbance 1s weak,so that the resultling motion
may be considered as small perturbations about the state of
hydrostatic equilibrium, then the differential equations gov-
erning V in the different regions are (see Wong, 1965)

. 37 aQVO
in R, + =0 (1]
dy? Ve
3 2357 —
in R, ¥V 41 - 2 Vi b, =0 (2]
dy*? w? 3
3% 2717
in Rg ¥V (1 -2 ) TV sy,
dy*? o | xR
= 2r/p A &5(x) [6(y) - bab(y)] (31
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4.

where b denotes the Dirac delta function and a dot denotes a
differentiation. Subscripts have been added to V to denote the
function in the various regions. The right hand side of Equa-

tion [3] represents the source.

The surface current 1ls essentially due to the formation
and propagation of internal waves. Because of the much larger
denslity discontinulty at the alr-sea interface the vertical
movements there are negligible for all practical purposes.

Therefore, the boundary condition there can be taken to be

vo=o at y=f + H [4]

At y =fand y = £ + T both U and V have to be continuous.
This glves rise to the following boundary conditions:

V-V at y = £ + 1 [5]
v1 = —V-a at y = by [6]

vV =

% b7 3V, _

5y = Vit 3y at y =f + 7 {71

blvl +"_"'=b3vZ +aa—'vya‘ aty=7°¢ [8]

T
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The last two equations were obtained from the equation of con-

tinulty, viz.,

U AV \
3x Tay teV=2r/pA 8(x) 8(y)
which becomes
3, AV
EI.L_ + §XL + blvl =0 in R1 [1O]

dx dy

3, = 3V, —
-2 zy2
x + ay + bg Vg

ar /p A 8(x) 8(y) in Rg (11
In addition to the above conditions other condltions have

to be 1mposed at infinity to 1lnsure a unlique solution. These

additional conditions wlll be discussed as they arise.

SURFACE CURRENTS DUE TO A SUBMERGED SOURCE

Let wi denote the Fouriler transform of Vi with respect to

X 80 that

v, =fvi e 1 =0, 1, 2,
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Then, from the equations governing Vi the following set of equa-

tions for 9y 1s obtailned:

® -d?p =0 for f+H>y>f + 7 [12]

o[“]tpl=o for f + 1> y>f [13]

92 - [baa +11 - 3533—&}% = o1 A /p|6(y) - bs(y)] for y < f
w? [14]
®, =0 at y = f + H [ 15]
P, =@ at y=f +r [16]
91 =9a aty =71 [17]
C[30=b1cp1 + @ at y = f + 7 [18]
bigr + P = byopy +.°(.’a aty=7¢ (191"

The most general solutions of Equations [12] to [14]

are respectively,

R ———————
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-|a|y +‘a|y
0 = AO + Boe [ 20]
By +hy
o = Ae + Be [21]
B2y +Bay P2y
ps = Age + Bye +H(y)1rA/—(3-+1 e
b +ﬂay
+[1 -H(y)]‘er\/-p(ﬂ—"‘- e [22]

where Ai’ Bi’ are arbitrary functions of the parameter a, H(y)

denotes the Heaviside function and B, Bz are given by

B]_ = + \/bl 2 + |1 - —2&‘ aa
wa
ﬁz = + \/;3 2 + ( 1l - —5—3—2“.: ) da

Because of Equation [15], @, must be of the form

9, = A, sinh |a| 0(f + H) - y] [ 23]

Ao now 1s some other arbitrary function of a. Because of condi-

tions at y = - ®», Ay = 0 and Equation [22] becomes
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e‘ﬁay

ws = Be P2V 4 H(y) rA/‘p(%-+ 1
2

+[1-H(y)]1rA/_p(%:--l etPay [24]

Substituting known expressions for ¢, into Equations [16]
to [19] yield the following set of four equations for the deter-
mination of AO, A, B, and By:

AO sinh|a| (H-1)= Ale'ﬁl(f+T) + Ble+51(f+¢)

_|a‘Ao cos‘hlal (H-17)=4(b- B )e‘Bl(f+'T)+ B, (b, +8, )eﬁl (£+7)

Bef2f 4+ 7 A/p (2—:—+ 1] ePel _pePrf | petht

B (ba+ Ba )eB3f+ (by- Bz ) T A fﬁ(g—:‘ +1 e-ﬁzf = A (by -By )e-ﬁlf

+ B (by 48, )e+ﬁ1 f

Solving the above equations simultaneously, Ao is found
to be:

4mA /p (ba+ pi)e"s’f
(8+1) (by ~ba -y ~Ba )e™PL T4 (£-n) (by ~by +8, -Ba Je P2 T

A = -
o

[25]
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where

€ = sinh la' (H-r)

n= s%'[ |al cosh ‘a' (H-17) + Db, sinh ‘a‘ (H - T)J

Taking the inverse transform, VO 1s expressed as a Fourler

integral

40
= 1 lax
Vo= 5 A, sinh|a] [(f + H) - yle da

“- ®

U, can be found from Equation [9] as follows:

i} 3V

o2 ___28
dx 3y
+Q
= 4 = A_la] coshla| [(f + H) - y]eimx da
2T o]

-0

<l
I

Ny
1 |a] lax
o = BT A coshial| [(f + H) - yle da

[ 26]

C27]

In arriving at the last expression for ﬁg the fact that ﬁg is

antlsymmetric 1n x was used.
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The surface current induced by the source is, then,

given by
4>
-iwt
G, = —— | A, L%i e1®* g [ 28]
eri/p; J,

In what follows we shall always assume that

e = P2 = P < q
P2

First consider the simplest special case where the thermo-
0) and the layer below the thermo-

cline 1is a discontinulty (T
For this speclal case

cline 1s homogeneous (b = 0, p = ps ).
-la|f
2m A J/p: a e
A =
+|a| H

-]
A2 sinh|a|H
w?

la] e

Therefore
+@ -l |(f+H) lox
1wt gﬁégj © e Jdo
G, =-1Ae" TaTh [29]
- w? - gelale sinh|a|H
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Since the integrand has poles on the real axis, the lntegral is
undefined. Under such circumstances it is usual to deform the
path of integration so that 1t goes around instead of through
the poles. How the'ﬁéth is to be deformed agiends on additlonal
physical information. Here, the surface current is a conse-
quence of the formation and propagation of interfaclal waves at
the thermocline. These waves are all outgoing waves from the
central region of disturbances. Therefore, the current also
possesses this outgoing wave property. For such a situation the
path has to bé deformed slightly above the real axis when x < O
and slightly below when x > 0. The path of 1lntegration can be
closed by a large semlcircle in the upper half plane when x > O
and the lower half plane when x < 0. It can easlly be shown
that the contribution from the integratlion along the semliclrcle
vanishes as the radlus tends to infinity. Since the integrand
1s analytic except for poles,the integral may be evaluated by
the method of resldues. The contributions from the poles having
a non-vanlshing 1maglinary part wlll vanish exponentlally with

X because of the factor eiax. Therefore, for x large and posi-

tive only the positive real roots of the equation

w? - gea e ™ g1nh ot = 0 {30]

are important. This equation is plotted in Flgure 2. It 1s
seen that for a glven w there 1s only one real positive a,

say, @, which satisfles the above equation.
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Hence, for large and poslitlve x

" e'ao(f+H) 1(aox - wt)
iy~ - A 3o e [31]
(da

a

o
where
- |a|H
0® = ge |ale sinh|a|H

and o 1s the positive real solution of Equation (30].

Next conslder the effects of a thin thermocline on the sur-
face currents generated by the source, i.e., T 1s small compared
with H but finite. As in the previous case by 1s set equal to
zero., Now

€

by =—2];T'Lﬂ (1+e)~—2-;

therefore




HYDRONAUTICS, Incorporated

-13-

If v 18 small, its effects on the dispersion relation (Equa-
tion [30]) may be expected to be small. The third term under

the square root can then be approximated by

T Q 2Ta

e ~H sinh cH 1 - o ~20H

2Ta for aoH large

% for aH small

From Equation [31] 1t is seen that only waves with small wave

numbers produce significant currents because of the factor
-|a|(f+H)

e Therefore,ar is small since T/H is assumed to be

small. Hence, B, T 1s small and we have

eﬁlTN 1+ /31'1'

ePrTm 1l =BT
Under these circumstances and with by = O, AO simplifies to
-|a|f

- 2T A /Eilqle
la](1 +la]T)e-la|H

Ao o
- g¢ — sinh|a|H
o
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and the surface current to

+®
-|a| (f+H-T) tax
A e—iwtj[. a(l +[a|T) T
al(H-T)
2w EEI%E+? e sinh|a| (H- Tﬂ {32]

The integral in Equation [32] can be evaluated as 1in the previous

[wt}
Il

case where the thermocline 1is a discontinulty. For large posi-

tive x the surface current 1s given by

—ao(f+H-T) i(aox-wt)
w e e
(l + Q T] d 133

i ~ -7A

el - |a|(H-T)

where ¢* = T+lalr e

sinh|a|(H-T)

and o ls the positive real root of the followlng equation:

req -a(H-T)
o - & o sinh a(H-T) = 0 [34]

l+an7
Finally, let us conslder the effects of a stratification
below the thermocline; theé thermocline is here taken to be a

discontinuity, i1.e., T = 0, ba 1s small so that
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Ba ="\ ;az +(1 _gg}lga_)ag ~ Jal /1 -%zbi

Under such clrcumstances AO simplifles to -

AR Y RSy P
eTA p T/& - e ﬂV/ —%EL

"V/ - g%gg--sinh la| H + cosh |a| H - E%JEL sinh |a| H

and the surface current to

V- 2%;; lal £ fax

-ilwt /““ € da
fio ~-1A e
ﬁ 2ebs €22 sinn|a|H+cosh|alH - g—,,l—-LsirmlcxIH

(35]

When w® < 2gb,, the integrand has no pole on the real axls. This

can be shown as follows: Let oy be a real root of the equation

'\/1 - gﬁg—isinh |a| H + cosh |a] H - Ei}EL sinh |a] H= 0

(36]
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If w* < 2gb, then ay has to satisfy the following pair of

equations:

2531-- 1 sinh |a | H=0
cosh |a|H-‘g%E-Lsinh la | H=0
o} o}

but this is impossible. Therefore, Equation [36] has no real
solution for w?< 2gb,. However, for every uw®*> 2gb, there 1s a
unique positive solutlion (see Figure 2). Let this be denoted

by a,- Then for large positive x the surface current 1s given

by

Dgba .
-\t % a,f i(aox - wt)

1 - 25ba e e
i ~ omA il ac (371
)
a

o)

where

¢ = 1-3?-9—sinh |a] H + cosh |al H-&eﬁ‘ﬁj—sinh |a| H

SURFACE CURRENTS DUE TO A SUBMERGED QUADRUPOLE

The quadrupole under consideration has a configuration shown

in Figure 3. The strength M of the quadrupole 1s given by

M = A%A®
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where A is the strength of the individual sources and sinks and
A 1s the distance separating them,

The surface current w due to a quadrupole of strength

lwt located at the origin 1s

amplitdde M and time dependence e~
obtained by differentiating the source solution, 1l.e., ﬁo wilth

respect to x and replacing A by M.

Let us choose H as the reference length and /H/ge as the ref-

erence time and introduce the following dimensionless variables

t' = t/VH/ge
x' = x/H

f' = f/H

T =1/H
ao' = o H

w' = w\/ji
ge

The surface currents generated by the quadrupole corre-
sponding to the three cases analyzed in the previeous section

for the source are found to be
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Case I Tt =0, by =0

For large poslitive x the surface current due to the

quadrupole 1s given by

- ao'(f'+l) 1(ao’x'-w't')

' 1)2
w (ao ¥ e e

rdo'
|da |

a '
o]

The magnitude of the current 1is

-a '(f' + 1)
bl ~ (WM w'(ag')® e
ggl
da' .
a
O
- (%g’l)u* [38]
where
- la']
(6 = |a'| e sinh |a'|

and ao', which is the asymptotic wave number of the current, 1s

the positive real root of the equation

-y !
(w')® -a'e™® sinha' =0
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Case I1 ™ #0, by =0

For large positive x the surface current due to the

quadrupole 1is

-ao'(f'+1—T') i(ao'x'-w't')

w'(ao')2 e e

W~
i (L +a 'r') {——

The magnitude of the current 1s

- ' ' _mt
a (f'+1-11)

2
lwl ~(1TM vio, "
) 1
) T g (]
o} da''!
fa !
™
= (ﬁf' U* {391
where
, (o] -lar](1-71)
1 \3 = a' t - 1
('Y ) (1 +'loﬂT") e sinh ‘0. |(l T )
and ao' 1s the positive root of
2 a' -G'(l-‘f')
w' —-me sinha'(l-'r')=0

When 7' = 0, this case reduces to Case I.

¢
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Case III t'=0, by # 0

For large positive x the surface current due to the
quadrupole 1s

\/———‘ Vl'(N' a,' :L(o. Xl ew't ")
) (dC)
da

V- e

1 -(o)

e
le ~ }_15") (%1)
da'}
a
o
- (g¥ u* [40]
where
N'i? : a'
¢' =1\/1 '(ET] sinh|la'| + cosh|a'| - w7 sinh|a'|

and ao' is the positive real root of the equation

¢r =0

as N' tends to zero thls case tends to Case I,
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DISCUSSION OF RESULTS

The surface current duc to a two-dimensional quadrupole
of constant strength amplitude and simple harmonlc time de-
pendency was determined analytlically. It was found that the
current is a consequence of the formation and propagation of
interfacial waves at the thermocline. For large dilstances from
the source of disturbances,the interfacial waves form a regular
train of outgoing waves having a definite amplitude and wave

number. The surface current also possesses these characteristics,

The asymptotic wave number of the surface current 1s the
wave number of free waves at the thermocline. It depends sole-
ly on the density profile and the frequency of the dlsturbance
but not at all on its nature or depth of submergence, In Fig-
ure 2 the asymptotic wave number, denoted by Qs is plotted
agalnst the frequency w for various density profiles. For a
given frequency w and the same H, a thicker thermocline retards
the phase velocity, hence increases the wave number. A strati-
fled layer below the thermocline, however, increases the phase
velocity, hence reduces the wave number. When the stratifica-

tion in the lower layer is so large that 1its Vaisala frequency

N =V2gb3 18 greater than the frequency of the disturbance, inter-
faclal waves at the thermocline will attenuate as they propagate
because of energy transfer in the form of true internal waves

to the lower layer,
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The asymptotic amplitude of the surface current depends on
how effective the submerged disturbance is transmitting energy
to that component of the interfaclal wave which has a wave num-
ber equal to oy (the wave number of free interfacial waves
corresponding to the frequency w of the submerged disturbance).

In Figures 4 and 5 are shown the asymptotic amplitude of the

surface current as a function of w for various density profiles.

REFERENCE

1l. Wong, K. K., "On Internal Gravity Waves Generated by Local
Disturbances," HYDRONAUTICS, Incorporated Technical Report
231-5, February 1965.
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APPENDIX

First conslder the surface currents due to an oscillating
source of amplitude A and simple harmonic time dependence e’iwt
located at (x = 0, y = 0) in an ocean with the density profile

shown 1n Flgure 1b.

Express the physical vertical velocity component v(x,y,t)

as
1
v =7p"V=p2Te [a-1]

The differentlal equations and boundary conditions govern-

ing ®, the Fourler transform of V with respect to x, are:

-]
oy -[b12 ol Egkaa}% -0, f<y<H [a-2]
ay® w?

oy [b N L ﬂ% = 2map? [6(y) - ba5(y)]

w

for -® < y< ¢ (a-3]

it

® = 0 at y = £ + H (A-4]

$» =9 aty=7~ [a-5]
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d d
by + ;; = by + g? at y = f [A-6]
vz ~ C as y ~ -® [A-7]

Solving these equations simulﬁénéously it 1s found that

¢ = C sinh B [(f + H) - y] [A-8]

where
1 -Baf
C = - 21TAp2 (ba + ﬁﬁ_) e [A—9]
(by - bz - Bz ) sinh B1H - By cosh B, H
2 2gh, | 2

BL= \/bl +11 - —Ez—w )a [A-10]

Ba= "/ 0a® + (1 - a2 [A-11]
Therefore

4o
lax

V= — [ C sinh B((f +H) -yl e  da [A-12]

2T
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from which the surface current ug due to the oscillating source
is found to be

@

1 -twt lax
u, = [‘p(y =f + H)] e21r fcﬁleia da [A-13]

- 0

The surface current due to an oscillating quadrupole of
amplitude M can easily be found from that due to the source. It
is

-lut B2 f lax
i o=+ 2 M (bg +B;) e B,a e da
Yo T T f (bl - b3 - ﬁz ) sinh B]_H - ﬁl cosh BIH [A-—lll-]

It has been assumed that

=p-§&=f+H)<<l
p

€

[A-15]

Let it be further assumed that

a>>Db or b [A-16]
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so that

Bl‘ela‘ 1_..2Lbl_
ﬁzsu'al“\/;‘—ggb—z
we
and expression [A-14] simplifies to

—1wt
_— __\/* e b2 _2gby
o w?

-2\ /1 2521_‘a‘f 1ax

w?
Jf lala e
\/ 1 - 28bs 823 gy /1 - B2 |qlH +\/- —%rL coshvr gbllalﬂ

[A-17]

For large x, contributions to the integral in Equation [A-1T7]
come from the real poles of the integrand only. Therefore, let
us examine the roots of the equation

\/1 - sinh\/l - —%5—'|G|H 4\/1 - —%ﬁi cosh}uin; gﬁgL la|H =

[A-18]
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Assume 2gb, > 2gbs.
Case I: w? < 2gb, < 2gb,

Equation [A-18] becomes

?.EEJ__I

1 tan”\/gfgL -1 |lalH = = -5%;————-
% 2
-1

which has no real roots, Therefore

0 for w?® < 2gb, < 2gb,

1]
L]

Case II: u® > 2gb, > 2gb,

Equation [A-18) becomes

which also has no real roots. Therefore

0 for w? > 2gb, > 2gbs

o1
n
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Case III: 2gb, < w? < 2gb,

Equation [A-18] becomes

tan‘\/-z-%;-*— -1 |alH =

which has an infinite number of roots
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Introduce dimensionless varlables

! = f/H , x' = x/H
w' = w/~/2gb,
N = 2e0,/ Ve,
t' = t\/2gp,
Then
3
-a ' \/1 - Na, £f' (o 'x'-w't')
n w
. a '? e e
~ 2\ n
i =+ —E;)w —
° - 1
n=1i o7 - 1 — —
——— s8in YAl la ' -cos /o - 1 an'
N '?
1 - =2
w' .
[a-20]
T
1 w'® " !
nTr - tan” ———N—Tr
a ' = [A-21]

[Up——
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Write U as
o)
~ 2mM ~ ~
Llo = —Hs- (ul + U + .“.)
Let

‘ﬁll =y *
[Tz | = ug®* ete.

In Figure 6, w* and uz* are plotted as a function of w' for

the special case b; = 0 and two different depths of submergence,

From the calculation,1t 1s found that the asymptotic sur-
face current 1s non-zero only when 2gb; < W < 2gb, (assuming
that 2gb, > 2gb, ). "

When w® lies within the above range,it 1s found that the
surface current 1is in the form of a Fourlier Serles. This is 1n
contrast to calculations for profiles which possess a well de-
fined thermoclline. 1In the latter case,there exlsts only one

Fourier component.
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FIGURE | — SCHEMATIC DIAGRAM OF EQUILIBRIUM DENSITY PROFILES
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FIGURE 3 — CONFIGURATION OF QUADRUPOLE
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