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ABSTRACT 

By modification of a method first introduced by 

Volterra for the solution of certain initial-value 

problems for water waves, integro-differential equa¬ 

tions are derived for the motion of a body floating 

in a wavy sea and oscillating about an equilibrium 

position, given its initial position and velocity and 

the initial configuration and velocity of the fluid. 

In addition, it is shown how Cummins' decomposition of 

the hydrodynamic force and moment resulting from the 

'forced motion' fits naturally into the present 

treatment and how Haskind's relations between the 

force and moment caused by diffracted waves and by 

forced waves can be extended to the situation considered 

here. 
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I. INTRODUCTION 

We shall consider a body moving on or beneath the free 

surface of a heavy inviscid fluid. The initial position and 

velocity of both fluid and body are assumed to be known, and we 

further allow the possible presence of 'known waves' which may 

diffract upon the body and also cause it to move if its motion 

is not constrained. The motion of the fluid at the initial 

instant will be assumed to be irrotational. Hence it remains 

so. The body is supposed to have zero average velocity in 

both translation and rotation and its motions are assumed small 

enough so that the boundary conditions to be satisfied on the 

body can be linearized and satisfied in its equilibrium position. 

Concomitant with this, we assume that the boundary conditions 

on the free surface can also be linearized, We shall be concerned 

with various aspects of the motion after the initial instant. 

The method of analysis which is used was introduced by 

Volterra (1934), has been carried further by Finkelstein (1957), 

and is expounded in both Stoker's Water waves (1957, pp. 187- 

196) and in Wehausen and Laitone's Gravity waves (1960, pp. 603- 

607). The novelty here consists in certain decompositions of 

the velocity potential which allow one to derive Cummin's (1962) 

results for the initial-value problem with no waves present by 

what seems to the author to be a more direct approach and at 

the same time to find analogues for unsteady motion of the 

Haskind relations (1957; see also Newman, 1962) between the 

force and moment acting on the body associated with diffracted 

waves and with forced waves. 

In the last section the various forces and moments acting 

on the body are put together in the equations of motion for 

the (small) translational and rotational motions of the body. 

These take the form of six coupled integro-differential equations. 

Certain coefficients and kernels occurring in these equations 

require prior solution of integral equations in which the shape 

of the body but not its motion is involved. This is one of the 
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advantages of linearization. The solution of the equations 

themselves is not considered here. We mention, however, that 

Ursell (1964) has treated the initial-value problem for a half- 

immersed circular cylinder in still water, but oy a quite different 

method than that used here. Earlier, Sretenskii (1937) had 

derived an integro-differential equation for a special case of 

the present problem and solved it numerically for a particular 

body. 

The integral equations mentioned above are discussed in 

Appendix III, where it is shown that they can be reduced to 

Fredholm Integral equations. No attempt is made to establish 

the existence of a solution. Uniqueness of solution follows 

easily from a slight extension of Volterra's original treatment 

of this problem. 

Some of the results, for example, the Cummins decomposition, 

can be extended to allow the body to have a constant translational 

velocity. 
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II. MATHEMATICAL FORMULATION 

Let Oxyz. be an inertial right-handed coordinate system 

with Oy directed oppositely to gravity and with Otz. lying in 

the plane of the undisturbed free surface. Let be a system 

fixed in the body and coinciding with when the body is 

at rest in its equilibrium position. Then, if excursions of the 

body from its equilibrium position are 'small', and if one dis¬ 

cards terms higher than first order in the excursions, the two 

systems are related by the following equation: 

l\ =: + + y,¿) 

*• (¾ ¢, t) 4 fei,K (la) 

which we may also write in the following form: 
3 

~ ~ ^ * fcT/ ^ ^ ^ + ~ ] > (lb) 

where €,| , are bbe unit vectors in the directions Ct , 

Oy » b~L » respectively, and 

y{ , 0<3 : Z., , ) ^ 

Here ( ) describes the translational displacements 

and ( £* , y , ^ ) the angular oaes. Henceforth we shall not need 

the coordinate system . 
The motion of the fluid may be described by means of a 

velocity potential fy/jl/t). The linearized boundary conditions 

which it must satisfy are the following: 

+ j4>y jO, ( a) 

his «•VrtUy.^tU Li + 

- El (t) (2i>) 
¿tí/ y 

Oy (2c) 
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where S is the wetted surface of the body in its equilibrium 

position and "B the bottom. We shall always take the normal 

vector n to be pointing out of the fluid. The components , 

, 0. are defined by 
J V 

n /t ' ) -j ) k - . 
If the fluid is infinitely deep^the last condition is replaced by 

- Û 
i -f-00 ! 

(2d) 

In addition, we require that ^ ’ 8ra(^ ^ bounded in the 

region occupied by fluid. 

We shall further suppose that , V6<,Z-/û) , and Y (x,Z;4)\ 

are known, where , the free surface elevation, is given 

in linearized theory by 

(3) 



III. VOLTERRA'S METHOD 
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Let Gr tf ) \j ] ^jii) ~ be a Green 

function defined in 

of the form 

y 4. C j O which, in addition to being 

(4) 

where H is harmonic in the region of definition, satisfies the 

following conditions: 

G-ttfPj ç,c,?ít) + já,, = o 

^■vIqíB - ° ' 

G(P¡ ?, û, Çjõ) = û. 
(5) 

GCPi Qí't) = aíPiCit), 

(r* û(n'i)) Gi^úCR.'3) cu Z-***0’ 

where £* [ fit- <£)Ã+ /z.'Ç )^]1½ , and 

Such functions can be constructed for infinitely deep fluid and 

for the case of a horizontal bottom at yr:-^ when the fluid 

is not bounded in any horizontal direction [see, e.g., Wehausen 

and Laitone (1960), p. 604]. The method of images allows easy 

extension to certain cases with vertical walls. In all cases 

6 ( P> Q >t) - Cr(Q\P\t) ■ (6) 
Volterra's method for the problem at hand starts out by 

0 



applying Green's Theorem to the functions ^and 

Gtöflit-'Ü i-n the region bounded by the free surface ^ , the 

body surface S , the bottom 3 , and a large vertical cylinder 

°f radius ^ . One then makes use of the boundary conditions 

satisfied by and Ô , lets R , and finally integrates 
with respect to X from O to t . Since the details of the 

manipulations are easily accessible [e.g., Stoker (1957), pp. 192- 

196, or Wehausen and Laitone (1960), pp. 604-606], we give here 

only the result. Define the operator [41] by 

4-rr ^tP¡t\t^¿Qlt)Grv(piQ¡a)dS(Q) 

■+J*ait S<7) 

When we have need to display its variables, we shall write 

Volterra's method leads to the following equation which must 

be satisfied by $ • 

4ir4£f,oW 

S (8) 

+ fo jj fiCP; Û;t-x)d.S 
s 

"JI [ Yt(^Ç,°) eípj Í.ó^ítkYGjdZdÇ' 
f 

It is easy to verify that must satisfy 

jf^t]- + J^ditff ví,,íQ,ttót/pio¡t-t)aS 

"JT [v;íí,ç,0) â-t(P; 10,(,1)+ 
These, as well as equations which will appear later, can be 

made to yield integral equations for a function defined only 

on S by letting V converge to a point of the surface S 
If we also call this point ^ , then the equations above are 

modified only by having replaced by £tT . The solutions 

of these integral equations and those to appear later are unique 
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up to a constant; that is, the only bounded solution of X [(fil-O 
is <£ = const . This can be proved by a slight modification of 

Volterra's original analysis [see Wehausen and Laitone (1960) 

p. 606]. 

We make a preliminary decomposition of as follows: 

(10) 
where (p^ satisfies 

£ í 4Fi = f cLz. jî 4V (Q.-c') Q.i-z )cLS (u) 
° s 

= I Vv(Q,t)GO»l ¡)¡o)dS - JJ VjQAGrlP-AVdS 

+ \JV (0,x) Gt (P; Q;t-t HS 
and <£y satisfies S 

= ÏTT&Po)* (12) 

-| [ Yt çf° )GÍP¡ to,Zjt) + 
(pF , the velocity potential for the 'forced motion', then 
satisfies the boundary conditions 

4, ^0-)= , )|s =V„ te, t >Û, (13) 
The boundary conditions satisfied by ' are 

iJPt^pCFlä), 4b4f?6)=-<pt(%ô), s’Q)t>o<íit) 
evidently describes the motion which would take place with 

the given initial conditions and a fixed body. 



Define the function h to be the solution of 

¿LtJ ~ ff nj0) GtfástMS, (1J) 
The functions c(^ are evidently special cases of cf>p where 

one velocity or angular-velocity component undergoes a unit 

jump while the others remain zero. Hence <^>; satisfies the 

boundary condition 

¢. ’In s - n. ■fût t)ô, 
■C - (16) 

Because of the discontinuity in at , We may expect 

that This point and the equations for (Pj+ô) and 
are discussed in Appendix I. That such a motion is 

incompatible with the assumed linearized boundary conditions is 

irrelevant, for these are auxiliary functions to be used only 

for the purpose described below and not to describe a real motion. 

We now assert that ^ can be decomposed as follows : 

lPii)‘ ti ¡o {17) 
In fact, by direct substitution followed by a change of variables 

in the third integral in the definition of , one finds that 

= [e Gtji) (P;t-z)cLt. 

From the equation satisfied by this equals 



Hence (17) satisfies the integral equation (11). Since the 

solution of this integral equation is unique up to an additive 

constant, which is of no importance here, the assertion is 

correct. This is essentially Cummins' decomposition (1962), 

as we shall see later on. 

The force and moment acting upon the body which are a 

result of that part of the fluid motion described by are 

given in linearized theory by 

FjVs-fS! 4Ft(P>t)"LCP)dscP)) ¿.i,..,(18) 
where the force components are the moment com¬ 

ponents are ¿ ,^and the are as before. The decom¬ 

position above yields immediately 

(P, to)r\¿dS 

+? dZ (T) , fj ¿ (P, t-t) K.JS\. 
Let us define ° 

Lxkít)^\\ $Jpt)nLáS. (20) 
Then the equation for may be written S 

^ = ‘i, [ ^ + jf Ljt-z)«tk)dz]'(n) 
The constants , which depend only upon the shape of the 

surface S , are the "added masses", following Cummins' use 

of this term. 

Cummins, in making his decomposition, introduced two 

functions, which we shall call ft and , instead 

of the one function ^ . It is not difficult to show that 

these functions may be identified with ^(Pjto) and ÛJtft), 
respectively. For <h, (fife) it is only necessary to show that 

hn IS ~ nh and (22) 
The former is already satisfied and we need show only the latter. 
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Consider the equation satisfied by • 

4rr to) +■ ft ta) Grjft Qîû) dS 

:£f 
tne symmetry of in / 

(23) 

Because of the symmetry of (3- in and Q it follows 

from the third boundary condition satisfied by G' that 

ô ()(,0,7. ') ^ , rj, X ) õ) ■= Ò 

for all rjt ^ . But then also 

t 9, S;¿>)= ~ 0r^ ' O 

(24) 

(25) 

and hence 

n, 0| ^ n^Cr^ -t n3Crt.^O. (26) 

Thus the equation for reduces for ?=■ (^) o,z) to 

<pk (*tO,Z] to) . 

Consider next <Pkt(P¡t) • It satisfies the equation 

(27) 
^ S y 

The boundary conditions which Cummins imposes on A-^ are the 

following: 



It is evident that the first two are satisfied with 

and /P, to) because satisfies the free- 
- Tit i J T*’ . i 

surface condition. The third condition follows from iPfcn|£ r 

since is independent of t . There remains the last one. 

If we set in the equation for , it reduces to 

'■irrt¿fto) i- OrJ^S <\\0)dS --o, (29) 

because Cr^l^^jû) =-0 . áj^0)=0 is obviously a solution. 
That this is the only solution is shown in Appendix II. Thus 

satisfies all the conditions imposed by Cummins upon /)( k. 

Cummins1 formulas for and P'u differ from those 

given above in only inessential ways. Instead of starting 

with initial data at t*0 , he starts from a state of rest 

at't'*’-00. Hence his integrals extend from - ^ to Ú. instead 

of from Ô to t . In addition, he has integrated once by 

parts. The analogous formules in the present setting are 

(P,t) = T \ib)$L(P, to) - 

Filt) = - jL - Ljt)k¿ú) 

(30) 

U Jin, 

For a steady oscillatory motion it is well known that 

Fit) can be expressed in the form 

Ít7 * ^iiir 
where cr is the frequency of oscillation, and where, as can 

be easily proved, - Kt," 1116 same argument 
shows that as defined above is also symmetric. This 

argument is not directly applicable to because of 

the time derivatives in the free-surface boundary condition. 

(31) 
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However, it is still possible to derive the symmetry of ¿-¿4, 

(and ) by a modification of this argument. Consider 

again the region of fluid bounded by S , lr , ß and . 

If we make use of the fact that on ß and that 
<pk= as £-*00 , as follows from equation (15), 

then from Green's Theorem applied to the region under consider¬ 

ation we have, with the space variables suppressed, 

0 ^ f [A 
+ íí A/ 
r (32) 

* JÏ [tk(z)”¿ 
[/ ^ [tjrhjt-z) t 4¿z)4¿t-z)ys 
r 

In writing the second equation use has been made of the boundary 

conditions on »S and on the free surface. If we now integrate 

with respect to X from 0 to "L and recall that 

and 0 > we find 

^íldtU^Ctjn.-^d-tín^S. 
In the second term we make the change of variables ‘T -'b-X, 
This gives 

¡I dz JJ PkM ¡I dz'ff <pJx)nkdS. (33) 
After differentiating and multiplying by p we find 

p¡f (t) n¿JS = ^ <pjt) nkc/S. (34) 

With t-O » this asserts thát 

(35) 





Let us next consider $y(rtD . We shall suppose that 

(faw is the sum of two velocity potentials: One, fv , will be 

taken as known and may be thought of as describing 'incoming 

waves'. The other, <pp , is not known and describes the 

'diffracted waves'. Both and ^ are assumed to be 

bounded. Since must satisfy the boundary 

condition 

4>. £>r\ IS 
(37) 

Both must satisfy 

^Dnlp, = ^3 b ■" T'mlB w ' 

is, of course, determined by the same integral equation 

which determines (pw . 

The essence of the Haskind relations is that in the 

computations of the force and moment one may avoid solving 

for the diffracted wave provided one already knows the forced- 

wave potential. This result was established by Haskind (1957) 

for steady periodic motion. We derive here a similar result 

by applying Volterra's ideas. 

We shall again use the facts that ¿*/ » *• * » » 

L = ô » an'* * Dt ßj«s ffeoo. Consider now the volume 

or fluid bounded by 5 , ^ , S and , where these have the 

same significance as earlier. Since both and are 

harmonic in this volume, Green's Theorem gives the following: 

0 “X« L&t ds 
^¡j hi (W^dS - JJ dS 

+ ¡I i^t] hrlf!t'ü' 1 dS 
+ !n^t<ñz)(kK(P,i<)~^<k]dS 

t-R. 

. <* 
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As facP > the integral over vanishes because of the 

conditions satisfied by and . Next we make use of the 

free-surface condition in the integral over F . This integral 
can be recast as follows: 

~jf ! ÍWUJ d î 

= f lí & Ltjt (fofa (?>*■■*)+ 
' . 

Integrate the equation (39) from Ö to C with respect to C : 

dr JJ fa «’t^ds -. -eUr jj fajfcu Jfii'&s 
S s ' 

+^Ji +û)+ o)]dld>: 
f (40) 

" JI t-tt (,< 0'4>it d. Ç. 
Since, as shown earlier, ^ÎljVûj-ô for a11 ^ and 
for PfcF , the second term on the right vanishes. Having 

established this, we now differentiate (40) with respect 

to t : 

(41) 

' J ÍÍ fatfatyjfyjd us- 
F 

In the integrals over S we may replace by the known 

function-0T, . In the integral over F , 

<pjt(ßü)'- ¢^-faiijt), fat(f,o) * faifa)- faifa) w 
so that these may be considered as known functions. 

The expression for that part of the force and moment 

associated with the incoming and diffracted wave may now be 





• , ¿.J 

'¿V; -.. . 

-V.:,':d«Ä-.7^, 

• i,.' 

17 

VI. THE HYDROSTATIC RESTORING FORCE AND MOMENT 

The relation of this part of the force and moment with 

the geometry of the body is well known. The formulas are 

reproduced for convenience and completeness. We introduce 

the following designations: 

V * volume bounded by S and the waterplane 

ÍXjjYg center of buoyancy of V , 
W * waterplane area bounded by S , 

= centroid of V , 
moment of inertia of V/ about (yjT-)" plane 

moment of inertia of W about (y;yj-plane 

product of inertia of W about(Vjy)-and (y)z)-'Planes 
VJ>¿ 
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VII. THE EQUATIONS OF MOTION 

Let /y\ be the mass of the body and let X , _L^ ,17 , 

Iny fXyz. »Iz./ its moments and products of inertia according 

to the ui 

follows : 

to the usual definitions. Define the matrix ( />1 ■ . ) as 

f ry\ 

o 

o 

o 

o 

o 

o 
nn 

O 

Ô 

Û 

o 

o 
o 

nn 

û 

0 

ô 

o 
o 

o 

I, 

-I 

Û 

O 

o 

-1 
*y 

o 

o 

Ö 

Ixz 

\ 

ly "Xyz„ 

■yz 

y: 

(46) 

The linearized equations of motion may be written in the form 

~ fat- flbX ) <, (47) 

The usual conditions of hydrostatic equilibrium, 

MzpyV , Xg - Zg - O, 

are obtained when -0 and no surface waves are present. 

Making use of this and introducing the form derived earlier 

^USJü)™ find 

— , *C- / t ) (o é 

This set of integro-differential equations for o^/^(t)y 

with initial conditions (X^. (û)and 0C^(0) , together with the 

integral equations for çj) Pjt) , the initial motion of the 

fluid, and (p^CP^û), and the given incoming-wave 

potential (f^t) , determine uniquely the behavior of 

both body and fluid at later instants of time. Note that 

(48) 



the coefficients , and the kernel ¿¿¿depend only upon 

geometrical properties of the body and not upon the motion 

itself. This is, of course, the great virtue of Cummins' 

decomposition. No attempt at further analysis of (49) will be 

made here. 



(A. 1) 

APPENDIX I 

Write the equation for (p^ as follows: 

* ^i0,o\]Or (P,Q\a)clS 
-|J Vv - Crtf£>-,ó)]d3 

|f ^JO,z)a^i>;t-z)dS. 
Here ¢7 is a continuous function of . Suppose, however, that 

has a jump discontinuity at t-0 . If we now lef¿-*-tO, 

the equation for becomes 

y-rrfylPttD)* Qr^(fiQ\thd3 

-- \JlMJo4\- VJQ,ó)-¡Grtf¡Q¡c¡)dS,. (A'2) 
If Vv were continuous at t-=-0 , the right-hand side would 

vanish and the unique solution of the equation, as shown in 

Appendix II, is (f)p • The analogous equation for is 

V-v(Q,td(r/f?Q;û\dS . (A-3) 

Both are Fredholm integral equations of a type extensively studied 

in potential theory. 

In the special case of the functions these equations 

become 

drrPJP,™)* <?íú)¿ys 
-fj nJi/)G(PiQ;o)dS 
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APPENDIX II 

In order to see that 

<f)kt(Pïto) = û (A. 6) 

is the unique solution of the equation (A. 5) for firo) , consider 
any arbitrary solution and define 

U (Ph -fa ¡[<pJO:to) Qrv(P¡Q\o)dS . 
vS 

The function Ü is defined both inside and outside 'S and is 
harmonic. It follows from equation (26) above that 

0 » Ô . 

Let 'P converge to a point of <5 from the inside. Then from a 

well-known property of such integrals 

U(fLt)t t . (A 9) 

Next, in the equation (A.5) satisfied by for 'P exterior 
to S let “P converge to a point of 3 from the outside. This 

yields 

¿ (0,0)0-^ (4í¿) dS =-0 
Vtt (A. 10) 

Hence 

tZ+fa ’ 0 • (A-U) 

It now follows that S Ô in the interior region bounded by <S 

and /- (or by 5 alone if the body is completely submerged); 

one may, for example, derive this from Green's Theorem: 

j[J (cyituL U)* Jf UUnolS. 
V S'f’F 

Since Û inside 6 , then also L/^|s"û inside S 
(A. 12) 

But then, 

since is continuous, is continuous across S [see, e.g., 

Kellogg (1929), p. 170, Th. X]. Hence U|<=û outside 5 . Since 
rno 

Hi! 



ô , then also ^or ^ • From this follows I £?tß " 
0/)5 s ^nfj ~ bfiç ~ Ô -t&V T¿S (A. 13) 

and hence 

<5nv » û -?Vt Ptg > Q is . (A. 14) 

We thus deduce that 

Iß ~ Ô * 

Further, 

(A.15) 

V = o^-a) (A. 16) 

from the assumed behavior of (j . We may now once again apply 

the Green Theorem above to conclude that U-& outside S , i.e., 

in the region of fluid. But now it follows from the equation 

for V ^ that as we wished to show. 
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APPENDIX III 

It has been mentioned earlier that uniqueness of solution 

of the various integral equations follows from a slight modification 

of Volterra's original argument. The question of existence of 

solution can be reduced to the same question for a Fredholm 

integral equation of the second kind. 

In order to see this, we introduce the following Laplace 

transforms : 

(p (f, = ^ e."4t $ (fit)dt (a. 17) 

- +-^ fV'*' 

VÓ^AJ=4-Ja cT^ (a.is) 

(A. 19) 

It is straightforward to confirm that the integral equations for 

¢) and take the following forms after transformation: 

^77- $/P, (¢,4,) ãvtfQrfdS 
-4ir4>(P,õ)tJf tb/QfdÕJPj ¢-,4.)45 

(A.20) 

[\?JQ,4.)-vJq,û]] g- (P-,Q-,4)d5 
t4.Y(í^,o)]ã(P-,í,^-,4)4 idt; 

JftlJÛ)Cr (P\Q\4dS. (A.21) 
5 

The integral equations for the Laplace transforms of the other 

potential functions which have been introduced can be deduced 

immediately from the first one above. 



The function Q (fftyd) has the same structure as CrCP)Q]t) , 

GífiQ)*)*-? + H¿P¡Q)±) (A.22) 

where H is harmonic in the region y)0 . Hence, if one lets 

? converge to a point of the surface 5 , the ^tT ' s above are 

replaced by^^Tf's and the equations appear to be typical of those 

occurring in Neumann problems in potential theory. This is not 

the case, however, for the surface S is not necessarily closed 
and the condition satisfied by (r on the free surface, 

m
m
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