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ABSTRACT 

The use of a self adaptive technique to compensate for the va rying 

parameters of a flight control system is desirable for high performance 

air c raft and space vehicles. The technique discussed in this study con­

sists of using a sinusoidal signal to measure the change in the parameters 

and of compensating for the change by a gain adjustment. Analog and digital 

computer methods are used to investigate the performance of the system and 

the accuracy of the Amplitude Closed Loop Response Criterion for measuring 

damping ratio. The effects of varying airframe flexibility , center of 

gravity, frequency of the sinusoidal signal, and the Reference signal value 

are included. The applicability of the self adaptive technique for a 

particular veh ic le depends on the dynamic characteristics o f the airframe 

and on the desired rraximum variations of the performance characteristics. 

The writer wishes to express his appreciation for the assistance and 

encouragement given him by Dr. G. J. Thaler, Professor of Electrical 

Engineering at the U. S. Naval Postgraduate SchooL The writer also 

wishes to express appreciation to Mr. L. K. Mattingly who supervised the 

study during a field trip at Autonetics in the summer of 1961. 
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CHAPTER I 

INTRODUCTION 

The dynamic characteristics of an airframe vary when changes in 

speed, altitud~ position of center or gravity, and dynamic pressure 

occur. The variation in the dynamic characteristics cause variations 

in the response of the airframe to commands from a pilot or program un­

less some method of compensation is used. Many autopilots employ some 

form o f gain variation for compensation. For propeller and early jet 

aircraft the gain variation was accomplished by a schedule which was a 

function of some air data parameter such as dynamic pressure, altitude, 

or Mach number. In space vehicles and high-performance supersonic air­

craft the gain scheduling becomes very complex or impossible for the 

following reasons: 

1. The dynamic and static characteristics of the airframe change 

rapidly over wide ranges. 

2. Air data measurements are not accurate or are not available at 

high speeds and altitudes. 

3. The airframe dynamic characteristics are not known with suf­

ficient certainty to permit scheduling. 

To eliminate the requirement for scheduling and air data measurements, 

automatic control systems are being developed which include a self adap­

tive loop. The purpose of the self adaptive loop is to maintain optimum 

response of the airframe by compensating for the changes in the dynamic 

characteristics without the necessity for external measurements. 
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The 0 r th~ r S~lf -Adaptive System is one method for obtaining optimum 

re s ponse by self compensation. A study of this system for pitch control 

was undertaken with the following objectives: 

1. To determine the ability o f the system to correct for the 

varying dynami c charac teristics of a flexible airframe. 

2. To determine the optimum variation of the damping ratio and 

na t ural frequency of the short period mode during a typical 

flight and how this variation is affected by airframe bending 

and by changes in the center of gravity of the airframe. 

The first objective was investigated by the comparison of digital and 

analog computer results. The second objective was investigated primar­

ily from an empirical approach although some analytical verification is 

included. 
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C!iAPTER 2 

DlTHr.R SELF ADAPTIVE CONTROL SYSTEM 

2.1 Self Adaptive Sys tems 

Any closed loop control system has in effect some self-adaptive 

ability. In the usual control system a desirable static output is obtain­

ed under varying input and open loop parameter conditions by proper design 

of the feedback loops. The name "self-adaptive" (1), however~ is reserved 

for only those control systems which ~aintain optimum dynamic response 

under varying conditions instead of the static response that normal feed­

back optimalizes. 

Self-adaptive systems can be classified according to the ability to 

automatically compensate for either changes in the system input or changes 

in the system parameters, such as environmental variations. The ideal self­

adaptive system would compensate for both input and system parameter changes. 

Flight control systems are generally concerned with parameter changes and 

hence, are designed to compensate for only those changes. Since this in­

vestigation is concerned with a flight control system~ only the ability of the 

system to optimalize the dynamic response under varying aerodynamic para­

meters will be considered. 

There are three basic operations which an adaptive loop must perform~ 

1) A continuous measurement of system dynamic performance - The 

dynamic performance measuring method should have a negligible 

effect on the system response signal and) in like manner~ the 

system response signal should have negligible effect on the 

measuring method. 
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2) A cont inuous eval uat i on of the dynamic performance on the 

ba s is of so~e pr ede termined criterion - The selection of the 

eva luation cr i ter ion de pends on the physical capabilities of 

the system . Fac t o rs , such as realizability, complexity, and 

cos t, may prevent incorporat ing into the system the ability to 

maintain a constant dynamic response. Compromises would have 

to be made so that the system would be physically capable of 

maintaining optimum a cha racteris tic of the response; as, the 

relative stability - damping ratio - or the natural frequency. 

A figure of merit - which is a number or a method of compari­

son - is then selected on the basis of accurately representing 

the selected dynamic response characteristic to be maintained 

constanto 

3) A continuous readjustment, based on the measured performance 

and evaluation~ of system control parameters for optimum 

operation -- The methods used to adjust the parameters to 

obtain optimum operation can be listed under three headings: 

High Gain Linear Feedback, Programmed Compensation, and Compen­

sation Using an Optimali zing Controller. 

In the High Gain r ... inear Feedback Method of adjusting performance under 

varying parameters the forward loop gain is maintained high by compensa­

tion or with a relay. The desired dynamic resporse characteristics are 

contained in the feedback l oop . The high gain with feedback makes the 

varying parameters in the forward loop negligible while the feedback loop 

determines the dynamic response of the system. This is no t a new method and 

is used in many electronic app lications for stabilization. 
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hC' Pr. gta: r1 i?d •r cu1~H H'r MEthod measures the varying paramE>tet, 

or the c.r.·nditi•ms "-'hl~.h vaty the parameter~ and a.djusts the compensating 

pa rarneters in a controller in the forward loop to counteract the system 

variation. The adjustment is accomplished through a program which re­

quires a knowledge of the relationship between the system and compensa~ 

tion parameters. 

The Compensation Using an Optimalizing Controller Hethod is a type 

of feedback control which adjusts parameters so that a characteristic of 

the system response is optimalized; such as, the damping ratio . In the 

Controller Method an error signal using the output re sponse level of the 

ststem can not be used as an error signal for the parameter adjustment as in 

a normal feedback method because the Controller is optimalizing a character­

istic of the output and not necessarily the output level. The system may 

be used in conjunction with a model which gives the optimum characteristic 

in its output for a particular system input. The Controller samples the 

characteristic in the system output and compares the value with the optimum 

output of the model. The Controller then adjusts parameters until the model 

and system characteristic coincide. 

2.2 Description of Pitch Control System to be Investigated. 

The Dither Self-Adaptive System is capable of controlling a vehicle 

about its pitch, rolls and yaw axes. This investigation, however ~ will 

be concerned only with pitch control. The system which is to be investi­

gated is shown in Figure 2.1. The position, rate and acceleration sensors 

that are required for the feedback loops are assumed to have a unity trans­

fer function. The rectifier in the self adaptive loop is also assumed to 

have a unity transfer function. 
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In the conventional loop an error signal, Jc~ is fo rmed by comparing 

the feedback signal to the command i.nput signal. The error signal is 

amplified by the adaptive gain, k5 , and the resulting signal operates the 

servo actuator. Thi s investigation involve s a missile which has gimbal~d 

thrust chambe rs. The servo actuator controls the direction of the chamber 

axis which results in a thrust vector signaldt. The thrust vector signal 

affects the vehicle performance which is represented by the block labeled 

"Vehicle Dynamics". The reaction of the vehicle airframe to the change in 

direction of the thrust axis is detected by position, rate, and acceleration 

sensors and is fed back through the Inverse Model to the input. The function 

of the Inverse Model will be explained in Section 2.3. 

For the self adaptive loop a dither signal is introduced at the input. 

This signal is then amplified by k6 , operates the servo actuator, and 

excites the vehicle dynamics. The pitch acceleration, e, is passed through 

a bandpass filter where the dither frequency is separated from the command 

input signal frequencies. The dither frequency is then rectified and com­

pared with a reference signal. The error, £ sA J operates an integrating 

servo which varies the adaptive gain, k 6 , until the reference and rectified 

signals are equal. 

2.3 Principles Used to Maintain Optimum Dynamic Response. 

When a physical aerodynamic parameter changes, all the dynamic 

characteristic parameters of the system are affected. Typical physical 

aerodynamic parameters are Mach number and altitude, and typical dynamic 

characteristic parameters are natural frequencies and damping ratios. In 

terms of the system trans fer function a change in a p 1 1y~; i.cn l parameter could 
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shift !h~ t'VSltion 0( all the poles and zeros of the transfer function. 

If constant dynamic respnnse was desired for the system, the variation in 

all the polPs and zero would have to be counter-balanced. The complexity 

of the situation can be visualized by placing a root locus plot alongside 

a missile traveling many times t he speed of sound. The physical parameters 

of the missile are constantly changing, and each parameter would be varying 

all the poles and zeros on the root locus. A typical root locus with vary~ 

ing poles and zeros is shown in Figure-·2.2. A controller would have to be 

built to sense each of the variations and then decide how to counter­

balance by compensation. In practice exact compensation is too complicated 

to be useful and approximations are always made. 

Simplicity is one of the main objectives of the dither adaptive loop. 

The only components that have been added to the existing ptich control 

system are a dither generator, filter, rectifier, and a comparison-integra­

tion network. No variable sha ping networks are used, and all adjustable 

compensation is accomplished by varying the gain of the system. 

Aviators are primarily affected physically by the short period mode 

of the pitch aerodynamic equations. Tests have indicated that pilots prefer 

a damping ratio of 0.7 and a natural frequency of 3 radians per second for 

this mode (2). Since the missile used in this investigation is designed 

for manned flights, the damping ratio of 0.7 and frequency of 3 were de~ 

sired. Since the dither system does not use variable shaping networks, it is 

physically impossible to maintain both the damping ratio and frequency con­

stant at the desired values. Therefore» a damping ratio of 0.7 with a 

minimum natural frequency variation are defined as the optimum dynamic 

characteristics of the short period mode during a flight. 
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There are actually two methods being employed in the ove ra ll system 

for varying the control paramete r to obtain optimum performance . The 

control parameter of the system is the gain. The two methods~ whi ch are 

discussed in Section 2.1, are High Grtin Linear Feedback and Programmed 

Compensation. 

If the gain of the system could be maintained at a high value , the 

desired dynamic response characteristic could be inserted in a feedback 

loop and would determine the dynamic response of the overall system. 

This is t he principle of the High Gain Linear Feedback Method shown in 

Figure 2.3. H(s) is referred to as the "Inverse Model" since the inverse 

of its transfer function determines the dynamic response of the system. 

If a damping ratio of 0.7 and a natural frequency of 3 radians per second 

2 
were desired, the Inverse Model would have a transfer function of s +4.2s+9. 

Unfortunately, the varying dynamic characteristics of the airframe , as 

represented by G2 (s), cannot be submerged by merely using high gain feed-

back loops (3). The required aerodynamic control moments and poHer require d 

for high gains in flight control systems are not available due to limits 

imposed by vehicle design considerations unrelated to the automatic control 

system design. Even if high gains could be obtained, the gains could re-

sult in severe bending and slosh mode oscillations when considering flexible 

airframes. The values that the Inverse Model transfer function can assume 

and still affect the short period mode in the desired manner are also limited 

f or flexible airframes. The limit on the values of the transfer function 

for this investigation is discussed in Section 2.5. 

For flight control systems the limitation on high gains and on values 

of the Inverse Model prevents the use of a true High Gain Linear Feedback 
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,,,} '.:. ' • ,, (!, . ._,. I nverse Model can be used as a fixed 

she:p t ng ne twork to unp r ove the- dynamic characteristics of the short period 

mode and is empl oyed a~ ;.;:uch in t he system under investigation. 

In view of restr ic ting t he Inverse Model to the idea of a fixed shaping 

network, the self adaptive scheme used in the Dither System can be thought 

of as a fo rm of the Programmed Compensation Method. The three basic opera­

tions that an adaptive l oop must perform are listed in Section 2.1. The 

manner in which the Dither System performs these operations are listed below: 

1. The dither signal is the means for the continuous measurement 

of the system dynamic response. In order to have a negligible 

effect on the system response signal, the dither frequency 

should be five or more times the short period mode frequency 

and the input level should be small so that the oscillations 

are not noticeable to the vehicle personnel. The reason for 

using pitch acceleration instead of pitch angle or rate as the 

pickoff for the adaptive loop is to enable smaller inputs for 

the same output. The upper limit for the dither frequency 

depends on the ability of the actuator to respond to the fre­

quency and on the bandwidths of the rest of the system components . 

The upper limit is around 40 radians per second for available 

systems. 

2. The continuous evaluation of the dynamic performance is per­

formed by comparing the amplitude of the pitch acceleration to 

dither input level evaluated at the dither frequency to the 

Performance Criterion Reference. It remains to be discussed 

below and in Chapter 4 how accurately the dynamic performance 

is being evaluated. In this investigation the damp1ng ratio 
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i s being us ed as t he measure of dynamic performance. 

3. The con t i nuous read j ustment of the system contro l parameter, 

wh i ch is the gain, is accomplished by a servo dr iven by the 

error resulting from the evaluation procedure. 

In the Programmed Compensation Method the parameter adjustment is ac-

complished through a program which requires a knowledge of the relationship 

between the system and compensation parameters. In the dither system the 

program consists of a single reference level which requires a knowledge 

of the variation of the system damping ration with the amplitude of the 

acceleration to dither input level ratio. 

The degree of self adaptability of the dither system depends on the 

accuracy with which the damping ratio is measured by the acceleration to 

input level ratio. There are many figures of merit that can be used as a 

criterion for the dynamic performance of a system. Some of the figures of 

merit are l'[ ff 1 f'l ££/ Sic./ ai~ Yc:~_fiJf~where E 

is an error signal. The applicability of these figures of merit for use 

in establishing a damping ratio of 0.7 has been determined for a second 

order system to be as follows: (4) 
oO 

~E ~ selects zero damping ratio as optimum. 

roOE~ t~~ J_ ~ selects 0.5 damping ratio as optimum. 
0 

"' S /£{ c/Lf:' selects 0. 7 damping ratio as optimum. 
0 

~~£ ~ selects zero damping ratio as optimum. 

~~/£/~selects 0.7 damping ratio as optimum. 
0 

If the system was of second order, both ~i£/ £C-

would select 0.7 as the optimum damping ratio based on the figure of 

merit approaching a minimum value at a damping ratio of 0. 7 . The 
oa 

~ £/£/ c:f}6-figure of merit has the sharpest minimum and wou ld be the 

13 





preferred criterion . Wi t h a f l e xibl e airframe the syst e m can not usua lly 

be approximated by a second orde r system with any a ccuracy ~ an d the a p -

p l icabi l ity o f t he above criterion f o r establishing opt imum damp ing ra tic s 

o f the s h o rt pe r i o d mo de unde r these conditions is not known. The com­
~ 

~ /-)£/K ponent s r (qui red t o mechan ize the criterion into a 

system i s c e rtain ly more complex than the Dither System, and the possibility 

of the cr iterion selecting a damping ratio of 0. 7 for a non se c ond order 

system is considered doubtful. A different figure of merit called the 

Impluse Response Area Ration (IRAR) will permit the selection of any de-

sired damping ratio and have the error signal assume a zero value when the 

response is at the selected damping ratio (5). The method r e quired for use 

of the IRAR criterion would be to·pulse the system and then measure the 

area of the response. The area is a measure of the damping ratio . By 

comparing the area with a reference area corresponding to the de sired 

damping ratio an error signal is developed which would vary the gain o f 

the system until the error was zero. In a flexible airframe control system 

which does not use shaping networks, the poles and zeros of the vehicle 

transfer function are continually varying. For the reference are a to in-

dicate the t rue damping ratio it would also hav e t o vary with the parameters 

and in effect would need a self adaptive loop to adj ust its value . The 

system would be very c omplex if not impossible to mechanize . 

The Dither System works on the principle of maintaining the gain of the 

system constant throughout the flight and assumes t hat a con sta n t ga i n will 

maintain an optimum damping ratio. Referring to Figure 2 . 3 and sub s ti tuting 

ec. = EMM~z./ u./o~ /triO eR:::: eR an adaptive loop is f o rmed. 
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of greater order t han the numerator, E~R (f··Wo} ~ k.J J1cf G1 Cj'ki) &.;~*'Sf~) whe n .. 
Wo is a large value. The r e fore, f~B(j'JUi.,) is a direct measu re of 

the ga in , K~P1~ ) of the s y stem. The self adaptive loop maintains the 

value of KJ /Vtr equal to the reference value. If a constant value of 

is an accurate measure of the damping ratio~ ~ , for a flight 

control system, then a plot of k~/1~ versus d should show a constant 

k~/V1i for a particular J' for all flight cases. Using the f'll£s of the 

flight cases to be investigated a plot of k$ M& vs rJ is shown in 

Figure 2.4 for aerodynamic equations with no bending modes included, the 

first bending mode included and the first and third bending modes included. 

The aerodynamic equations and conditions are discussed in Section 2.4. As 

is observed from the Figure, kJ M~ is an accurate criterion for a con-

stant d for no bending, but as bending modes are included and the order 

of the system increases k;fV1; becomes a less accurate figure of merit. 

The investigation of the variation of the damping ratio for the various 

aerodynamic conditions and the determination of the optimum Performance 

Criterion Reference and the optimum dither frequency is contained in 

Chapter t+. 
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2.~ Aerodynamic Equations and Modi fica tions. 

The air frame used in this investigation is the two staged Saturn 

Booster. Perturbated aerodynamic equations with coe fficients for four 

flight cases are included in Appendix A. The flight cases are identified 

by the time in seconds after launch. The flight cases are t = 20, t = 75, 

t = 101.9, and t = 200. The t = 200 case is for the second stage only, 

as the first stage separates before t = 200 seconds. The reference for 

the equations is the nose of the second stage. For flight cases t = 20, t = 

75, and t = 101.9 the acceleration, rate, and position sensors are located 

on the same platform in the first stage. The variation in performance for 

various platform positions will not be covered in this investigation. The 

platform position used had been selected for maximum system stability 

immediately after launch and for airframe considerations. The platform 

position for case t = 200 is in the nose of the second stage. The transfer 

functions which were determined from the equations using digital computers 

are included in Appendix A. 

The aerodynamic equations contain three bending modes and one fuel 

slosh mode. A typical root locus is shown in Figure 2.5. It will be 

observed from the Figure that the open loop system is unstable. Case t = 

20, which is the first case considered after launch and where the missile 

is still vertic le, is the only flight case with a stable open loop. An 

unstable aerodynamic condition occurs when the center of pressure is for­

ward of the center of gravity. A missile of conventional shape will be 

unstable unless stabilizing fins are attached because the center of 

pressure of the fuselage alone is close to the shoulder wherea s the center 

of gravity js close to the geometric center (6). For large missiles, such 

as the Saturn, the trend is towards stabilization through a control system 
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ra t her than providing for a stab l e ai. rframe becaus e of t he we ~gh t required 

for the stabilizing fins. The con t rol torque s r equ i r e d f or the control 

sys tem are provided for in the Sa t urn by gimbaled thrust chambers . It 

will also be observed from the Figure that the Slosh Mode has a negligible 

effect on the syst em stability. Multitank design with slosh suppressors 

are used in the Saturn t o obtain this condition. The different slosh mode 

frequencies co rre spond to different tanks. 

The second bending mode becomes unstable for an adaptive variable gain 

of approximately 0.1 for the t = 20, 75, and 101.9 cases. In order to 

eliminate the possibility of obscuring the actual dither system performance 

by the complexity of adding bending mode cancellation schemes, the unstable 

second bending mode was handled in one of two ways: 

1. The second bending mode was eliminated from the aerodynamic 

equations assuming that a bending cancellation method was in use. 

2. The second bending mode was eliminated by assuming that a 

compensation method was in use, such as a frequency tracker and notch 

filter scheme, which placed a pole and zero over the open loop zero and 

pole respectively of the bending mode. 

A bending cancellation method which could be used for procedure 1 
~ 

above is shown in Figure 2.6: This is one of many cancellation methods ..........._ / 

proposed by the Autonetics Division of North American Aviation. The purpose 

of the system is to form a signal of equal magnitude and opposite phase to 

the bending mode signal. The signal formed is then added to the control 

signal and effectively cancels the bending mode from the system response 

signal. Bandpass filters land 2 are variable tuned filters with center 

frequencies of U/0 If filter 1 is not tuned to the bending frequency, 
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the b e nd i n g f l (:, •-jtl ~ ( !1. J i,,! 1 c .) •llpu nent is phase shifted by an amount rp 
and t he out vut signal from til tt=r 1 iS sin (w'o:C+ rp) 0 The bending sig-

na 1 is again phase shi i lE:d by a n amount rp by fi Iter 2 with output signa 1 

being sin(Wc..i-fCJ..rf}. The ou t put s from the two filters pass through 

phase shifters which produce a 90 degree phase shift between the signals. 

The shift e d signals are then multiplied, and the resulting signal drives 

an integrator which varies the center frequencies of the filters until the 

output from the multiplier is zero. As is shown below, the output of the 

multiplier is zero when the filters are tuned to the bending frequency. 

Output of multiplier = sin (W0~+(J) cos (wof'+ cp) 
= (sin 21/o;C cos cjJ + cosUio,z:;- sinfj})(cos ~~cos J.f -sin ?..i/a t sin 2rjJ ). 

The integrator is not sensitive to frequencies much g r eater than the 

bending frequency. 

Therefore, 

Effective Output = 1/2 cos 2 {J sinrfJ - 1/2 cos p sin 2f 

= 1/2 sin rfJ 
= 0 whenrj} is zero. 

With the filters tuned to the bending frequency~ the 180 degree phase shift 

is accomplished by subtraction from the feedback signal. The amplitude of 

the bending signal is adjusted by the rectifier-integrator comparison loop 

using the outputs of filters l and 2, for the comparison. Another bend-

ing mode cancellation method using a rejection filter philosophy is con-

ta ined in Reference 7. 

The different aerodynamic conditions that are investigated are listed 

below: 

1. No bending and no slosh modes included in the equations. 

The resulting equations are the rigid body equations. 
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2. 1he tit~l bending mode added to the rigid body equations. 

3. The first and th1rd bend ing modes added to the rigid body 

equations. The second b~nding mode is assumed remove d by a bending mode 

cancellation method. 

4. The first and third bending and first slosh modes added to 

the rigid body equations. The second bending mode is assumed removed by 

a frequency tracker and notch filter method.· 

In Chapter 3 the analog computer investigation was conducted using 

aerodynamic conditions 1, 2, and 3 and flight cases t = 20~ 75, 101.9 and 

200. The second bending mode was included in condition 3 for flight case 

t = 200 because the mode is not unstable for this case. 

In Chapter 4, the empirical investigation was conducted using aero­

dynamic conditions 1,2,3, and 4 and flight cases t = 20, 75, and 101.9. 

2.5 Limitations on Inverse Model by Flexible Airframe. 

The system under investigation is unstable unless a shaping network 

is employed . From a root locus viewpoint if a complex pair of zeros were 

provided in the left half plane» the unstable short period mode would be 

shaped into the left half plane and the system would be stabilized. The 

Inverse Model provides these shaping zeros. 

If a damping ratio of 0.7 and a natural frequency of 3 radian per 

second were the desired dynamic characteristics of the short period mode ~ 

the Inverse Model should ideally provide a pair of zeros at s = -2.1 ~ j2.18 

on the root locus. A high system gain would then establish a complex pair 

of roots of the system characteristic equation at values s ~ -2.l~j 2.18. 

The roots would fix the dynamic characteristics of the short period mode 

at a damping ratio of 0.7 and a frequency of 3. As was discussed in Section 
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2 . 3, !';1gb gc-1n c.:tpaln1It 1es .L.L ~- ' i'Jt £l vai1 ab lE' i n fligh t <..or t rol sys t ems. 

The de:'>i red Jyndr 1 c U1aracteris t ics coul d s till be. o b tained even 

though high gains arc not availab le by inc reasing the real and i magina ry 

coo r d i nates of the Inverse Model ze ro s. The zeros could shape the short 

period dynamic characte r ist ~ c curve in such a manner that for lower values 

of gain t he desired charact e ristics are available. Increasing the coordin­

ates o f t he Inver se Mode l zero s is possible in a rigid airframe with 

negligib l e center of gravity movement. For flexible airframes the bend­

ing modes must be conside re d i.n establishing the position of the Inverse 

M.:>del zeros. 

If t he coordinate s o f the ze r os are increased beyond certain values 

with a fl exible air f rame sys t em, the zeros ~hape primarily a different 

mode t han the shor t pe riod mode. ~~ile the short period mode would be 

stabilized, its maximum damping ratio and natural frequency values would 

be less and its coupl i ng with the shaped mode would be gteater than when 

the zeros shape primarily the short period mode. A digital computer investi­

gation of the optimum position of the zeros was conducted. 

The preliminary investigation showed that flight case t ~ 75 was the 

critical flight case and that the two bending modes plus slosh mode condi­

tion was the critical condition. Flight case t = 75 was further investi­

gated as to t he benefit of using rate and position feedback which would 

give one real axis zero or of using acceleration, rate ~ and position fe e d­

back which would give the complex pair of zeros. The complex zero arrange­

ment provided for more shaping of the short period mode and less possible 

coupling between the first bending mode and short period mode. The coordin­

ates of the complex zeros were then varied to obtain optimum values. 

23 





Typ i cal root l oci are shown i n Figu re 2. 7 . For Invers e Model position 3, 

t he zero s sha pe primarily the first bending mode. While the short period 

mode is st ab i li zed, i t is no t being shaped in an optimum manner and has 

the disa dvantage s of decrea s i ng in damping ratio as gain increases beyond 

a certain value and of being coupled with the bending mode. The short period 

mode could never obtain a 0.7 damping ratio. For Inverse Model positions 

1 and 2, the short period mode is being primarily shaped. The bending mode 

is also shaped further into the left half plane increasing its stability 

while producing a negligible increase in coupling. Position 2, with the 

zeros at s = 1.8 ~j.6, appears to be the optimum position. The maximum 

natural frequency of the short period mode at a damping ratio of 0.7 occurs 

at thi s position. As is observed, the natural frequency will never reach 

3 radians per second. A more complicated shaping network could be used to 

increase the natural frequency, but since one of the principal advantages 

of the Dither System is simplicity, a compromise has been made on the desired 

dynamic characteristics. As was defined in Section 2.3, the optimum dynamic 

characteristics of the short period mode for the investigation are a damp­

ing ratio of 0.7 lvith a minimum nat~ral frequency variation. 

The optimum Inverse Model transfer function for the severest flight 

case and condition will remain fixed at s
2

-1 3.6s+3.6 for all flight cases 

and for all aerodynamic conditions. 
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CHAP'I t.R 3 

COMPUI'ER SIMULATION 

3 . 1 IntroJ!<. .. llun . ---·---·--

The object of th1s Chapter is to investigate the ability of the 

Di ther Self Adaptive System to correct for the varying dynamic character-

ist ics of a flexible airframe during a typical flight. The correction is 

made by the adjustment of the control parameter which is the adaptive gain, 

An analog computer simulation was conducted for the primary purpose 

o f de t ermining the values of the adaptive gain which the system selected 

fo r the various f l i ght cases and for the various aerodynamic conditions. 

The values of ga i n which were selected in the computer simulation are 

compared with the values of gain determined by digital computer methods~ 

Digital computer techniques are employed in the investigation in Chapter 4, 

and the comparison with analog computer results in this Charter is used as 

an ind ication of the accuracy of the results of Charter 4 when the transi-

tion i s made ftom numerical to electrical simulation. The damping ratios 

of the short period modes which are associated with the gains selected by 

the analog simula tion for the various aerodynamic conditions arE determined 

from r oot loci us ing digital computer techniques and are compared t o show 

the effec t o f a flexible airframe on the ability of the dither system t o 

maintai n a constant damping ratio. The damping ratios of the short period 

mode r esult ing f rom the use of the dither system are also compared w1th the 

damping ra tio s resulting from the use of a constant K& system. 

The dither frequency and reference level which would maintain through 

t he flight an ave rage damping ratio of the short period mode o f 0. 7 with a 

minimum variaticn o f the damping ratio and natural frequency were not used 
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indicated th,_ r.ec..~;;.ssity ri d..::tc;';:t-mining opt1mum f requencie s and reference 

l eve l s. The 1nv~stigation of th ts area is conta i ned in Chapter 4. 

The secondary purpose of th~ analog computer simulation was t o de t e r-

mine for the various flight ca se s and aerodynamic conditions the rate at 

which the adaptive ga in was a djust8d and the rea ction of the self adaptive 

loop to wi nd gus t s, a c tuator movements , and l o ss o f the dithe r signal. A 

complet e a na l ysis of the self adapt1ve loop Y7as not conducted in the investi-

gation; and therefo re, the value s of t he loop gain and filter bandwidth for 

optimum dynamic response of the loop were not determined. The investigation 

was conduct e d using different loop gains for the various flight cases. A 

qualitative discussion of t he adaptive loop is contained in Section 3.5. 

3.2 Analog Computer Setup. 

The analog inves t igation was conducted using aerodynamic conditions 

1,2, and 3 as described in Se ction 2.4. For Flight Case t = 200 the 

second bending mode was included because the mode is not unstable for 

this case. The system was simulated in two, forty amp lifier, Pace Computers 

by Electronic Association Inc. The voltmeter used to determine the K& 

values and the integrating servo and rectifier used in the adaptive loop 

were inherent components of the computers. Two six channel Sanborn re-

corders were used. A Hewlett-Packard, Low Frequency, Function Generator was 

used as the source of the dither signal. 

The computer simulation diagram is shmm in Figure B-1. The reference 
. 

values of pitch acceleration, e. pitch rate 9, and pitch angle ~ 9 ~ which 

are measured at the nose of the second stage are converted t o the platform 

, for flight cases t = 20 3 75 , and 101.9, be-

cause the sensors for the se case s are on the same pla t fo rm whi ch is located 
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in t he f i rst stage. Tne reference va l ue s are the pla tform values for 

Fl igh t Ca se t ~ 200, because t he p la tform fo r this case i s in the nose of 

the second stage. 

The first f l ight case simulated was t = 75 for aerodynami c condition 

3. Static and dynamic checks were conducted. The procedure used for the 

dynamic checks was to excite the bending and short period modes by voltage 

steps introduced into the amplifiers o f the var i ou s mode simula tions and 

to compare the resulting frequencies and damping ratios with the frequencies 

and damping ratios determined by digital computer techniques. The trans-

fer function resulting from the removal of the poles and zeros associated 

with the second bending mode from the vehicle dynamic t ransfe r function, 

which was derived from the aerodynamic equations with three bending modes 

and one slosh mode, tvas considered a good approximation for determining the 

first and third bending mode frequencies for condition 3. A comparison with 

the analog results of the dynamic checks indicated that new transfer func­

tions based on the applicable aerodynamic equations were required. The 

transfer function for flight case t = 75 for aerodynamic condition 3 in­

dicated that the only poles and zeros of the transfer function~ which was 

derived from the aerodynamic equation~ with three bending modes and one 

slosh mode, that were appreciably moved were the zeros associated with the 

third bending mode. The value of the zeros were changed from s = -11.56~j21. 

63 to s = -.17~ j24.3. The effect of the bending and slosh mode parameters 

on the vehicle dynamic characteristics can be determined by observing the 

movement of the poles and zeros of the transfer functions , which are contain­

ed in Appendix A, for the various aerodynamic conditions. The static checks 

agreed to within one half of a per cent with analytica l va lues. The mode 
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f requenc i ~s of the analog computE r a g r eed to with i n t wo per cent o f t he 

frequenc i es determined by digit a l methods , a nd the dampi ng ratios agreed 

t o wi t hin five per cent. 

The procedu r e used to simula t e t he self adaptive l oop was as f ol lows : 

1. The f i lter wa s s imulated and the bandwidth was varied until 

a sharp peaked fre quency response was obtained with the peak a t the dither 

frequ~ncy o f 30 r a dians pe r second. A bandwidth o f 3 radian s per second 

produced a sha rp peak. 

2 . Two diodes which were inherent comp onents o f t he computer 

were used t o form a rec ti f ie r. The outputs from the two diodes were of 

different values ; and there f o re,gain pots were inc lude d with each of the 

diodes so tha t equal outputs could be obtained. 

3. The adaptive gain, ks , was simulated by using a linear 

gain pot driven by an integrating servo: The servo and po t were inherent 

component s of the computer. One volt into the servo resulted in a gain 

change o f 0.2. A linear pot was used because it was readily available. 

A shaped gain pot should be used in reality to obtain a small gain to servo 

input ratio for low ~alues of gain and a large ratio for large values of 

gain. A small gain to servo input ratio is desired at low values o f gain 

so that a wind gust or other disturbance would not reduce the gain apprec -

ably with the possibility of the system going unstable. As the gain in­

creases the dynamics of the short period mode improve so that while a 

dist u rbance at high gains would vary the gain more than at low gains the 

response time is improved and stability considerations are not as critical. 

Comp rom ises must be made in the shaping of the gain pot between t he large 

ratio of gain to servo input desired for fast adaptive re sponse, the small 

ratio desired when disturbances are experi enced , and the ratio r e qui red for 

29 





constant dynamic charactcristtcs of the adaptive loop i t self during 

a flight. The discussion of maintaining the adaptive loop gain appreciab ly 

constant during a flight is contained in Section 3.5. 

4. A gain pot was inserted before t he integrating servo to 

provide for varying the ratio of K6 to servo input and the adaptive loop 

gain. The adaptive loop gain was adjusted by varying the gain pot~ KrA 

until the gain adjustment response, K6 ceased to oscillate and was 

critically damped with a suitable rate of change of the value of K~ 

The Reference DC signal was then adjusted to provide for a value of K0 

of 1. The adjustment of the adaptive loop gain to give a suitable rate of 

change of Ks and the setting of the Reference level so that K& had a value 

of 1 was performed for each aerodynamic condition of Flight Case t = 75 

in order to obtain reference values. The reference values that were obtain-

'ed eliminated the necessity for a complete evaluation of the analog simulat-

ed loop and were used in the other flight cases to form the basis for the 
I 

comparison of the values of Ks that the system selected. 

When the system was energized, the servo chattered because it was 

following the half cycle sinusoidal like waveform at its input. A smooth-

ing network would be required at the rectifier output to produce a flatter 

output and eliminate the servo chatter. In order to maintain the adaptive 

loop as simple as possible and also to investigate the effect of bending 

interference the bandwidth of the filter was increased to 5 radians. The 

third bending mode frequency which was now at the limits of the bandwidth 

was passing through the loop because the waveform from the rectifier flat-

tened out so lhat the servo stopped chattering. Since a dither frequency 

of 30 radians per second excited the third bending mode for aerodynamic 

condition 3, the computer results would indicate the performance of the 
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dltr ter.; when bending or noise signals were contained in t he filter-

eJ L ..... 1 <'Y o f the self adaptive loop. In order to determine the per­

forma&( --i the sys tem with no bending and minimum no i se signa l s in the 

self ada~tive l oop, reference values were also recorded for Fl i ght Case 

t = 75 for aerodynamic condition 3 with a dither frequency of 20 radians 

per second. The filter was adjus ted for a center frequency of 20 and a 

bandwidth of 3. The lower frequency did not cause the servo t o chat ter. 

Tbe gene ral procedure used in the simulation for Cases t = 20, 101.9, 

and 200 ~'ds as follows: 

1. The computer was set up for condition 3 of the particular 

flight c..ase. 

2. Static and dynamic checks were conducted. 

3. The Reference level and KsA were set at the values used 

for the correspondingaerodynamic condit ion and dither frequency of Flight 

Case t · 75. 

4. The val ues of Ks as read from the computer vol tmeter were 

recorded for aerodynamic conditions 1, 2, and 3 with a dithe r frequency 

of 30 radians per second and for condition 3 with a dither fre quency of 

20 radians per second. 

1. The value of KsA was adjusted to give a suitab le rate of 

change of K6 fo r t he particular aerodynamic condition and flight case. 

The Re ference level was then adjusted to give the corresponding value of 

K6 a s dete rmined in Step 4 with a dither frequency of 30. 

6 . Recordings were made at the dither frequency of 30 for 

aerodynamic condit ions 1 and 3. During the run for each condition, K' 
was offset by a step voltage put into the integrating servo amplifier ; an 

actuator signal, 6; , Has put into the system by a step volt a ge into t he 
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simulati on f o r the Qctun t or; a wi nd gust was simulated by a step voltage 

int o the atta ck ang l e , o( , ampl i fier; and a dither signal fa ilure \va s 

simulated by turni ng of f the signal generator. 

Step 6 was also conducted for Case t = 75. 

3 .3 Comparison of System Selected Gains. 

The values of the adap tive gain, K~ , which were recorded by the 

procedures described in Section 3.2 dur ing the analog computer simulation 

are compared in this Sect i on with values of gain determined from digital 

methods to establish a correspondnece between the two procedures. A Rccomp 

II Computer was used for the digital calculations. The damping ratios of 

the short period modes corresponding to the recorded adaptive gains are 

co~pared to es t ab lish the r elative adaptibility of the system under vary­

ing aerodynami c conditions and dither frequencies and are compared with 

the damping r atios corresponding to a fixed gain system to establish the 

benefit of t h(! adaptive system f or the airframe being used for the investi­

gat ion . The analog computer s i mulation was conducted for aerodynamic 

conditions 1, 2 , and 3 as described in Section 2.4. The digital investiga­

tion included aerodynamic condition 4, and the damping ratios associat e d 

with the gains for a particular Di ther Reference level f or this aerodyna~ic 

cond ition are included i n the comparison of the damping ratios of the ana­

log compute r. 

The de t ermina t ion by digi t al me thc.ds of the values of KJ which the 

system would select was accomplished by computing the amp litudes of the 

c l osed loop response f o r various gains and for frequencies of 20 and 30 

r adians pe r second. Pl ots of the amplitudes of the closed loop response 

vers us KJ for a dither frequency o f 30 we re made of the flight cases for 
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each ae r odynami c condition. For aerodynamic condition 3 plots were ma de 

f o r di ther freq uencies of 30 and 20 . The plots are shown on Figures B-2 

(a) through B-2(f) . An a daptive gain of 1 was set on the analog computer 

for each aerodynamic condition of Flight Case t = 75 and was used as the 

standard for det e rmining the values of Reference level and adaptive loop 

gain pot settings which were maintained constant in. recording the adaptive 

gains of the remaining flight cases. The adaptive gain value of 1 for Case 

t = 75 was also used as the standard for the digital method. The reference 

amplitude of the system was determined on the plots by the inter section of 

the K~ equal to 1 line with the Flight Case t = 75 curve. The reference 

amplitude eliminated the necessity of evaluating the components of the 

adaptive loop to determine a Reference Signal level and was used to deter­

mine the values of gain which the system \vould select for the other flight 

cases by the inter section of the reference amplitude and the particular 

flight case curve. 

The comparison of the adaptive gains determined by analog and digital 

methods is shown in Table I and II for aerodynamic conditions land 2 

respectively at a dither frequency of 30. The reference amplitude deter­

mined for aerodynamic condition 3 at a dither frequency of 30 was too large 

for use with Flight Cases t = 101.9 & 200 as shown on Figures B-2 (c). The 

dither frequency was varied in the digital method for each flight case 

until a reference amplitude was determined \vhich resulted in the gains which 

were selected by the analog computer. The dither frequencies requ ired to 

obtain the gains are sho\m in Table III. The plots of closed loop response 

amplitude versus KJ for the different dither frequencies required are shown 

in Figure B-2(d). The third bending mode was excited at a d i the r f re quency 

of 30 radians per second and the filter bandwidth allowed t he bending signal 
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TAB LE I 

Gnin Compari s on for Aerodynamic Condition 1 at Dither Frequency of 30 

Fl ight Case Gain Selected by Gain De t ermined by 
Analog Compute r Digita l Procedure 

t = 20 l. 73 1. 69 

t 75 1.0 1.0 

t lOl. 9 0. 5!~ 0 .535 

t 200 1. 15 l. 17 

TABLE II 

Gain Comparison for Aerodynamic Condition 2 a t Dither Frequency of 30 

--- ...... -.~- ... ··--
Flight Case Ga i n Se lected by Gain Determined by 

Annlog Compute r Dig ita l Procedure 

t = 20 l. 35 1. 3 

t 75 1.0 1. 0 

t = 101.9 0.8 0 .72 

t 200 3. ~~ 3.42 J 

3!;. 





to pass thrcu6h the adaptive luop as was d is cus sed in Section 3.2. 

The dither signal source could not be accurate ly set to with in 0.628 

radians per second; and since two dither fre quenc i es were used for each 

flight case, the signal source had to be ad justed for each case. The 

variation in the digital frequencies requi r ed to obta i n the analog gains 

is approximately within the accuracy of the signa l source settings. The 

necessity for very accurate determination and setting o f t he dither fre-

quency and Reference Signal level when bend i ng mode s are e xci t ed close to 

the dither frequency is illustrated by the d i ff i culty in obtain ing a compari -

son of the gains for the digital and ana log me thods. When bendjng or noise 

signals pass through the adaptive loop , there is a poss i bil i ty of t he system 

having a choice of selecting either of t wo adaptive gains which a r e relative-
• 

ly close in magnitude. The selection o f the wrong gain mi gh t cause the 

system to be unstable. As is shown in Figure B-2(d), the reference ampli-

t ude intersects the flight cases at t wo relatively close val ues of Ks 
The comparison of the gains determi ne d f or aerodynamic condit ion 3 at a 

dither frequency of 20 is shown i n Table IV. The di f ficultie s expe r ienced 

with a dither frequency of 30 were no t e xperienced at a frequency of 20 

where bending modes are not excited. The plo t s of c losed l oop response 

versus Ks for a dither frequency o f 20 arc shown in Figure B-2 (e). 

Root loci were determine d for the various flight cases a nd aerodynamic 

conditions using a Recomp II digital computer. The damping ratios of the 

short period modes corresponding to the gains selected by t he analog computer 

with a dither frequency of 30 and to t he gains selected by d igital techniques 

for aerodynamic condition 4 with a dither f r equency o f 30 were determined 

from the root loci and are compared in Table V. 
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TABLE II I 

Fr equencies Required by Di gita l Method f or G~ins Determined by Analog 
Me t hod for Aerodynamic Cond : tion 3 at Dither Frequency of 30 

Flight Ca se 

t = 20 

t 75 

t 101.9 

•_:-
t = 200 

Gain Selected by 
Analog Computer 

1.0 

1.0 

2. 1 

5.0 

TABLE IV 

-------·------Frequency Required 
by Digital Method 
in Radians per Second 

28.5 

28.5 

30.0 

28 . 17 

Gain Coreparison fo r Aerodynamic Condition 3 at Dither Frequency of 20 

Fligh t Case 
·-----...--------·-------·--·~~-~. 

Ga i n Selec t ed by Analog 
Computer 

Gain Determined by 
Digital Procedure 

~-----------------+-----------------------------~-----------~----~-

= 20 1. 35 1.42 

t i S 1.0 1.0 

t = 101.9 0.6 0.6 

t 200 ___ 1_._5 __________ ___;~-----l_. __ s ________ ~ 
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TABLE V 

Dawring Ratio Comrnrison for Flights Under Various Aerodynamic Conditions 

Flight Case 

t = 20 

t = 75 

t = 101.9 

t - 200 

Damr ing Ratios 
for 

Aerodynamic 
Condition 1 

.82 

.794 

.838 

.89 

Total ! 
Variation j 
in Damping l • 1 l 

Damp ing Ratios 
for 

Ae rodynamic 
Condition 2 

.78 

. 838 

.87 

. 924 

.14 

Damping Ra t ios 
for 

Aerodynamic 
Condition 3 

.725 

.912 

.93 

. 21 

Damping Ratio s 
for 

Acrodynami.c 
Condition 4 

.685 

.72 

,875 

. 89 

• 2 1 

R~t. l ' --··--1-o-------~r-----~----------+----------------~--------~----~--------·-----
Average ~ 
Damping ~ 

I
. ;~~!~t~or __ J ____ .a~~----'--· ~-~~------+-----·-8_5_2---+---:-1. 792 

Var~at~on ' ' 
l from t = 75 +.09~ + .086 + . 087 + . 17 l Reference -.0 -.058 -.118 -. 03 5 I 

j 

17 





7 ~ ~ s Js ed as the reference for both the analog and 

digi t a l procedures; antl thLr~tore , the maximum variations of the damping 

ratios of a particu l ar fl i ght from the damp ing ratio of cases t = 75 is 

probably thE best cr i terion t~ show the effect of bending mode s on the 

adaptibility of the sys t em . The results of the comparison of the first 

three aerodynamic conditions shows adapt ibility decreasing as bending is 

included, but the comparison is valid only for a dither frequency of 30 

and must be checke d for other dither frequencies . The investigation as 

to the effect on the results of a compa rison when the dither frequency is 

varied is contained in Chapter 4. A dif ferent method was used in aero-

dynamic condition 4 than in condition 3 to remove the second bending mode. 

The different method s resulted in a large variation of the position of 

the zeros associated wi t h the third bending mode as is noted by examining 

the transfer funct ion s i n Appendix A. The comparison of the two conditions 

in Table V indicates that for n dither frequency of 30 the frequency track-

ing and notch filter scheme for removing the second bending mode results in 

• a more adaptive system than the bending cancellation scheme. The total vari a-

tion of the damping ratios of the two conditions is the same but condition 4 

includes a slosh mode, has the larger value of variation from the reference 

value of the t = 75 case towards greater damping, and has an average damp ing 

ra tio during the flight less than condition 3. For a larger average damping 

ratio during a flight, a smaller variation in the damping ratios would be 

expected because a larger average damping ratio means larger gains are used 

and large gains force the damping ratio s towards the constant damping ratio 

determined by the position of the Inverse Model. 

The damping ratios as determined from the root loci for the gains select-

ed by the analog computer for aerodynamic condition 3 with dither frequencies 
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of 30 ar.·i J< 1ablE vi with the damping rati os o f a fixed 

gain system vith thr; u lt set at a value of l. The gain of a value of 

was selected for th~ tix~d gain system in order to establish the same 

reference for Case t - 75 that was used for the Dither System. The results 

of the comparison show that the fixed gain system is more adaptive than 

the dither system at a frequency of 30 radian s per second but is less 

adaptive than the dither system at a frequency of 20. The great difference 

in the performance of the dither system as the dither frequency was va ried 

led to the investigation of obtaining the optimum dither frequencies fo r 

the different aerodynamic conditions . This investigation is contained in 

Chapter 4. 

3.4 Reaction of the System to Disturbances. 

Aerodynamic conditions 1 and 3 were used in the investigation of the 

rate at which the adaptive ga i n was adjusted and the reaction of the adap ­

tive loop to wind gusts, actuator movements, and loss of dither signal. 

The investigat ion was conducted with a dither frequency of 30 radians per 

second so that the evaulatjon of the adaptive loop for aerodynamic condition 

3 would be performed under the unfavorable conditions of having bending 

signals included with the filtered dither signal in the adaptive loop. 

Since a complete analysis of the adaptive loop \-las not performed, the 

adaptive loop ga in was adjusted for each flight case with the following 

considerations ; 

1. To produce a sui table rate of change of the adaptive gain, K£ 

2. To show the variation in the loop performance for different 

flight cases with the same setting of the servo gain pot, KsA 

3 . To use several values of KSA for the flight cases with one 

value producing an overshoot in the Ka response. 
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TAB LE VI 

Dai"pu.; Ratio Corri-'ar 1 son of Dither System and Fixed Gain Syst em 

r-F--1-i-g~h-t-.. l;amping ~~=~ 
Case for 

Di t her Frequency 
of 30 

Damping Ratio s 
for 

Di ther Frequency 
of 20 

Damping Ratios 
for 

Fixed Gain System 

~~+-..,.__~-~----- -~ ---·~--------t----------j 

t = 20 . 725 . 78 .725 

t = 75 

I 
.843 . 838 .843 

t = 101.91 

t = 200 

. 844 

.9 

.9 12 

.93 

.88 

.882 
-------~--~~-----~-------------4-----------------------~-----------------~-------l 

Total 
Variat ion 
in Damping 
Ratio 

1 
Avera ge t 
Damping I 
Ratio for 
F1 ight i 

~~~!ation I 

.21 

.85 2 

+.09 
- . 118 

.12 

.84 

+.06 
- . 06 

. 16 

.832 

+.039 
-.118 t = 7 5 .

1 Referenc e J 
~----~------~----------~---------
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.Jiff~::.u: 

l oop per fn .. ~. ..: . 

_ ~ ~Ld r ~r ror re sponding flight cases unde r the 

lltJns to show the e ffec t of bendi ng on t he 

Recor ·li' :3 w.t: re wade o [ the 1 eact ion o f the system to various distur ­

bances for the different f l i ght cases and aerodynami , conditions. The traces 

f or the flight cases for a erodynamic condition 3 showing the actuator 

command signa.l,cfr; the attack angle, o( ; the adaptive gain response, K0 

the signal from the adaptive loop recti.fierj SAE; and the first bending 

mode, d
1

, are contained i n Figures B-3(a) through B-3(d). The procedure 

used in obtaining the traces is contained in Steps 5 and 6 of the procedure 

used to simulate Cases t ~ 20 , 101.9, and 200 in Section 3. 2. 

The comparison of the r at e s o f change of K0 when K5 is offset above 

and below the undisturbed magn itudes selected by the system for the vari­

ous cases and conditions is sho~m in Table VII . Cases t = 20 and 75 have 

the sar11e KS4 setting, or K~ to servo input ratio, but th,_ response times 

vary considerably . The variation illustrates the fact that the Kef t o 

servo input ratio must also be programmed for the flight if constant dynamic 

cond itions are to exist in the sys t em. There must be an optimum Reference 

Level, DitPer .Frequency, and Adaptive Loop Gain for optimum operation of the 

d i ther system . The progr am r equired to maintain the optimum value of the 

K6 t o servo in~ut ratio can be placed into the loop in the form of a shaped 

gain curve for pot K~ as i s explained in Sect ion 3.5. The adaptive loop 

gain for Case t = 101 . 9 r esu lted in an overshoot in the KJ· response as is 

shown on Figure B- 3 (c) The response time for this case is the fastest as 

woul d be expected since the K~ responses for the other cases are o~-~ damped . 

As bendi ng was added the re s ponse time increased except for Ca se t = 101.9 

'\vhere the response t ime rema ined constant. In order to form some basis 
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TABLE VII 

Cot••Far. son JL Hat<::~ ~,f Change of the Ada ptive Ga in fo r Various Loop Gains 
and Aerodynamic Cond itions 

Flight pndisturbed Time {Seconds) Gain Setting i n 
Case fva l ues o f per Uni ty Change Adaptive Loop 

I Ks in Ko KSA K.sA 

Aerodynamic I 1 3 1 3 
Condition I 

; 

20 
offset abo""l - . 0 3.4 22.0 .025 . 025 

t = I 

offset 
! 

3.8 4 .5 .025 .025 I be lm-Jl 
j 

offset abov~! 5.0 14.0 . 025 . 025 t 
~ 

t = 75 Ll.O offset below 5.0 15.0 • 025 .025 • 
1 

I 

offset above j 2. 6 2.6 0.2 0.2 

i t - 101.9 
beloJ 

2. 1 
offset 4 . 0 4.0 0.2 0.2 

offset above 6.6 11.0 0.0 0.1 f 
' 

t = 200 5 .0 

J 
I offse t be10\ 4 . 4 7.2 0.0 0.1 

• ~ I 
._ .. ,...~..,.--c; 
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f or ~stabl J shing 1f t hE ti·~s It st ed 10 Table VII are sufficiently fast for 

the sy s tem to fu nct i on proper ly, the time int erva ls between flight cases 

are divt de d by the gain changes required between flight cases to estab­

lish f igur e s of me r it . The f igLr e s of merit are based on the assumption 

that K~ is changing linearly with the time between flight cases and are 

listed below: 

t = 20 to 75 OOseconds per unity change in KS 

t = 75 to 101.9 24.6 second s per unity change inKs 

t = 101.9 to 200 33.8 seconds per unity change in K~ 

Even though the l oop was not optimized the times listed in Table VII are 

well within the values established as figures of merit. 

The comparison of the reaction of the adaptive loop to actuator signals 

for the various flight cases and aerodynamic conditions is shown in Table 

VIII. The magnitude of K0 was changed in all cases and conditions when an 

actuator signal was introduced into the system, but the adaptive loop re­

turned I l , while the signal was st ill being applied, to thP original 

magnitudes for all cases and conditions in relatively small time intervals. 

The ideal system would result in no change in K; when an actuator signal 

was experienced . Excessive per cent changes in K& occurred for Flight 

Case t = 20 for aerodynamic conditions 1 and 3 and for Flight Case t : 

101 .9 for aerodynamic condition 3 . If the adaptive loop had an optimized 

gain with a properly shaped K0 gain pot instead of the linear pot used in 

the simulation, these large changes in K& would be greatly reduced . One 

of the considerations that must be used in arriving at the proper shape for 

the gain curve of the pot is to have a small ratio of KG to servo input f o r 

small values of K; . The undisturbed ma gnitudes of K& for Case t = 20 was 

1 and fort= 101.9 was 2.1 so that the shaped pot would aid these cases 
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TABLE VIII 

Co; ,~a r 1 SCH u f the React ion of the Adaptive Loop to 
Actuator Signals 

~~ Fl i ght Case-~:~-e-p--~C-h_a_n_g_e~i-n~~-C-h_a_n_g_e~i-n-~P-e-r~C-e_n_t~-T-i-m~e(~:-co_n_d_s_) __ G_8_i_n~~-~ 

I Aerodynamic Input in Angle of K$ Change in to r eturn to Setting 
Cond i tion Degrees Att a ckJo(, Kt Undisturbe d in Adaptive 

I 3 in Degrees • Value of ~ Loop KSA 

t = 20 -0.6 
+0.6 

1. 0 
1.0 

-0.2 
-0.2 

20.0 
20.0 

4.6 
4.8 

.025 

. 025 
t-------+----~-1------+------t-------+---------;·--··-----

t = 75 

t = 101.9 

-0 .4 
+0 .4 

-0.15 
+0 . 15 

0 .6 
0.6 

0 . 6 
0.6 

- 0.08 
+0 .16 

+0.8 
- 0.8 

8.0 
16.0 

33.0 
33.0 

5.0 
20.1 

4.8 
3.0 

.025 

. 025 

0.2 
0.2 

r------------~-----------~---~----4--------4-------~-------------~--------~l l t = 200 

. Flight Case 
Aerodynamic 
Condition 1 

-0.62 
+0.62 

0.5 
0.5 

-0.4 
+0.4 

7.1 
7.1 

9.0 
8.5 

0.1 
0.1 

r-----------~--------~---------+---------·~------·--~----------~----w----•~ 
t = 20 

t = 75 

-0.85 
+0.8 5 

-0.7 
+0.7 

1.1 
1.1 

0.7 
0. 7 

-0.2 
+0.2 

-0.11 
+0.11 

20.0 
20.0 

10.0 
10.0 

3.0 
3.0 

3.6 
3.8 

.02 5 

.025 

.025 

.025 

~--------~----------t-----------~---------~------~--~-----4---------·-
0.2 
0. 2 

t = 101.9 

t = 200 I 
- ) . 2 
t-0 . 2 

-0.5 
+0.5 

1.0 
1.0 

0 . 45 
0. 45 

+0.16 
-0.08 

-0.2 
+0.2 

7.2 
3.6 

3.8 
3.8 

3.0 
2.0 

8.0 
7.8 

0.1 
0.1 





.1.0 p_eventu,6 hhge .... ha.a&~ -J HI J:,_& wht:n disturbances were experienced. 

The same magnitude actuator signals for the bending aerodynamic condition 

produced approximately the same change in the angle of attack as for the 

no bending aerodynamic condition) but the bending condition resulted in 

greater changes in KJ and longer time intervals to return to conditions 

that existed before the disturbance than the no bending condition. 

The comparison of the reaction of the adapt ive loop to wind gusts for 

the various flight cases and aerodynamic conditions is shown in Table IX. 

A one degree change in the angle o f attack corres ponds to wind velocities 

greater than would be expected by the missile during the flight. The per 

cent change in K¢ for all flight ca ses and conditions is small, within 11 

per cent. The values of KS are returned to the undisturbed magnitudes 

while the gust is still being exper ienced for all flight cases and condi­

tions in small inte~Jals of time. The per cent change in K~ and the 

time interval to return to conditions that existed before the disturbance 

increase as the airframe becomes more flexible. 

The Reference signal is set so that if the dither signal source fails 

the value of K~ is increased to insure that the system will not become 

unstable. The comparison of the rates of change of K& for the various 

flight cases and aerodynamic conditions when a dither failure occurs is 

shown in Table X. The rate of increase of K$ decreases as the airframe 

becomes more flexible. 

The results of the investigation contained in this Chapter show that 

for the computer simulation of the dither system the performance of the 

adaptive loop deteriorated when the airframe became flexible. The adaptive 

gain is varied by actuator signals and wind gusts while the ideal system 

would have no variation of gain when e xperiencing disturbances. The 
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.z. .. -.hL£ IX 

the RE:.action of the Adaptive Loop to Wind Gusts 

I 
·-

Flight Case Magnitude of Change in Per Cent Time(seconds) Gain 
Aerodynamic Change in Ko Change in t o Return to Settoing 
Condition 3 Angle of K$ Orig inal KJ' in Adan -

Attack in tive Loor 
Degrees 

-1--·~-

t :; 20 -4.0 0.0 o.o 0 .025 
+4.0 c.o o.o 0 .025 

--
t = 75 - 1.0 +0.04 4.0 6. 4 .025 

+1.0 -0.1 10.0 6 . 4 .025 

t = 101. 9 - 1. 0 -0.4 1.7 2. 4 0.2 
+1.0 -0 . 4 1.7 2.4 0.2 

t = 200 -3.0 -0 . 6 10.7 11.0 o. 1 
+3.0 -0.6 10 . 7 14.6 0. 1 . 

Flight Case 
Aerodynamic 
Condit ion 1 

t = 20 - 1.0 0 .0 o.o 0 .025 
+1.0 0 .0 0 .0 0 .025 

t = 75 -1.0 +0.02 1.8 4.0 .025 
+1.0 -0.09 8 .2 4 .L~ .025 

t = 101.9 -1.0 o.o 0.0 0 0.2 
t l.O +0 .1 4 . 5 1.2 0.2 

t = 200 -3.0 o.o o.o 0 10. 1 
+3.0 0.0 0.0 0 0.1 

~ -
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1ABLE X 

Comparison of Rates of Change of the Adaptive Ga in for Dither Failures 

--
Flight: Case 
Aerodynamic Condition 3 Ks Increase Per Second 

t = 20 1.2 

t = 75 1.12 

t = 101.9 5.6 

t == 200 1.8 

Flight Case 
Aerodynami c Condition 1 

t = 20 1.2 

t = 75 3.8 

t = 101.9 6.2 

t == 200 3.2 
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variattons of gain for wind gusts we re small and were corrected during 

the gusts in a relati vely short period of time. The variations of gain 

for actuator signals were large for two flight cases and small for the 

remaining flight cases. The variations of gain were corrected during 

the signal in relatively shor• periods of time. The rates of change of 

adaptive gain were satisfactol ly based on the criterion of a constant 

rate of change of gain required between flight cases. By optimizing 

the gain of the self adaptive loop and properly shaping the adaptive 

gain pot the rates of change of gain could be increased, the variation 

in the adaptive gain due to actuator and wind gusts could be greatly 

reduced, and the time required to correct for disturbances could be 

reduced. 

3.5 Self Adaptive Loop. 

The importance of optimizing the gain of the adaptive loop was shown 

in Section 3.lf. For small perturbations the loop is linearized in order 

that a qualitative investigation may be conducted (8). The linearized 

loop with the Reference value as the input is shown in Figure 3.1. The 

Reference value is compared with the rectified filtered dither signal, 

and an error signal is fanned. The error signal crives the integrating 

servo with the output shaft positir- indicated by ¢ The adaptive gain 

pot has a transfer function of ~ which is the slope of the curve of 

K0 versus servo shaft position. The gain, Kef , is then mul tip 1 ied by 

the vehicle dynamics transfer function, 
•• 

d.e.. 
ol K& which is the slope of 

the Closed Loop Response Amplitude versus Ks curve at the Reference 

value for the particular flight under consideration. The resulting signal, 

•• 
9, is then fed back through the filter. The characteristic equation of the 
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loop is ..b' /'Ajf~'{v. .L) = - 1. The root locus is shewn in Figure 3 .1. 
~---· t-1-:.:~ "+ 'rF 

As the loop gain increases, the response oscillates. It was found dur -

ing the analog computer study that if the gain of the adaptive loop was 

increased beyond a certain value for a particular flight case that the 

Ks response would oscillate and a s the ga i n wa s reduce d the KS respons e 

became over damped. The observations of the study agree with the root 

locus. 

In order to maintain the adap t i ve l oop gain consta nt at the optimum 

value that is determined, the product o f the Adaptive Gain Pot transfer 

function and the Vehicle Dynamic t ransfe r fun ction mus t be a constant. I f 

t h e pot is shaped so that * i s the reciprocal of j#o a t t he value 

of Kc&' that the system selects fo r t he part icular f l i gh t ca se, the value 

of Kv will be a constant equal to 1. The sha pe o f the ga i n curve for the 

pot for aerodynamic condition 3 wi th a dither fr e quency of 30 r adians per 

second is shown in Figure 3.2 . 

In an actual design a fixed loop gain could be e stablished by varying 

KA and KF until a desirable time response was obtained for the servo out-

put shaft, and the gain of the K0 pot could be shaped as explaine d above . 

If the performance of the loop was not satisfa ctory a s t o t he rat e of gain 

change, the change in gain caused by disturbances , o r the time required t o 

correct the gain after a disturbance, compromises wou ld have to be made . 

The slope of the gain curve could be V€ried t o imrrove t he pe rformance. 

In va ry ing t he s lope, howeve r , Kv would vary and the a dapt ive l oop ga in would 

no l onger be a constan t fo r a fl ight. A varying Kv woul d vary the time 

response of the servo shaft, and the pe rfo rmance of t he loop would be af-

fected. A different dither frequency with its corresponding Reference 

va lue could vary the shape of the gain curve resulting in the satisfactory 

pe rformance o f the loop. Optimum setting of the loop gains and shape of the 
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gai~ ~~rvl f~r tbe K~ ~ot could be dete r mi ned by a t ria l and error procedure. 
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CHAPTE R 4 

CLOSED LOOP RE SPONSE AHPLITUDE AS A CRI TE RION FOR CONSTANT DYNAMIC RESPONSE 

4.1 Int roduct ion. 

The object of this Chapt e r is t o determine f or t he dither system the 

accuracy o f evaluating t he dynamic performance of a va riable parameter con­

tro l system - a f l ight cont rol system - by the amp l i tude of the closed loop 

response . A di t her s i gnal is used as an input to t he system and is varied 

by the dynami c cha racter istics of the system. The dynamic characteristics 

are t hen eva lua t ed by the comparison of the amplitude of the dither signal 

with a fixed leve l Reference signal which represents the de s i red dynamic 

characteristics . The opt imum dynamic performance of the system under in­

vestiga t i on wa s de f i ned in Section 2.3 as a damping ratio of the short 

period mode of 0.7 with a minimum variation of the natural frequency. 

Therefore, t he accuracy of evaluating the dynamic performance by the ampli­

tude of the c l osed loop response is based primarily on the accuracy of 

evaluating the damping ratio of 0.7. 

The Re ference signal values for dither frequencies of 20 and 30 

radian s pe r second were not determined for an average damping ratio of 0.7 

for the fli gh t for the computer simtla tion discussed in Chapter 3. The 

Reference values used, however, resulted in approximately equal average 

damping ratios for the flights, but the maximum variation of the damping 

ratios was twice as large f or the dither frequency of 30 as for the frequency 

of 20. The maximum variation of the damping ratio s of a flight also differed 

with the flexibility of the airframe and with the consideration o f variable 

fuel load . The effect of varying the dither frequency~ o f i nc r ea sing the 

flexibil ity of t he airframe, and of varying the cente r of gravity on the 

accuracy of t he per formance evaluation will be determine d in this Chapter . 

The r esult s of the inves t iga t ion will permit the se l ection o f the Reference 
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signal Vdlue and the dither frequency~ or frequencie s ~ which result in 

t he optimum variation of the damping ratio and natural frequency of the 

short period mode from the desired system dynam ic performance. 

The investigation was conduc ted principally from an empirical view­

point although some analytical verification is included in Appendix C. 

Aerodynamic Conditions 1, 2, 3, and 4 and Flight Cases t = 20, 75, and 

101.9, which are described in Section 2.4, are included in the investigation. 

Flight Case t = 200 was not inc luded because the sensors are located in a 

different location than the sensors for the other cases. The performance of 

flights evaluated from cases that are measuring the reactions of the systen 

at different positions in the airframe was not considered a true indication 

of the capabilities of the dither system. Therefore, the performance of 

flights are evaluated in this invest igation with only flight cases that 

are measuring reactions at the same airframe position. Application of 

the results to a general variable parameter system is discussed in Section 

4.4. 

4.2 Procedure. 

The investigation of the effec t of varying the dither frequency on the 

accuracy of the closed loop response amplitude in determining the damping 

ratio of 0.7 was conducted using c~ses t = 20, 75, and 101.9 as representa­

tive of a typical flight. The dither frequency was varied in the range 

from 0 to 40 radians per second. The upper limit of 40 radians was select­

ed because available actuators will not respond to higher frequencies. For 

various frequencies in the dither range of each of the four aerodynamic 

conditions Reference signal values were determined which resulted in an 

average damping ratio during the flight of 0.7. At the Reference value for 

a particular aerodynamic condition and dither frequency the maximum varia­

tion of the damping ratios during the flight was determined. Plots of the 
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maximum damping ratio varLHion,~!J, versus the dither fre quency 1 11.1 

were then made for the four aerodynamic conditions. The procedure employ­

ed in determining the Reference value and the maximum damping ratio varia­

tion will be desc ribed by the use of a typical example. A dither frequency 

of 22 radians per second and aerodynamic condition 3 will be used for the 

example. 

Root loci for the three flight cases were determined for aerodynamic 

condition 3 using a Recomp II digital computer. The damping ratios, cf 

of the short period modes associated with the adaptive gains , K& , were 

determined from the root loci, and plots of$ versus KJwere made for the 

flight cases as shown in Figure 4.1. The amplitudes of the condition 3 

closed loop transfer functions were evaluated at the dither frequency of 

22 radians per second for various values of adaptive gain. The plots of 

closed loop response amplitude versus adaptive gain for the flight cases 

are shown in Figure 4.2. A graph of the damping ratio versus flight case 

\\C'.s constructed as shown in Figure 4. 3. The procedure used in establishing 

the closed loop response amplitude which would result in an average damping 

ratio during the flight of 0.7 was as follows: 

1. An amplitude for the closed loop response was selected, and 

the values of Ks corresponding to the amplitude were determined for the 

three flight cases from the Amplitude versus KS plots. 

2. The values of the damping ratios corresponding to the values 

of Kt , which resulted from the selected amplitude~ were determined from 

the d versus KJ plots. 

3. The values of damping ratios were plotted on the damping ratio 

versus flight case graph. 

4. If the average of the three damping ratios corresponding to 

the same closed loop response amplitude was not 0.7, a different response 

amplitude was selected. Steps 1 through 4 were repeated until the average 
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damping rati o was 0 . 7. 

When the closed loop response amplitude which resulted in an average 

damping ratio of 0.7 was determined, the difference between the maximum 

and minimum value s of the damping ratios for the three flight cases was 

taken as the maximum variation of the damping ratio 9 LJ$ , during the 

flight for a dither frequency of 22 radians per second. The maximum 

variation and dither fr equency were plotted on the ~& versus Ul graph, 

shown in Figure 4.4, for aerodynamic condi tion 3. The procedure was 

repeated for various frequencies for the various aerodynamic condit ions 

to construct the .D.&' versus U/ plots for the dither frequency range. 

The optimum dynami c performance was defined as a damping ratio of 0 . 7 

with a minimum variation of the natural frequency. The procedure that has 

been described de termined the variation of the damping ratios with varying 

dither frequencies while maintaining an ave rage ratio of 0.7 during a flight. 

The procedure that will be described determined the variation of the natural 

frequencies of the short period modes with varying dither frequencies while 

maintaining the same average damping ratio as that used in determining the 

damping ratio variation. The reference for determining the damping ratio 

variation was the defined optimum performance ratio of 0.7. The reference 

for determining the natural frequency variation was selected as the average 

natural frequency of the short period modes of the three flight cases at the 

damping ratio of 0.7. The procedure employed in determining the natural 

frequency variation will be described by the use of the same example that 

was used for the damping ratio variation : namely , a dither frequency of 22 

radians per second and aerc~ynamic c0ndition 3. 

The natural frequenci es of the short period modes at a damping rat io 

of 0.7 were determined from the root loci f or the three flight cases . 
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The three frequenc1.es \Jere ::tve r aged to dete rmine the reference. na t ural 

f r equency for condition 3. The as sociated adaptive gains, KG , a nd 

nat ural frequencies, W n, of the short pe riod modes were dete rmine d from 

the root l oci, and plot ~ of 1Vh versus K~ we re ma de f o r t he flight cases 

as are shmm in Figure 4. 5. The procedure used t o determine the frequency 

variation was as f o l lows : 

1. The c losed loop response amplitude which r es u lt e d in an 

average damping ratio of 0.7 for the flight wa s determined from the damping 

ratio versus f light case graph for the dither f requency o f 22 . 

2. The adaptive gains for the flight cases which correspond to 

the amp l i t ude which resulted in the average damping ra t io of 0.7 were deter­

mined from the Amplitude versus K¢ plots. 

3 . The adaptive gains determined from the Amplitude versus K; 

plots were used to enter the WrfVversus Kc:fplots to determine the natural 

frequencies of the three flight cases. 

4 . The three natural frequencies were averaged. The reference 

natural frequency \vas then subtracted from the averaged frequency to 

determine the natural frequency varia t ion for the dither frequency of 22 

radians per second. 

The natural frequency variation, L w~ ' was plotted on the l~ Ul~ 

versus U/ graph which is shown in Figure 4-6 for aerodynamic condition 3. 

The procedure was repeated for various frequen c ies o f the various aerodynamic 

conditions to construct the b.U(,versus '2l/plots for the dither frequency range. 

The plots of b.~ versus W and /::...21/hto- versus W for the four aerodynamic 

conditions will be used in Section 4.3 to determine the accuracy of the 

closed loop response amplitude as a criterion for constant dynamic response 

and the effect on the accuracy of varying the dithe r f r e quencie s , increasing 

the flexibility of the airframe~ and vary i ng t he center o f gravi t y. 
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4.3 Results of the E.ll1""Uical Investigation. 

One of the basic operations, which arP dlSCuss-d in Section 2.1, 

of an adaptive loop is the continuous measurement ~f che system dynamic 

performance . The measuring method must have o r~g!igible effect on the 

system response signal. In the dither self adaptive flight control system 

the measuring me~hod involves a dither sig~a1~ ~nd the important system 

response signal is the short period mode response. The pJssible frequencies 

of the short period mode response are never gre~ter than 1.5 radians per 

second for the cases and aerodynamic conditions considered. To insure 

that the dither signal does not interfere with the short period mode re­

sponse the lower 1 imit for the dither frequency range \l.'d.S set at 10 radians 

per second. The upper limit was previously set at 40 radians per second 

to conform to the characteristics of availab le actuators. 

The effect of varying the dither frequency, increasing the flexibility 

of the airframe, and varying the center of gravity on the accuracy of evalu-

ating the specified damping ratio is shown in Figure L~.4. The b.£ versus 

UY plots are based on the requirement that an average damping ratio of 0.7 

is maintained for the flight. The accuracy with which the damping ratio is 

evaluated for aerodynamic conditions 1 and 2 is independent of the dither 

frequency in the range from 10 to 40 radians per second. rhe damping ratio 

for aerodynamic condition 1, which is the rigid airframe cond ition~ is very 

accurately evaluated with a variation of 0.06 between the high and low values 

of the damping ratios during the flight. As the airframe becomes flexible 

by including the first bending mode» aerodynamic condition 2 ~ the accuracy 

decreases. The variation of the damping ratios f or condition 2 is approxi­

mately 0.15. As the flexibility of the airframe increases by including bend­

ing modes 1, 2, and 3 but eliminating mode 2 by a bend1ng mode cancellation 
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method, aerodynamic condition 3, the accuracy of evaluation the damping 

ratio depends on the dither frequency. A difference in the variation of 

the damping ratios for dither frequenc ie s of 20 and 30 rad~ans per second 

was determined in the computer simulation, discussed in Chapter 3, for 

this aerodynami c condition . The average variation of the damp ing rat ios 

for the dither frequency range is approx imately 0.24 with a minimum va ria­

tion at a dither frequency of 23 radians per second of approximately t he 

same magnitude as that for a rigid airframe ~ namely~ Oo06. If bending 

modes 1, 2, and 3 with bending mode 2 eliminat ed by a frequency tracking 

and notch filter method and a varying center o f gravity in the form o f a 

slosh mode are inc luded in the airframe equations~ the accuracy of eva lua­

ting the damping r atio is independent of the dithe r frequency from 12 to 

35 radians per second. The variation of the damp ing ratios for aerodynamic 

condition 4 in t he 12 to 35 frequency range is approximate ly 0.435. For 

dither frequencie s greater than 35 the variation decreases and is 0.375 at 

a frequency of 40 radians per second. The different methods used in e liminat ­

ing the second bending mode in aerodynami c conditions 3 and 4 re sulted in 

large differences in the values of the real parts of the zeros associated 

with the third bending mode of the airframe transfer function as is discussed 

in Section 3.2. The zero f or the third bending mode for condition 3 is close 

to the imaginary axis while the zero for cond ition 4 is not. 

In summary, the frequency in the di ther range has no appreciable affect 

on the accuracy of evaluating the damping ratio for aerodynamic conditions 

1, 2, and 4. The accuracy depends greatly on the choice of the dither fre­

quency for condition 3 with the magnitude of the variation varying from t he 

small values obtained in condition 1 to the large values obtained in condi­

tion 4. The accuracy decreases a s the airframe becomes flexible and as a 
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vRry1ng center Jf gr2vity is included. The largP var1ations of condi­

tion 4 could bP rcJuced ly using an average damping ratio of greater 

than 0.7 for the f l ight because for l arge damping ratios the amount o f 

change o f ga in pe r unit change in damping ratio is greater than for small 

damping ratios as is shown in Figure 4.1. 

The effect of varying the dither frequency~ increasing the flexibility 

of the airframe, and varying the center of gravity on the natural f r e­

quency variation is shown in Figure 4.6. The variation of t he natural 

frequencies for aerodynamic conditions l and 2 is independent of the dither 

frequency in the range from 10 to 40 radians per second. The var iation for 

condition 1 is approximately 0.034 radians per second and for condition 2 

is approximately 0.123. The reference natural frequency for condition 1 

was 1.355 radians per second and for condition 2 was 1.185. The variat ion 

of the natural frequency depends on the dither fr equency f or aerodynamic 

conditions 3 and 4. The average variation of the natural frequency for 

condition 3 for dither frequencies in the dither range is approximately 

0.068 radians per second. At dither frequencies of approximately 23 and 

24 radians per second there are no variations. The average var iation of 

the natural frequency for condition 4 is approximat ely 0.06 radians per 

second with a minimum variat i on of 0.028 at a dither frequency of 40 radians 

per second. The reference natura l frequency for condition 3 was 1.225 

radians per second and for condition 4 was 1.51. 

In summary, the variation of the natural frequency does not depend on 

the dither frequency for aerodynamic conditions land 2 but does depend on 

the dither frequency for conditions 3 and 4. The variations were small for 

all conditions 'vith 10 per cent of the corresponding reference value being 

the maximum variation determined. The effect of the fl exibi lity of the 
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airframe and of a varying center of gravity on the variations of the 

natural frequency is not clearly ind i cated. The magnitudes of the average 

varia tions of the natural frequencies for the aerodynamic conditions varied 

from large to small in the following order: condition 2~ 3, 4, and 1. 

The invest igation of the variations of the damping ratios and natural 

frequencies was conducted with the amplitude of the closed loop response 

selected to result in an average damping ratio during the flight of 0.7. 

Since the defined optimum performance o f the system was a damping ratio of 

0.7 with a minimum variation of the natural frequency, the optimum dither 

frequency, or frequencies, for each of the aerodynamic condit ions was 

determined on the basis of minimizing the variation in damping ratio and 

natural frequency. The error criterion used to det ermine the minimizat ion 

of the variation in damping ratio and natural frequency was JLJ.Jb.+/J,.UJ!; 

Plots of !J.[, versus LJ.W~ are shown in Figures 4. 7 through 4.10 for four 

aerodynamic conditions. The optimum dither frequenci es selected for the 

aerodynamic conditions are shown in Table XI with the corresponding erro r 

criterion value, the variation in the damping ratio ~ the variation in the 

natural frequency, and the Reference signal value . Two dither frequencies 

with different error criterion values are listed for condit 1on 4. The dither 

frequency of 40 has the lower criterion value, but the Ampl i tude ve r sus KJ 

curve for that frequency has a very small slope at the Reference value which 

would require a very accurate setting of the Reference signal. The dither 

frequency of 36 has a larger slope and would be the preferred frequency if 

the system was actually mechanized. 

The Reference signal v~lues listed in Table XI are equal to the closed 

loop response amplitudes required for an average damping ratio of 0.7 for 
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TABlE X .il 

Optimum Dither Frequencies and R t~c P~ Values 

AerodynAmic Optimum En or Variation Variation Reference 
Condition Dither Criterion h in Signal 

Frequency Value [,_'Yf:Le:_ Natural Value 
or Rati'"" Frequency 

Frequencies ~ 1\ad/Sec.) 
(Rad/ Sec.) 

Condition 1 10 0.56 

I 26 0 . 068 0.1)6 0.032 0.485 
1 40 0.42 

Cond ition 2 10 0.835 
12 0 .1 9 C.l:S 0 . 118 0 .79 
26 0.7 

Condition 3 22 0.105 0.095 0 . Ol~ 7 0.1+3 
' 

Condition 4 40 0 . 375 0031) I 0.027 0.993 
36 0.405 Ou4::5 

l 
0.028 I 0.975 
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t hl' f ll ' i-t :due o f 

the dither input si~~n3l th:! tht: g-1ins -,[ tb t l ~ nd re~tlficr in the 

adaptive loor are equal to unity. If the ~alL~S ~r~ n~t unity, the 

Reference value listed must be corrected bv being multiplied by the pro­

duct of the half cycle av8rage of the filter, and the gain of the rectifier. 

4.4 Application of the Results to a General Case~ 

The objec t of this section fs to formulafr,e: a pr.>c:edure: Lrom the empiri­

cal results discussed in Secti0n 4.3 and from the analytical verification 

contained in Appendix C to facil itat e the rapid s~l~ction of the optimum 

dither frequency. The selection will be besFd n minimizing the damping 

ratio variation. Once the dither fr equency or area 0f freq~encies 1s 

selected) the procedures of Section 4 o2 can b~ used for the frequency t o 

determine the Reference value and the magnitude of the damping ratio varia~ 

tion for the average damping ratio des ired for the flight. 

The dither range is established by selecting th~ loNer frequency limit 

five or more mu ltiples greater than the maximum short period frequency to 

eliminate coup ling. The maximum frequency of the short period mode can be 

approximated by the square root of the sq~are of the rPal and imaginary 

parts o f the zeros of the Inverse Model. The upper limit of the range is 

fixe d by the actuator requirements at 40 radia~s par second. 

The assumption is made that the control systfrr will be investigated by 

a point study of the flight trajectory. From the root loci shown i""i Figure 

4.11, it is noted that the open loop pol es associated with the bending modes 

remain relatively stationary during a flight but that the ~pen loop zeros 

associated with bending modes move during the flight f rom smaller to lrtrger 

values. If slosh modes are temporarily ignored. ch: effect th2t ~h: varying 

val·.1es of the bending zeros hav-e on the shc·rc. pt·Ii"d m:J·de is t::., vary the 

shape of the short period characteristic. The bending ZPr s must be in the 

13 
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1.he fli:,ht 

imaginary part 1 whic1! is the e.s;rHest fJ 1ght 

ppr 1~blF effect 

w.,~ ~~e sm~Il~st 

~s1d~red ~fter launch, 

results in a short per iorl chaca(.teri&ti: wr'l-h 'b s a. 1.arger adapativ8 gain a.t 

a particular damping ratio than any of the other cases. The open loop po l e s 

and zeros associated with the short peri~d &pp~-> 4 r-~l~~ ~Is~ ~ary during 

the flight, but it is assumed that rhe variati~~s 3r~ ~~rligible compa r e d 

to t he variations of the bending zeros. ThP val~es of adaptive gain a t a 

particular damping ratio decreases as the imagin~ry part of the bending 

zero increases. The adaptive gains for a particular damping ratio are. 

therefore, inversely proportional to the t~me in flight. The dither s ys tem 

maint ains the amplitude of the closed loop response c·nstant during a fli gh t. 

A constant amplitude results whe:n the product of the ada_ptive gain and t h e 

dynamic gain remains constant. The dynamic ggin is the gain associated wi t h 

t he v eh icle dynamic characteris t i c s. In order to have a minimum varia t ion i n 

t he damping ratios, the product o f t h e dynamic gain and the adaptive gain 

co rresponding to t he desire d da mping ratio must be approximately constant 

d ur i ng t he f light. Since the a dap t i ve gain varies inversely with the time 

in fligh t , the dynamic gain must vary directly with the time in flight fo r 

the product to be a constant. If the d tther frequency is sElected close 

to a bend i ng zero of the initial flight casL the dynamic gains will vary 

directly with the timP in fl igh t. Th e herding ze-xa rr.ust haw: a value with 

a sma ll rea l part and an imaginary part in the dither range" 

I f the value of the bending zero has an imaginary part in the dither 

range but a large real part~ the selE"ction c.f the dither freque:nr.y for 

optimum damping ratio variation is independent of the position of the zero. 

The value of the dither frequency does not appr~ciably ~ffPct the dynamic 

;s 





.'~ 1. r .a ~ L 1 v 1.. s ~ :- 2 '11p 1 g 

t he fUgh · Lbt: b(nding ,~,()nf s dr• result in -..· _, 

for the same damping rario. Since th0 V61 

not resu lt 1n dynamic gains vary1ng inversEly 

L-

t..._ . ...,s 

.. r 

the 

x:? 

nE 

ca.: '1.£ r 

short 

:rdo Dur ing 

o.ciapt. fve ga ins 

fre: '-i uency can 

period gains~ 

l arge variat i ons in the damping ratio may result. The requirement o f de t er­

min ing when t he rea l part of the value of th'L btndirtg zt:ro is large o r small 

can be e limi na t e d by a lwa y s se l ecting the v ..-, 1Jo."' .l)f th.il? dither· frequen cy 

c l ose to the imag ina r y part o f the bend ing zer~ of the initial f light ca se . 

I f bendi ng zero s do not e x i st in thE' dh .. be.c re;.,ge~ the optimum da mp­

ing rat i o va r iat ion i s independent of the sele~tiJn af the dither f r equency . 

The value o f t he dithe r frequ ency can not vary t~e dynamic gain to result 

i n adaptive ga i ns which co r respond t o the values required f or cons tant short 

perio d damping r a tios . The var iation s in the adaptive gains of the short 

period modes f o r the same da mping r at io increase a s the numbe r o f bending 

modes in c r ea s e ; a nd t herefore~ t he magn i tude of the damp ing rat i o var iation 

wou l d be expe cted to increase as the number o f bend ing mode s i nc rease. 

Slosh modes may have an i mportant effect on t he dynamic pe r f o rmance 

o f the syst em for some airframes" Slosh mo de s woul d have a negligible 

effect dur ing t he initia l a nd f i nal phases cf the f ligh t becau s e t he fue l 

t ank s are then app r oximately f u ll or empty. ThE" s losh modes woul d :1 ffec t 

the middl e phase o f the fli ght. If the s losh mode frequenc i e s are c lose 

to the s hor t per i od frequenc ie s ~ the s hape of the short per i od characteristic 

cou l d be appr eciably varied for the middle flight ca seso The shape o f t he 

characteristic wou l d not be affec ted for the initial and f inal flight ca s e s . 

The l arges t adaptive gain for a particular damp ing r~tio would be f o r the 

mi ddle fli ght case which is most affe c ted by the s l osh mode s . The dynami c 

gain would have t o be r e duced by t he se!ccticn of a dither frequency for 
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t 1 1 l ~ r ,. t s 1· <_ .. ldA.g adaptive 

68 ir· d ;:\ ;;Jl £1' i' i lr ~. o) c1 K t I 1 s ,-_ c ·ed _ t\ dHher 

frequc>ncy at '\:_'lll!t. ('""P 11 t ,.., t.h. ~si••-l!t a-l ... ::.. ' :"~...- .lLT!c;., Z>:r_ cf the 

middle case l-.•111 rr•dou~ the ~v ·~'Ill,(' g;.'jin :r t'f-:€: real part r;t the zero is 

small. The dither frequency EElectPd. how~~er sh0uld be betw~en the values 

of the imaginary parts of the bending zero cf t~~ initial c~s~ &nd the bend­

ing zero of the middle case to resullt u a srna] 11 d8'F1p:ng rati ]I ·va:t'i3tion 

throughout the entire flight. The exact fr£q~en.y in the area would have to 

be determined by the procedure in Section 4o2. 

In summary, the selection of the optimum dither frequency is as follows~ 

1. If no bending zeros exist in the dither range~ the value of the 

dither frequency is not restricted. 

2. If there are no important slosh modes in the system but if 

there are bending zeros in the dither range, the optimum frequency is close 

to the imaginary part of a zero associated with the initi~l flight case. 

3. If there are important slosh me>ce:s in th-e system and there are 

bending zeros in the dither range~ the optimum frequency area is between the 

value of the imaginary part of an initial flight cas~ zero and the imaginary 

par t of the zero of the ~iddle case wh i ch is most affected by the slosh modes. 

The dither frequency must not assume a val.u:e that is close to the value 

o f the i maginary part of a pole which is adjacent to the imaginary axis be= 

caus e the adaptive gain change pgr unit amplitude of the closed loop re­

spon se is large. A large gain to amplitude ratio requires a very accurate 

sett ing of the Reference value. 
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CHAP ... E:R J 

CONCLUSIONS 

The conclusi ons from the results of the investigation are !S fol lows: 

1. The dither adaptive loop employs a sing le pa rameter to control 

basically a single dynamic character istic of the system. The paramete r of 

the loop is the c l osed loop response ~mplitude and the characteristic con­

trolled is the damping ratio. 

2. The components of the loop are simple to mechanizes but a prior 

knowledge of the airframe dynamics are required to select the dither fre­

quency, Reference value, and the shape of the gain curve for the adap tive 

gain pot. 

3. The adaptive loop will adjust the adaptive gain to partial ly 

correct for the varying dynamic characteris tics of a flexible airf rame if 

the dither frequency has no coupling with a bending mode. The accuracy 

of the correction in mainta ining a constant damping ratio is the inherent 

accuracy of the Amplitude Closed Loop Response Criterion. 

4. The adaptive loop makes satisfactory corrections of the adap­

tive gain for disturbances. A further investigation into the gain curve 

shape for t he adaptive gain pot and into the optimum lo,Jp ga.in is required 

to verify that an actuator signal will not cause an unsf-tisfactory va riation 

in the adaptive gain. 

5. The Amplitude Closed Loop Response Criterion does not re sult 

in a constant damping ratio. The var iat ion of the damping ratios increases 

as the desired average damping ratlo de creases. as the airframe flexibility 

increases , and as the variation of t he center of gravity increases. If 

78 





frequencies in the c~i.tbt r r~1nge greatly affect the amplitude of tht vehic l e 

dyna1~ic r esponse, the VRr[ations of the damping ratios can be appreciab ly 

reduced by t he proper selection of the dither f requency. 

6. Hhcn the damping ratio variation varies \vith the dither fr e­

quen cy , t he minimum natura l frequency variation occurs at approximately t he 

s ame d ithe r frequency as the minimum damping ratio variation. 
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ThC; . 1erndy11.-11T!::..•~ .. "quat:ions for the missile we:re cbtained from the 

Autone t ics Division of North American Aviation. The equations are two 

degree of freedom sh~rt period ~ode approximation s with three bending 

modes and one fue 1 s 1 'JSh mode included, 

D<. = A,rx + B, etc, e T o,i, + E,J, + F, d
1

A + GJd~ +Hid~ t­

Il d3 t;;; /Jr + KJ.hLox +- L, A 1..H + "'h Jr 

e = A~e< t /~:Jet c~ ci', -rD~d, tE~ cl~ tF:J.J~ 1- G~ d.~ 1- ~-~~d.?.+­
I:<~r ~ r..~ LJ'-ciX 1- k!!Jb L. H -.1-L.!) Jr 

J; = ~ o< f Ba S t CJd, -J- D.Jcd, + E3d.cP. t FJ d ~ + G-3 J3 r J./3 d3 + 
T 3 4r + J3 .6. LaX + kJ ~LH + L.3 Jr 

, ~ ,. .. . . 
d~ = A~o< + B4 e + C ~d, t 04 d, + Eq.JA. + F4 d~ + G-'+cl3 + Hlfd 3 +-

I4lJr+-JttL1~.ox + ktt4LII + LJJJ'r 

d.J = A~o< +- Bs e -r c.,d; + Os d, + £s- J~ +fs cl J. r G-5 d~ + Hscb -r-

Ts-IJ.-r +JSLJLD)< f f\t;'b.LH + L5J'I 

l1 = A6cz ~ B~ e + c.0e .,.. o6J; + £6J, + F6d, + GG d~ + H' J~ + . ~ . , 
I6J~ t Lf6 dJ + f(l; cl_; -r L bd3 + M6 ~r-t- th!J~ +O,~~..Dx+ ti!J~..H+ Q6Jr .. ., ,, - ,, .. 

ALoX=A7ri-.-+-B7e+c7e+ 07cJ, t-E7d,+F,drtG,d~+H,d~ +-T7dd -t 

J7d; + k1d~ + L7d.E f M1b.I+ t/1 tl~ox t O,L:noX + ~I.JLH + Q7 cfr 
~" •' •• • "' • #~ 

~ LH = A ~d.+ 8&8 tCg9+Do>d, + E8 d, + F8d1 t G-s J~ + HeJ~ + I8d:J. t V8d:.+ 

K ~ d.3 r L g d 3 + /Vle Lli + t/g ~LoX t 0 e Jj 1-11 +- Pt> ,6 1...1-1 +- Q 8 Jr 

ec;. ~ e +-).., d, + ~~d~ + )~d.3 
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he 1. 

CJ-_ d. . ~ l E: ) f '' t t . I i ll degree s 

e p itc.h angle in degree s 

d, firs t hencling mode i n feet 

d~ second bending mode in feet 

ds third bending mode in feet 

8 c;. - pitch ang le fl S measured by position gyro 

L.l r f i r st ign i tion fuel slosh mode in f eet 

/).;_ox- fi r s t liquid oxygen slosh mode in feet 

b. LH f i rst liquid hydrogen slosh mode in feet 

Jr thrust contro l deflection in degrees. 

t-20 t- 75 t-101.9 t -200 

At - .06 ~ - .0489 - .0336 -.0236 

B, 1 1 1 1 

c, -.158 ~ .. 0226 -.0103 e0074 

o, 0 .001 23 .000229 .00015 

El 0 .0337 .031 -.061 

F, 0 - . 000886 -.000167 -.00019 

c, 0 -.0461 -. 0154 -.185 

H, 0 .00 1108 .000214 .00014 

I I 0 .0940 . 0346 - .047 

J, . 0567 .0289 0 0 

K, .058 .0298 • ot~22 -.039 

L, .0049 7 . 00255 .00362 -.0027 

H I .222 .0565 .0378 .02 

A:;. 0 . 0217 . 0159 1. 65 

B.:2 0 -.00156 -.000519 -.038 

C.;~. 0 -. 00204 -.000813 -.055 

f '> 





1.. 2() ; 1 'S t ·l01. 9 t - 200 
-· 

J ;,L () 0515 -. 0386 - 31.92 

E~ 0 00168 . 000664 ,042 

F:~ 0 .071 .0552 -12 .73 

G:J. 0 .0021 3 -. 000792 -. 024 

H~ 0 -. 163 -.127 -28.33 

I~ .00316 . 248 0 0 

J :.J. -.0048 -.00716 .001 93 -3.8 

K"~ -. 00091 9 -. 00205 -. 00482 . 01 2 
""' 

L~ . 0485 . 0814 . 157 2.28 

A3 0 401 . 213 0 32 

B.3 0 -. 0294 - . 00723 -.012 

C,J - . 163 -. 205 - .175 -.59 

D3 - 66.5 -6 7. 3 ~ 66.9 -761 .46 

E3 0 . 0348 .00981 .023 

F3 0 1. 39 .821 16.34 

G3 0 -. 0482 -.0 125 -.0013 

H3 0 -.3.24 -1.83 6.0 

I3 .137 ~. 0414 0 0 

J-3 . 131 , 298 .634 3.08 

KJ - .OOP-01 -. 0182 - .0389 -.128 

L .. ' L 
.. , -1.79 -1.86 -· ~ 

A4- 0 -. 288 ~.ISS -.39 

Blof 0 . 0243 .00591 .009 

elf 0 . 0348 .00981 .023 

Dij. 0 . 708 .384 13.82 

E~,.l - .43 -. 463 - . 439 ~.96 

F~,.t -462 -1+63 -463 - 2169 . 63 
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I 

GLt 

T1+ 

Iy 

J ~I· 

K,I-

LI.f 

A5 

BS" 

cs 

DS' 

• 'i . 

0 

0 

. 21 

-.224 

-.0112 

-1. 57 

0 

0 

0 

0 

ES"' 0 

F.;" 0 

Gs -.832 

H~.... - 1730 

IS"' -.0182 

• 0371+ 

.0288 

-1. 57 

-2.3 

3.4 

-6. 95 

r 75 

2.8~ 

.37 3 

-.5 1 

-.0255 

-1.78 

.36 

-. 0308 

-.0482 

-. :.. 18 

.0469 

1. 27 

- .906 

- 1734 

.476 

.085 

.0655 

-l. 78 

-2. 3 

3.4 

- 6.95 

t-101.9 

• 0 121~ 

1. 53 

0 

-1.086 

. 0544 

-1.79 

• 199 

-.00704 

-.0125 

-. 43 

.0.24 

.584 

-.852 

-1732 

.18 

.181 

-.14 

- 1.79 

-2.3 

3.4 

-6.95 

t-200 

.015 

12.66 

0 

3.78 

-. 1l~6 

-2.4 

. 28 

-.0052 

-.0013 

10.24 

.015 

12.7 

-1.49 

-5351. 8 

0 

3.52 

.018 

-2.18 

0 

3.4 

0 

The magnitudes of the rema ining coefficients were not available but are 

included in the trans fe r functions. 
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I 1 I. l 
' 

·~ t u:n s e and C>( \vi 11 be shown. In format ion 
. , . ' ,, .. '. . . 

lt i 1H~ 
..) 

iS[ if. , <:1 t i, ;n (1 f the dl s d~ j dJ ~ b.z ) fJ. LoX and b.t..H 

equnli·JI1' 1s containc•l in ,<efere nce 10 . 

Frf1!1 ~·1e\·, t l)l1 
1 ~ second ln\v of motion. 

i.Fp6 = r..v?-- ~ iF7 ::: (l • .-7 ...t: ·--
~ 

(l) 
f..F~ 1)1.,,...,., ::: (b;Y ;;r;? 

~L ::. .ih¢- -r .t(wxh) 
(2) die 

£M = ~ +j(~x~) ,. I{_. cihA/ ~L(wxh) .z. - dZ. 

\vhe re f. r;p J ~ F~ are the forces in the x, y, z directions of a 

right hand system of Cartesi.:m axe s fixed in space; where £L~ ~ M, Z:.N 

are the n-cw·ent s about the x, y, and z axes; where are 

the moments of momentum about x1 , y1 , and z 1 axes which are fixed to 

' and~(wxh) arise from the airframe; \.Jhere .P(wxh)Jj('Wxh) 
the angular veloci t y 1V o f the x

1 
y 1 , and z1 axes with respect to 

the x, y , z axes; Hhere a~ , a~ , are the accelerations in the 

x, y, and z directions ; and where m is the mass of the airframe. 

The absolute acceleration of a body with respect to x~ y, z axes is 

-
a~=~ +wxv 

-where V is thP instantaneous linear velocity and W is the angular velocity. 

£'L-:_ u + v-r- w tl;C 

WXV = (Q~!-Rv)i, +-(RU-PVI)jt(PV-cyu)..J, 
where P, Q, and R are the angular velocities along the x~ y, and z axes 

respectively and U, V, a nd W are the linear velocities along the x~ Y~ a nd 

z a~es. Th~ components of the acceleration are then 

o .... ~ -:: Llt-9W-RV 

8 5 





I 1 ~ ~ + RU- PW' 
o.,7 ::; ~V t· PV- q U 

Substituting the components of acce l eration in t o Equation s 1 and c onside r -

ing t he mass as a constant the equations become 

( 3) 

.t F~ == /Yf'1/( u -r Q W -· RV) 
t F1 =a~(v+RU-Pw ) 

z F2 == l"i~- Cw +- Pv- c;;u) 

Th e components of t he moment o f mome ntum a re calcula t ed f r~m summi n g the 

moments of the velocity vec t ors abo ut e a c h a x i s and multiplying by the mass d mv, 

( 4) 

\vhere 

h.?-= PI1-~- QI.~I- Rl1--y 

hi = Cf7r r RI7Y ~Pr 7 
h:r-: RI~y-Pit;/ - 9I~y 

a nd I -t--7 = 5'~--J ~~ . 
XY and XZ are assume d pla nes of s ymme try, and therefore 

:: 

(5 ) 

(6 ) 

Since 

Equa tio ns 4 become: 

h1- ~ P11*-~ 

hy =Q17/ 

hy ; RI~,r 

~ :: PI?-~ 
' 

~ =- 9111 
4:jg: ~ A 1 :t-Y . 

Equ~tions 2 wi th Equa t ions 1 and 6 substituted become 
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(7) 

- L"' Prh'--t QR(rn -r71 ) 

{ M:: QJ77 -t PR (T?-t- - T;yy) 

2. w"' A IJ-rt Npcr77 - r #-) . 

The forces indicated by the left terms of Equations 3 represent the 

summation of aerodynamic, thrust, and gravity forces. The gravity forces 

are shown below and their derivation can be found in Reference 9. 

(8) 
:: (-~fL..r-4-{~ eo)c,q,:... e~ r -r (mvd'~eo~· r/)o) 

(-l)Cl, e ~/ f- Cm.;;v ~eo Ct.KV (/Jo) ~v e 

= (~ ~~~l/r~l/e(J)(c~lf~~ve-_4l~Lf ~ rj )t-
(mt/.- c~eo4t~f}o)(~Y'~et~v tfAt;rl; e.&?;o/ rf)-r 
(/In?. ~.; e(J Cqtvr/o )( ~ e .4JI~/ r1) 

F yy = (-~Jr-~~/ eo) (c.(l"'V Lf_~;~/e Cb<U rj) + ~- Y'.4~v·' rf )+ 
( ffA/r c~/eo.d~u-"~)~~tf#),/e~r;- ~Lfpt-~vr/)-r 
(~7!/ ~eo~ r/c) (~/e~·t!). 

where m is the mass cf the body; g is the acceleration of gravity; t7; ~ 

and \..f are the Eulerian Angles for a ZYX system and eo) f/)o) and tfo are 

the steady flight values. 

Defining Z F~ .£ F J , and f.. F;... as the sum of the 

aerodynamic and thrust forces , Equations 3 can be written as 

(9) 

LF/, = ~n.-r(U-rQW-RV)- P/? 

£. F-J = ----C V +-RU- Pw) -Fj'J 
i FJ--:: M'V(WrPv-rru)- Ftr 
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F..ctcn o f t 11L 1 •st .n t a.n-:: ous velocity components can be wr itten as t h e 

sum o f a s t eady state value and a change in veloc i t y . 

U ~ Uo + .M/ 

V = Vo + t1i' 

W-:. lifo t- .IJ.I""' 

p ~ Po tlf'' 
9 = Qo r r 
A -= Ror.A..r 
ctUo -:. 0 · ...t.­
&" :Uv. 

In order to lin earize t he fo rce and moment equations it is assumed 

that 

1) t h e v e l oc i ty changes are small and that the product s and squares 

of t he ve l oci t y changes a r e n e gligible compared to the velocity changes 

themse l v e s 

2) t h e d is t ur )a nce a ngles are small and the sine of the a ngles 

can be se t equa l to the angle s and the cosine of the angles se t equal to 

one. The product of the a ngles is zero. 

Equat i ons 7 and 9 can now be written as: 

(10 ) 

(11) 

i Fj, = J~, [!l-- + Q o Wo + Wo y t- 9 o AAf' - Ro Vo - R o AI""'- Vo .. -1, -r 
.l'(~v 9o) -?(u._ eo.«:. . ...- ¢·) 'f + r(eco-e~ "'""-"¢o)e] 

~F-J = ,.,.,_.f_,;...t UoRo +-UoA.-- t-Ro.~V- Po WO- A,....,.-- Wo,t: 
-;r(.u.: .. / eo)!f-j} (r:n-.,6o,u:. v ~)-;r-rc.-eo ~~)tf] 

i_ F;,. = ~-t Po Vo + foA'"'+ Vo;r- QoVo- 9()M/-U~ff'r 
y (d..v Go) e +-,-c '--'e. ~}d) ~7(c_g; c- r/.)] 
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j M == j'' J '} ., 1- (t~ Ro t ~;t- t- Rc);1)-·) [ T~-d- -I~. /2/ J 
. II {I // (}'(! 

5. rv == -1~- r;; +- c Po t)Jo + r, .r r 9-;t>)[::r17 -1-rt-J · 
The equations which relate angular velocities about the x) y, z axes 

to the Eulerian Anz les 8/ ~ LjJ ,'lre 
~ ,. 

p-:: cfJ - 'f _d.-~v e 
Q = 8 ~~ </) -r !f ~yt/ rjJ (dv e 

• I 

A= LJI ~·rl~e- e#~v- r/, 
When linearized the equnticns become 

(12) 

The steady flight ~ondittoo is defined as all velocity components equal 

to zero except u0 and W0 • Using this definition and Equations 12, Equa-

tions 10 and 11 become 

(13) 

(14) 

[_f)-""'~[..;_.. +-vlor~Afiv-Gor;r(c-en) eJ 
i. F) = ,,_[,;-+ Uo4- - w "!" -y ~;""eo) 'f ") (""' e.) cp J 
f.. FJ/ =m,_Lr--u.jf' r ;r(M;,_,9o)e -7 ~eo] 

•• 
2. L = cjJ I1-j­

Z:M ~ 8r11 
f_ tV -:: if! T '?Y 

The aerodynamic forces and moments can be represented by a Taylor 

series expansion. Because of the planes of symmetry and the steady flight 

conditions < F1-' , , and M are functions of only q, u, and w of the 

velocity co~ponents and f~7 , L~ and N are functions of only p, v, and r. 





'h"- s r·'-,·"·~ -1 1 "'"- .t. , ~,ce q . The other variables a f fecting the force s 

and ts <H • t~t. <1.ig1c of thrust deflectiony the. airframe flexibil i t y~ and 

the chHnging mass of thE> body. Since t he changes are assumed small the 

second derivdti~e and aLnve for the ve l oci t y a nd bend i ng te rms are cons ider-

ed negltgible and the first de r i va t i ve and above is considered neg l i g ib l e for 

t he change in mass. the resulcing equa t ions are o f the f o rm 

Jr is the angle of thrust def l e c tion ; and .6I , b.L.OX , and l:.>..L~ are 

t he changes due to the cha nge i n the mass of the fuels. 

The thrust axis is ass umed t o pass through the center of gravity a nd 

hence does n0t con~ribu te to the moment equations. The thrust force equa -

tions are 

LF?J =T~ £ -r 
Z., F)-:: -T ~ £ 

\vhe re f:_ is the angle between t he X axis and thrus t 1 ine. 

and 

Therefore 

(16) 

T =lo +t6) 
~ ,;/, I.J. T= J. M/ ~ 

i. Fr = r; ~ £. + ~ ££ _.u/ 
y 

f F y "' -lo ....,:.~L - _:,v {,. ~r;-v .a/. 
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To de termine thl e(
1
,,:-tt ions of steady flight substitut e Equat ions 16 

a nd 15 into Equations 11 nnd 14, substi t ute the value s o f the steady fligh t 

conditi0n, and set the veloci ty change s e qual to ze r o. The resulting e qua-

tions are: 

(17 ) 

F1---!) + J; ~ £ -/;Yv?<~~/ 9o = o 

F7 ~ -= o 

f?'~ -J;;' M-; t/ [,. +-hr7 ~&e :: 0 

L,) -:::: o 

When sta b1 l i t y a xes a re use d as the r eferen ce sys tem and quasi-steady 

fl ow conditions a r e 0 ss ume d, all terms containing W0 disappear and a ll 

aerodynamic partial deriva tives with respect t o rates of change o f velocit-

ies and wit h respe c t to r a te o f change of angle o f thrust deflect i on are 

elimi nated. For t he T1;110 Degree of Freedom Short Period Mode Approximation 

..tV' is se t e qua. l to zero and only the equations f:_ Fr a nd i.. M are 

i nvolved. Substituting Equations 16 and 15 int o Equa t ions 13 a nd 14 a nd 

subt racti ng Equat i on s 17 give s the following equa t i on s o f mot i on f o r t he 

d i st urbed body : 

(18) 





J..,; (t, hne d a s the angle be t\veen the wing 

C'hord 1 inc a · u t h 1 r, L; t · V t.· wJ nd. 

/-,~ /\ ex ~ * := J~S-;, ~ Of 
( 19) :·ht·re f .· · L ~-tr 2" LJocX.· 

Equati ons 

( 20) 

1 8 ~, _h :quati0ns 12 and 19 substituted become : 

;;_ ~ r.~" cx +- (E~vY·) e + c;r-tteVe r~~) ri + 
( I&;j ci, t ( Ft: ) rff: -1- ( F 1ft..) £ ~ t-(if!) is +- tF&o j £3 -1-

( ;:~;)~I -r(ftJ:9~LoX +- (FAJ: )L\LH -r (Ft:)Jr 

9 = (M.u-Uo )ex+- (My) 8 r(M J,\l + (t-1J, )J, +-(Mel.;) .t; 
+ (M .-~.1 )(t~. r (tvJt.;) d'; -t (M:L3) r/0 -r (~6r)Lli 
+ (MtJ LO!X) /JLtJX -J-{Mt>.LH) L1LH' 

The coe f f i c i enl s for any instant are constants. Equations 20 agree in 
~ I f 

form with t he given e qua ti ons for oZ and e . 
The Trans fer Func t ion s which were obtained from the Aerodynamic Equa-

tions are a~ fo llows : 

1. Aerodynami c Condit ion l ; 

;C= 7S 

8p­
.JT 

___f2E_ = 5. o6 (.6 -1- . o3 71.1) 
J r (4-, a I o '+) (4. -. b 2(:, ~ t. 7 Jt 6) 

Gp - ~.;>&'(4--+.o38) 
J-r .... (4-,oo74 )(.6-;. :J.S)~f/,3~) 
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6P - s: ur ( A,-j- I 0 b 4 )~-+-. o~ttlf :t « '*· L1 u)_ 
r:S,- - f.~. obtt)(~ -r. a~~) t'f r. lf) 

9p -rr-- 2 J ( .4, f, 638){_v"f, Oc£ 7 !'"j- bt CJ~) _ 
c~..---. () ') ~-. b~~+, 7'1) r~-r, o'?7 t; 8, 17) 

3. Aerodynamic Cordition 3: 

,C-:. 75 

,t;.-:. )cJ. 9 BP = ,:)/, 0 (A-t,o3 '?) (~ b ~.o.5" :!' -?~4 J.}t,J&-t. o..6"6 tf..5: 9 7) _ 
Jr ~-. o 1)(<:., -. b&3) ~ f, 7'1 J)(,&.;..;-. o 8 77'8'. J8)(.;+, 43-!j t.JJ, tJ) 

93 





4. Aerodynamic C0ndition 4: 





APPENDIX B 
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Figure B.l. Computer Simul~tion Di a5r illn . 
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f r Ti -, . + H :_p .. ltttiH. , 

g 
q 

$! . rr-.. ~ t-H-:- f-1-H!- t• 1! ~ I , • f-LH-f~i t t 
.!;;;_ l I :...;.;,.. ' .. =r - Itt"- t.[ 
-;;; ' • 1 -j t_~ u '- ;.+ • 

- +~ ' ' : .- '0 rf lj !J W- .""- + :--.. "'"'"P~EJ ...... £_ . 
!ii-:±i H Ct+ 1 . ' + : l ffi+ l~h 1C n-~;;_; 
_.q ±t - , _.__:r:u... f t:;~r tt - • ,1 !~ :-r • :~ 

Itt-:- r-• ~'-}f i-'t- -t-- 1 II= I ' [ j i.. -' .+ ., , '•Lt--U .+=.L. _,+h.r.: 
~~- l J..,.i.,l.a ~ . - I ' I j 1,;__.. 1 ! 1 1 I ..... _...r:·- ; . , ... _l___ * ~..__.._ j_ ~. 

rtEJ;'BHE~CE .:;3.Gi\A1 9:£ If:~ .wliF~ 
1-'- ' -1-+R.- :r-q:: :~ !. 1ft:- 'j:i:t -:~' 

' II-- -fltrl\<J+t+.I+H-H-<+'-1'-'-'mi ·'' r:::: • .;..L: .-J: 

I+ 

'i -1:: H ++H- :-H-H4++f-+=lfl1$i@+$>r_,_ ·r~-: t!±: tt:: ="~--' r.t . . :r i• EXt * : + +r:t+ ~- rt:t 
--rt-

~l±±:::t::.J::t:l ttttl=.!._, . , -, ~ ::j::j-J::t _ -LL-1-' ITI±f .. :=+t.;- :-+..-~mt_l: Jt ·----1-~-" _: {f*jl -t+i+f :-+;k+~i 
· ffi · ·ffiijffi-t W Jfi -s I-:+ + ~1-H 

· ' H+- . + ,_. . H-H- •:.:., 
B-i=l-f-t+t+ - I f+ II='~ 

• 

f.l:l+ +1+-t-. -·.· -tfri 
Ks :m fti'ftx- _L u~ 

'+Itt fr+ R=r $f. f-i . -f 
:FLIGHT CASE t=20 :BE: l+'-

1 
H-' .+ tf .--R 

1
-I+ - m- 1-tr Ft- r: 

- ~: tth• ~R· . i . n tt:t -"--4 , --l-

1
-ri:P ill--'- -rJ:t ±±±: 
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The res ttlts of the variation of damping ratios ~ith dither freque~cy 

obtnine~ by empiri 31 ~cthods in Chapter 4 ~ill be analyzed ~y a~&lytica l 

me t hods in this Appe niix. 

For the anz1 1 ys i. s t '!w root lo -: i for the f :LE·ht cases of a. particular 

nerodynamic cond t ion will be assume d to have the same shape and system 

gain values, The t ransfer functions of the vehicle dynamics for a part i -

cular a erodynamic conditicn do not vary to ~he exte~t that the use o f the 

assumptior to determine genera l trends would b~ prevented. A particu l ar 

sysr e- gain~ K, on the roct l oci for the three flight cases of a cond ition 

wou ld de~ermine t he sam~ da~ring ratio, S . The system gain is the produc -

of the dyna!t'i c g<1 in) M 6 • a;1d th~ ndapt i ve gain~ KG The dynamic gain 

is the gain assoc1a ted with the vehicle t r ansfer function. Using condition 

3 as an exatrple, the dynm,ic ga ir.s for the flight ca ses are app roximately 

equal to the f o ll m..r ing values: 

Case t 20 MJ - 16.05 

Case t - 75 H~- 19.1 

Case t 101.9 ~\~ 21.6 

Since a par t icu l a r danping ratio has the same value- of K for the three 

cases, the value s of Ks for the cases are: 

20 ) K J. t 

A pl ot uf J versus : ~ 

KJ ~ = 7S' 

K ~ ,b = /ol. 9 

75 > 

K 
~ 6.05 

~ -rA-
K 

- 21.6 

t ~ 101.9 for a particular J 

;_o; of the foH::wing form" 

112 





The trends shmvn in the J versus K~ plot .:1re valid for any of the four 

aerodynamic conditions. 

The closed loop transfer function for the system is 

e -
COMMAND .5 /Gf..IA L -

__ e.£. is the vehicle 

k . .:4 .s2£_ 
-~-~.I:._ -

1-t- ~($f3.64+3.6) f: 
dynamic transfer function. When the dither freq-wl:cn 

uency is large compared to t he poles and zeros of the. vehtcle dynamic trans -

fer f-mction, the transfer function is approximated by 

This approximation is justi f ied for the dither range. 10 to 40 radians per 

second, for conditions 1 and 2. The closed loop transfer function becomes 

e 
Cof/IMMIO .SIGNAL 

~in ce the dither system maintains the amplitude of the closed loop response 

constant, 

I<J, l\-1At_ -- ks4 M£.2 ::: KJj M,r1 
J + k~, Ms, .t= ~o I+ k'$~ /V1$~ :&=7s H- kJJ M.s-z .&:/o/, 9 

and for Aerodyna1111.L \..Uu-..~it ion 1 
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ka_l { .505' - [{c£~ j, ~~~ J<J ~ S,o' -} +- f\~~ /, S{;,_:; I+- KJ.:.2 ~. e:,:;s- J + J<Ja S: o~ 

and for Aerodynamic Condition 2 

tlJ., s: Ls- - Kd.J 'tZ£ - k~,2 9. J 
It kcS, S. I B J+ k'JJ 6.7.5' J i-kJs ~~~ 

The relAtionships a r e independent of the ditheo.c frequency~ and constant 

damping ratio variation would be expected in the dither range. This agrees 

with the empirical results for conditions 1 and 2 as are shown in Figure 

4.4. If Kef is assigned the value 1 for both condition 1 and 2:9 then for 

condition 1 

K§ l = 1. 67 

and for condition 2 

K ~ 1 1.3 

For both conditions, K ~ 
1 
> K ~ 

2 
) K ~ 

3 
which is the trend necessary 

for small damping rati~ va r iation as determined from the J versus KJ plot. 

For condition 3 the dithe r frequency can be close to poles and zeros 

o f the vehicle dynamic transfer function. If the dither frequency is close 

1 f h f f < h e,: , .. d to a po e o · t e trans er unct1on~ t en ~ 1s very 1arge an 

.. 
e 

kc§(~ +3.~ .4- -t- ~. 6) e~ >? 1 
~~ 

,.., -
and 

~ 
~ 

The amplitude of the closed loop response is independent of the adaptive 

gain; and therefore ) K ~ could a ssume a .i.~£'i.n1te number of values \vith 

an infinite number of damping ratio variations. 

If the dither frequency is close to a zero of Case t = 20~ then 

9 .-
t • 

11 1+ 





.l. · 

> 1'\s t - 7) .> f<J t 'i..Jhich is the trend for a small damping ratio 

var i ation. If the dither frequency is close to a zPro of Case t = 101.9, 

then 

> 
In order to h~lVe the same amp 1 itude of the closed loop response k'~ t = 20 < 
K~ t = 75 ( ks t = 101. q which is tl:e trend ~>ihic~1. would :r·- suit in a 

l arge damping ratio variation. I f the dither frequency is close to a zero 

of Case t = 75, the magn i tude of the damping ratio variation would vary 

between the magnitut:les when the frequency is close to a zero of Case t = 20 

and when th~ frequency is close to a zero of Case t = 101.9. 

The d~mping ratio variation curve for condition 3 should, therefore, 

have an undetermined damping ratio variation at the pole at approximately 

40 radians, have a small value for the variation at the zero of case t = 20 

at approximately 24 radians; and have a large value for the variation at 

t he zero of case t = 101.9 at approximately 27 radians. This agrees with 

the condition 3 curve shown Ln Figure 4.4. 

In order to determine the di ther frequency that the minimum variation 

in damping ratio occurs, the idea l expression for no variation which is 

of the form 

= 

= 
lj/ 

9!= 
~ 
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wbt:J'c - 1-'J t ')(' :Jo 
ll. 

_,J. f /)0 

g KJ t 75 :;Jo 
= 

A-fJO 

c - KJ t 101..9 Jo 
<Jrt-,;)() 

and fo r a damping utt io of 0.7 

KJ t -- 20 ,;. 0.86 

K(' 
C7 

t = 75 0 . 26 

KJ t == 101.9 = 0 . 175 

i s evaluated for various dither frequencies close to the frequency of 

the zero for case t = 20, and the smallest amplitude variation between the 

three cases s1ould indicate the optimum frequency . A dither frequency of 

23 radians per second resulted i n the smalleEt variation in the amplit ude . 

For aerodynamic condition 4 there are no zeros or poles of the vehicle 

dynami c transfer function which are close to the imaginary axis in the 

dither range. Varying the dither frequency does not result in wide varia-

tions in the values of the vehicle transfer functions » and the closed loop 

transfer function can be approximated by 

, . 
e 

COMMAWD SIGNAL 

A consta nt damping ratio variation would be expected and agrees with the 

curve for condition 4 in Figure 4.4. Since the values of the vehicle 

transfer functions can not be varied appreciably, the variation in the 

adaptive gain required for a constant damping ratio can not be realized 

and a large variation in t he damping ratio results. 
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