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ABSTRACT

Electrical conductivities in the range from 70 to 280 mhos/meter
were measured in an arc-heated, low-density, supersonic argon plasma,
Measurements were made using a single layer coil acting as one branch
of a tuned parallel circuit of a crystal-controlled oscillator operating at
5 mc/sec. Electromagnetic coupling between radio-frequency-excited
coils and plasmas was examined, and the results are presented in terms
of a nondimensional parameter, Qs, which, for a particular coil, is a
function only of the conductivity of the plasma surrounding the coil.
Calculated conductivities using a combined form of the Spitzer-Harm
and Chapman-Cowling equations for prescribed plasma conditions com-
pare favorably with the measured results.
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SECTION |
INTRODUCTION

The design, analysis, and testing of plasma devices require a knowl-
edge of the electrical conductivity of the working fluid. In the laboratory
plasmas used for wind tunnel and other gas flow experiments, present
knowledge does not allow reliable calculations of the conductivity; it
must be measured,

This report is concerned with measurement of electrical conductivity
and with application to a low-density, arc-heated supersonic plasma, It
will be shown that the values of conduciivity are in the same range as the
calculated values, which were cobtained by using measured electron tem-
peratures in the classical equations. The content of the report is, how-
ever, more general in scope, and the method presented is applicable to
the measurement of conductivity in any medium,

The electrical conductivity transducer found to be the most useful
consists of a single layer ceil, which acts as one arm of a tuned, parallel
network in the plate circuit of a crystal-controlled oscillator operating at
5 mc/sec, Sirmilar coils have been used by others, and extensive refer-
ences are found describing both the theoretical aspects of the interaction
of the electromagnetic field and the plasma (Ref. 1) and the more practi-
cal aspects of associated circuitry (Refa, 2 through 8). In the method
presented herein, a direct reletionship between the plate volta e and the
conductivity of the medium is established with the plﬁﬁéﬁ?é'heing the
only required measurement. In this way, the measurement is simplified
over other apparatus that have been reported. Also, the analysis of the
problem and the transducer presented in this report leads to a clarifica-
tion of certain aspects of conductivity measurements not adequately
treated in the literature. Among these are the effect of dielectric con-
stant of the medium on the measurements, the conditions under which
the coupling between the plasma and the electromagnetic fields of the
coil are predominantly conductivity dependent, and the uncertainty intro-
duced by use of electrolytic solutions as the calibration medium.

SECTION HI
CRITERIA FOR A CONDUCTIVITY TRANSDUCER

The electrical properties of a linear-isotropic medium are completely
specified by the four scalar parameters: ¢ (electrical conductivity),
¢ (permeability}, ¢ (permittivity), and p (free charge density).
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The net free charge in a plasma is zero except at a plasma-solid
boundary. In particular, when a metal is exposed to a plasma, a posi-
tive charge density (sheath) accumulates at the metal-plasma interface.
This sheath effect makes it virtually impossible to use plasma conduc-
tivity transducers which require direct contact between metals and the
plasma.

One method of avoiding the difficulties associated with the sheath
is to use radio-frequency (RF} excited coils since the coupling between
the transducer and plasma is magnetic rather than direct. Direct com-
putation of the conductivity from measurements using RF coils becomes
extremely difficult since the conductivity is one of the three properties
of the medium appearing as coefficients in the electromagnetic wave

equation.
2 B
{V' 'P“%"Pf‘f{?}{e}” (1)

Appendix I contains & more complete form of the wave equation for
a flowing ionized gas. It is shown that the hydromagnetic term can be
neglected and that Eq, (1) is valid for supersonic plasmas,

From Eqg. (1) it can be seen that when the fields are varying sinus-
oidal in time with an angular frequency, «, and for the particular case,
o >> we, and g = p,, then the wave equation can be replaced approxi-
mately by the diffusion equation as shown in Eq. (2).

R

Typical values of permittivity for electrolytic solutions and plasmas
are B0 ¢, and ¢,, respectively (where ¢, = 8.854¢ x 10" farads/meter).
For a frequency of 5 mc, the condition thates >> we is satisfied by two
orders in magnitude for values of conductivity exceeding 2.5 mhos/meter
in electrolytic solutions and 0. 028 mho/meter in plasmas.

SECTION NI
RF-EXCITED COILS AS CONDUCTIVITY TRANSDUCERS

Various techniques and circuits have been developed which utilize
coils to measure the conductivity of a plasma (Refs, 2 through 8). Most
often a single layer coil is used in one branch of a parallel-tuned cir-
cuit, and the magnetic field distortion due to the presence of the plasma
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is then related to the value of plasma conductivity. Whatever the circuit
or means of detection, the field distortion results from 'eddy currents"
induced in the conductive medium by the time varying magnetic field.

3.1 ELECTROMAGNETIC COUPLING OF COIL AND PLASMA

One method of dealing with these eddy currents is to lump the dis-
tributed inductance and resistance associated with each closed-current
path into a total equivalent inductance, Ls, and total eguivalent resist-
ance, Rs. Further, if it is assumed that the coil is inductively coupled
to the conductive medium through a coupling coefficient, k, then the
presence of the conductive medium can be examined by reflecting the
lumped inductance and resistance into the coil, using ordinary trans-
former analysis. This procedure is schematically illustrated in Sketch 1.

k
4\

Conductive Medium

Sketch 1

From this transformation a new value of coil inductance, L°, and
resistance, R’, due to the presence of the conductive medium is obtained
as a function of the coupling coefficient, k, total equivalent resistance,
R., and total equivalent inductance, l.s.

Therefore,
A B ¥(wL )z
"L} B
. | R2 4+ (wlsy) ] (3)
¢ i K (wl }(wLg )R
B"= R|1 - 5=
L ! RlH;+{(.-JL5) | ] {4)
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If the nondimensional parameters, § = «./R, Q’ = wL’/R”", and
Qs = wLs/Bs, are substituted into Eqs. (3) and (4), then the following
useful relationships are obtained:

L. _ 140201 -¥)

L 1+02 <1 (5)

R Qf-X¥00Q,+1
R 1+ Qg

(6)

-

Q
Q

1+QS5(I - k) <
Q0 +K QQg+1 =1 (7

The equality signs on the right apply only when either Q. or k are
zero; otherwise, the inequality sign governs the relationship of the
three ratios. From Eq. (6) it can be seen that the parameter, ¥Q,
appears as an amplifying factor; hence, to enhance the sensitivity of the
system, this parameter should be made large. Ultimately, this means
that the Q of the coil should be made large regardless of the circuit in
which the ceil is used.

For a given coil and excitation frequency, the coupling coefficient, k
(which must always be less than or equal to unity), depends solely upon
the geometry of the coil and the proximity of the coil and the conductive
medium. The nondimensional parameter, Qg, is more difficult to
handle; however, it can be shown that this quantity for a given coil and
excitation frequency is a function only of the conductivity of the surround-
ing medium. The proof of this latter statement can be shown by con-
sidering the basic definition of Q,, which is given below by Eq. (8)

(Ref. 9):

Q. = 2n Electromagnetic Foergy Stored in the Medivm
8 Electromagnetic Fnergy Dissipated in One Cycle

(8)
The energy stored in the medium, Wy, is given by
Ws = E-E +-8:8}4v 9
'fvol (‘ [ ) ( )
It has been shown (Ref. 10} that the energy stored in the magnetic field
is several orders of magnitude greater than the energy stored in the

electric field for a coil whose dimensions are small compared to a
wavelength. Thus, Eq. (9) reduces to

Wsé%le-de (10)
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The energy dissipated in one cycle, Wq, is

(o]

7

Wy - ”fm [J"l 3. E dv:l dt (11)

Substituting J = ¢ E in Eq. (11) yields

Frs
Wd=aof [{015-5 dv:ldt (12)

Thus, Eq. (8) can be written as

2 J'ls-a dv
Qs:;“‘"" e

ne

in

fw I:j'vul E-E dv] de (13)

For a given coil and excitation frequency, », it can be seen that
golutions for B and E to Eq. (2) can be put in the form

B =Bl(r,o) exp (jot) (14)
E = E (r,o) exp {jwt) (15)
where ¢ is the position vector.
Then
B-B =H{r,o) B={(r,o) = B (r, 0) (16)
and
E -E=FK(r,o) E¥(r,0) = E' (r, 0) (17)

Substituting Egs, (16} and (17) into Eq. (13) and integrating the
denominator over one cycle yields

N LGN
e ;ﬁllﬂa(r,a}dr’

{18)

Since r is simply a variable of integration, then it follows that Qs
is a function only of the conductivity. That is

Q. = Q. (o} (19)

At this point, one has a sufficient set of equations in terms of
measurable quantities, L, L° R, and R’, and the quantity, Q,, to
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completely characterize the problem. That is, eliminating k from
Eqs. (5) and (6) yields

Qs = w I:'ET_I‘R’:I= Qs (a) (20)

A large portion of the following sections is devoted to a method of
making the necessary measurements to determine this relationship
without having to seek solutions to the wave equation and, subsequently,
to Eq. (8). The reasoning is simply that exact solutions to either
Eq. (2) or Eq. (8) are extremely difficult (if not impossible)} to obtain
for a coil of finite length immersed in a conductive medium.

Ancther aspect which must be considered before the coil can be
used successfully as a conductivity transducer is the penetration depth
(skin depth) of the electric and magnetic field into the conductive
medium, This aspect becomes increasingly important when boundary
layers form at the surface of the body, such as the case when a super-
sonic gas flows over the body. A conservative measure of this depth
is piven approximately by the expression (Ref, 11),

3 = J—-—z——-wpa (21)

With regard to the materials presented in this report, § is always
greater than one body diameter; hence penetration depth is no problem,

3.2 PHYSICAL DESCRIPTION OF A PROBE

The coil used in these experiments consisted of forty turns of AWG
No. 22 enameled copper wire wound on a 0, 7-¢m-diam porcelain rod
and housed in a 1-cm-diam (outside) pyrex tube. Four feet of RG62/u
coaxial cable was used to remotely locate the coil from the oscillator
circuit, The inductance of the coil was approximately 4 x 10-8 henries
with a Q of 72 at 5 mc/sec. The coil and prebe support are illustrated
in Fig. 1.

3.3 ESSENTIAL FEATURES OF THE ELECTRICAL CIRCUIT

The schematic diagram of the oscillator and probe is shown in
Fig. 2, and the circuit diagram is shown in Fig. 3. This particular
crystal-controlled oscillator has the desirable feature that oscillation
will occur only when the plate circuit is either real or inductive (Ref. 9).
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The rms plate voltage, Ep, versus capacitance, C, for this cscillator
is shown in Fig. 2c. Note that the plate voltage has a sharp maximum
Ep, at the point where the parallel tank circuit is real and decreases as
the capacitance is further reduced. The value of capacitance at this
maximum plate voltage, Ep , is C, and is given by Eq. (22) (i, e., when
the plate circuit impedance is real).

S VU
Co = R +{wl)? (22)

When C < C, the oscillator can be replaced by the equivalent circuit

shown in Fig. 2b.

The impedance, Z,, of the tank circuit is

R+jwL{(1~o’LC)~CRYL ]

o =
P (wCRY +(1-e*LC) (23)

and the rms plate voltage, E,, is

. _  Egip
E‘p = ih:_ZT (24)

Consider now the case when C = Cy and for Q »> 1. Equations (23}
and (24} become

)
o
n

RQ" = wLQ (25)
and

1
Epn = Eﬂ [l +r',"QwL] (26)

When the coil is immersed in the plasma, R, 0, and L in Eqgs. (25)
and (26) can be replaced by R%, Q°, and L {(see Egs.(5), {(6), and (7)). Also,
C must be adjusted to a new C; in order to obtain the maximum plate
voltage,E’D . That is,

., L’
Co= vy (27)

and

[P 1
EPu Eg l:1+r£/0'mL'] (28)

By substituting for Q' and L’ from Eqs. (5) and (7), respectively,
and making the following substitutions,

_ f00+1)(QF ¥ QQs~1)
G(Q) []+Q: (] _kn}]z (29)

and

-
n

rg/ QoL (30)
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then Eq. (28) becomes
. 1
EPG“EG[1+AGIQ.)] (31}

The change in plate voltage, AE = Ep - E,;u from free space con-
ditions to immersion in the plasma is

-, 1 — 1
AE_E’Pu"E".o=E5|:l+ﬁ; 1+AG] (32)

From Eq. (32) it can be seen that the change in plate voltage, AE,
is a function of A, Eg, and G where G is a function of Qs. For a particu-
lar oscillator circuit, A and E; are constants; for & given probe, k is a
constant, The parameter, Qs, depends sclely upon the conductivity of
the surrounding medium provided that ¢ >> we, Therefore, under these
conditions, the change in plate voltage is a function of the conductivity
of the surrounding medium. That is,

AE = AE (o) (33)

Since the functional relationship as shown in Eq. (33} cannot be ob-
tained analytically, it is necessary to obtain a numerical relationship
between AE and ¢ through calibrations with mediums of known conduc-
tivity.

3.4 COIL AND CIRCUIT DESIGN CRITERIA

Since there are many factors to consider in designing the proper
coil for conductivity measurements, there can be no standerd pro-
cedure to follow, However, there are a few general observations which
apply to all situations, In particular, to obtain maximum power irans-
fer to the coil, the constant, A, (see Eq. (30))should be approximately
equal to unity., Then

Qul & rg (34)
(For the circuit in this report, r, & 7000 chme ,)

The value of coil inductance, L, will depend upon eoll dimensions
and geometry which, in general, are pecullar to the particular applica-
tion, The Q of a coil depends upon L and thus upon coll dimensions, and
further, it depends upon such factors as wire glze, spaeing between
adjacent turns, ratio of ceil length to diameter, frequency, ete.; this
makes it difficult to arrive at a preselected value of Q irom basic prin-
ciples. Criteria for deslgning a coil for a particular value of Q can be
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found in the literature {Ref. 9). However, from experience, it has been
found that a OQ-meter is an invaluable aid in the trial and error selection
of Q.

Another factor to consider in the design is the effects of using co-
axial cable to remotely locate the coil from the oscillator. The length
of coaxial cable should be kept to a minimum, and for operation at 5 mc
or higher, lengths greater than 5 ft should be avoided. The coaxial
cable has two adverse effects, First, it lowers the Q of the system,
and, secondly, it lowers the coupling coefficient, k. This latter can be
understood by noting that the coaxial cable introduces edditional induct-
ance and resistance in the branch without any additional coupling to the
plasma. By treating the coaxial cable as lumped parameters as shown
in Sketch 2 (this choice is used for convenience only), it can be shown
that the coil can be replaced with a new coil and coupling coefficient, kn.

Sketch 2
where

1r
o wllL+ lg ) -k L E
Qu = R+ R, and ka = L + L,

Therefore, one must include the effects of coaxial cable when
applying Eq. (34). Further, calibration must be made using the same
type and length of coaxial cable as used in the test runs.

SECTION 1Y
APPLICATIONS TO ARC-HEATED PLASMAS

The analysis of the coil and circuit presented in the previous
sections shows that it is possible to make reliable measurements of
plasma conductivity by using an RF-excited coil in conjunction with a
crystal-controlled oscillator. In the following sections, measurements
are presented, and these values are compared with calculated values
using a combined form of the Chapman-Cowling and Spitzer-HErm equa-
tions.
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4.1 DESCRIPTION OF PLASMA

The schematic diagram of the test cell, plasma generator, and
plume geometiry for normal operating conditions is shown in Fig. 5.
The gas (argon) enters the arc-chamber and then expands through a
15-deg conical nozzle into a low-pressure test cell (0. 3 to 0.5 mm Hg).
The dominant flow features associated with this free jet configuration
are schematically illustrated in Fig. 5b.

Typical values of Mach number, particle density, electron number
density, and electron temperature at the nozzle exit are: Mach 5,
1015 atoms /cma, 1013 electrons/cm3, and 7T000°K, respectively.

4.2 CALIBRATION

Since the range of plasma conductivity of interest extends from a
few mhos/meter to a few thousand mhos /meter, there is a problem in
obtaining suitable calibration materials, The problem stems from the
fact that only two classes of materials (excluding plasmas} have conduc-
‘tivities within the range of interest. These are: electrolytic solutions
and properly prepared semiconductor materials. Ruling out semicon-~
ductors, for the present at least, due to cost and crystal size, leaves
electrolytic solutions.

The calibration curve shown in Fig, 6 was obtained by immersing
the coil in the following sclutions and recording the change in output
voltage: (a) normal solution of KC1, (b) saturated salution of NaCl,
and (c) 0.5 normal solution of H2504, By varying the temperature of
these solutions between 0 and 90°C, a range of conductivities from 6 to
165 mhos/meter is available (Ref. 12), The calibration curve may be
in error because these published data were obtained by making voltage
versus current measurements at a frequency of 1000 cps and applying
Ohm's law. The errors may stem from iwo sources: First, the method
assumes that a linear field exists within the medium, which may not be
true, and that there are no sheath effects at the fluid-metal boundary.
decond, the conductivity may be frequency dependent, and the measure-
ments here were made at 5 mc. Thus, it is recognized that considerable
research is required in this area in order to obtain an absolute calibra-
tion curve. Basically this problem arises from an attempt to correlate
electromagnetic interactions at radio frequencies with massive ions
having relatively large number densities and low mobilities to inter-
actions with light electrons having lower number densities and higher
mobilities,

10
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Another factor that might appear to be of importance is that the
electrolytic solutions have large values of permittivity (~85¢,), whereas
the permittivity of plasmas is approximately that of free space (~¢,}.
However, as can be seen by Eqs, (2) and (13), permittivity ia not a
factor. The permeability is very nearly the same for both plasmas and
electrolytic solutions { - p,) so that no effect would be expected. Both
these facts are borne out in the experimental results.

4,3 MEASUREMENT PROCEDURES

Because of the high temperatures associated with the plasma, it
was necessary to develop a measuring procedure which would signifi-
cantly reduce the time that the transducer was immersed in the plagma.

With the technique described below, measurements in the plasma
can be made in less than five seconds. This is accomplished by photo-
graphing the trace produced by the plate voltage, Ep, on an oscilloacope
which is operating in the external triggering mode and at a sweep speed
of 0.5 sec per division. By using an external trigger, it is possible to
leave the shutter on the camera open. Then, by manually triggering the
oscilloscope from the oscillator control panel (see Fig, 3) while tuning
the capacitor about the value, C, (see Eq. (27)}, a photograph appearing
like the illustration in Fig. 4a is obtained. The maximum peak-to-peak
output voltage is readily obtained from this illusiration. It is a simple
maiter to determine when C is larger (smaller) than C, by observing
the d-c plate current meter located on the oscillator panel. The current
will abruptly increase {decrease) as C increases (decreases) past Co.
Thig is illustrated in Fig. 4. It is expedient to obtain the calibration
data in the same fashion,

4.4 RESULTS

The measurements reported herein were made at the exit of the
nozzle and were obtained for gas flow rates of 1. 37 and 2. 37 gm/sec as
the input power to the plasma generator was increased from 3 to 15 kw.

Since there is some doubt as to the values of conductivity of the
electrolytic solutions, especially at radio frequencies, both the meas-
ured parameter, AE, and the corresponding values of ¢, which were
obtained from the calibration curve (see Fig. 6), are presented, Values
of AE ranging from 42 to 65 volts peak-to-peak were recorded as the
input power was increased from 3.5 to 15 kw and are shown in Fig. 7.
Corresponding values of conductivity over this same range using the

11
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calibration curve extend from 70 to 280 mhos/meter (see Fig. 8). These
measured values are probably higher than those which truly exist since
one would suspect that the conductivity of electrolytic solutions decreases
with increasing frequency. This frequency effect would tend to shift the
calibration curve shown in Fig. 6 to the left,

4.5 COMPARISON OF MEASURED AND CALCULATED YALUES OF PLASMA CONDUCTIVITY

In Table I values of degree of ionization, «, plasma conductivity, ¢
(mhos/meter), and electron density, n. =~ any, are tabulated for elec-
iron temperatures, T. = 6000, 7000, and 8000°K, and for heavy particle
densities, ny = 1015 and 5 x 1019 (em™3). These values of electron tem-
peratures and particle densities are characteristic of the plasma under
consideration (Refs. 13 and 14).

TABLE |
TABULATED VALUES OF PLASMA CONDUCTIVITY USING A COMBINED FORM OF THE
CHAPMAN - COWLING AND SPITZER -HARM EQUATIONS FOR THREE VALUES OF
ELECTRON TEMPERATURE AND TWO VALUES OF HEAVY PARTICLE DENSITIES

! —3

ng =1 x 10% em™? ny = 5 x 10" em
o, L)
Te., o Re, mhos a Ne, mhos
-3 -3
°K cm meter cm meter
6000 |8.77 x 107 | 8.77 x 10" 9.8 | 3.92 x 107* | 1.96 x 16" 4.5
7000 |8.93 x 10”" | 893 x 10" | 105. 3.99 x 107° 2 x 10" 51,
BODO (6.6 x 107" | 6.6 x 10" | 690. 2.95 x 10°" | 1.47 x 10™ 367

The degree of ionization, a, was obtained from Saha's equation
using the electron temperature (Ref. 15),

The calculated values of conductivity were obtained by applying a
combined form of the Chapman-Cowling equation and the Spitzer-Harm
equation {Ref. 1), The Chapman-Cowling expression for plasma con-
ductivity was developed by considering only short-range forces (slightly
ionized gas), and the Spitzer-Harm equation evolved from treating a
fully ionized plasma (long-range forces). Kantrowitz et al. (Ref. 16)
suggested that, for an arbitrary degree of ionization, the two expres-
sions can be combined to describe the effects between the two extremes.
That is, as an electron moves through a plasma, two types of retarding
forces, which are due to short-range and long-range encounters, inhibit
the flow of electric current. Since these retarding forces act like
resistances in series and because resistivity is essentially the reciprocal

12
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of conductivity, then an expression for plasma conductivity for an
arbitrary degree of ionization should be given by

1 - 1 A
Lo (35)

oy o

where ¢, is the conductivity calculated using the Spitzer—H's'.rm equation
and o is the conductivity found using the Chapman-Cowling equation.
For argon these equations are {Ref, 1)

-2 &
1.36 = 10 Te? ,
o, = { mhos /meter ) (36)
In [1.23 x 10° T, %/n,% 1

3.34 x 107" -2 —— (mhos/meter) (37)

Qe Te™

Q
I

In these equations, n. is in em™, T, in degrees Kelvin, and Q.
{electron-atom collision cross section} in em . Values for Q. were
taken from Massey-Burhop (Ref. 17).

4.6 DISCUSSION OF THE MEASUREMENTS

The purpose of including the above calculation in this report was to
ensure that the measured values of conductivity are in the same range
as those predicted theoretically. The theoretical calculations suffer
from a lack of knowledge of the true form of the equations and uncertain
data, such as the collision cross section, Q.. The calculated values
are only approximate. However, at the electron temperatures ~ 7000°K
as measured spectroscopically (Ref. 13) — and the degree of ioniza-
tion ~ 0. 01 as determined from macroscopic measurements (Ref. 18) —
characteristic of this plasma, the calculated and measured conductivities
are in the same range. This adds some assurance that the measure-
ments reported herein are correct.

In aerodynamic applications, it is necessary to relate the electrical
conductivity to the fluid properties of a supersonic flow. Thus knowl-
edge of the region of the flow stream over which the electromagnetic
field penetrates is important. In this case the region of plasma-field
interaction is a hollow eylinder of plasma length only slightly greater
than the coil length (2, 6 cm) and 1 to 2 cm thick depending on the value
of plasma conductivity., Since the fields decrease almost exponentially
in the radial direction outward from the coil, the plasma zffected most
will be that of the first third of the penetration thickness. Aerodynam-
ically, the gas in this region can be related o the free-stream conditions
through standard aerodynamic treatment. Also, the effect of the boundary

13
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layer on the probe walls must be evaluated for proper use of the data.
Further treatment of these phenomena is not within the scope of this report.

SECTION Vv
SUMMARY

In this report, a physical model for the coupling mechanism between
an RF-excited coil and a conductive medium which surrounds the coil is
established. From this model and using standard transformer techniques,
the interaction between the coil and the conductive medium is explained
in terms of the nondimensional parameter, Q,. With the introduction of
the parameter, Qs, it becomes possible to relate ordinary circuit phe-
nomena to eleciromagnetic field phenomena of the coil. The field phe-
nomena interpretation of Q, is used to show that, for a particular coil
and excitation frequency, Q. is a function only of the conductivity of the
medium provided that ¢ >> we¢ (a provision which is readily satisfied for
the media presented in this report). The circuit phenomena interpreta-
tion of Q. is used to show that the change in plate voltage of a crystal-
controlled oscillator due to the immersion of the coil in a conductive
medium as contrasted to free space conditions is a function only of Qs.
Thus, it follows that the change in plate voltage is a function only of the
conductivity of the media. The relationship between plate voltage and
conductivity is obtained numerically by calibration techniques,

The important features of the circuit used in these conductivity meas-
urements are: (1) the frequency is crystal-controlled, (2) the circuit and
probe are simple both in design and analysis, (3) the plate voltage of the
oscillator is the only measured quantity, and (4) the tests may be per-
formed in short periods of time (~5 sec).

The primary difficulties associated with this method (as well as
others) are that calibration procedures must be developed in order to
relate the measured parameter (in this case, plate voltage) to conduc-
tivity. Additional difficulties arise since there are only two classes of
materials, namely electrolytic solutions and semiconductors which have
conductivities within the range of interest, Work is Presently underway
to further investigate calibration techniques using electrolytic solutions,

The measured values of conductivity in a d-c arc-generated super-
sonic plasma using the electrolytic calibration curve range from 70 to
280 mhos/meter. These measured values fall within the range of values
calculated using a method suggested by Kantrowitz.
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APPENDIX |
HYDROMAGNETIC EFFECTS

The electromagnetic effects of a conductive fluid flowing with a
velocity, v, through a magnetic field are sometimes referred to as
hydromagnetic effects. Thus, hydromagnetic effects occur when an
RF-excited coil is immersed in a flowing ionized gas.

For an axially symmetric coil with an excitation frequency,
o= 3.142 ¥ 107 sec-1, immersed in an axially flowing plasma, it will
be shown that the hydromagnetic effects are negligible as compared to
purely electromagnetic effects. Maxwell's equations for a linear, iso-
tropic conductive medium moving with a velocity, v, with respect to the
coil are

V-E =0 (I-1}
- JB -
VXE——a-t— {I 2)
vxB = uc(E + vxB) + pe ‘;f (I-3)
v:B =20 (I-4)

Eliminating E from Eq. (I-1) resulis in a wave equation for the mag-
netic field, B . That is,

{vz'*‘”?aa—t'_“‘_aiiT}B=_’M[vx(VXB” (I-5)

Likewise, eliminating B from Eq. (I-2) and assuming a steady-state

flow field (i. e. % = 0) gives a wave equation for the electric field, E,

{‘F’—-ﬁa-—aéi——pe gi,}E=—pa[vx[V?¢E)] (1-8)

The terms ¥ x (v x 8) and v x {v x E) can be expanded into the form
vx {vx B)=v¥-B-BVW-v==wB{w-v) (I-7)

v X (VvxE)=V%{(y-E) —EV.v (1-8)

For an axially symmetric coil and for an axially flowing fluid, v-E = 0.
Thus Eq. (I-8) becomes

vy x {(VxE)=-E(V-v) (1-9)
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Equations (I-5) and (I-6) may now be written in the form

{7 - wo[govv]- e g {2} -0 0-10

The condition that the hydromagnetic effect be negligible is given by the
inequalities

%E—{));B(V-V)' (1_11)
and

9E .

R >> |[E{V -v)] {1-12)

When the fields are varying sinusoidally in time with an angular fre-
quency, @, then the inequalities in Eqs, {I-11) and (I-12) reduce to

w >> |V -v] (I-13)
For axially flowing gases, ¢.v = —g—i’— and when @ = 3.142 x 10" sec™",

Eq. (I-13) becomes

3,142 x 10 >»

*3—:, (I-14)

Therefore, when this inequality is satisfied (which for all practical
purposes is always true for aerodynamic flows), Eq. {(I-10) becomes

{v’ ~po G- pe —g—t-z—}{:}= 0 (1-15)
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