


Library , -~­
U. S. Naval Postgra<liiafe Scnoor 
1\tiontcrey, Califonu(\ 



1 .... 

\'§ 
rJ5 
~ 
'::1 
l"'crr 

("J '§ 
E>o 
<fJ ........ 0 ...... 
~(;3 
...... u 
~ ~ 
I> >-. 

t>Z b 
r:l ....... 
}3(/.lh 

~~:8 

- . -
sector of the cylinder, but the method of solution is not limited to such a velocity distribution. The 

results of a numerical calculation of the effect of electrical beam steering on the radiation impedance of 

a specific array are shown to illustrate such effect and the use of the derived equation for radiation 

impedance. (Author) 
Abstract Classification: 

Unclassified 
Annotation: 

The radiation impedance of a colinear array of finite cylindrical radiators (Thesis) . 

Distribution Limitation(s): 
01- APPROVED FOR PUBLIC RELEASE 

Source Code: 
251450 

https://dtic-stinet.dtic.mil/jsp/docread.jsp?K2DocKey=https%3A %2F%2Fdtic-stinet.dtic.m.. . 6/26/2003 



Verity K2 Document Display 
_.:.----

Private STINET 
Home I Collections 

Accession Number: 
.-\00479606 

Citation Status: 
Active 

Citation Classification: 
Unclassified 

Field(s) & Group(s): 
200100- ACOUSTICS 

Corporate Author: 

View Saved Sean::hes I ViewSho_ppj ng(:art I View .Orders 

Add to Shopping Cart 

Citation Format: Full Citation (IF) 

NAVAL POSTGRADUATE SCHOOL MONTEREY CA 
Unclassified Title: 

THE RADIATION IMPEDANCE OF A CO LINEAR ARRAY OF FINITE CYLINDRICAL 
RADIATORS. 

Title Classification: 
Unclassified 

Descriptive Note: 
Master's thesis, 

Personal Author(s): 
Skorheim, Robert D. 

Report Date: 
01 Jan 1957 

Media Count: 
32 Page(s) 

Cost: 
$7.00 

Report Classification: 
Unclassified 

Descriptors: 
*CYLINDRICAL BODIES, *ACOUSTIC IMPEDANCE, 
BOUNDARY VALUE PROBLEMS, BESSEL FUNCTIONS, SERIES(MA THEMATICS), 
TRANSFORMA TIONS(MATHEMA TICS), NUMERICAL METHODS AND PROCEDURES 

Identifiers: 
*RADIATION IMPEDANCE 

Abstract: 
The radiation impedance of a fmite array of fmite cylinders is determined by a boundary value problem 
technique. The fmal equations for the radiation impedance are stated without restriction on cylinder 
lenQ"th or radius. cvlinder snacine. or on the amnlitude and nhase of the radial velocity of the cylinders. 

Page 1 of2 



1\..,. 

~.~ 

~ 
~ 
,(U 

'P roar co·.-. 
tloS 

-+-> 0 
V) ..... 
0 ..... 
~~ _...u 
~ ~ 
ct: ;;...., 

~z ~ 
C":S • -+....) 
1-< (/.) p 

;3~~ 

https:/ /dtic-stinet.dtic.mil/j sp/ docread.j sp ?K2DocKey=https%3 A %2F%2F dtic-stinet.dtic .m... 6/26/2003 



Document Location: 
OTIC 

Change Authority: 
ST-A USNPS LTR 6 OCT 71 

-<:P;l,.,,-:-0~ 
I~ + ...... ·'~#'' 

{) .... . .. ~\ 
1::::~· 4-~ ' l ·~ ...... .. ~ 
\ ~... ' ? f ~ 

\._ ~·-~·>;:, .. 
·~ 1,-.r ,/ __ / 

P1ivacy & Security Notice I Web Accessibility 

stinet@dtic~mil 



IJbrary ··-­
U. S. Naval Postgraauate S'c~ 
1\tlonterey, California, 



Verity K2 Document Display 
_;...---

Private STINET 
Home I Collections 

Accession Number: 
AD0479606 

Citation Status: 
Active 

Citation Classification: 
Unclassified 

Field(s) & Group(s): 
200100- ACOUSTICS 

Corporate Author: 

View Saved Searche_~ I View_Shopp_i ng Cart I View Order$ 

Add to Shopping Cart 

Citation Format: Full Citation (IF) 

NAVAL POSTGRADUATE SCHOOL MONTEREY CA 
Unclassified Title: 

TilE RADIATION IMPEDANCE OF A CO LINEAR ARRAY OF FINITE CYLINDRICAL 
RADIATORS. 

Title Classification: 
Unclassified 

Descriptive Note: 
Master's thesis, 

Personal Author(s): 
Skorheim, Robert D. 

Report Date: 
01 Jan 1957 

Page 1 of2 



I 

l_ 

UNITED STATES 
NAVAL POSTGRADUATE SCHOOL 

THESIS 

THE RAJIAT IOl~ llilF~DAHC:S O.r""' A COLHf~A:::?. 

A'L1A.Y OF FllJIT.8 CYLINDRI;:;AL R.A 1)IATOJ.S 

* * * * * * 
~obert D. Skorheim 

/ 

:.~-~ 
'·. 



THE RA.DIAT ION IMPEDANCE OF A COLINEAR 

ARRAY OF' FDTITE CYLINDRICAL RADIATOH.S 

* * * * * 

-
Robert D. Skorheim 



THE RADIATION D.iPi~DANCE OF A COLilf~AR 

ARRAY OF FINITE CYLINDRICAL RADIATORS 

by 

ltobert D. Skorheim 

Lieutenant, United States lTavy 

Submitted in partial fulfillment of 
tho requirements for the degree of 

:MASTER OF SCIENCE 
IN 

ENGINEERING ELECTRONI~S 

United States Naval Postgraduate School 
Monterey, California 

1 9 5 7 



~--

THE R.ADIAT IOU D.:P.mAUCE OF A COLTifbAR 

ARRAY O.i? .i"DIITl!: CYLTIJDRICAL RADIATORS 

by 

Robert D. Skorheim 

This vmrk is accepted as fulfilling 

tho thesis requirements for tho debrec of 

I.:A.ST ER OF SC T.8IJCE 

nr 

ENGilfbERIUG BLECTROlJICS 

from tho 

United States Uaval Postgraduate School 

\ . 

./ 



ABSTRACT 

The radiution impedance of a finite array of finite cylinders is 

determined by a boundary value problem technique. Tho final equations 

for the radiation ir:lpedanoe are stated \'dthout restriction on cylinder 

length or radius, cylinder spaoin~, or on tho ~plitude and phase of 

tho radial velocity of the cylinders. The derivation is made for tho 

case of each cylinder in tho array havin~ a uniform radial velocity over 

a sector of the cylinder, but tho method of solution is not limited to 

suoh a velocity clistriuu·tion. 'l'he result::> of a numerical calculation of 

tho effect of electrical beam stearin~ on the radiation impedance of a 

specific array are shm•m to illustrate such effect and the usc of tho 

derived equation for radiation impedance. 

The writer wishes to express his appreciation for the assistance and 

encouragement given him by r.:r. John Hickman of the u. s. Uavy Electronics 

Laboratory and Professor II. L1edwin of the u. s. Naval Post(iraduato School 

in this investigation. 
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TABlE OF SYMBOLS AND ABBREVIAT I ONS 

c Wave velocity 

e Base of natural logarithms 

j 'i -1 
2 'iY '· 

k ·wavelength constant, k = 
/l... 

p Instantaneous acoustic pressure 

A. Wavelength 

fo Volume density 

w Angular frequency 

The notation associated with the Bessel Functions used in this paper 

is taken from N. W. :McLachlan, Bessel Functions for Engineers, Oxford 

at the Clarendon Press, 1955. 

Jn(z) Bessel function of the first kind 

Yn(z) Bessel function of the second kind, as defined by Weber 

~(z) Modified Bessel function of the second kind 
(1), (2) 

I~ Bessel function of the third kind. 

H( 1{z) = J (z) f jY (z) 
n n n 

The positive square root of a real, positive quantity. 
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1. Introduction 

The radiation impedance of a finite array of finite cylinders in an 

infinitely long, rigid, cylindrical baffle has been investigated by D. H. 

Robey. 1 Robey considered the problem of uniformly pulsating cylinders 

and his final conclusions are based on a cylindrical array of radius 

negligible in comparison to the wavelength of the radiated sound. It is 

the intent of this paper to investigate the radiation impedance of suoh a 

finite array of finite cylinders with fewer restrictions imposed on the 

radial velocity distribution and size of the array. It is also the intent 

of this paper to apply the results of such an investigation to the study 

of the effects of electrical beam steering on the radiation impedance of 

a finite array of finite cylinders. 

The radial velocity distribution on each pulsating cylinder will be 

specified as a boundary condition to the wave equation which is to be 

solved. However this is not enough to completely specify a unique solu-

tion to the wave equation. Therefore it is proposed that as the radial 

distance from the cylindrical radiator increases, vanishing boundary 

values for pressure and velocity aro required. This condition again 

proves too weak to determine a unique solution. Therefore a more stringent 

boundary condition in addition to the condition of vanishing boundary 

values is required, ie. 11 The Sommerfeld Condition of Radiation." That is, 

"The energy which is radiated from the sources must scatter to infinity; 

1 D. H. Robey, On the Radiation Impedance of an Array of Finite Cylinders, 
J. Acoust. Soc. Am.,27, pp706-711, 1955 

2A. Sommerfeld, Partial Differential Equations in Physics, Academia 
Pross Inc., 1949, p 189 
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no energy may be radiated from infinity into tho prescribed singularities 

of the field (plane waves are excluded since for them even the condition 

u • 0 fails to hold at infinity)." 

The wave equation which is to be satisfied is stated in cylindrical 

coordinates: 

~ 2.;. 
Or 

The scalar velocity potential function is understood to be ¢(r,e,z,t). 

The z axis of the cylindrical system corresponds to the longitudinal axis 

of the cylindrical array (see figure 1). 

The driving forces which are to be imposed on the elements of the 

cylindrical array will vary harmonically with time. Therefore for the 

results of this paper to conform to standard electrical engineering 

practice of assigning positive reactance to inductance, a time dependence 

of the form ejwt will be assumed. That is ¢(r, e,z,t) : ¢(r,e,z) ejwt. 

After substitution for ¢(r,ez,t), the wave equation is reduced to the 

A formal solution to the above equation is discussed in Appendix 1. 

The radiation impedance of an array of finite cylinders will nCNr be 

det e r.mine d. 

2 



2o Derivation 

The first array to be investigated is the least restricted in 

boundary conditions of the arrays to be consideredo The array is to be 

constructed as follovrs (see figure 1): 

1. There are m active cylinders of length = 2f~, radius = a, 

and center to center spacing = 2b. 

2. The cylinders are mounted coaxially in an infinitely long, 

rigid, cylindrical baffle of radius = a. 

The pulsation of any active cylinder is to be described as follows: 

1. On the given cylinder, the radial velocity is constant 

over the length of the cylinder for a given aximuth angle. 

2. On all cylinders, the radial velocity is uniform between azimuth 

coordinates - 0( to -f a:: and zero elsewhere. 

Therefore the radial velocity of the ith cylinder may be described by the 

follmving Fourier Series: 
00 

vr " vi 0 jri2 
Where An = en sin nq: 

nq 

n = 

An cos ne 

0 

I en = 1, 

and ~i = the phase of the pulsations• 

(2o01) 

n a 0 

n: 1,2,3, •••• 

The scalar velocity potential ¢(r,e,z,t) must satisfy the following 

vrave equation : 

2 :t ~ (2.02) 

3 



The~scalar velocity potential is assumed to vanish as r~oo and the 

Sommerfeld Radiation Condition is assumed to be valid vrith respect to the 

radial coordinate. 

The time dependence of the scalar velocity potential is taken to be 

¢(r,e,z,t) = ¢(r,e,z)ejwt as discussed in Section I. The scalar velocity 

potential ¢(r,e,z) must then satisfy the Helmholtz Have Equation 

Cv2,Lk2 ) ¢: o. (2.02) An eigenfunction which is a solution to the 

Helmholtz Wave Equation, satisfies the vanishinr; boundary conditions and 

the Sammerfold Radiation Condition, is developed in Appendix 1. 

This eigenfunction is stated: 

¢n,J (r,e,z) =An,) 
sin(ne) 

0 =j2'il' 'f z ( 2) 
cos(ne) llu (/l r) ( 2. 03) 

Where /2 2 (21rj)2 = k - (2.04) 

.. 

./-'-- = ~k2- (21rJ )2' (21Y))2< k2 

/-<- = - j ~( 2 ~r r ) 2 - k 2, (211' :r )2) k2 

It is now proposed to determine a¢ (r,e,z), constructed from a sum 

of the eigenfunctions ¢n,y (r,e,z), which will ~atisfy the boundary condi­

tions at the surface of the cylindrical array. The technique to be 

employed in determining the complete scalar velocity function is a 

logical development from the technique of L. v. King3 used in the solution 

of the radiation impedance of a piston in an infinite rigid baffle. The 

constant An.,j transforms into fn(J') as the eigenvalue j becomes a 

continuous variable. 

The sum of eigenfunctions is taken to be: 

00 r ¢(r,e,z) =~ ~ ( j) (2) .2'h':f 
df (2.05) 

cos(ne) II (j<.r) eJ ' z n , 

n=O l v 
-oo 

31. V. Kihg, On the Acoustic Radiation Field of the Pie~6-Electric 
Oscillator and the Effect of Viscosity on Transmission, Can.Journ, Res., 11, 
pp 135-155, July-Dec.l934 
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The velocity in the radial direction is: 

vr(r~ez) : - ~ ¢ (r,e~z) 
00 

~ -oo 

(2.06) 

The radial velocity distribution of the finite array will now be 

inves·tigated. l"rom the boundary conditions as defined~ it is possible to 

'vrite an expression for the radial velocity amplitude at the surface of the 

array: 
00 

vr(a,e,z) a 2 g{z) An cos{ne) 

n=o 

(2.07) 

The function g(z) is equal to zero on the rigid baffle and on the ith 

cylinder is equal to Vi ej~i. If the two expressions for the radial 

velocity. (2.06) and (2.07)~ are compared; the equality of the two 

quantities is possible if they are 
. 00 (2) 

g(z)An = ~ fn ( j) Hnf 1)4 r) 

-oo 

Define a new quantity~ 

1 
G( J) : -~- fn ( J) 

5 

equal term by term~ that· is: 
(2) 

- Rn-1 ~It r) • a ej27r' f z 
2 / ctf 

(2.08) 

(2.09) 



Then 

\00 
g(z) • J G(j) e .fj21r 'f z df (2.10) 

-oo 

It can now be seon thut G( f ) and g(z) are u Fourior Trarwform Puir. 

Therefore: 

00 

G( J') '" ~ g(z) e-j 2"'.1' z dz (2.11) 

-oo 

b-/f3 

(0) e-j 21YJ z dz .f ~ v1 ej'l'l e-j21>':f' z dz f 

b-fo 

(2i-1 )b.f,B 

-1 ••••••• ..;. 

(2i-l)b-) 

r (2m-l )b-f;a 

-f • • • • • • • 1- j Vmej 'fJm e -j2 7f f z 

(2m-1)b-p 

dz .f ~ro (0) e-j2 ""l" z dz 

(2rn-1)b.f;:> 

G( 'j) = Vl ej"f le-j2Tr J b sin 21)"~~ -f 
1r'j 

..;. •••• -f v1 6 J C/1 i 6 -j2 7i j (2i-l )b 

m 

G( j) : L [vi 6 H 1
i 6 -j217''f (2i-l)b 

i=l 

6 

sin 2 ff" '!/ ..;. 
71J' 

sin 2'11$[3 

IIJ 

] • sin 2 ~rt> 
1rj 

(2.12) 



It is now established, after substitution: 

fn 0') = 

and 

m 

2A, sin(21rj'f) 2 Vi eji'i e-j2 n-1' (2i-l )b 

i=l 

P<r,e,zl= ~ r ( 
n=oj ~ 

(2) 
2An cos (ne) sin( 21)' J (3 )Ru yr) 

L-00 

(2.13) 

X 

V;ej'fi e -j217'.)' (2i-l)b ej2irY z d j] 
( 2.14) 

To obtain the average pressure, one uses tho force equation 

1 dV -yrp i' f crt - 0 

Since V • - \] ¢ and for the condition of time dependence ejwt, the 

force equation takes the form: 

p(r,e,z) Q jWf0 ¢(r,e,z) 

Tho avera:;e pressure amplitude on the active area of the h th cylinder is 

defined as Ph• 

- .weo 
Ph= J -40(.p 

~0(. (2h-l )btfl 

j \ j6(a,e,z) 

-ex. ( 2h-1 )b-p 
-, 

de dz 

(2.15) 

7 



The averaging process is carried out and the expression for the 

average pressure is, upon substitution for An: 

00 

-oo 

00 

X 2 Vi ej\l'ie-j4 1r ':f. 

i•l 

(2.16) 

The average radiation impedance per unit area of th~ active area 

of the hth cylinder will be defined as (z) h• 

Further define 

(z) : 
h 

fra 

~1 - ( .1\:f )2' 

j· ~(A-f )2 

(A.:f }2 <. 1 
I 

1 ( A.J )2 > 1 

\ 

(2.17) 

(2.18) 

Then the radiation impedance per unit area of the active area of the 

hth cylinder may be written: 

00 

2 
sin (ncx) 

Cn 2 
(ncx.) 

-oo 

8 



j ('/li-~h) -j4fl-! (i-h)b 
e e 

(2.19) 

The radiation impedance of an array of finite cylinders vmich pulsate 

uniformly with arbitrary amplitude and phase over a sector of each cylin-

der has been determined. Evaluation of equation (2.19) involves numerical 

inte~ration of an infinite integral. The integrand of (2.19) must be 

carefully examined in the region of J~ -1. . A further handicap to 
A. 

evaluation of (2.19) is the fact that second ordor Hankel functions of 

complex arguments must be evaluated. These qualities of (2.19) aro 

especially undesirable if tho radiation impedance is to be evaluated by 

digital computer techniques. Equation (2.19) will now be reduced to a 

for.m suitable for numerical integration. 

The following relation is stated and used in deriving a new for.m 

of equation (2.19).4 

z 

Kv (j x) a - ~1T e- j-} ;r ( v-1 ) Hv ( 2 ) ( x ) 

1 
,A. 

00 

L 
0 

m 

4n.w. McLachlan, Bessel Functions for Engineers, Oxford at the Clarendon 
Press, 1955, P• 201. 
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m 

00 

I 
1 v 

):" 

• 

L v. . (y-'i h) 
x __J.._ eJ -'P oos [ 41rf b(i-h)l d'f 

~ -
i=l 

(2o20) 

The integrals will nmv be considered separately. Let 

cos 

(2.21) 

Let A. J = sinS 

-chen when J : 0 ; f = 0 

J=~; f=%ir 

(j = ~1 - ( A.:f )21 = cos s 

dr= cbs} ds 
A. 

Therefore: 

Hn ( 2 ) (ka cOS ] ) [ · 
-----------------cos 2kb(i-h)sinJ]df 
Hn¥\) (ka cos f) - l~~i (ka cos J ) ;l 

(2.22) 

10 
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Consider: 

00 

n in 
2 

( 2 7r f ,8 ) (- j ) Kn (j (f ka ) 
~. cos 

(2/r jp )2a- [~.,tl (fcrka) fKn-l(ja· ka)J 

Let A. 'f et esc t 
Then when 'f= 1 t = -}11"' 

~ 
f= 00 f ;; 0 

(}= -j ~ (~J )2 - ~ = -j cot J 

dj = - cscf cot { 
d§ 

) A 

Therefore: 

I,., : 
w 

sin 2 (k ,8 c so { ) 
I 

(kf> )
2 

csof Kn.fl (ka cot } ) ..,t Kn-1 (lea cotf ) 

0 

(2. 23) 

cos [ 2kb(i-h)cscf]~ 
A. 

(2.24) 

The expressions (2.22) and (2.24) are substituted in (2.20) and the 

resulting equation for radiation impedance per unit area z h takes the 

more tractable form: 

n=o 

11 



0 

cos [2kb(i-h)sin!J d J 1-f 

~2(kf esc J ) 
(kf' )2csc .( 

.J 

Kn(ka cot f ) __________ _._~---------- X 

(2.25) 

The evaluation of (z) h has been reduced to that of evaluating finite 

integrals and functions of positive real variaoles for which mathematical 

tables are readily available. A further manipulation of (2.25) will be 

made in order to separate the real and imaginary components of <z> h• 

Let 

Bn(ka cos f ) e-j Ql n(ka cos J ) : 
(2) (2) '" 

I~fl(ka cOS ~ ) - Hn-1 (ka. cOS$ ) 

(2.26) 

Then the expression for < z) h transfonns into the following expression: 

12 



<z'>h = .f 8 t:) c ~ 
lO 7f}.. 

- aec ~ 
0 11->._ 

;Lj 8f>0 c ;~ 

~ r sin2(n ~ 2 
L en 2 
n=O l (no<.) 

00 

L 
n=O 

ain2 (no<) 
en 2 

(no\) 

00 

.j. j Bf0 0 ;1{ 2: ain2(n0() 
en 2 

(no<.) 
n=o 

0 

sin2 (k 13 sin { ) 
I 2 

(kf sin { ) 

m 

B (ka cos f ) ~ i 
n Lv 

i•l h 
df l sin['(('n(ka coa~) - (~1-!b)J co•~ 2kb(i-h)ain~ ] 

itr 

(' sin2(ka c•of ) 
\ r2 J (kf) esc f 

Kn ( ka cot § ) m ~ v. 
Knfl (ka cot f )fK- (ka cotf),L ;l.... oin{¥i-fJco•[2kb(i-h)c•c'] d( 

n 1 > i:l h I , 

0 

m 

sin2 (k~ a inS ) B (ka COl j ) ~Vi COl ( ()' (ka COl ~ ) - (Cf -Jt)lcol f2kb( i-h) lin~ l d f 
• . 2 n ..) 'L_ v n S i 'h'l l : v • ,J 

(kf 11n J ) 1: 1 h -

0 

1-n--2 

ai~2(.k:p CIC f ) 
'2 

(kf) csct 

Kn(ka cot§) m __ _..;:_ ___ ~vi 

K,fl (ka cot J ).fKn-l(ka cot~){lvh ooa(fi-?f.Jco• [2kb(i-h)cac~ J d$ 

(2.27) 

13 
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The radiation impedance per unit area of an array of m finite 

cylinders which pulsate uniformly over a given sector of each cylinder 

with phase and amp:).itude arbitrary but constant for a given cylinder is 

expressed by equation (2.27). There are no restrictions stated on the 

wavelength of the radiated sound, on the cylinder length or radius, or 

on the cylinder spacing. Although equation (2.27) is for a system with 

uniform velocity and phase across each radiating element, the method 

of solution is not lL~ited to such a velocity distribution. Any 

velocity distribution in azimuth which can be expressed in a Fourier 

Series is possible of solution using such technique. Further any 

velocity distribution in the z coordinate for which a Fourier Transform 

exists is also capable of yielding a solution. The distribution in the 

z coordinate need not be tho same on each cylinder for a solution could 

be constructed piece by piece for such a system. 

14 



3. Special Cases 

The validity of equation (2.27) will be considered by investigating 

~vo special cases of the finite array for vlhich solutions already exist. 

The first array to be considered is the single uniformly pulsating 

cylinder in an infinitely long, rigid baffle() Let the array be con-

structed as follows: 

1. There is one active cylinder of length : 2 j3 and radius = a. 

2. The cylinder is mounted coaxially in an infinitely long, rigid, 

cylindrical baffl~ of radius = a. 

3. The cylinder pulsates uniformly vrith radial velocity : 

V ej 'f o 
0 

The Fourier Series equivalent of the third condition as stated above 

is expressable in one term. That is, on the active cylinder the radial 

velocity may be expressed as one term of the Fourier Series (2.01). 

v = V ej ~ o r o 

With reference to equation (2.27), tho above statement or condition 

reduces the summation with respect to n to one term, namely n = o. The 

condition of one cylinder reduces the summation with respect to i to one 

term, namely i = Oo Let the radiation impedance per unit area of the 

uniformly pulsating cylinder 
1r' 

be < z) • Then from equation (2.27), 

- 8foc f ~
2 

z sin2_(kf3 sin ~ ) 
r- - Bo(ka cos S ) s~n ~0 (ka cos 

(k/ sinS )2 

0 
7r 

f j8f0 C 1 ~
2 

B0 (ka cost) cos~ (ka cos i) d f s .) J 
0 

15 
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< z) 

sin
2

(k f3csc t ) K0 (ka cot ~) 
(kp )2 esc~ 2Kl (ka cot ~) 

Equation (3.01) 

J1' 

= j4foc ~ \ 

0 

11 

-/- j4foC ji \2 
~ J 

0 

is ·written with substitutions according to 

sin2 (kp; cscf) 

(kp )2csc S 

H0 (
2 (ka cos!) d' 

n
1 

(Z) (ka cos 5 ) § 

K0 (ka cot t) 
K1 (ka cotS) 

5 Equation (3.02) compares with Robey's equation (18) for the 

radiation impedance of a single uniformly pulsating cylinder in an 

( 3. 01) 

(2.26): 

(3.02) 

infinitely long, rigid cylindrical baffle if the variables of integration 

are chan~ed and it is allowed that Robey's equation contains an error in 

sign. (This is demonstrated in Appendix TI). 

It will nmv be shown by uso of the Dirac Delta Function that 

equation (3.02) vrill transfonn into the well knmvn expression for the 

radiation impedance of an infinitely long, uniformly pulsating cylinder. 

Equation (3.02) is written in the form of equation (2.19) by trans-

formation of variables: 

5D. H. Robey, On the Radiation Impedance of Finite Cylinders, J. Acoust. 
Soc. Am., 27, PP• 7069711, 1955 

16 



Consider the expression 

lim 
277'[3-~>oo 

1 
7F 

sin 2 C 2 If A E ) 

2 77'j3 (:r )2 

Expression (3.04) has the following qualities: 

1. It is zero for all f except f : o. 

2. At J : 0, (3o01) tends to infinity. 

(3. 03) 

(3.04) 

3. The integral of (3.04) from ! equals minus infinity to 

]' equals plus infinity is equal to unity. 

The above is tho definition of a Dirac Delta Function. Therefore: 

and 

1 
-~ 
1r--

s i~ ~ ( 2 It )3 t ) -
2- rtF < f )2 

lim <z> 
27r~-oo 

H ( 2 ) (cr ka) 

~(j) 0(2) 
cr H1 (a" ka) 

lim (z > = jf0 c 
2lt(3-. 00 

H ( 2 ) (ka) 
0 

(2) 
H1 (ka) 

17 

( 3. 05) 

(3.07) 



The equation (3.07) which is the radiation impednnce per tmit a.roa 

of an infinitely lon~, uniformly pulso.tin~ cylinder compares with the 

well knovm Gxpression for such radiation im.peda.nce. 6 This concludes the 

discussion of the validity of equation (2.27). 

61. Beranek, Acoustic Lleasurements, John Wiley nnd Sons, Inc., 1949, 
po 60 

18 



4. Beam Steering 

Tho application of equation (2.27) to«specific array will now be 

considered in order to study the effect of electrical bean steering on the 

radiation impedance of the array. The array is to be constructed as follows: 

1. There arc nine active cylinders with k ~ = -?z·Tr', ka =~ and 

kb = 0.611"' 

2. The cylinders are mounted coaxially in an infinitely long, 

ri~id cylindrical baffle with ka = 1/ 

3. The cylinders pulsate uniformly over their surfac0 (symmetry 

in azimuth). 

It is proposed to investigate the effect of electrical beam steering on 

the radiation impedance of the individual cylinders. Electrical beam 

steering vrill be accomplished by phase leading each cylinder a unifonn 

number of degrees ( i 'f) with respect to its position in the array. 

Equation (2.27) is written to conform to the above boundary 

conditions o 

(2) 
j (i-h)'/J [ 1 2 rv(. h) . f] Ho (1Ycos f) ~ e c o s • 11 ~- s 1n5 d 

(2) 
Hl (Trc OS ) 

(4.01) 

.. 
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The result of the evaluation of (4 .01) by nume rical integration 

using the trapezoidal rule and L1 f r;t 
- - is plotted in fir;ures 2 and 3 

40 

f or cylinders number one, three, and fi"Ve. 

For such an array, the electrical beam steering has but a moderate 

effect on the radiation resistance of any element. Electrical beam 

steering affects the radiation resistance of the end elements of the array 

to a greater degree than it affects that of the center elements. 

Electrical beam steering has a more drastic effect on the radiation 

reactance of such an array. Radiation reactance in this array varies as 

much as ten to one for the center element of the array. 

20 
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APPE~JDIX 1 

The Helmholtz Wave Equation is restated in cylindrical coordinates: 

(Al.Ol) 

The solution to the above equation is assumed to exist in a variables-

separable form: 

¢(r,e,z): R(r)G(e)Z(z) (.(G.02) 

(Al.02) is substituted into (Al.Ol) and the resulting equation is: 

1 

R 

dR 

dr 
(Al.03) 

1 
It can now be seen that 

d2z 
---- is equal to a quantity which is independent 

dz2 z 
oi' z; therefore the follovrinc is true: 

(Al.04) 

Where j is an eigenvalue to be determined by the boundary conditions 

assigned to the array. The solution for Z(z) may now be written. 

1 d29 Continuing with the solution, it can be seen that - ~ 
9 de.::. 

to a quantity that is independent of e; therefore: 

.J._ ~ = - n2 
g d9 

(Al.05) 

is equal 

(Al.06) 

Where n is an eigenvalue to be determined by the boundary conditions_ 

assigned to the array. It will be found more convenient to vrrite the 

solution for 9(e) as follows: 

9(e) : cncos(ne) f ~ sin(ne) (Al.07) 

23 



• 

The assie;runent of arbitrary eigenvalues to the solutions for Z(z) and Q(e) 

detenaine tho fonn of solution which Rn,r (r) must assume. 

d~~·¥ _1 dRn,~ {[k2- (2'i'f! )21 

dr r dr 

0 (Alo08) 

In the following discussion, the quantity k2 -_ (2 It~ )2 will be defined as 

equal tor 2• The quantity ;1~ must reduce to k as (2 'iTf )2 approaches zero; 
/ 

therefore: 

/ = ~ k2 - ( 2 7r .f ) 21 

~ = -j~(27f rl2 -k2' 

(21/":f )2 < k2 

(271J)2 > k2 (Al. 09) 

To satisfy the Sommerfeld Condition of Radiation, the solution for Rn,r (r) 

must be: 

Rn,f (r) = Hn (2) y r) (Al.lO) 

The expression for Rn,y (r) as r approaches infinity is: 

r-2 ·( t:\.2n i 1) 
Rn,y (r) : ~~ e -J Y r _,, 4 (Al,ll) 

This expression coupled with the time dependence ej~ represents an 

outgoing wave. 

The wave equation has been solved consistent with the Sommerfeld 

Condition of Radiation. It is nmv possible to state a eigenfunction which 

is a solution to the wave equation; and if the boundary conditions imposed 

on the array are consistent, a sum of the eigenfunctions should satisfy 

the additional boundary conditions. 

The eigenfunction is stated: 

d j (r,e,z) ~n, 
= An,'P sin(ne)e::tj2Tr"_r z F (2)CP-r) 

J cos(ne) "rl / 

24 
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APPENDIX II 

To substantiate the statement that equation (18) of Robey's paper is in-

correct, the development of equation (lS) from equation (16) vrill be inves­

tigated a~ VTell as the validity of equation (16). Further it will be shovm 

that equations (19) and (20) of Robey's paper are correct. 

roo 
Zqq : jSa~w fu0 (2) (Ka) ain2(J' L) 

.o J-K~j~z--H-1~(~2~)(-K-a)----------

0 

Where K : (k2- :f 2 )?i 

Rewrite equation (16) as follows: 

< zqq > = -j 4a@,w 
41f a.L 

-l,oo 

J 
-oo 

Ho (2) (Ka) 

K H1 (2 ) (Ka) 

(lG) 

dJ (A2o01) 

Where ( Zqq) : ·the average radiation impedance per unit area 

Consider the following expression: 

lim sin 2 ( f L) (A2.02) 

L~oo 'i1L(f)2 

The following facts are true: 

1. (A2.02) approaches infinity as.!" approaches o. 

2. (A2.02) is zero for all other~ • 

3. The integral of (A2.02) from 'f = -oo to ::P = -foo is equal to unity. 

Therefore (A2.02) is a Dirac Delta }'unction, and (A2.01) may be v.rritten 

as follow·s: 
., 

c. H ( 2 )(Ka) 
0 (j) 0 

K n1 (2)(Ka) 
(A2 . 03) 

-oo 
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Thus the radiation impedance per unit urea of tho uniformly 

pulsating cylinder as derived by Robey reduces to tho foll~rinG as the 

lenGth of the cylinder approaches infinity: 

H (2 ) (ka) 
lim < zqq) = -jf0 c ~ (

2
) 

L~ oo Hl (ka) 

(A2.04) 

This does not agree with the well known result for an infinite 

II (2) (ka) 
cylinder . Further the angle associated vrith 0(

2
) is always in the 

H1 (ka) 
fourth quadrant; thus the radiation resistance givon by (A2.04) would 

always be negative. 

It can be assumed that Robey's equation (16) is correct except for 

sign. and it will be shown that Robey's equation (18) has an error in 

sign but that equations (19) and (20) are correct. Equation (16) is 

restated with the oorroot sign: 

Zqq : jBafo"' J 
0 

k 

sin2 (f L) 

( 'f )2 
.I 

H
0 

( 2 ) (Ka) 

KH1 ( 2 ) (Ka) 

Ho (2)( ( k2- j2 

d'f 

a) 
jBar0w J sin2 <l: L) 

Zqq: (.f ) 2 lk2-t2' nl(2)( lk2 -r2· 
0 

00 

sin2 (J L) (- j ) Ko ( ~ J 2_k2 ' a) 

a) 

-f j8fow J ( r )2 (-j){j2-k2' Kl( ~.f2-k2 a) 
k 
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dJ 

dj' 

(A2.07) 



To reduce (A2.07) to the form of Robey's equation (18) consider the 

following integrals: 

k 

11 
= ,. sin

2(f L) 

j < r ) 2 
0 

Let 1 = k sin 19"' 

then when 'f=o "1.9-:o , 

dj :' 1c COS 7..9" d t.SV 

Therefore 
'/r 

1 
Il-­- 2 

k r 2 
sin (kL sin 151') 

( s in "t9" ) 
2 

0 

Consider 

00 

I2= J 
k 

Let J>: k cosh!' 

then when f = k, 'P = 0 

J = oo, '{/: 00 

and ~J2..ok2
1 

= k sinh<f 

dj = k sinh~ d <f' 

27 

H
0 

( 2 )(ka cos-&) 

H1 (
2 ) (ka cos -cr) 

(A2.07) 

(A2.08) 

(A2.09) 

.. 



Therefore 

00 

j sin2(kL cosh!f/) K0 (ka sinh'f) 

(cosh if' l K1 (ka sinh 'fl ) 

Equation (A2.05) may now be written as 
1f 

J
. Sa f 0 W 

Zqq : 2 
k 

-1 j 8af0 w 
2 

k 

\2 
j 
0 

sin2 (kL sinlY) H
0 

(
2 )(ka cos·::..9') 

(sinl-~) 2 n
1 

( 2 )(ka cosO•·) 

\'

0 

sin2(kL cosh'f') K
12

(ka sinh'f' ) 

J (cosh~ )
2 

K1 (ka sinh/--') 
0 

d'f (A2.10) 

d'r (A2.11) 

Thus from (A2.11), it can be seen ~hat the terms in Robey's equation 

(18) should have identical siGns; and from the initial argument about 

equation (16),. the terms should be positive. 

Robey's expressions for I( and d3. as they appear in equation;:; (19) and 

(20) will novr be derived from (A2.11). The 6 term is self explanatory and 

correct. Examine the 

Ha (2) (ka cos lJ' ) 

Ill ( 2 ) (ka COS -zY ) 

expression 

= H0 ( 2 ) (x l 
Hl ( 2) (x) 

: J 0 (x) - jYo(x) 

J 1 (x) - jY1 (x) 

= J 0 (x) - jY0 (x) 

28 

where x = ka cos & 



J 0 (ka cos v-)Jl(ke. cos ;:v--) f.Y 0 (ka cos a) Y1 (ka cos .'-' ... ) 

= 2 2 
J 1 (ke. cos-o-) .fYJ. (ke. cos ·t-'-') 

7 

- j 
2 1 

ka COS -r.:Y 2 2 
J

1
(ke. cosv--) -/-Y

1
(ka coso-) 

Thus it can be seen that Robey's coefficients /F_J, t3. , and C in 

equations (19) and (20) are correct as stated but are not consistent with 

equation (18)o 

The above arguments are believed to be sufficient to show Robey's 

equation (18) is not correct as stated, but would be correct in the fonn 

of equation (A2.11), Equation (A2.11), if stated in ter.ms of average 

radiation impedance and ·with e. change of variable, is equivalent to 

equation (3.02). 

7 Go N. Watson, A Treatise on the Theory of Bessel Functions, The Mac Millan 
Company, 1945, p 77 

29 



~~+ +()(.­

e-o 
30. 

(Ftjvre ..i ) 

' · 

I 

~~ 
~~ 
~~ 
·~ • .!_, 
~~ 

J ... y ___ -

I . 

I 

L I 
{Z 

I I 
I i 
i 
I 

I 



' I 

1---+---+-r-



i 

~ I 

l 
·~ 

I 

I .. 

I 
" 00.9 0 • oo-1>0 00,0 00 10 0010 0000 . 

t 1 'J "0' I 17' ...deft ..L:tr: rv'l7' ..L 1£7" JC:t' 'VCI/...L t 'IU 17'6 ~=r-. 
3. l I . ' ' I ' 

I -- -- ·--L .l .l ..J...--_} 




