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NOTATION

A Source strength

b Exponent of density stratification

f Depth of submergence of disturbances

g Acceleration due to gravity

H Depth of thermocline

M Quadrupole strength

N Vaisala frequency

t Time

u,v Velocity components in x,y direction respectively

U,V Transformed velocity components

x,y Cartesian coordinates

a Horizontal component of wave number

w Frequency

T Equilibrium density

T Thickness of thermocline

6(x) Dirac delta function

C Fourier transform of V
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INTRODUCTION

A submerged disturbance in a stratified ocean will, in gen-

eral, generate motions that are quite different from those gen-

erated in a homogeneous ocean. By stratification we mean a den-

sity stratification due to either the presence of a salinity or

temperature gradient or both, the fluid being assumed to be in-

compressible. The difference is not simply a modification of

the motion by the density stratification, which is slight in a

real ocean, but rather the appearance of other forms of motion

whose existence depends entirely on the density stratification.

The difference, then, is one of kind and not simply one of

degree.

In this report, the surface currents, i.e., currents at the

air-sea interface due to a two-dimensional submerged disturbance,

are considered. The equilibrium density profile of the ocean is

assumed to be of the form shown in Figure la. This profile is

chosen for its simplicity and also for its close approximation

to reality. The disturbance is assumed to be always below the

thermocline: It is a quadrupole of constant strength amplitude

and with a simple harmonic time dependency. In spite of its sim-

plicity it provides a time scale (inverse frequency) and length

scale (proportional to its depth below the thermocline) charac-

terizing the disturbance.

In the Appendix similar calculations are carried out for an-

other class of density profiles shown schematically in Figure lb.



HYDRONAUTICS, Incorporated

-2-

FORMULATION OF THE PROBLEM

The equilibrium density profile of the ocean is taken to

be of the following form:

P in R : (f + H > y > f + r)

• -2b, (y-f)

-= p 2 e in R2.: (f + T > y > f)

p - 2 b2 Y in R2 : (f > y > - c)

.The_-fluid-is--as-sumed to be inviscid and incompressible. In the

above,p, pl, p2 , f, T and H are all positive real constants. A

schematic diagram of the profile is shown in Figure la.

We are interested in the currents at the free surface

y = f + H generated by a two-dimensional quadrupole of constant

strength amplitude M and with a simple harmonic time dependency

of frequency w located at the origin of the coordinate system

(x = 0, y = 0). The solution for a periodic source of strength

A is found first. From this solution, the one for a quadrupole

is obtained by differentiation.

It is convenient to work with the transformed velocity

components U and V defined by

1

V=P 2v



HYDRONAUTICS, Incorporated

-3-

where

u, v are the physical velocity components.

Since the forcing function is simple harmonic, so, after a

sufficient time has elapsed for the transients to die away, the

whole system would acquire a simple harmonic motion of the same

frequency. In this final quasi-steady state, the time dependency

of the dependent variables may be factored out so that

U(x,y,t) = U(x,y)e-iwt
V(x,y, t) U(x,y)e-iw

= wtV(x,y,t) =V(x,y)ei-

If the disturbance is weak,so that the resulting motion

may be considered as small perturbations about the state of

hydrostatic equilibrium, then the differential equations gov-

erning V in the different regions are (see Wong, 1965)

in R _ + o = 0[1)

in2 R71- + ll-2gbl -• -bV1 12 0 23

inR, - b1
2V, = C,[2

B2 22

= 2r-p A 6(x) [U(y) - b;16(y)] [31
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where 5 denotes the Dirac delta function and a dot denotes a

differentiation. Subscripts have been added to V to denote the

function in the various regions. The right hand side of Equa-

tion £3) represents the source.

The surface current is essentially due to the formation

and propagation of internal waves. Because of the much larger

density discontinuity at the air-sea interface the vertical

movements there are negligible for all practical purposes.

Therefore, the boundary condition there can be taken to be

V = 0 at y = f + H [43

At y = f and y = f + T both U and V have to be continuous.

This gives rise to the following boundary conditions:

V =V, at y = f + £ [5)
0

V, =V 2  at y = f [6)

y = bV,1 + at y =f +T £7)

b--1 + = b2 V2 + - at y = f £8)b, V, + 2--1 yy[8
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The last two equations were obtained from the equation of con-

tinuity, viz.,

' + + b V = 27 1- A 5(x) 6(y)

which becomes

m + 0 0 in R [9
ax y 0

aU--+ + b171 = 0 in R, [1c]

a - b+ -, V = 2v 1/p A 6(x) 5(y) in PQ [1il

In addition to the above conditions other conditions have

to be imposed at infinity to insure a unique solution. These

additional conditions will be discussed as they arise.

SURFACE CURRENTS DUE TO A SUBMERGED SOURCE

Let cpi denote the Fourier transform of Vi with respect to

x so that

+w

=f-=/ 1 e -iXdx I = 0, 1, 2,

-a
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Then, from the equations governing V1 the following set of equa-

tions for pi is obtained:

ýo - CP 0 = 0 for f + H > y > f + T [123

- [b '2+ (lLE c?] cp1 = 0 for f + > y >f £131

*ia - b2a 2 - 2gb3  27r A Fpl (y) -b5(y)] for y < f
W [ 143

•o = 0 at y = f + H £15)

S= CP1  at y = f + £ [16)

CP1 = CP at y =f 17)

= b,1ep + ý1 at y = f + T [18)

b, p + q2 = b2 CP2 + C2 at y = f [19)

The most general solutions of Equations [12) to [14]

are respectively,



HYDRONAUTICS, Incorporated

-7-

P A - lty +B+Iaiy
=Ae +Boe [20]

A, =Ae + B1 e [21]

CP2 = Ae -A2 + B3Ye + H(y) r A + 1e

+ [i - H(y)]r A 1 -p- 1) e [221

where Ai, Bi, are arbitrary functions of the parameter a, H(y)

denotes the Heaviside function and A,, A are given by

, =+ Cbl 2 + (i 2 gb1)

92 +~ b2 
2 + gb c

Because of Equation [15), Po must be of the form

=A sinh IaI [(f + H) - y] [23)

A now is some other arbitrary function of a. Because of condi-

tions at y- -, A2 0 and Equation [22) becomes
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p2 = •e+2Y + H (y) A b2 + b i e

+ [1- H(y) 3" A /-p (a -_ i)e+ [24

Substituting known expressions for ei into Equations [16)

to [19] yield the following set of four equations for the deter-

mination of Ao, A,, B% and B.:

A sinhIa I (H - T A, eI -(f+,) + B1 e+p, (f+,)

- i AA cosh la (H - ,r = A3 (b 1- A, )e-A, (f+¶')+ B, (b +A, )e 1(f+¶r)

Bae A2f + r A V ( a. + I A f Ae 1e + + f

6 (b2 + A2)e •f+ (b2 - 2 7- A fp( e+ 1A (b-)

Solving the above equations simultaneously,A is found

to be:

4rA 1- (b 2 + A)e-93fA -
0 (•+') (b, -b2 -91 -92 )e+A1 T+ ( -g)(b 1 -b 2 +Aj-Ag)e-A1

[ 25
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where

= sinh Jai (H- r)

l=-[ jal cosh jai (H- ')+ b sinhial (H -T)

Taking the inverse transform, V is expressed as a Fourier0

integral

V° = A sinhlal [(f + H) - ylelax da [261
o 27r 10

U can be found from Equation [9) as follows:

o 0o -
-x ay

=++ Al • cosh a[ [(f + H) - y]etax da

U A 'a' cosh al [(f + H) - y~eiax da [27)
o 2ri o a

In arriving at the last expression for U the fact that U° is

antisymmetric in x was used.
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The surface current induced by the source is, then,

given by

-iwt • e
SeA 'a' eiax da [283

0 2rf 0 a

In what follows we shall always assume that

2= - P <<1
p2

First consider the simplest special case where the thermo-

cline is a discontinuity (T = 0) and the layer below the thermo-

cline is homogeneous (b 2 = 0, p = p2 ). For this special case

-1alf
2r A V-'; a e

al e -d sinh •aH

Therefore
CO Le aI• (f+H) i ax

L2a e e da
O = - i A e-iWt a £29)
0 1 - gc IWte I H sinhIalH
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Since the integrand has poles on the real axis, the integral is

undefined. Under such circumstances it is usual to deform the

path of integration so that it goes around instead of through

the poles. How the path is to be deformed depends on additional

physical information. Here, the surface current is a conse-

quence of the formation and propagation of interfacial waves at

the thermocline. These waves are all outgoing waves from the

central region of disturbances. Therefore, the current also

possesse.s this outgoing wave property. For such a situation the

path has to be deformed slightly above the real axis when x < 0

and slightly below when x > 0. The path of integration can be

closed by a large semicircle in the upper half plane when x > 0

and the lower half plane when x < 0. It can easily be shown

that the contribution from the integration along the semicircle

vanishes as the radius tends to infinity. Since the integrand

is analytic except for poles,the integral may be evaluated by

the method of residues. The contributions from the poles having

a non-vanishing imaginary part will vanish exponentially with
iax

x because of the factor e . Therefore, for x large and posi-

tive only the positive real roots of the equation

? - gea e-H sinh aH = 0 [30)

are important. This equation is plotted in Figure 2. It is

seen that for a given w there is only one real positive a,

say, a which satisfies the above equation.o
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Hence, for large and positive x
-a(f+H)

-o i(a x - Wt)0 d ((ou-, - -7rA ede o[31]

where

-lalH
C = ge lale sinhIalH

and a is the positive real solution of Equation [30).0

Next consider the effects of a thin thermocline on the sur-

face currents generated by the source, i.e., T is small compared

with H but finite. As in the previous case b2 is set equal to

zero. Now

1 C

-- 2 n (1 + C

therefore

Al =T Cba +1( -c?

2w
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If T is small, its effects on the dispersion relation (Equa-

tion [30)) may be expected to be small. The third term under

the square root can then be approximated by

T a 2Ta

e sinh aH 1 - e

2Ta for aH large

/T
H for aH small

From Equation [311 it is seen that only waves with small wave

numbers produce significant currents because of the factor
- I a (f+H)

e . Therefore,aT is small since T/H is assumed to be

small. Hence, •PT is small and we have

eIT ft 1 + PI

e-Is 1 -PI

Under these circumstances and with b. = 0, A simplifies to0

A2r A /-Ia Ieae

0 I a1(1 +lal .)e- I•H _ g. a sinhljalH
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and the surface current to

a?-t a +IaI(f+H-T) lax

u ~ A e-iWtf a(, + Ia, ,e-IIT) e d

o I - i L e sinhlal(H-T) [321

The integral in Equation [32) can be evaluated as in the previous

case where the thermocline is a discontinuity. For large posi-

tive x the surface current is given by

-a (f+H-T) i(a oX-Wt)
S•-7A W e e [33]o I(

o da~ o

where a = gii - Ie I(H)sinh a(H--)I +l• a ITh~lHT

and a is the positive real root of the following equation:0

te -i ea(H-) sinh a(H-T) = 0 [34)

Finally, let us consider the effects of a stratification

below the thermoclinef"the thermocline is here taken to be a

discontinuity, i.e., T = O, b2 is small so that
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,8 = 4( ~~~2~ll -2b

Under such circumstances A simplifies to

- -- -- Ia f

27rA/V• 2 e
A

sinh al H + cosh jal H- sinh jal H

and the surface current to

- l -g- alaf iax
-iwt e e da

u w-iA e V,-

- b2 sinhIalH~cosh IaIH- W 2LsinhilIH

[35]

When u? < 2gb2 , the integrand has no pole on the real axis. This

can be shown as follows: Let a be a real root of the equation0

V1 x1- sinh jai H + cosh Ija H- sinh jal H = 0

[36]
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If w2 < 2gb2 then a has to satisfy the following pair of0

equations:

-2b 1 sinh ialH =0

cosh a1I H - sinh I% I H = 0

but this is impossible. Therefore, Equation [36] has no real

solution for a?< 2gb2 . However, for every u?> 2gb2 there is a

unique positive solution (see Figure 2). Let this be denoted

by a Then for large positive x the surface current is given
0

by

- 1 - af i(ax - wt)
2gb2 e e

'-27A [37]
d-a

where

C = - 2VLsin Jal H + cosh jicz H- sinh Jai H

SURFACE CURRENTS DUE TO A SUBMERGED QUADRUPOLE

The quadrupole under consideration has a configuration shown

in Figure 3. The strength M of the quadrupole is given by

M =eA
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where A is the strength of the individual sources and sinks and

A is the distance separating them.

The surface current w due to a quadrupole of strength
-iwt

amplitude M and time dependence e located at the origin is

obtained by differentiating the source solution, i.e., a with0

respect to x and replacing A by M.

Let us choose H as the reference length and -H-/gc as the ref-

erence time and introduce the following dimensionless variables

ti = t/ V H/lge

X = x/H

f = f/H

T = T/H

cx'=clH
o o

The surface currents generated by the quadrupole corre-

sponding to the three cases analyzed in the previous section

for the source are found to be
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Case I T' = 0, b2 =0

For large positive x the surface current due to the

quadrupole is given by

/(f(+l) i(%°'x'-w't')

W ! d¢O'
7rM 0

The magnitude of the current is

I'( p' -e W'(f' + i)

dIa
0

:•- U* [383

where
- Ia'I

(o') 2 
- Ia'l e sinh Ia'lI

and a , which is the asymptotic wave number of the current, is

the positive real root of the equation

(W')a - a•' e sinh ca' = 0
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Case I! T1 $0, b2  0

For large positive x the surface current due to the

quadrupole is

7rM I 1 a 0 ) e -a 0 (f '+ l -.r ') e i ( 0 x '-w 't ')

(1+ a 'r' (dy:)c

0

The magnitude of the current is

M WW,')(c i)2 e

(Ii) (1 a 1T) (i:)

,0 , da'

0

U* [391

where

- a -ia'I (1-er')
N - e sinh lc'l(l- e')

and a is the positive root of
0

-a'(i-r')
W 1 e sinh '(l- T')= 0

W + -aTa

When 0'= , this case reduces to Case I.
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Case III T' = 0, b2 # 0

For large positive x the surface current due to the

quadrupole is

2 1 •0o'

1 , e e

I__N_'_ f
Ida)l
0

_(NI) 2 a'r
2 U' 0

W7o

where

= - sinhl + coshla'l sinhlac l

and a ' is the positive real root of the equation

C1 = 0

as N' tends to zero this case tends to Case I.
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DISCUSSION OF RESULTS

The surfaCe current due to a two-dimensional quadrupole

of constant strength amplitude and simple harmonic time de-

pendency was determined analytically. It was found that the

current is a consequence of the formation and propagation of

interfacial waves at the thermocline. For large distances from

the source of disturbances,the interfacial waves form a regular

train of outgoing waves having a definite amplitude and wave

number. The surface current also possesses these characteristics.

The asymptotic wave number of the surface current is the

wave number of free waves at the thermocline. It depends sole-

ly on the density profile and the frequency of the disturbance

but not at all on its nature or depth of submergence. In Fig-

ure 2 the asymptotic wave number, denoted by az , is plotted

against the frequency w for various density profiles. For a

given frequency w and the same H, a thicker thermocline retards

the phase velocity, hence increases the wave number. A strati-

fied layer below the thermocline, however, increases the phase

velocity, hence reduces the wave number. When the stratifica-

tion in the lower layer is so large that its Vaisala frequency

N r is greater than the frequency of the disturbance, inter-

facial waves at the thermocline will attenuate as they propagate

because of energy transfer in the form of true internal waves

to the lower layer.
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The asymptotic amplitude of the surface current depends on

how effective the submerged disturbance is transmitting energy

to that component of the interfacial wave which has a wave num-

ber equal to a (the wave number of free interfacial waves0

corresponding to the frequency w of the submerged disturbance).

In Figures 4 and 5 are shown the asymptotic amplitude of the

surface current as a function of w for various density profiles,

REFERENCE

1. Wong, K. K., "On Internal Gravity Waves Generated by Local
Disturbances," HYDRONAUTICS, Incorporated Technical Report
231-5, February 1965.
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APPENDIX

First consider the surface currents due to an oscillating
-iwt

source of amplitude A and simple harmonic time dependence e

located at (x = 0, y = 0) in an ocean with the density profile

shown in Figure lb.

Express the physical vertical velocity component v(x,y,t)

as

A • -i~t

v = 2 V = p 2 V e [A-lI

The differential equations and boundary conditions govern-

ing c, the Fourier transform of V with respect to x, are:

d aCP1  [b, 2 + (1 _ 2gb1  ? P = 0, f < y < H [A2
dy2 L W a w

cP2 - [b2 2 +(ýl - = 2rrAp 1[6 (y) b2 Eb(y)]

dy 2  w• 2

for - < y < f [A-33

C= 0 at y = f + H [A-43

CP1 = CP2 at y = f [A-5]
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b1, 1 + CP1 = b2 + dcP2  at y = [A-63
dy -dy

T2 C as y- -[ [A-73

Solving these equations simultaneously it is found that

e = C sinh [(f + H) - y3 [A-83

where

i -A2 f

- 2rAp2 (b2 + •A) e [A-9]
- b2 - 2) sinh A1 H - A cosh AIH

b, 2 + 1 -2g1) ? [A-1O]

r

A= b2 2 + (1 -2gb~a) [A-113

There fore

+cc2w1iax

V C sinh A1 [(f + H) - y] e da [A-123
2rf
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from which the surface current u due to the oscillating source0

is found to be

-iwt iax

u [P(y = f + H)] e2  CAi da A-13

The surface current due to an oscillating quadrupole of

amplitude M can easily be found from that due to the source. It

is

+ a
-iWt -92 f iax

a + e M (b2 + ) e Ala e da
0 (b, - b2 - 92 sinh AH - Acosh AH

It has been assumed that

P - ý(y = f + H) < < 1 [A-151
p

Let it be further assumed that

a > > b, or b2 [A-163
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so that

~ hI 1-2gb1

~~~~ ll 1 2b 2

and expression [A-14] simplifies to

0 e i 2W Up

+cc - 1 - l lf iax

+a ll e e e da

sn 2gb aH cosh JaIH

[A-17)

For large x, contributions to the integral in Equation [A-173

come from the real poles of the integrand only. Therefore, let

us examine the roots of the equation

1 P-ik sinh.li- J aIaH +-\-/l cosh..- l IH = 0

[A-183
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Assume 2gbl > 2gb 2 .

Case I: u < 2gb2 < 2gb1

Equation [A-18] becomes

______2gbl

i tan 2b, 1 aH-

V14~-1 IcegbH

which has no real roots. Therefore

il = 0 for W2 < 2gb2 < 2gbl0

Case II: te > 2gbl > 2gb 2

Equation CA-181 becomes

- 2gb

tanh 2l- L 1 H = -b

W ~ 2gb2

which also has no real roots. Therefore

C1 =0 for L > 2gbl > 2gb20
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Case III: 2gb2 < wu < 2gbl

Equation [A-18] becomes

tanA2 - 1 ,atH= - IL

which has an infinite number of roots

nr - tan-' ?- 2

n
H n =1,2

For x > 0 and large

2irM

a 2 e e
n2 

bn=l -f cos V - 1 lJaH - 1 sinWV- 1 laIH

[A-19]



HYDRONAUTICS, Incorporated

-29-

Introduce dimensionless variables

f' = f/H , x'=x/H

N2' Vf2gb2l f2gbl.

t' t "\/gb

Then

n - • f ' i .( a n 'X , - ' '
a W e e

sn n
1o Na+ 

•fl 

-,- 
n

[A-200n=1 S.,--,, Cos 1

nr - tan-' -1_
N2N 2-

a , = -[A-21]

n 1
-'-
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Write a as
0

27rM
0o +

Let

I =u

u2= u 2 * etc.

In Figure 6, ul* and u2* are plotted as a function of w' for

the special case b2 = 0 and two different depths of submergence.

From the calculation,it is found that the asymptotic sur-

face current is non-zero only when 2gb2 < a? < 2gbl (assuming

that 2gbl > 2gb 2 ).-

When w2 lies within the above range, it is found that the

surface current is in the form of a Fourier Series. This is in

contrast to calculations for profiles which possess a well de-

fined thermocline. In the latter case,there exists only one

Fourier component.
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