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SUMMARY 

This report (Part I) presents, in the form of correlation plots and formulas, 

the data tabulated in Parts H and 111. This data is for the inviscid flow 

properties of right circular cones at zero yaw in air at chemical equilibrium. 

The flow properties at the cone surface or just behind the shock may be ob¬ 

tained directly from the correlations of this report. Methods for calculating 

the properties within the shock layer based on these correlations are indi¬ 

cated. 

The range for which accurate correlations of all parameters have been 

found is from the region of ideal gas behavior to free stream Mach numbers 

up to 40 and semi-cone angles up to 40°. Some correlations are valid at 

least as far as semi-cone angles of 50°, the limit of the data. These results 

apply only to attached shocks. 
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TABLE OF SYMBOLS 

local velocity of sound, ft-sec"1 

geometric altitude, ft 

enthalpy, ft2-sec‘2 

2 X (stagnation enthalpy), ft2-sec"2 

hypersonic similarity parameter, Moo sin rjc 

Mach number 

pressure, Ib-ft**2 

pressure, atmospheres 

gas constant, 1716 ft2-sec‘2-R_1 

entropy, ft2-sec"2-R"1 

nondimensional entropy 

temperature, degrees Kelvin or Rankine as required 

velocity components, in body system, ft-sec-1 

total velocity, ft-sec*1 
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Z compressibility factor 

y isentropic exponent 

y average value of y in shock layer 

ye effective y of Trimpi and Jones 

7] ray angle in conical flow, radians 

p density, s lug-IV3 

Q flow' angle, radians 

SUBSCRIPTS 

ck> free stream conditions 

c at cone surface 

r component tangent to ray 

s immediately behind shock 

t component normal to ray 

HISTORICAL BACKGROUND1 

In 1929, Busemann presented a solution to the problem of determining the 
flow field around a right circular cone at zero angle of attack at supersonic 
Mach numbers in a perfect gas (Ref 1). Busemann's solution was carried 
out in the hodograph plane using a unite difference scheme, and the results 
were presented in the form of the “apple curves“ of Reference 2. Taylor 
and Maccoll presented a solution to the same problem by integrating the 
conical flow equations in the physical plane (Ref 3). 

With the advent of high speed computing machines, tabulated solutions of 
conical flow fields were published in the literature. Kopal integrated the 
conical flow equations using the Tayl or-Mac coll solution and tabulated the 
resulting velocity components for y = 1.405 (Ref 4). A major limitation of 
the Kopal tables is that for a given cone angle, solutions were presented 

‘This summary contributed by Dr. M. Visirh. 
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for various values of the velocity at the surface of the cone. This resulted 
in conical flow solutions at discrete nonintegral values of the free-stream 
Mach number. Sims recomputed the conical flow fields for y = 1.400 and a 
constant series of free-stream Mach numbers between 1.5 and 20 (Ref 5). 
The results are tabulated for a minimum semi-cone angle of 2.5 degrees to 
a maximum semi-cone angle of 30 degrees in 2.5-degree increments. In 
addition the results were tabulated for the minimum free-stream Mach num¬ 
ber for which the conical flow field was completely supersonic. Bertram 
correlated the ideal air cone flow properties in terms of the hypersonic 

similarity parameter for free-stream Mach numbers from that for shock de¬ 
tachment to that approaching infinity and for semi-cone angles up to 50 
degrees (Ref 6). 

For reentry vehicles with conical forebodies entering the Earth's atmos¬ 
phere at hypersonic Mach numbers, real gas effects must be considered in 
determining the conical flow variables. Feldman (Ref 7) and Romig (Ref 8) 
both solved the Tayior-Maccoll conical flow equations, with real gas ef¬ 
fects included for a fixed free-stream temperature, over a range of free- 
stream static pressures and Mach numbers. Feldman's results assume a 
free-stream temperature of 392CR, while Ron.ig's results assume a free- 
styeam temperature of 491.7°R. A correlation of the conical flow parame¬ 
ters of the Feldman and Romig results is presented in Reference 9. More 
recently, Newman applied the Dorodnitsyn integral method to obtain an ap¬ 
proximate algebraic solution for the equilibrium flow field around right cir¬ 
cular cones (Ref 10). The calculations were performed at the same free-stream 
Mach number, pressure, and temperature conditions as the Romig calculations. 

Recently, a flow field computer program was developed to determine the 
real gas flow field about bodies in hypersonic flight (Ref 11). This com¬ 
puter program uses a conical flow field subroutine to initiate the calcula¬ 
tions around pointed axisymmetric bodies with attached shock waves. The 
subroutine is applicable to the computation of the supersonic flow about 
axisymmetric cones in equilibrium air and was used to compute the tabulated 

data of Reference 12. 
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INTRODUCTION 

The availability of the conical flow computer program at Picatinny 
Arsenal and the obvious need for real gas cone tables over a wider range 
of the conditions actually existing in the Earth’s atmosphere resulted in 
the preparation of the tabulated data for cones at zero angle of attack in 
equilibrium air published in Reference 12. 

This report, Part 1 of Picatinny Arsenal Technical Memorandum 1493, 
analyzes the data contained in Parts II and III. The first section of this 
report outlines the methods used to solve for the conical flow properties in 
equilibrium air. The second section presents the general trends of the 
flow properties with the hypersonic similarity parameter, sin ï/c.1 The 
third section presents a correlation of pressures and enthalpies at the shock 
and at the cone surface. This makes it possible to determine the velocities 
for use in Busemann’s hodograph technique of calculating the flow properties 
within the shock layer of supersonic cones, beginning at the body. The 
fourth section is a correlation of the flow properties based on a correlation 

°f Moo sin rjs with Kc and the effective gamma, ye, of Trimpi and Jones in 
Reference 13. This data may also be used to calculate flow properties in 
the shock layer beginning at the shock and using the hodograph technique. 

DISCUSSION 

Method of Solution 

Consider the flow around a right circular cone at zero angle of attack with 
an attached shock wave (Fig 1, p 30). Since the flow field around the cone 
is both conical and axisymmetric, all derivatives with respect to r and 6 are 
zero. The governing equations of motion are: 

The momentum equation in the r? direction 

dvt V, + vrvt 
dr/ 

1 dp 

P drj 
(1) 

1M(jo sin 7)c will be replaced by Kc throughout the remainder of this report. 
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The momentum equation in the r direction 

vt 
dvr 

(It? 
(2) 

The continuity equation 

2p\v sin 7] \ —(pv'i sin 7/) 0 
tlr/ 

(3) 

In the isentropic conical flow field the speed of sound is given by: 

dp 

dp 
(4) 

Substituting equation 4 into equation 3 gives 

dv'i vt dp 
2vr \ vt cot 7/ i - i —-—— ■- 0 

1 dr) pa2 d?/ 
(5) 

Solving equations 5 and 1 for and 1 
dr] dp 

dp f a' 

d^ ^ 
( vr vt cot T] ) (6) 

dvi / a2 

dr/ yvt2~a2 
2vr + vt cot (7) 

The differential equations are integrated by writing them in finite differ¬ 
ence form and using a Taylor series expansion for the dependent variables 

of the form 

(8) 

(9) 

1 



Vrn-1 ' v'n-lAr? * (10) v¡- 
U l2t\rj)2 

The boundary conditions for the conical field are that at tj t)v, vt - 0 
and that at 7/ j¡s the flow behind the conical shock wave satisfies the 
shock wave equations requiring conservation of: 

mass 

SÍn 7!s PsVVS SÍn ^S- 

normal momentum 

Ul) 

sin r/s)2 Ps ' P^s2 S'U]2{lh--°s) 

tangential momentum 

si'» Tjs cos ps \Vs2 sin(r/s -Ös) cos 

and energy 

hs - 'i K, 

together with the requirement that: 

AS ^ S -S > 0 
S Ov 

(12) 

(13) 

f 14) 

(15) 

In order to determine the flow field between the shock wave and the sur¬ 
face of the cone, the conical flow field is assumed to be in chemical equi¬ 
librium. l;or a given free-stream Mach number and altitude, the shock 
wave angle is assumed. Ideal gas values are used for the first guess. The 
flow conditions immediately behind the shock wave are then determined us¬ 
ing the thermodynamic properties of air either from the vibrational excitation 
analysis of Reference 11 or from the AKUC numerical fits of Reference 14. 
( The loci of points which define the lower bounds of validity of the AEDC 
fits correspond to a compressibility factor, Z, of unity. The effect of 
crossing these bounds is to cause a discontinuity in the gradients of certain 
parameters. The most noticeable “jump’' occurs in the speed of sound and 
hence in the value of y. A smaller jump occurs in the other flow properties 
while crossing these bounds.) 
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The finite difference equations were solved on the IIU1 7090 computer at 

Picalinny Arsenal. Assuming the shock wave angle, these equations 

were solved using 100 steps from the assumed shock wave to the required 

cone surface. If the boundary condition of Vi 0 at rj r¡r was not satis¬ 

fied, an iteration scheme based on the N'ewton-lîaphson technique was used 

until the correct value of the shock wave was determined to within at least 

+0.001 degree. After converging to the correct shock angle, the thermody¬ 

namic properties of the gas were tabulated at every tenth integration step. 

Numerical results are tabulated in Reference 12 for the following range of 

parameters: 

Altitude: sea level to 200,000 ft 

Tree-stream Mach number: 2 to 10 

Semi-cone angle: 2.5° to 50° 

With the values of p, S/R, vr, and vt known, pt 0, and y were calculated. 

In the following section a discussion of the results of the numerical cal¬ 

culation will be presented as well as a correlation of those results. 

General Trends of Flow Properties 

The first group of graphs present the general trends of various flow param¬ 

eters with the hypersonic similarity parameter, K(, and altitude. The equi¬ 

librium results are compared w'ith the ideal results from References 5 and 6. 

It was determined from earlier experimental computer runs, prior to pre¬ 

paring Parts 11 and 111 of this report, that y (defined as the isentropic expo¬ 

nent) varied less than 0. lx within the shock layer. For an example, see 

Table 1 (p 20). Therefore, only an average gamma, y . w'as printed as out¬ 

put. In Figure 2 (p 31) the trend of y with Kr and altitude is shown. The 

detailed information is given in Table 2 (p 21). 

The pressure at the cone surface in the form of pc p^ is presented in 

Figure 3 (p 32). Note that the equilibrium air curve is indistinguishable 

graphically from the ideal air curve for all altitudes. Comparison with the 

ideal air results of Sims (Ref 5) shows agreement to w ithin 2cc. Since the 

pressure forces do not vary significantly from the ideal case, the values of 

Cnü in Reference 6 are valid for equilibrium air as well. Pressure corre¬ 

lation at the surface and behind the shock is discussed in more detail later 

in this report. 



) 

The ratio oí' rone surface density to free-stream density is shown in 

Figure 4 (p M). This is clearly a function of altitude and diverges rapidly 

I rom the ideal air case, which becomes asymptotic to ^sa4 
1 y, 

as approaches infinity. Ideal gas calculations for density are valid up 
to a value of 3 for Kr, based on agreement to within 5% with the equilibrium 
calculations. 

h igure 5 (p 34) presents the ratio of surface temperature to free-stream 
temperature versus the hypersonic similarity parameter. Again the diver¬ 
gence from the ideal gas model is marked at the higher values of Kc. As 
expected, equilibrium gas temperatures are lower due to the absorption of 
energy by ionization and dissociation. Ideal gas temperature calculations 
are useful up to a value of 4 for the hypersonic similarity parameter, again 
based cn agreement within 5°t. 

The entropy increase across the shock is nondimensionalized by the gas 
constant and plotted in b igure 6 (p 35)- Since the shock layer in conical 
flow is isentropic, the values at the body are the same as at the shock. The 
increase in equilibrium air entropy is seen to be greater than that for ideal 
air and is also a function of altitude. At values of Kc less than 5, the dif¬ 
ference between the ideal and equilibrium air calculations is 5% or less, 
for Kc greater than approximately 5 the entropy increase across the shock 
can be correlated by an equation of the form (frc ., a private communication 
with M. Visich (Kef 15): 

iog10 ^ A log10(Kc.) - K (16) 

where A and K are functions of altitude. The values of A and B are listed 
in Table 3 (p 22). Also given in Fable 3 is the value of Kc for which the 
above equation has an error of or less. 

Figure 7 is made more complicated by thefacl that the ratio of surface to free- 
stream Mach numberis not independent of cone angle when plotted versus Ko- 
Thus, ideal values are shown in Figure 7A (p 36), and equilibrium values for 
sea level in 7B (p 37) and for 200,000 feel in 7C (p 38). Real air surface 
Mach numbers are increased, for a given value of Kc, over the ideal surface 
during the trade-off on lowering y and rising temperatures. Also the higher 
altitudes result in higher ratios of Mc/iM^ for a given value of the hypersonic 
similarity parameter. 
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Í he preceding curves may also be used to determine the accuracy of us¬ 
ing idea] gas calculations for a real gas. It can be seen that the accept¬ 
able limits vary with the particular parameter of concern and with the de¬ 
sired accuracy. 

Some crossing of the curves for different altitudes can be seen for the 
temperature and density ratios. These crossings occur through the range 

of kr during which transition within the computer program takes place from 

the vibrational excitation analysis to the equilibrium air properties of the 
AhDC fits. This transition boundary in terms of the conical analysis is 
illustrated in Hgure 8 (p 39). The discontinuities are more pronounced at 
the higher altitudes for two reasons: one, the AIZDC fits are poorest in the 
low pressure regions; two, the actual degree of ionization and dissociation 
at the transition is significant. 

Velocities at the cone surface and just behind the shock may be obtained 
from the enthalpy curves given later by use of the relation: 

K (kl-2h)/2 (17) 

Figures 9, 10y and 11 (pp 40-42) present the ratio of surface properties to 
properties just behind the shock for pressure, density, and temperature, 

respectively. The discontinuities for 6 < Kc < 8 (at transition) are more 
obvious here than in the previous figures. Figures 9, 10, and 11 indicate 
that the real gas effect is to reduce the pressure, density, and temperature 
differences through the shock layer compared to the ideal air analysis. The 
ideal air asymptotes as approaches infinity are: 

The purpose of this equilibrium air cone study was to extend the scope 
of cone data, not to duplicate the ideal air data available. Therefore, 
coverage at the lower values of Kf. is incomplete. The ideal gas correla¬ 
tion curves of Reference 16 or the tabulated data of Reference 14 should be 

9 
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used when this report imlimtes that the air may he treated as ideal and 

does not include tin3 desired ease. 

Pressure and Enthalpy Correlations 

This portion of the report deals with the correlation of pressure and 

enthalpy just behind the shook mid at the cone surface with the hypersonic 

similarity parameter. K(1. The lormulas presented here are the results of 

least square fils to the data in lieferen ce 12- That data was reduced to 

the form of k, versus the pressure and enthalpy ratios for sea level and 

200,000 feet altitudes. These were plotted versus Kr with 100 data points 

for each parameter at each altitude. The plots revealed that a correlation 

with Kt. alone was possible as the pressures and enthalpies were virtually 

independent of altitude, or pressure. Forty-five points were used from each 

altitude, for a total of 90, in the least squares curve fitting program. These 

points were selected by using K,. values of approximately 1.5, 2, 3, 4, 5, 6, 

7, 9, 11, 13, 15, 17, 20, 23, and 27. Fach value of K<- was represented by 

three combinations of Mach number and cone semi-angle for each of the two 

altitudes. For a given value of Kr and altitude these combinations were 
the median values of Mach number and angle, the largest angle and lowest 

Mach number, and the highest Mach number and smallest angle available 

from the data. 

The accuracies quoted for equations 18 through 21a are based on the 

deviations of the points which were fitted from the equation prescribed by 

the least squares fit. 

The ratio of the pressure immediately behind the shock to the ambient 

pressure can be correlated by the following formulas: 

P . (in')i 
— 1.3928 (M“' " + 1.0181 ( (18) 
P tv 

or 

-P-ü T ,5061 — 0.:1770 (K,.) t 1.1220 (K1,)Z (I8u) 
P OO 

The accuracy of equation 18 for predicting the pressure ratios at the shock 

over the range of parameters for which the conical flow solutions were fitted 

to the reduced data of Reference 12 is 1.The accuracy is better than 

0.5P¿ for values of Kr over 8. Equation 18a is accurate to within 3% over 

the range, and is accurate to belter than 1^ for values of Kc greater than6. 
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The ratio of cone surface pressure to ambient pressure may be correlated 
by the following functions of \\c: 

1.1932 (K(V'98:14 f 1.3017 (19) 
Poo 

or 

— 1.6584 - 0.1399 (Kf.) + 1.4tlO (Kc)2 U9a) 
Poo 

Equation 19 represents, with an accuracy of better than 1.5%, the pres¬ 
sure ratio at the body over the range of parameters for which conical flow 

data was fitted. For values of Kc over 6, the error is less than 1%. The 

accuracy of equation 19a is better than 2.5% over the range and is better 

than 1% for values of Kc in excess of 8. 

The ratio of the enthalpy just behind the shock to the free-stream 
enthalpy can be correlated by the following formulas: 

ibl -, 1.0794 r 0.2450 (Kc)1'9506 (20) 
hoc 

or 

™ = 0.9451 + 0.1305 Kc + 0.2092 Kc2 <20a) 
h(x> 

The accuracy of Equation 20 for predicting the enthalpy ratio at the shock 
for the range of parameters for which conical flow data was fitted is better 

than 2%. The accuracy seems to be independent of (Kc). Equation 20a 
has a maximum error of 5% over the range and is accurate to within 2% for 

K(. over 10. 

The ratio of the enthalpy at the cone surface to the free-stream enthalpy 
may be correlated with the following functions of Kr: 

1.2396 (M 
1 .9668 

1.1193 

or 

— = 1.0023 -f 0.1280 Kc * 0.2106 Kc2 
hex, 

(21) 

(21a) 
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h quai ion 21 predi c 1 s lili' enthalpy ratio to within dpó over the range of 

parameters for wit ¡eh conical flow data was fitted. For values of K(. over 

6 it is accurate to within 2fc. The accuracy of liquation 2la over the range 

is better than lr0 and is better than 2% for Kr greater than 10. 

The correlation of enthalpy with K,. makes it possible to determine the 

variation of velocity with K( by means of Equation 17. The error in a 

velocity which is calculated from an enthalpy is less than one-half the 

error in the enthalpy, finis, excellent velocity accuracy may be achieved. 

Plots of the preceding equations are shown in Figures 12 through 15 

(pp 4346). Alternative algebraic forms cannot be distinguished graphi¬ 
cally. 

Once the velocities at the body and shock are known for a given cone and 

flight condition, and the value of ÿ within the shock layer is known from 

figure 2 (p 314 or Table 2 (p 21), it is possible then to calculate the flow 

within the shock layer. This is done by means of the hodograph method of 

BusemamTs which is described in Chapter 12 of Reference 17. The calcu¬ 

lation is initiated at the cone surface with the known values of Wc, and 

y and is carried in steps toward the shock. The shock is defined by 

W \\s, and 7/s is an output of the calculation. 

Effective Gamma Correlation 

In this part of the report we are concerned with the correlation of flow 

properties behind the shock based upon the effective gamma definition of 

Reference 13 and the results of References 3 and 13. While these refer¬ 

ences should be consulted for details, an outline will be given here of the 

correlations at the shock for density, velocity, pressure, enthalpy, and 

flow deflection angle. 

The basic definitions are: 

VIN2 " (M^ »in T7S)2 (22) 

(23) 
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Conversely, 

Po* V1N2(yfi- D , 2 
(23a) 

From He Terence 13 

^ 1 

oc L OS Ôs (ir " ')sn,î "< 
(21) 

and in Reference 18,combining the momenlum and continuity equations with 

the definition of y(> yields: 

(25) 

Combining the energy and mass flow equations in Reference 18 results in. 

(26) 

An analytical approach to calculating 0S for conical flow may be made by 

using the oblique flow analysis of Reference 13. From continuity and the 

definition of ye: 

tan (t?s- 0s) \ VI 

tan 7}s 1 I 

with t/s corresponding to the K — n 2 ot Reference 13. Rewriting equation 

27 results in: 

~c>ot 
tan 6S 

(28) 
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which can be simplified to: 

tan Os _COt 7/s 

>, > nvu21~ 
2(Mn2 - 1)J 

(28a) 

The determination of the entropy in the shock layer can be accomplished 

by the use of equation 16, which correlates AS H with Kc and altitude, or 
by using figure 6 (p 35), which presents the data graphically. 

Or as 7)s, ps, ps are determined, entropy as well as such variables as 
temperature, speed of sound, and the isentropic exponent may now be de¬ 

termined with the use of tables or charts of the thermodynamic properties 
of air. However, the flow deflection and shock angle must be known, as 
well as the cone angle and ambient pressure. 

Equations 24, 25, 26, 27, 28, and 28a are exact if y e is calculated from 
the actual density ratio across the shock, and if the actual shock angle is 
known. 

The values of yo for a number of altitudes were calculated from the data 
in Heference 12 and are showm in Table 4 (p 23)• Trends are indicated in Figure 
16 (p47). The correlation was quite good. The use of this correlated 

data introduces some small degree of approximation into the equations, but 
as shown in Table 5 (p 24) the prediction of properties is excellent. 

Although excellent analytical prediction of the flow deflection for a 
known shock angle is available, it may be of interest to have an empirical 
correlation with the hypersonic similarity parameter as well. It was found 
that such an equation can be formed (see also Figure 17, p 48) if altitude 
effects are allowed for by a pressure term. This equation, using pressure 
in psf, is: 

Moo sin 0S = (.97245-.001863 loginf,J Kc-(.32908 -.000243iog10 pj (29) 

Clearly, this equation is not a good approximation for 7j(, near 0° since 
sin must approach zero at this point. Nor is it valid for values for 7jc 

greater than the shock detachment angle. Within these limitations, equa¬ 
tion 30 represents the flow deflection angle t,o better than 5%. 
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It will be noted, however, that the shock angle is still required to calcu¬ 
late all of the properl it's at the shock. Usually the cone angle is known, 
but the shock angle is not. Therefore, a correlation between the two 
angles was sought and found. 

The variation of M^fsin r/., — sin t/c) with Kr and altitude is presented in 
Figure 18 (p 49). The data points for cone angles greater than 40° begin 
to depart significantly from the general trend for a given altitude. There¬ 
fore, the following correlations only apply to r/c £ 40°. 

As a check with Homigrs correlation (Ref 19) of shock-angle and cone 
angle, a linear least squares fit was made to each altitude of Figure 18. 
Tableó (p 29) compares the coefficients of the fit to this data with those 
computed with Romig’s equation, based on ,\U sin 7/s A0 + A^K. ) for Kt 
greater than 6, where for Romig: 

A0 = 0.39 - 0.01 log,!, patm (30) 

A, = 1.03 + 0.005 log10 patm (30a) 

The function M^tsin 7/s—sin r/c) - A0 + (A, — l)Kr is plotted in Figure 19 
(p 50). This illustrates that the coefficients of this study are low at the 
lower altitudes and high at the upper altitudes when compared with Romig. 
A weighted average for best results over the entire range, as done by 
Romig, would probably give results even closer to Romig’s. However, this 
approach was not followed up because of a better correlation discussed 
later. 

it has been pointed out that an accurate means of predicting the shock 
angle, when the cone angle is known, is required to make the equations 
truly useful. Bertram in Reference 18 writes an approximate equation for 
Moí sin rfs in au extended hypersonic similarity form which requires Ôs. 

The empirical correlation of 0S with K( of this report, equation 30, and 
Figure 17 (p 48), could be used to calculate M*, sin r¡s. Another, and 
simpler, approach is to use the quite accurate correlation of ps p^ with 
Kr of equation 18. 

Equation 18 can be converted to 

15 
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by the rounding off to the first decimal place of the constants in the curve 

fit, since -• L4 for air. When this result is substituted into the correla¬ 

tion of equation 10 we find that: 

In order to obtain better graphical accuracy, the ordinate of Figure 20 

(p 51) is Mocisin r/s - sin t^) and the abscissa is the quantity X, where: 

- Kc (33) 

This would be identical to Moo(sin t)B — sin t7c), using equation 32, ex¬ 

cept for the one added to the Kr term. This term was found to improve the 

fit for low values of Kc without appreciably altering the fit at the higher 
values. It is basically a correction for the fact that ye must be initially 

selected by assuming that M«, sin r¡s equals Kc, since ye is available as a 

function of M«, sin r/s. A study of the correlation of ye with Kc and its 

accuracy in correlating this data is being made. 

A least squares fit was made to the points on Figure 20 using first and 

second order polymonials. Since the two fits were of nearly equal accu¬ 
racy in their fit to the data, the first order polynomial will be used for sim¬ 

plicity. The resulting equation is: 

Moo (sin r/s - sin t/c;) - -0.01550 + 0.9990 X (34) 

(Kr)2 + 1 

M oo sin r/s (K p )' 

If the coefficient of X be made equal to one, the best fit is: 

Mc» (sin r)s - sin 7}c) = -.01617 + X (34a) 

As can be seen from Figure 20, over most of the range of Mach numbers, 

cone angles, and altitudes, the error in M^isin tjs - sin r)c) is less than 
2.5%. For a small range of the hypersonic similarity parameter at 200,000 

feet, the error reaches a maximum value of 7%. The data points of Figure 

20 were calculated using values of ye from Reference 18. By using Figure 

18 to estimate the bounding values of the ratio of Moo(sin rjs - sin tjc) to 

I 
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KCI we conclude that the ratio is less than 1/5 at Kc = 2 and less than 
1/20 at Kc = 25. Therefore, the error in sin r¡s is between 1/5 to 1/20 
of that in Mj» (sin — sin r)c) for a given value of the hypersonic similar¬ 
ity parameter. It can be expected for most cases that the error in shock 
angle will be much less than \%, with the greater accuracy at the higher 
values of Kc. 

Table 6 compares the computer results of the cone tables with the results 
of the correlation equations 23a, 24, 25, and 28a and the value of r}3 cal¬ 
culated from equation 34a for a range of Mach numbers, cone angles, and 
altitudes. The cases were chosen to be a representative cross section of 
the data in Reference 12. 

CONCLUSIONS 

The conical flow properties just behind the shock and the shock-layer 
thickness are well determined by an effective gamma correlation for a known 
Mach number, cone semi-angle, and altitude. The values of ye are tabu¬ 
lated. The pressures and enthalpies and hence, velocities, are also well 
determined at the shock and body by correlation with the hypersonic simi¬ 

larity parameter. 

The assumption of a constant gamma, y, within the shock layer is valid. 
The value of y as a function of the hypersonic similarity parameter and al¬ 
titude has been tabulated. 

All the information needed to use the hodograph technique for conical 
flow described in Chapter 12 of Reference 17 is presented here. Enough 
information is available to solve for the flow in the shock layer beginning 
at the shock or the cone surface. The “forward" method employs the ye 
correlation, and the “backward” method uses the enthalpy correlation with 
Kc. These approaches make feasible the hand calculation of properties 
within an equilibrium conical shock layer. 

An evaluation of the relative convenience and accuracy within the shock 
layer of these two approaches, unfortunately, cannot be included in this 
report. It is hoped a later report answering this question will be issued. 

17 
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TABLE 1 

Example of the variation of gamma in shock layer 

Cone semi-angle = 45.0° 

Mach no. = 20.0 

Altitude = 200,000 ft 

ETA (deg) 

47.6666 (shock) 

47.3999 

47.1333 

46.8666 

46.5999 

46.3333 

46.0666 

45.8000 

45.5333 

45.2666 

45.0000 (body) 

GAMMA 

1.11618 

1.11618 

1.11617 

1.11616 

1.11616 

1.11615 

1.11615 

1.11614 

1.11614 

1.11614 

1.11614 
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TABLE 3 

Correlation coefficients of À$/R with Kc 

log10(AS/R) = A log10(Kc) - B 

Altitude 

(ft) 

0 

65,900 

100,000 

125,000 

155,500 

200,000 

A 

0.9839 

1.0002 

1.0567 

1.1092 

1.1710 

1.1987 

B 

0.1157 

0.1494 

0.1977 

0.2387 

0.2832 

0.3110 

(Kc) Minimum 

7.5 

7.0 

6.0 

6.0 

5.5 

5.0 
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TABLE 6 

Altitude 

(ft) 

O 

36,100 

65,000 

100,000 

125,000 

155,500 

200,000 

Comparison of shock angle correlations 

Mc» sin *?s = Ao + A, Kc for 6 ^ Kc ^ 25 

Pressure 

(atm) 

1.0 

0.2239 

0.0538 

0.1100 

0.00367 

0.00109 

0.00195 

Hudgins 

A0 Aj 

0.3446 1.0303 

0.4022 1.0278 

0.4326 1.0231 

0.4426 1.0197 

0.4293 1.0175 

0.4094 1.0158 

0.4287 1.0128 

Romig 
A0 Aj 

0.390 1.030 

1.3925 1.0267 

1.4027 1.0237 

0.4096 1.0202 

0.4144 1.0178 

0.4199 1.0150 

0.4279 1.0110 
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Fig 1 Geometry of conical flow 
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Fig 3 Surface pressure ratio versus the hypersonic similarity parameter 
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Fig 4 Surface density ratio versus the hypersonic similarity parameter 
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Fig 5 Surface temperature ratio versus the hypersonic similarity parameter 
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J 

Fig 6 Dimensionless entropy increase across a conical shock versus the hyper¬ 
sonic similarity parameter 



Fig 7A Surface Mach number ratio versus the hypersonic similarity parameter for 

various cones in ideal air 
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Fig 7B Surface Mach number ratio versus the hypersonic similarity parameter tor 

various cone angles at sea-level altitude 
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Fig 7C Surface Mach number ratio versus the hypersonic similarity parameter for 

various cone angles at 200,000 feet altitude 
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Fig 8 Crossing of thermodynamic properties analyses boundary as a function of 

sin 77c and altitude 

i9 



A
IT

IT
U

P
E

 

40 

F
ig
 
9
 

R
a

ti
o
 o

f 
s
u

rf
a

c
e
 t

o
 
s
h
o
c
k
 
p

re
s
s
u

re
 v

e
rs

u
s
 
th

e
 h

y
p

e
rs

o
n

ic
 
s
im

il
a
ri
ty
 
p
a
ra

m
e
te

r 



J 

41 

•' -• »■«» * 

F
ig
 

1
0
 

R
a

ti
o
 o

f 
s
u

rf
a

c
e
 t

o
 
s
h
o
c
k
 
d
e
n
s
it
y
 
v
e

rs
u

s
 
th

e
 h

y
p

e
rs

o
n

ic
 
s
im

il
a
ri
ty
 
p

a
ra

m
e

te
rs

 



A
L
T

IT
U

D
E

 

) 

42 

F
ig
 

11
 

R
a

ti
o
 o

f 
s
u

rf
a

c
e
 
to
 
s
h

o
c
k
 
te

m
p
e
ra

tu
re

 v
e
rs

u
s
 
th

e
 h

y
p

e
rs

o
n

ic
 
s
im

il
a

ri
ty
 
p

a
ra

m
e

te
r 



900 

800 

Is., 

600 

500 

400 

300 

200 

100 

10 (5 20 
Moo SIN r\c 

vv :u.r ... - - j- 

.:: . 

V- : v-vv: H 

■ -V— 

r -- 
i::. 

- ••• - 
¡i 

vi 
4”:’ 

. ..... 
|::1 

tií'v 
i 

... 

i: 1 i i R 1 i..:. ü.: i i 1 ■ ■ i 1 I 1 i--- 

S: IWAfit ü i 

lïî ilÜ w. \ÚL Iß 3 si u IL Ä R 1 Y P i 82 M!EI Lïî 
.... 

F i—; 

-r - h: 
:... 

* w 

vE- .... l.:;: 
:::: j. 

..:J ,:.L. 
E“ 

i 
: ■ : 

í'l ’ : : j. i, : 

... : :■ ■ ; ' K 

:■ - 
i:' 

-vp. 

! 
....: .. . Lv 

* 1 
.i:.].... .1 : 

. I :.. :• 

... .:.. -: .:... 
— 

.... : 
•• •" 

... :••• ... ...l...- .... i ;.... n 
.... 

:—- 

: 

— 

.... ...:. .. : .... / i 

V— -¡- 

i 

-I- : 
-¾ -• .... 

í 
c . .... .... 

; • ..:. r-- - 
...: V : 1 f 

i 

..... til:::;. 

V TV' .... : .... .... 

4 
t p 

“ 
::v; 

—-i 

.. 

I:! vv : V ::i- -VT . 
•• — :::: 1 i . I .... i 

T" 

VÎT :... v- - Í:H 
:::. 

: 

-• i •VT 

t: 

--j— 

- 
Ü.j 

. • 
: 

::: V" : VV .... 
:41 / V- Í;4 •vr 4 V vv 

. ivv 
vv;:-:: 

! 

::: |v 

.L. ; 4-4;-;i t; 

. ] —T -f- 

i 

! 

vr-trv 

- j- ■ 

—à t 4- -4 •;4 4" 44 ■r 
•j 

-i" :-v riv 

. 

: : 

. ... .. . 

:••• -: ■ J 7 vv V” 44 :r: t- 

vp- 

v:- .... 
44 il — :E‘ 

... 

•+-: — .. :::. vv 

/ 

T ...: 4: vv 4'r —r 
.... 

.... 

J r 
• 

--rv 

. 
. .: 

• : V ;. . 

.... 

c ..... 

:ET: 

......... • i- 

ï ! , l 

. 7 I [ 
: : 

■ 
i . 

—V ...... 

/ i 

V- V- vr -- --- / -- •TV -- 
: -i 

vv •vv V 

— 

i V 
...- v; E' 

... 

— í —• i-vr 

•V î- z 
rv 

"“i :r 4:- V- it :::: :::• ;t :v ir -::- 
V 

vv vv — 

..... —• “ tr 3 
— 

- i 
•—r~ 
; j . 

■ 1 ■I-' ■ i 

25 30 

Fig 12 Pressure ratio at the shock versus the hypersonic s'mMarity parameter 
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F;g 13 Enthalpy ratio at the shock versus the hypersonic similarity parameter 
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Fig 14 Pressure ratio at the cone surface versus the hypersonic similarity 

parameter 
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Fig 15 Enthalpy ratio at the cone surface versus the hypersonic simi larity 
parameter 
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Fig 16 Effective gamma versus sin t?s 
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Fig 17 Correlation of flow deflection angle with Mach number and cone angle 
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