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ABSTRACT 

E l e c t r i c a l  c o n d u c t i v i t i e s  in the r a n g e  f r o m  70 to 280 m h o s / m e t e r  
w e r e  m e a s u r e d  in an a r c - h e a t e d ,  l o w - d e n s i t y ,  s u p e r s o n i c  a r g o n  p l a s m a .  
M e a s u r e m e n t s  w e r e  m a d e  us ing  a s i n g l e  l a y e r  coi l  ac t ing  as one b r a n c h  
of a tuned  p a r a l l e l  c i r c u i t  of a c r y s t a l - c o n t r o l l e d  o s c i l l a t o r  o p e r a t i n g  at 
5 m c / s e c .  E l e c t r o m a g n e t i c  coupl ing  b e t w e e n  r a d i o - f r e q u e n c y - e x c i t e d  
co i l s  and p l a s m a s  was e x a m i n e d ,  and the  r e s u l t s  a r e  p r e s e n t e d  in t e r m s  
of a n o n d i m e n s i o n a l  p a r a m e t e r ,  Q,, which,  for  a p a r t i c u l a r  coi l ,  is a 
func t ion  only of the  conduc t iv i ty  of the  p l a s m a  s u r r o u n d i n g  the  co i l .  
C a l c u l a t e d  c o n d u c t i v i t i e s  us ing  a c o m b i n e d  f o r m  of the  S p i t z e r - H K r m  
and C h a p m a n - C o w l i n g  equa t ions  for  p r e s c r i b e d  p l a s m a  cond i t ions  c o m -  
p a r e  f avo rab ly  wi th  the  m e a s u r e d  r e s u l t s .  
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SECTION I 
INTRODUCTION 

The  des ign ,  a n a l y s i s ,  and t e s t i n g  of p l a s m a  d e v i c e s  r e q u i r e  a knowl -  
edge of the  e l e c t r i c a l  conduc t i v i t y  of the  w o r k i n g  f luid.  In the  l a b o r a t o r y  
p l a s m a s  used  for  wind tunne l  and o t h e r  gas  flow e x p e r i m e n t s ,  p r e s e n t  
knowledge  does  not a l low r e l i a b l e  c a l c u l a t i o n s  of the  conduc t iv i ty ;  it 
m u s t  be m e a s u r e d .  

Th i s  r e p o r t  is  c o n c e r n e d  wi th  m e a s u r e m e n t  of e l e c t r i c a l  conduc t i v i t y  
and with  a p p l i c a t i o n  to a l o w - d e n s i t y ,  a r c - h e a t e d  s u p e r s o n i c  p l a s m a .  It  
wi l l  be shown tha t  the  va lue s  of conduc t iv i t y  a r e  in the  s a m e  r a n g e  as  the  
c a l c u l a t e d  va lue s ,  which  w e r e  ob ta ined  by us ing  m e a s u r e d  e l e c t r o n  t e m -  
p e r a t u r e s  in the  c l a s s i c a l  equa t ions .  The  con ten t  of the  r e p o r t  i s ,  how-  
eve r ,  m o r e  g e n e r a l  in scope ,  and the m e t h o d  p r e s e n t e d  is  a p p l i c a b l e  to 
the  m e a s u r e m e n t  of conduc t iv i t y  in any m e d i u m .  

The  e l e c t r i c a l  conduc t i v i t y  t r a n s d u c e r  found to  be the  m o s t  u se fu l  
c o n s i s t s  of a s i n g l e  l a y e r  coi l ,  which  ac t s  as one a r m  of a tuned,  p a r a l l e l  
n e t w o r k  in the  p la te  c i r c u i t  of a c r y s t a l - c o n t r o l l e d  o s c i l l a t o r  o p e r a t i n g  at  
5 m c / s e c .  S i m i l a r  co i l s  have  been  used  by o t h e r s ,  and e x t e n s i v e  r e f e r -  
e n c e s  a r e  f o u ~ t h e  t ~ e o r e t i c a l  a s p e c t s  of the  i n t e r a c t i o n  
of the e l e c t r o m a g n e t i c  f ie ld  and the  p l a s m a  (Ref.  1) and the m o r e  p r a c t i -  
ca l  a s p e c t s  of a s s o c i a t e d  c i r c u i t r y  (Refs .  2 t h r o u g h  8). In  the  m e t h o d  
p r e s e n t e d  h e r e i n ,  a d i r e c t  r e l a t i o n s h i p  be tween  the p la te  vo l t age  a-~n-d-the 
c o ~ c t i v i t y  o f  the  m e d i u m  is  e s t a b l i s h e d  wi th  the  p la te  vol ' tage~being the 
onl~y r e q u i r e d  m e a s u r e m e n t .  In  th i s  way,  the  m e a 6 u r e m e n t  is  ~i~--~riYfed 
o v e r  o the r  a p p a r a t u s  t--hat have  been  r e p o r t e d .  Also ,  the  a n a l y s i s  of the  
p r o b l e m  and the t r a n s d u c e r  p r e s e n t e d  in t h i s  r e p o r t  l e a d s  to a c l a r i f i c a -  
t ion  of c e r t a i n  a s p e c t s  of conduc t i v i t y  m e a s u r e m e n t s  not a d e q u a t e l y  
t r e a t e d  in the  l i t e r a t u r e .  Among  t h e s e  a r e  the  e f fec t  of d i e l e c t r i c  con-  
s t a n t  of the  m e d i u m  on the  m e a s u r e m e n t s ,  the  cond i t ions  unde r  which  
t~e c ~ b e t w e e n  t h e  p l a s m a  and the  e l e c t r o m a g n e t i c  f i e lds  of the  
co i l  a r e  p r e d o m i n a n t l y  conduc t i v i t y  dependen t ,  and the  u n c e r t a i n t y  i n t r o -  

L .  " '  - -  

duced by use  of e l e c t r o l y t i c  s o l u t i o n s  as  the  c a l i b r a t i o n  m e d i u m .  

SECTION II 
CRITERIA FOR A CONDUCTIVITY TRANSDUCER 

The electrical properties of a linear-isotropic medium are completely 
specified by the four scalar parameters: a (electrical conductivity), 
# (permeability), ~ (permittivity), and p (free charge density). 
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The  net  f r e e  c h a r g e  in a p l a s m a  is z e r o  e x c e p t  at a p l a s m a - s o l i d  
b o u n d a r y .  In p a r t i c u l a r ,  when  a m e t a l  is  e x p o s e d  to a p l a s m a ,  a p o s i -  
t i ve  c h a r g e  d e n s i t y  ( shea th )  a c c u m u l a t e s  at the  m e t a l - p l a s m a  i n t e r f a c e .  
Th i s  s h e a t h  e f f ec t  m a k e s  it v i r t u a l l y  i m p o s s i b l e  to use  p l a s m a  c o n d u c -  
t iv i ty  t r a n s d u c e r s  w h i c h  r e q u i r e  d i r e c t  c o n t a c t  b e t w e e n  m e t a l s  and the  
p l a s m a .  

One m e t h o d  of avo id ing  the  d i f f i c u l t i e s  a s s o c i a t e d  wi th  the  s h e a t h  
is to u s e  r a d i o - f r e q u e n c y  (I~F) e x c i t e d  co i l s  s i n c e  the  coup l ing  b e t w e e n  
the  t r a n s d u c e r  and p l a s m a  is m a g n e t i c  r a t h e r  t han  d i r e c t .  D i r e c t  c o m -  
pu t a t i on  of the  c o n d u c t i v i t y  f r o m  m e a s u r e m e n t s  u s ing  R F  c o i l s  b e c o m e s  
e x t r e m e l y  d i f f icu l t  s i n c e  the  c o n d u c t i v i t y  is one of the  t h r e e  p r o p e r t i e s  
of the  m e d i u m  a p p e a r i n g  as c o e f f i c i e n t s  in the  e l e c t r o m a g n e t i c  wave  
equa t ion .  

- ~ a  ~ -  ~e  ~ -- 0 ( I )  

Append ix  I c o n t a i n s  a m o r e  c o m p l e t e  f o r m  of the  wave  equa t ion  for  
a f lowing i o n i z e d  ga s .  I t  is  shown  tha t  the  h y d r o m a g n e t i c  t e r m  can  be  
n e g l e c t e d  and tha t  Eq.  (1) is  v a l i d  fo r  s u p e r s o n i c  p l a s m a s .  

F r o m  Eq.  (1) it  c an  be s e e n  tha t  when  the  f ie lds  a r e  v a r y i n g  s i n u s -  
o ida l  in t i m e  wi th  an a n g u l a r  f r e q u e n c y ,  ~ ,  and fo'r the  p a r t i c u l a r  c a s e ,  
a >> ~ ,  and ~ ffi ~o, t h e n  the  wave  e q u a t i o n  can  be r e p l a c e d  a p p r o x i -  
m a t e l y  by the  d i f fus ion  e q u a t i o n  as shown  in Eq.  (2). 

0 

T y p i c a l  v a l u e s  of p e r m i t t i v i t y  for  e l e c t r o l y t i c  s o l u t i o n s  and p l a s m a s  
a r e  80 % and %, r e s p e c t i v e l y  ( w h e r e  % = 8.854 x 10 - u  f a r a d s / m e t e r ) .  
F o r  a f r e q u e n c y  of 5 m c ,  the  cond i t i on  t h a t ,  > > oJ, is  s a t i s f i e d  by two 
o r d e r s  in m a g n i t u d e  for  v a l u e s  of c o n d u c t i v i t y  e x c e e d i n g  2.5 m h o s / m e t e r  
in e l e c t r o l y t i c  s o l u t i o n s  and 0. 028 m h o / m e t e r  in p l a s m a s .  

SECTION III 
RF-EXCITED COILS AS CONDUCTIVITY TRANSDUCERS 

V a r i o u s  t e c h n i q u e s  and c i r c u i t s  have  been  d e v e l o p e d  w h i c h  u t i l i z e  
c o i l s  to m e a s u r e  the  c o n d u c t i v i t y  of a p l a s m a  (Refs .  2 t h r o u g h  8). Mos t  
o f ten  a s i n g l e  l a y e r  co i l  is  u s e d  in one b r a n c h  of a p a r a l l e l - t u n e d  c i r -  
cu i t ,  and the  m a g n e t i c  f i e ld  d i s t o r t i o n  due  to the  p r e s e n c e  of the  p l a s m a  
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is then related to the value of plasma conductivity. Whatever the circuit 
or means of detection, the field distortion results from "eddy currents" 
induced in the conductive medium by the time varying magnetic field. 

3.1 ELECTROMAGNETIC COUPLING OF COIL AND PLASMA 

One method of dealing with these eddy currents is to lump the dis- 
tributed inductance and resistance associated with each closed-current 
path into a total equivalent inductance, Ls, and total equivalent resist- 
ance, Rs. Further, if it is assumed that the coil is inductively coupled 
to the conductive medium through a coupling coefficient, k, then the 
presence of the conductive medium can be examined by reflecting the 
lumped inductance and resistance into the coil, using ordinary trans- 
former analysis. This procedure is schematically illustrated in Sketch I. 
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Sketch 1 

From this transformation a new value of coil inductance, L ' ,  and 
resistance, R', due to the presence of the conductive medium is obtained 
as a function of the coupling coefficient, k, total equivalent resistance, 

Rs, and total equivalent inductance, Ls. 

Therefore, 

L'= L - R s 2 + ( o j L s )  2 ( 3 )  

I k2 (c°L) ((°Ls ~Rst R ' = R  1 +  - - 5 ~  R[Rs2 + (ogLs) 
(4) 
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If the  n o n d i m e n s i o n a l  p a r a m e t e r s ,  Q = ~L/R,  Q ' =  ~,L'/R', and 
Qs = ~,L,/Rs, a r e  s u b s t i t u t e d  into Eqs .  (3) and (4), t hen  the  fo l lowing  
use fu l  r e l a t i o n s h i p s  a r e  ob ta ined :  

L" I " - 0 2  (1 - k ' )  
- L ' -  = 1 +Qs = < 1 ( 5 )  

1t" Q ~ - k =  Q Q ' + I  > i 
= " I + Q,= - (6) 

O" = l+OsZ(l - k=) < 1 (7) 
Q Q~ + k= Q QB"- I - 

The  equa l i ty  s i gns  on the  r igh t  apply only when  e i t h e r  Qs or  k a r e  
z e r o ;  o t h e r w i s e ,  the  i nequa l i t y  s ign  g o v e r n s  the  r e l a t i o n s h i p  of the  
t h r e e  r a t i o s .  F r o m  Eq.  (6) it can  be s e e n  tha t  the  p a r a m e t e r ,  k=O, 
a p p e a r s  as an amp l i fy ing  fac to r ;  hence ,  to e n h a n c e  the  s e n s i t i v i t y  of the  
s y s t e m ,  th i s  p a r a m e t e r  shou ld  be m a d e  l a r g e .  U l t i m a t e l y ,  th i s  m e a n s  
that  the  Q of the co i l  shou ld  be m a d e  l a r g e  r e g a r d l e s s  of the  c i r c u i t  in 
which  the  co i l  is used .  

F o r  a g iven  co i l  and e x c i t a t i o n  f r e q u e n c y ,  the  coup l ing  coe f f i c i en t ,  k 
(which  m u s t  a lways  be l e s s  than  or  equal  to unity),  depends  s o l e l y  upon 
the  g e o m e t r y  of the  coi l  and the  p r o x i m i t y  of the  co i l  and the  conduc t i ve  
m e d i u m .  The  n o n d i m e n s i o n a l  p a r a m e t e r ,  Os, is  m o r e  d i f f icul t  to 
hand le ;  h o w e v e r ,  it can  be shown that  th is  quant i ty  for  a g iven  coi l  and 
e x c i t a t i o n  f r e q u e n c y  is a func t ion  only of the conduc t iv i ty  of the  s u r r o u n d -  
ing m e d i u m .  The  p roof  of th i s  l a t t e r  s t a t e m e n t  can  be shown by con -  
s i d e r i n g  the  bas ic  de f in i t ion  of Qs, which  is g iven  be low by Eq. (8) 
(Ref.  9): 

FElectromagnetic Energy- Stored in the Medium 1 
Qs = 2rf L-Electromagneti c Energy" Dissipated in Oae Cycle.J (8) 

The  e n e r g y  s t o r e d  in the  m e d i u m ,  Ws, is g iven  by 

Ws = fo [  (~E'E + e"-~) dv (9) 

It has  been  shown (Ref.  10) that  the  e n e r g y  s t o r e d  in the  m a g n e t i c  field 
is several orders of magnitude greater than the energy stored in the 
electric field for a coil whose dimensions are small compared to a 
wavelength. Thus, Eq. (9) reduces to 

f B-B dv (10) Ws "-- ~- vol 

4 
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T h e  e n e r g y  d i s s i p a t e d  in  o n e  c y c l e ,  Wd, i s  

 do/ /oJ.,dv dt (11) 

S u b s t i t u t i n g  J = a E in E q .  (11) y i e l d s  

2rr 

Wd = o of ol E . E  d v  dt (12) 

T h u s ,  Eq .  (8) c a n  be  w r i t t e n  a s  

Qs "-- 
2~ ~vol B • B fly 

Fa 2'/7 
(13) 

Fox' a g i v e n  c o i l  a n d  e x c i t a t i o n  f r e q u e n c y ,  ~ ,  it  c a n  b e  s e e n  t h a t  
s o l u t i o n s  f o r  B a n d  E to  E q .  (2) c a n  be  pu t  in  t h e  f o r m  

B = B (r,  a)  exp ( j~ t )  (14) 

E = E ( r , a )  exp ( j ~ t )  

w h e r e  r i s  t h e  p o s i t i o n  v e c t o r .  

T h e n  

B - B  = l ~, ( r , a )  B ~ ( r , a )  = B a ( r , a )  

a n d  

E .E  = l ' : ( r , a )  E * ( , , a )  = E 2 ( r , o )  

(15) 

(16) 

(17) 

S u b s t i t u t i n g  E q s .  (16) a n d  (17) i n t o  E q .  (13) a n d  i n t e g r a t i n g  t h e  
d e n o m i n a t o r  o v e r  o n e  c y c l e  y i e l d s  

f,. B ' (  o)  dr 3 
(u o | Os - - - -  

/1o" ~_ E 2 ( r ,  o ' )  d r s 
ol  6"  

(1B) 

S i n c e  r i s  s i m p l y  a v a r i a b l e  of  i n t e g r a t i o n ,  t h e n  i t  f o l l o w s  t h a t  Qs 
i s  a f u n c t i o n  o n l y  of  t h e  c o n d u c t i v i t y .  T h a t  i s  

Qs = Qs (a)  (19) 

A t  t h i s  p o i n t ,  o n e  h a s  a s u f f i c i e n t  s e t  o f  e q u a t i o n s  in  t e r m s  of  
m e a s u r a b l e  q u a n t i t i e s ,  L,  L ' ,  II, a n d  R ' ,  a n d  t h e  q u a n t i t y ,  Qs ,  t o  
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c o m p l e t e l y  c h a r a c t e r i z e  the  p r o b l e m .  
Eqs .  (5) and (6) y i e l d s  

That  is ,  e l i m i n a t i n g  k f r o m  

0 o[ L]0,o . - _ .  (20) 

A l a r g e  p o r t i o n  of the  fo l lowing  s e c t i o n s  is d e v o t e d  to a m e t h o d  of 
m a k i n g  the  n e c e s s a r y  m e a s u r e m e n t s  to d e t e r m i n e  th i s  r e l a t i o n s h i p  
wi thout  hav ing  to s e e k  so lu t i ons  to the  wave equa t ion  and, s u b s e q u e n t l y ,  
to Eq.  (8). The  r e a s o n i n g  is s i m p l y  that  exac t  s o l u t i o n s  to e i t h e r  
Eq.  (2) o r  Eq.  (8) a r e  e x t r e m e l y  di f f icul t  {if not i m p o s s i b l e )  to ob ta in  
for  a co i l  of f in i te  l eng th  i m m e r s e d  in a conduc t i ve  m e d i u m .  

A n o t h e r  a s p e c t  which  m u s t  be c o n s i d e r e d  b e f o r e  the  co i l  can  be 
u s e d  s u c c e s s f u l l y  as a conduc t i v i t y  t r a n s d u c e r  is the  p e n e t r a t i o n  dep th  
{skin depth)  of the  e l e c t r i c  and m a g n e t i c  f ie ld  into the  c o n d u c t i v e  
m e d i u m .  Th i s  a s p e c t  b e c o m e s  i n c r e a s i n g l y  i m p o r t a n t  when  b o u n d a r y  
l a y e r s  f o r m  at the  s u r f a c e  of the  body, such  as the  c a s e  when  a s u p e r -  
son ic  gas f lows o v e r  the  body. A c o n s e r v a t i v e  m e a s u r e  of th i s  dep th  
is g iven  a p p r o x i m a t e l y  by the  e x p r e s s i o n  (Ref.  11), 

8 -- ~ (21) 

With r e g a r d  to the  m a t e r i a l s  p r e s e n t e d  in th i s  r e p o r t ,  8 is a lways  
g r e a t e r  than  one body d i a m e t e r ;  h e n c e  p e n e t r a t i o n  dep th  is no p r o b l e m .  

3.2 PHYSICAL DESCRIPTION OF A PROBE 

The  co i l  u s e d  in t h e s e  e x p e r i m e n t s  c o n s i s t e d  of fo r ty  t u r n s  of AWG 
No. 22 e n a m e l e d  c o p p e r  w i r e  wound on a 0 . 7 - c m - d i a m  p o r c e l a i n  rod  
and h o u s e d  in a 1 - c m - d i a m  {outs ide)  p y r e x  tube .  F o u r  fee t  of RG62 /u  
coax ia l  c ab l e  was  used  to r e m o t e l y  l oca t e  the  coi l  f r o m  the  o s c i l l a t o r  
c i r c u i t .  The  i nduc t ance  of the  co i l  was  a p p r o x i m a t e l y  4 x 10-6 h e n r i e s  
wi th  a Q of 72 at 5 m c / s e c .  The  co i l  and p r o b e  suppo r t  a r e  i l l u s t r a t e d  
in Fig .  1. 

3.3 ESSENTIAL FEATURES OF THE ELECTRICAL CIRCUIT 

The  s c h e m a t i c  d i a g r a m  of the  o s c i l l a t o r  and p r o b e  is shown in 
Fig .  2, and the  c i r c u i t  d i a g r a m  is shown  in Fig .  3. Th i s  p a r t i c u l a r  
c r y s t a l - c o n t r o l l e d  o s c i l l a t o r  has  the  d e s i r a b l e  f e a t u r e  that  o s c i l l a t i o n  
wiU o c c u r  only  when  the  p la te  c i r c u i t  is e i t h e r  r e a l  o r  i nduc t i ve  (Ref.  9). 

6 
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The  r m s  plate vol tage ,  E p ,  v e r s u s  c a p a c i t a n c e ,  C, for  th i s  o s c i l l a t o r  
is  shown in F ig .  2c. Note  tha t  the p la te  vo l t age  has  a s h a r p  m a x i m u m  
Epo at the  point  w h e r e  the  p a r a l l e l  t ank  c i r c u i t  is  r e a l  and d e c r e a s e s  as  
the  c a p a c i t a n c e  is  f u r t h e r  r edu ced .  The  va lue  of c a p a c i t a n c e  at t h i s  
m a x i m u m  p la te  vo l tage ,  Epo, is  Co and is  g iven  by Eq.  (22) (i. e . ,  when 
the  p la te  c i r c u i t  i m p e d a n c e  is  r e a l ) .  

[, 
Co = ||2 + ( o j i , ) f  (22) 

When C <_. Co the  o s c i l l a t o r  can  be r e p l a c e d  by the e q u i v a l e n t  c i r c u i t  
shown in F ig .  2b. 

The  i m p e d a n c e ,  Zp, of the  t ank  c i r c u i t  is  

11 + j o ~ L [ ( ] - o f l L C ) - C B 2 / L  ] 
Zp = 

( ~, c n ) '  + ( 1 - o? L C )2 

and the  r m s  p la te  vo l t age ,  Ep, is  

Eg Zp 
Ep - 

r 8 + Zp  

( 2 3 )  

(24) 

C o n s i d e r  now the  c a s e  when  C = Co and for  Q >> 1. E q u a t i o n s  (23) 
and (24) b e c o m e  

and 

Zpo = RQ ~ = oJLQ ( 2 5 )  

[ 1 Epo = Eg I + rg /Q~oL (26) 

When  the co i l  is  i m m e r s e d  in  the  p l a s m a ,  R, Q, and L in  E q s .  (25) 
and (26) can  be r e p l a c e d  by R', Q', and L ' ( s e e  Eqs .  (5), (6), and (7)). A l so ,  
C m u s t  be a d j u s t e d  to a new Co in o r d e r  to ob ta in  the  m a x i m u m  p la t e  
vol tage ,E~o.  Tha t  i s ,  

• L" )~ (27) Co = I t ' 2  + (t~L" 

and 

[ ' ] EI~ ° = Eg l + r g / O ' o ~ L "  ( 2 8 )  

By s u b s t i t u t i n g  for  Q" and L" f r o m  E q s .  (5) and (7), 
and m a k i n g  the  fo l lowing  s u b s t i t u t i o n s ,  

G ( Q s )  -- (O~ + 1) (O~ =- k a O O, -~ 1) 
[ l + Q ~ ( l - k a ) ]  ' 

and 

A = r g / Q ~ L  

respectively, 

( 2 9 )  

( 3 0 )  
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then Eq. (28) becomes  

E 1 E6o = E s I+AC(Q,)  (31) 

The change in plate  vol tage,  A E ffi Epo - E~o f rom f ree  space  con-  
di t ions to i m m e r s i o n  in the p l a s m a  is 

E' ' J AE = Epo - E~o ffi E g  ~ 1 + AG' (32) 

F r o m  Eq. (32) i t  can be seen  that  the change in plate  vol tage,  &E, 
is a function of A, E s, and G where  G is a function of Q6. For  a pa r t i cu -  
l a r  o s c i l l a t o r  c i r cu i t ,  A and E s a re  cons tan ts ;  for  a given probe,  k is a 
cons tant .  The p a r a m e t e r ,  Qe, depends so le ly  upon the conduct iv i ty  of 
the su r round ing  med ium provided  that  ¢ > > ~c. T h e r e f o r e ,  under  these  
condi t ions ,  the change in plate  vol tage  is a funct ion of the conduct iv i ty  
of the su r round ing  medium.  That  is,  

AE ffi AE (~) (33) 

Since the funct ional  r e l a t i o n s h i p  as shown in Eq. (33) cannot  be ob- 
ta ined  ana ly t i ca l ly ,  it is n e c e s s a r y  to obtain a n u m e r i c a l  r e l a t i o n s h i p  
between &E and ¢ through ca l i b r a t i ons  with med iums  of known conduc-  
t iv i ty .  

3.4 COIL AND CIRCUIT DESIGN CRITERIA 

Since t h e r e  a re  many fac to r s  to cons ide r  in des igning the p r o p e r  
coi l  for  conduct iv i ty  m e a s u r e m e n t s ,  t he r e  can be no s t anda rd  p ro -  
cedure  to follow. However ,  t h e r e  a re  a few gene ra l  obse rva t i ons  which 
apply to al l  s i tua t ions .  In p a r t i c u l a r ,  to obtain m a x i m u m  power  t r a n s -  
fe r  to the coi l ,  the constant ,  A, (see  Eq. (30))should be app rox ima te ly  
equal  to unity.  Then  

O~L ~- 's (34) 
(For  the c i r cu i t  in th is  r epor t ,  r e " 7000 ohm. ) 

The value  of coi l  inductance,  L, will  depend upon co!! d imens ions  
and g e o m e t r y  which, in genera l ,  a r e  pecu l t a r  to the pa r t ! gu l a r  appl!Qa-- 
t ion.  The Q of a coi l  depends upon L and thus upon co!! d imens ions ,  and 
fu r the r ,  it depends upon such fac to rs  as wire  e l se ,  spac ing  betw0~n 
adjacent  tu rns ,  r a t i o  of coi l  length  to d i ame te r ,  f requency,  etc. ; this  
makes  it diff icult  to a r r i v e  at a p r e s e l e c t e d  value of Q f rom bas ic  p r i n -  
c ip les .  C r i t e r i a  for  des igning a coil  for  a p a r t i c u l a r  value of Q can be 
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found in the  l i t e r a t u r e  (Ref.  9). H o w e v e r ,  f r o m  e x p e r i e n c e ,  it  has  been  
found that  a Q - m e t e r  is  an i n v a l u a b l e  a id  in the  t r i a l  and e r r o r  s e l e c t i o n  

of Q. 

A n o t h e r  f a c t o r  to c o n s i d e r  in the  d e s i g n  is the  e f f ec t s  of u s i n g  c o -  
ax i a l  c ab l e  to r e m o t e l y  l o c a t e  the  co i l  f r o m  the  o s c i l l a t o r .  The  l e n g t h  
of c o a x i a l  c a b l e  s h o u l d  be kept  to a m i n i m u m ,  and for  o p e r a t i o n  at 5 m c  
o r  h i g h e r ,  l eng ths  g r e a t e r  than  5 ft shou ld  be a v o i d e d .  The  c o a x i a l  
c a b l e  has  two a d v e r s e  e f f e c t s .  F i r s t ,  it l o w e r s  the Q of the  s y s t e m ,  
and, s e c o n d l y ,  it l o w e r s  the  coup l ing  c o e f f i c i e n t ,  k. Th i s  l a t t e r  can  be 
u n d e r s t o o d  by not ing  tha t  the  c o a x i a l  c a b l e  i n t r o d u c e s  a d d i t i o n a l  i n d u c t -  
ance  and r e s i s t a n c e  in the  b r a n c h  wi thout  any a d d i t i o n a l  coup l ing  to the  
p l a s m a .  By t r e a t i n g  the  c o a x i a l  c a b l e  as  l u m p e d  p a r a m e t e r s  as  s h o w n  
in Ske t ch  2 ( this  c h o i c e  is u s e d  for  c o n v e n i e n c e  only) ,  it c an  be shown  
tha t  the co i l  can  be r e p l a c e d  with  a new coi l  and coup l ing  c o e f f i c i e n t ,  kn. 

tc Rc 

w h e r e  

°i L Qn L +I. c 
C 

R CcTkn R+Rc _ 

Sketch 2 

( Qn - ~(L + I.,~) and kn = k L ' 

R + R e  L + L c  

T h e r e f o r e ,  one m u s t  i nc lude  the  e f f ec t s  of c o a x i a l  c a b l e  w h e n  
app ly ing  Eq.  (34). F u r t h e r ,  c a l i b r a t i o n  m u s t  be m a d e  us ing  the  s a m e  
type  and l eng th  of c o a x i a l  c a b l e  as u sed  in the  t e s t  r u n s .  

SECTION IV 
APPLICATIONS TO ARC-HEATED PLASMAS 

T h e  a n a l y s i s  of the  co i l  and c i r c u i t  p r e s e n t e d  in the  p r e v i o u s  
s e c t i o n s  shows  tha t  it is p o s s i b l e  to m a k e  r e l i a b l e  m e a s u r e m e n t s  of 
p l a s m a  c o n d u c t i v i t y  by u s i n g  an R F - e x c i t e d  co i l  in c o n j u n c t i o n  wi th  a 
c r y s t a l - c o n t r o l l e d  o s c i l l a t o r .  In the  fo l lowing  s e c t i o n s ,  m e a s u r e m e n t s  
a r e  p r e s e n t e d ,  and t h e s e  v a l u e s  a r e  c o m p a r e d  wi th  c a l c u l a t e d  v a l u e s  
u s i n g  a c o m b i n e d  f o r m  of the  C h a p m a n - C o w l i n g  and S p i t z e r - H a r m  e q u a -  
t i o n s .  
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4.1 DESCRIPTION OF PLASMA 

The  s c h e m a t i c  d i a g r a m  of the  t e s t  ce l l ,  p l a s m a  g e n e r a t o r ,  and 
p l u m e  g e o m e t r y  for  n o r m a l  o p e r a t i n g  cond i t ions  is  shown in F ig .  5. 
The  gas  (a rgon)  e n t e r s  the  a r c - c h a m b e r  and then  expands  t h r o u g h  a 
15-deg  co n i ca l  n o z z l e  into a l o w - p r e s s u r e  t e s t  ce l l  (0 .3  to 0 .5  m m  Hg). 
The  d o m i n a n t  flow f e a t u r e s  a s s o c i a t e d  with th is  f r e e  je t  c o n f i g u r a t i o n  
a r e  s c h e m a t i c a l l y  i l l u s t r a t e d  in Fig .  5b. 

T y p i c a l  va lues  of Mach  n u m b e r ,  p a r t i c l e  dens i ty ,  e l e c t r o n  n u m b e r  
dens i ty ,  and e l e c t r o n  t e m p e r a t u r e  at the  n o z z l e  exi t  a r e :  NIach 5, 
1015 a t o m s / c m  3. 1013 e l e c t r o n s / c m  3, and 7000~K, r e s p e c t i v e l y .  

4.2 CALIBRATION 

Since  the  r a n g e  of p l a s m a  conduc t i v i t y  of i n t e r e s t  ex tends  f r o m  a 
few m h o s / m e t e r  to a few thousand  m h o s / m e t e r ,  t h e r e  is a p r o b l e m  in 
ob ta in ing  s u i t a b l e  c a l i b r a t i o n  m a t e r i a l s .  The  p r o b l e m  s t e m s  f r o m  the  
fact  that  only two c l a s s e s  of m a t e r i a l s  ( exc lud ing  p l a s m a s )  have  conduc -  

t i v i t i e s  wi th in  the  r a n g e  of i n t e r e s t .  T h e s e  a r e :  e l e c t r o l y t i c  so lu t i ons  
and p r o p e r l y  p r e p a r e d  s e m i c o n d u c t o r  m a t e r i a l s .  Rul ing  out s e m i c o n -  
d u c t o r s ,  for  the  p r e s e n t  at l e a s t ,  due to cos t  and c r y s t a l  s i ze ,  l e a v e s  
e l e c t r o l y t i c  s o l u t i o n s .  

The  c a l i b r a t i o n  c u r v e  shown in Fig. 6 was ob ta ined  by i m m e r s i n g  
the  co i l  in the  fo l lowing  so lu t i ons  and r e c o r d i n g  the  change  in output 
vo l t age :  (a) n o r m a l  so lu t ion  of KC1, (b) s a t u r a t e d  so lu t i on  of NaC1, 
and (c) 0 .5  n o r m a l  s o l u t i o n  of H2SO4. By v a r y i n g  the  t e m p e r a t u r e  of 
t h e s e  so lu t ions  b e t w e e n  0 and 90°C, a r a n g e  of c o n d u c t i v i t i e s  f r o m  6 to 
165 m h o s / m e t e r  is a v a i l a b l e  (Ref.  12). The  c a l i b r a t i o n  c u r v e  may  be 
in e r r o r  b e c a u s e  t h e s e  pub l i shed  da ta  w e r e  ob ta ined  by m a k i n g  vo l t age  
v e r s u s  c u r r e n t  m e a s u r e m e n t s  at a f r e q u e n c y  of 1000 cps  and app ly ing  
O h m ' s  law. The  e r r o r s  m a y  s t e m  f r o m  two s o u r c e s :  F i r s t ,  the  m e t h o d  
a s s u m e s  that  a l i n e a r  f ie ld  e x i s t s  wi th in  the  m e d i u m ,  which  m a y  not be 
t r ue ,  and that  t h e r e  a r e  no s h e a t h  e f fec t s  at the  f l u i d - m e t a l  bounda ry .  
Second,  the  c o n d u c t i v i t y  m a y  be f r e q u e n c y  dependen t ,  and the  m e a s u r e -  
m e n t s  h e r e  w e r e  m a d e  at 5 inc.  Thus ,  it is r e c o g n i z e d  that  c o n s i d e r a b l e  
r e s e a r c h  is r e q u i r e d  in th i s  a r e a  in o r d e r  to ob ta in  an abso lu t e  c a l i b r a -  
t ion  c u r v e .  B a s i c a l l y  th is  p r o b l e m  a r i s e s  f r o m  an a t t e m p t  to c o r r e l a t e  
e l e c t r o m a g n e t i c  i n t e r a c t i o n s  at r a d i o  f r e q u e n c i e s  with m a s s i v e  ions  
hav ing  r e l a t i v e l y  l a r g e  n u m b e r  d e n s i t i e s  and low m o b i l i t i e s  to i n t e r -  
ac t i ons  with l ight  e l e c t r o n s  hav ing  l o w e r  n u m b e r  d e n s i t i e s  and h i g h e r  
m o b i l i t i e s .  

10 
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A n o t h e r  f a c t o r  tha t  migh t  a p p e a r  to be of i m p o r t a n c e  is tha t  the  
e l e c t r o l y t i c  so lu t i ons  have  l a r g e  v a l u e s  of p e r m i t t i v i t y  ( -  85 eo ), w h e r e a s  
the  p e r m i t t i v i t y  of p l a s m a s  is a p p r o x i m a t e l y  tha t  of f r e e  s p a c e  ( - ~o ) • 
H o w e v e r ,  as can  be s e e n  by E q s .  (2) and (13), p e r m i t t i v i t y  is  not a 
f a c t o r .  The  p e r m e a b i l i t y  is v e r y  n e a r l y  the  s a m e  for  both p l a s m a s  and 
e l e c t r o l y t i c  so lu t i ons  ( ~-  I~. ) so that  no e f fec t  would  be e x p e c t e d .  Both  
t h e s e  fac ts  a r e  b o r n e  out in the  e x p e r i m e n t a l  r e s u l t s .  

4.3 MEASUREMENT PROCEDURES 

B e c a u s e  of the  h igh t e m p e r a t u r e s  a s s o c i a t e d  wi th  the  p l a s m a ,  it 
was  n e c e s s a r y  to deve lop  a m e a s u r i n g  p r o c e d u r e  wh ich  would  s i g n i f i -  
c a n t l y  r e d u c e  the  t i m e  tha t  the  t r a n s d u c e r  was  i m m e r s e d  in the  p l a s m a .  

Wi th  the  t e c h n i q u e  d e s c r i b e d  be low,  m e a s u r e m e n t s  in the  p l a s m a  
can  be m a d e  in l e s s  t han  f ive s e c o n d s .  Th i s  is a c c o m p l i s h e d  by pho to -  
g r a p h i n g  the t r a c e  p r o d u c e d  by the  p la t e  vo l t age ,  Ep, on an o s c i l l o s c o p e  
wh ich  is o p e r a t i n g  in the  e x t e r n a l  t r i g g e r i n g  m o d e  and at a s w e e p  s p e e d  
of 0 .5  s e c  p e r  d iv i s i on .  By u s i n g  an e x t e r n a l  t r i g g e r ,  it  is  p o s s i b l e  to 
l e a v e  the  s h u t t e r  on the  c a m e r a  open.  Then ,  by m a n u a l l y  t r i g g e r i n g  the  
o s c i l l o s c o p e  f r o m  the  o s c i l l a t o r  c o n t r o l  p a n e l  ( s e e  F ig .  3) wh i l e  tun ing  
the  c a p a c i t o r  about  the  va lue ,  Co ( s e e  Eq.  (27)), a p h o t o g r a p h  a p p e a r i n g  
l i ke  the  i l l u s t r a t i o n  in F ig .  4a is ob t a ined .  The  m a x i m u m  p e a k - t o - p e a k  
output  vo l t age  is r e a d i l y  ob t a ined  f r o m  th is  i l l u s t r a t i o n .  It  is  a s i m p l e  
m a t t e r  to d e t e r m i n e  when  C is  l a r g e r  ( s m a l l e r )  than  Co by o b s e r v i n g  
the  d - c  p la te  c u r r e n t  m e t e r  l o c a t e d  on the  o s c i l l a t o r  pane l .  T h e  c u r r e n t  
wi l l  a b r u p t l y  i n c r e a s e  ( d e c r e a s e )  as C i n c r e a s e s  ( d e c r e a s e s )  pa s t  Co. 
Th i s  is i l l u s t r a t e d  in F ig .  4. It is e x p e d i e n t  to ob ta in  the  c a l i b r a t i o n  
da t a  in the  s a m e  f a sh ion .  

4.4 RESULTS 

The  m e a s u r e m e n t s  r e p o r t e d  h e r e i n  w e r e  m a d e  at the  exi t  of the  
n o z z l e  and w e r e  ob ta ined  for  gas  f low r a t e s  of 1 .37  and 2 .37  g m / s e c  as  
the  input p o w e r  to the  p l a s m a  g e n e r a t o r  was  i n c r e a s e d  f r o m  3 to 15 kw. 

S ince  t h e r e  is  s o m e  doubt as to the  v a l u e s  of c o n d u c t i v i t y  of the  
e l e c t r o l y t i c  s o l u t i o n s ,  e s p e c i a l l y  at r a d i o  f r e q u e n c i e s ,  both  the  m e a s -  
u r e d  p a r a m e t e r ,  AE, and the  c o r r e s p o n d i n g  v a l u e s  of a ,  w h i c h  w e r e  
o b t a i n e d  f r o m  the c a l i b r a t i o n  c u r v e  ( s e e  F ig .  6), a r e  p r e s e n t e d .  V a l u e s  
of AE r a n g i n g  f r o m  42 to 65 vol t s  p e a k - t o - p e a k  w e r e  r e c o r d e d  as the  
input  p o w e r  was  i n c r e a s e d  f r o m  3.5 to 15 kw and a r e  s h o w n  in F ig .  7. 
C o r r e s p o n d i n g  v a l u e s  of c o n d u c t i v i t y  o v e r  th i s  s a m e  r a n g e  u s i n g  the  
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c a l i b r a t i o n  c u r v e  e x t e n d  f r o m  70 to  280 m h o s / m e t e r  ( s e e  F i g .  8).  T h e s e  
m e a s u r e d  v a l u e s  a r e  p r o b a b l y  h i g h e r  t h a n  t h o s e  w h i c h  t r u l y  e x i s t  s i n c e  
o n e  w o u l d  s u s p e c t  t h a t  t h e  c o n d u c t i v i t y  of  e l e c t r o l y t i c  s o l u t i o n s  d e c r e a s e s  
w i t h  i n c r e a s i n g  f r e q u e n c y .  T h i s  f r e q u e n c y  e f f e c t  w o u l d  t e n d  to  s h i f t  t h e  
c a l i b r a t i o n  c u r v e  s h o w n  in  F i g .  6 t o  t h e  l e f t .  

4.5 COMPARISON OF MEASURED AND CALCULATED VALUES OF PLASMA CONDUCTIVITY 

I n  T a b l e  I v a l u e s  o f  d e g r e e  o f  i o n i z a t i o n ,  a ,  p l a s m a  c o n d u c t i v i t y ,  0" 
( m h o s / m e t e r ) ,  a n d  e l e c t r o n  d e n s i t y ,  ne = a n t i ,  a r e  t a b u l a t e d  f o r  e l e c -  
t r o n  t e m p e r a t u r e s ,  Te = 6000 ,  7000,  a n d  8000~K, a n d  f o r  h e a v y  p a r t i c l e  
d e n s i t i e s ,  n H = 1015 a n d  5 x 1015 ( c m - 3 ) .  T h e s e  v a l u e s  of  e l e c t r o n  t e m -  
p e r a t u r e s  a n d  p a r t i c l e  d e n s i t i e s  a r e  c h a r a c t e r i s t i c  o f  t h e  p l a s m a  u n d e r  
c o n s i d e r a t i o n  ( R e f s .  13 a n d  14). 

We 
o K 

j 6 0 0 0  

TABLE I 
TABULATED VALUES OF PLASMA CONDUCTIVITY USING A COMBINED FORM OF THE 

CHAPMAN-COWLING AND SPITZER -H,~RM EQUATIONS FOR THREE VALUES OF 
ELECTRON TEMPERATURE AND TWO VALUES OF HEAVY PARTICLE DENSITIES 

n H = 1 x 1 0  is  c m - S  

~ S  
c m  

0" 9 

mhos 
m e t e r  

10 I' n H = S x c m  

D e ,  
- 3  

c m  

8.77 x 10 -4 8.77 x 1011 9.8 3.92 x 10 -4 1.96 x 1G == 

7000 8.93 x 10- '  8.93 x 10 == 105. 3.99 x 10 -= 2 x 101~ 

8000 6.6 x 10 -= 6.6 x 101' 690. 2.95 x 10 -= 1.47 x 1014 

0" ,  

m h  o s  

me t e r  

4.5 

51, 

367 

T h e  d e g r e e  o f  i o n i z a t i o n ,  a ,  w a s  o b t a i n e d  f r o m  S a h a ' s  e q u a t i o n  
u s i n g  t h e  e l e c t r o n  t e m p e r a t u r e  ( R e f .  15). 

T h e  c a l c u l a t e d  v a l u e s  o f  c o n d u c t i v i t y  w e r e  o b t a i n e d  by  a p p l y i n g  a 
c o m b i n e d  f o r m  of  t h e  C h a p m a n - C o w l i n g  e q u a t i o n  a n d  t h e  S p i t z e r - H ~ r m  
e q u a t i o n  ( R e f .  1). T h e  C h a p m a n - C o w l i n g  e x p r e s s i o n  f o r  p l a s m a  c o n -  
d u c t i v i t y  w a s  d e v e l o p e d  by c o n s i d e r i n g  o n l y  s h o r t - r a n g e  f o r c e s  ( s l i g h t l y  
i o n i z e d  g a s ) ,  a n d  t h e  S p i t z e r - H ~ r m  e q u a t i o n  e v o l v e d  f r o m  t r e a t i n g  a 
f u l l y  i o n i z e d  p l a s m a  ( l o n g - r a n g e  f o r c e s ) .  K a n t r o w i t z  e t  a l .  ( R e f .  16) 
s u g g e s t e d  t h a t ,  f o r  a n  a r b i t r a r y  d e g r e e  o f  i o n i z a t i o n ,  t h e  t w o  e x p r e s -  
s i o n s  c a n  be  c o m b i n e d  to  d e s c r i b e  t h e  e f f e c t s  b e t w e e n  t h e  t w o  e x t r e m e s .  
T h a t  i s ,  a s  a n  e l e c t r o n  m o v e s  t h r o u g h  a p l a s m a ,  t w o  t y p e s  of  r e t a r d i n g  
f o r c e s ,  w h i c h  a r e  d u e  to  s h o r t - r a n g e  a n d  l o n g - r a n g e  e n c o u n t e r s ,  i n h i b i t  
t h e  f l ow  of  e l e c t r i c  c u r r e n t .  S i n c e  t h e s e  r e t a r d i n g  f o r c e s  a c t  l i k e  
r e s i s t a n c e s  i n  s e r i e s  a n d  b e c a u s e  r e s i s t i v i t y  i s  e s s e n t i a l l y  t h e  r e c i p r o c a l  
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of  c o n d u c t i v i t y ,  t h e n  an  e x p r e s s i o n  f o r  p l a s m a  c o n d u c t i v i t y  f o r  an  
a r b i t r a r y  d e g r e e  of  i o n i z a t i o n  s h o u l d  be  g i v e n  by  

] _ 1 + 1 ( 3 5 )  
(7 (7 s O'c 

w h e r e  as i s  t h e  c o n d u c t i v i t y  c a l c u l a t e d  u s i n g  t h e  S p i t z e r - H a r m  e q u a t i o n  
a n d  a¢, is  t h e  c o n d u c t i v i t y  f o u n d  u s i n g  t h e  C h a p m a n - C o w l i n g  e q u a t i o n .  
F o r  a r g o n  t h e s e  e q u a t i o n s  a r e  ( R e f .  1) 

1 .56  x 10 - 2  T e  a/2 
a s = (mhos/meter) (36) 

In [ 1 .23  x 10' Te'g/no '~ ] 

a c = 3 . 3 4  x 10  - * 0  a 1/ ( m h o s / m e t e r )  ( 3 7 )  
O ~ T, .'2 

- -3  
In these equations, ne is in cm , Tc in degrees Kelvin, and Qc 

2 

(electron-atom collision cross section) in cm . Values for Qc were 

taken from Massey-Burhop (Ref. 17). 

4.6 DISCUSSION OF THE MEASUREMENTS 

T h e  p u r p o s e  of  i n c l u d i n g  t h e  a b o v e  c a l c u l a t i o n  in  t h i s  r e p o r t  w a s  to  
e n s u r e  t h a t  t h e  m e a s u r e d  v a l u e s  of  c o n d u c t i v i t y  a r e  in  t h e  s a m e  r a n g e  
as  t h o s e  p r e d i c t e d  t h e o r e t i c a l l y .  T h e  t h e o r e t i c a l  c a l c u l a t i o n s  s u f f e r  
f r o m  a l a c k  of  k n o w l e d g e  of  t h e  t r u e  f o r m  of  t h e  e q u a t i o n s  a n d  u n c e r t a i n  
d a t a ,  s u c h  as  t h e  c o l l i s i o n  c r o s s  s e c t i o n ,  Qc • T h e  c a l c u l a t e d  v a l u e s  
a r e  o n l y  a p p r o x i m a t e .  H o w e v e r ,  a t  t h e  e l e c t r o n  t e m p e r a t u r e s  - 7000°K 
as  m e a s u r e d  s p e c t r o s c o p i c a l l y  ( R e f .  13) m a n d  t h e  d e g r e e  of  i o n i z a -  
t i o n  - 0 . 0 1  a s  d e t e r m i n e d  f r o m  m a c r o s c o p i c  m e a s u r e m e n t s  ( R e f .  18) 
c h a r a c t e r i s t i c  of  t h i s  p l a s m a ,  t h e  c a l c u l a t e d  a n d  m e a s u r e d  c o n d u c t i v i t i e s  
a r e  in  t h e  s a m e  r a n g e .  T h i s  a d d s  s o m e  a s s u r a n c e  t h a t  t h e  m e a s u r e -  

m e n t s  r e p o r t e d  h e r e i n  a r e  c o r r e c t .  

In aerodynamic applications, it is necessary to relate the electrical 
conductivity to the fluid properties of a supersonic flow. Thus knowl- 
edge of the region of the flow stream over which the electromagnetic 
field penetrates is important. In this case the region of plasma-field 
interaction is a hollow cylinder of plasma length only slightly greater 
than the coil length (2.6 cm) and 1 to 2 cm thick depending on the value 
of plasma conductivity. Since the fields decrease almost exponentially 
in the radial direction outward from the coil, the plasma affected most 
will be that of the first third of the penetration thickness. Aerodynam- 
ically, the gas in this region can be related to the free-stream conditions 
through standard aerodynamic treatment. Also, the effect of the boundary 
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l a y e r  on the  p r o b e  wal l s  m u s t  be e v a l u a t e d  for  p r o p e r  use  of the  data .  
F u r t h e r  t r e a t m e n t  of t h e s e  p h e n o m e n a  is not wi th in  the  s c o p e  of th i s  r e p o r t .  

SECTION V 
SUMMARY 

In th i s  r e p o r t ,  a p h y s i c a l  m o d e l  for  the  coupl ing  m e c h a n i s m  b e t w e e n  
an R F - e x c i t e d  co i l  and a conduc t i ve  m e d i u m  which  s u r r o u n d s  the  co i l  is 
e s t a b l i s h e d .  F r o m  th is  m o d e l  and us ing  s t a n d a r d  t r a n s f o r m e r  t e c h n i q u e s ,  
the  i n t e r a c t i o n  b e t w e e n  the  coi l  and the  conduc t ive  m e d i u m  is e x p l a i n e d  
in t e r m s  of the n o n d i m e n s i o n a l  p a r a m e t e r ,  Os • With  the  i n t r o d u c t i o n  of 
the  p a r a m e t e r ,  Qs, it b e c o m e s  p o s s i b l e  to r e l a t e  o r d i n a r y  c i r c u i t  p h e -  
n o m e n a  to e l e c t r o m a g n e t i c  f ie ld  p h e n o m e n a  of the coi l .  The  f ie ld  p h e -  
n o m e n a  i n t e r p r e t a t i o n  of Os is used  to show that ,  for  a p a r t i c u l a r  co i l  
and exc i t a t i on  f r e q u e n c y ,  (~s is a funct ion  only of the  conduc t iv i t y  of the  
m e d i u m  p r o v i d e d  that  a > > ~ e (a p r o v i s i o n  which  is r e a d i l y  s a t i s f i e d  for  
the  m e d i a  p r e s e n t e d  in th i s  r e p o r t ) .  The  c i r c u i t  p h e n o m e n a  i n t e r p r e t a -  
t ion  of Qs is u s e d  to show that  the  change  in p la te  vo l t age  of a c r y s t a l -  
c o n t r o l l e d  o s c i l l a t o r  due to the i m m e r s i o n  of the  coi l  in a c o n d u c t i v e  
m e d i u m  as c o n t r a s t e d  to f r e e  s p a c e  cond i t i ons  is a funct ion  only  of Qs. 
Thus ,  it fo l lows that  the  change  in p la te  vo l t age  is a funct ion  only  of the  
conduc t i v i t y  of the  m e d i a .  The  r e l a t i o n s h i p  b e t w e e n  p la te  vo l t age  and 
con d u c t i v i t y  is ob ta ined  n u m e r i c a l l y  by c a l i b r a t i o n  t e c h n i q u e s .  

The  i m p o r t a n t  f e a t u r e s  of the  c i r c u i t  u sed  in t h e s e  conduc t i v i t y  m e a s -  
u r e m e n t s  a r e :  (1) the  f r e q u e n c y  is c r y s t a l - c o n t r o l l e d ,  (2) the  c i r c u i t  and  
p r o b e  a r e  s i m p l e  both in d e s i g n  and a n a l y s i s ,  (3) the  p la te  vo l t age  of the  
o s c i l l a t o r  is the  only  m e a s u r e d  quant i ty ,  and (4) the  t e s t s  m a y  be p e r -  
f o r m e d  in s h o r t  p e r i o d s  of t i m e  ( - 5  sec ) .  

The  p r i m a r y  d i f f i cu l t i e s  a s s o c i a t e d  with th i s  m e t h o d  (as we l l  as 
o t h e r s )  a r e  that  c a l i b r a t i o n  p r o c e d u r e s  m u s t  be d e v e l o p e d  in o r d e r  to 
r e l a t e  the  m e a s u r e d  p a r a m e t e r  (in th is  c a s e ,  p la te  vo l tage)  to c o n d u c -  
t iv i ty .  Add i t i ona l  d i f f i cu l t i e s  a r i s e  s i n c e  t h e r e  a r e  only two c l a s s e s  of 
m a t e r i a l s ,  n a m e l y  e l e c t r o l y t i c  so lu t i ons  and s e m i c o n d u c t o r s  which  have  
c o n d u c t i v i t i e s  wi th in  the r a n g e  of i n t e r e s t .  Work  is p r e s e n t l y  u n d e r w a y  
to f u r t h e r  i n v e s t i g a t e  c a l i b r a t i o n  t e c h n i q u e s  us ing  e l e c t r o l y t i c  s o l u t i o n s .  

The  m e a s u r e d  va lue s  of conduc t iv i ty  in a d - c  a r c - g e n e r a t e d  s u p e r -  
son i c  p l a s m a  us ing  the  e l e c t r o l y t i c  c a l i b r a t i o n  c u r v e  r a n g e  f r o m  70 to 
280 m h o s / m e t e r .  T h e s e  m e a s u r e d  va lue s  fall  wi th in  the  r a n g e  of va lue s  
c a l c u l a t e d  us ing  a m e t h o d  s u g g e s t e d  by Kan t rowi t z .  
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A P P E N D I X  I 

H Y D R O M A G N E T I C  E F F  ECTS 

T h e  e l e c t r o m a g n e t i c  e f f e c t s  of  a c o n d u c t i v e  f lu id  f l o w i n g  w i t h  a 
v e l o c i t y ,  v ,  t h r o u g h  a m a g n e t i c  f i e l d  a r e  s o m e t i m e s  r e f e r r e d  to  as  
h y d r o m a g n e t i c  e f f e c t s .  T h u s ,  h y d r o m a g n e t i c  e f f e c t s  o c c u r  w h e n  an  
R F - e x c i t e d  c o i l  i s  i m m e r s e d  in  a f l o w i n g  i o n i z e d  g a s .  

F o r  a n  axi7ally s Y l m m e t r i c  c o i l  w i th  an  e x c i t a t i o n  f r e q u e n c y ,  
(~ = 3. 142 x 10 s e c - ,  i m m e r s e d  in  an  a x i a l l y  f l o w i n g  p l a s m a ,  i t  w i l l  
be  s h o w n  t h a t  t h e  h y d r o m a g n e t i c  e f f e c t s  a r e  n e g l i g i b l e  a s  c o m p a r e d  to  
p u r e l y  e l e c t r o m a g n e t i c  e f f e c t s .  M a x w e l l ' s  e q u a t i o n s  f o r  a l i n e a r ,  i s o -  
t r o p i c  c o n d u c t i v e  m e d i u m  m o v i n g  w i t h  a v e l o c i t y ,  v ,  w i t h  r e s p e c t  to t h e  

c o i l  a r e  
V . E  = 0 ( I - l )  

oB (I-2) 
V x E  : at  

aE (z-3) V x B  : ~ o ( E  + v x B )  + ~ a t  

v • B = 0 ( I - 4 )  

E l i m i n a t i n g  E f r o m  Eq .  ( I - l )  r e s u l t s  in  a w a v e  e q u a t i o n  f o r  t h e  m a g -  
n e t i c  f i e l d ,  B .  T h a t  i s ,  

- t o  ~ -  r e  B = - t~a [ V x  ( v  x B ) I  ( I - 5 )  

L i k e w i s e ,  e l i m i n a t i n g  B f r o m  Eq .  ( I -2 )  and  a s s u m i n g  a s t e a d y - s t a t e  

f low f i e l d  (i .  e .  0v0___C = 0 ) g i v e s  a w a v e  e q u a t i o n  f o r  t h e  e l e c t r i c  f i e l d ,  E 

{ 0 0} V '  - ; L a  0L ~ ~ E = - t o  [ v  x ( V  x E ) ]  ( I - 6 )  

T h e  t e r m s  V x (v x B) and  v x (V x E) c a n  be  e x p a n d e d  in to  t h e  f o r m  

V x  ( v  x B )  = v V - B  - B V - v  = - B ( V . v )  ( I - 7 )  

v x ( V  x E )  = V ( v - E )  - E V . v  ( I - 8 )  

F o r  an  a x i a l l y  s y m m e t r i c  c o i l  and  f o r  an  a x i a l l y  f l o w i n g  f lu id ,  v • E = O.  

T h u s  E q .  ( I -8 )  b e c o m e s  

v x ( V  x E )  = -  E ( V - v )  ( I -9 )  
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E q u a t i o n s  ( I - 5 )  a n d  ( I - 6 )  m a y  n o w  be  w r i t t e n  in  t h e  f o r m  

{, ] o,}{;} - /~a + V ' v  - / ~  ~ = 0 (I-  10) 

T h e  c o n d i t i o n  t h a t  t h e  h y d r o m a g n e t i c  e f f e c t  be  n e g l i g i b l e  i s  g i v e n  by  t h e  
i n e q u a l i t i e s  

I~ I >>I B(V .v)' (I-11) 
a n d  

W h e n  t h e  f i e l d s  a r e  v a r y i n g  s i n u s o i d a l l y  i n  t i m e  w i t h  an  a n g u l a r  f r e -  
q u e n c y ,  ~ ,  t h e n  t h e  i n e q u a l i t i e s  in  E q s .  ( I - 1 1 )  a n d  ( I - 1 2 )  r e d u c e  to  

F o r  a x i a l l y  f l o w i n g  g a s e s ,  
E q .  (I-13) b e c o m e s  

>> { V - v {  (I-13) 

- - { .  
0---2--v a n d  w h e n  (u = 3.142 x 10' sec , V . v  = 0 z  

3.142 x 10' >> i--~.~-] (I-14) 

T h e r e f o r e ,  w h e n  t h i s  i n e q u a l i t y  i s  s a t i s f i e d  ( w h i c h  f o r  a l l  p r a c t i c a l  
p u r p o s e s  i s  a l w a y s  t r u e  f o r  a e r o d y n a m i c  f l o w s ) ,  E q .  ( I - 1 0 ) b e c o m e s  

{ a , }{:} - /~a 0-7-- /~( -~r = 0 (I-15) 
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