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SUMMARY

The definitive orbit for Ariel 2 (1964~15A) is camputed, from Minitrack
observations, for a period of twelve months from the launch of the satellite,
The orbit is described by a model with eight orbital parameters and these
parameters are listed at every twenty-fifth nodal passage. The angular
observations are accurate to about 1' and, as a result, the average computed
standard deviations of the eight fitted orbital parameters arc as follows:

1 m in semi-msjor axis, 10-'5 in eccentricity, 2" in inclination, 4" in right
ascension of the node, 30" in argument of perigee, 03.03 in time at the node,
and 0,001 deg/d° and 0,001 deg/d’ in the lincar and quadratic coefficicnts

occurring in the mean motion polynomial,

Ephcmerides computed from the listed orbital parameters will be accurate
to about ¥ km, the accuracy required by the Ariel 2 experimenters, Limitations
which prevent the accuracy f.om being better than this arc discussed.

Departmental Reference: Space 122
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1 INTRODUCTI (N

Ariel 2 is the sccond of the series of satellites being launched in the
scientific programme based on Anglo-American co-operation, As with Ariel 1,
the first of the series, the satcllite was constructed armd launched by the
U.S. (NASA), Whereas British responsibility for Ariel 1 was confinud to the
scicntific experiments (including telemetry data analysis), for Ariel 2 it has
been extended to the determination of definitive orbital parameters,
Responsibility of the U,K, will continuc to grow for the third 3atellite of the
series, at present styled U.K.3 anmd due to be launched early in 1967, since
this will be the first spacecraft actually to be built in Britain.

Three experiments constituted the scicntific payload of Ariel 2, each
sponsored by a scicentific cstablishment in the U,K.: mecasurement of galactic
noise by the Mullard Radio Astronomy Laboratory, Cambridge; measurcment of
micrometeorite flux and particle sizes by the Nufficld Radio Astronomy Laboratory,
Jodrell Bank; and measurement of atmospheric ozone by the Meteorological Office,
Bracknell, The satellite, knovm before launch as S.52 or U.,K.2 and after launch
as Aricl 2 or 1964-154, was successfully placed in orbit at 17.25 UT on
27th March 196} from the NASA Wallops Station, Virginia, by a four-stage solid-
propellant rocket. The experiments continucd to work until the erd of
Septenmber 1964, by which time thc spin rate of the satcllite was too low for

useful data to be obtainable,

Tracking data have been provided by the Minitrack nctwork of NASA (STADAN)".
The first observations were from Lima, Peru, within 4 hours of the time of
launch, and data are still (November, 1965) being obtained from the network,
though it is cxpectid that NASA will officially terminate the projct in the
necar future, The data have been analysed in Space Department, R.A.E., and the
main purposc of this Report is to tabulate the orbital paramctcrs derived, These
parameters have been calculated by use of the standard progrznnmc:sz’5 for the
Pegasus camputer and are given at intervals of 25 ascending nodes (about 12 days).
Computation of orbital parameters was stopped after the orbit had been analysed

for tweclve months,

2 MINITRACK OBSERVATIONS

The STADAN network consists of a dozen Minitrack stations distributed as
shown in Fige1, Thc inclination of the Ariel 2 orbit being too low for data from
Alaska, observations were obtained fram the elcven stations listed in Table 1,
The Table gives latitude, longitude and height rclative to the Fischer
ellipsoidl", the currently best world-wide geodetic datum, Also given are the

nunber of obscrvations uscd from cach station,
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A total of about 3700 observations has been used over the twelve month
period, corresponding to sbout ten per day, Of these, about 100 were rejected
during analysis due to the size of residuals, but some of the rejections were
due to incorrect punching of tapes before analysis so the data are in fact

very reliable,

An accuracy of the order of a millisecond is claimed for the quoted
times of observations, and time errors have been ignored in the analysis,
Experience with Ariel 1 showed5 that the angular accuracy is effectively about
1 mimute of arc ard this value was used in the analysis, It covers errors
in the basic interferometer measurements, ionospherin refraction correction,
station co-ordimtes and orbital model, and can also be regarded as
incorporating the explicitly ignored time errors,

For the first 36 hours after launch, observations with elevations as low
as 20° were made and have been used to cbtain the first set of orbital parameters,
To minimise unknown refraction errors, data made available after this initial
short period have been confined to ocbservations with high elevations; more than
half the observations have had elevations greater than 80° and there have been
only four with elevations less than 60°,

The coverage of each interferometer essentially consists of a pair of
narrow fans in the vertical plane, one north-south amd the other east-west, only
one being used on a given pass, For this reason the azimuths of most ocbservations
have been close to Oo, 90°
one or two obscrvations, If there are two, sincc they are both in the same

narrow fan, they are only about 10 to 15 seconts apart in time,

" 180° or 270°, A station supplies, for a given pass,

3 ANALYSIS OF THE OBSERVATIONS

3¢4 Dynamic model of the orbit

The analysis has been carried out using the standerd R,A,E, orbit
imp:-ovement teohnique2’5 based on Merson's smoothed elemsntse. The orbital
model chosen for Ariel 2 has fwelve parameters associated with each of the
epochs defined by every 25th ascending node, Eight of the twelve parameters
are determined by differential correction of approximate values; these eight are:
, a, (semi-major axis), e, (ecdentricity), i (inclination), , (right ascension

of the defining node), W, (argument of perigee), t, (time at the defining node)
and the parameters n, and n, such that the mean motion at time t is given

by:~

n = (p/ag)% +n, (t - to) + 1, (t - to)z ’
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where p = 398 602 k1n3/sec2. The remaining four parameters - denoted by

s 11, ﬁ1 and W, = give time-linear contributions to e, i, 1 and w; unlike
n, ard N,y they are not fitted to the observations but are given pre-calculated
values, They represent drag, luni-solar and earth-gravity (J 3 Jl+ and J‘g
terms) perturbations of the orbit, and are valid for only two or three days
each side of the epoch to. It must be emphasised that Q1 and w, do not include
the large secular terms which arise from the J2 perturbation; these are auto-
matically allowed for by the model, Similarly, e 1
variation of e due to drag, this being allowed for through the parameter n,.
Some printed sets of parameters have been circulated in which coefficients

1, and w, were included in addition to 4 and w However their values were

2 2 1°
so small as to be quite without significance (see also Section 5).

does not represe:t the main

Ref,3 gives the complete set of formulae by means of which geccentric
position is computed from the twelve orbital parameters, They differ from the
formulae of the original T'egasus programme2 in two respects, First, the
position of the satellitc at time t is computed as if the time was actually
t + 8t where

5t = 0,088 sin 2 (6 - Q - 18°) ses ,

0 being the sidereal time, This formula gives a first-crder approximation to
the 12-hour along-track oscillation of thc satcllite caused by the tesseral
harmonics - in particular by J2’2 - of the earth's gravitational field, Further
details are given in the Appendix, Naturally, the topocentric position of the
satellite is founl by taking the station co-ordinates (in space axes) at the true

time to

The other divergence from the formulae of the original Pegasus programme
is that a term has been introduced into the expression for mean anomaly, M,

ard w,, The full formulae for I is

associated with the paramcters Q 4 1

- . . 9 2 3
M = M°+(no-w1-ﬁ1 cos 10)(t-t°)+-§n1 (t-to) +§n2(t-to) ’

whore Mo is determined fram °, and Wos t is taken, of1course, to include the
12-hour 6t term already mentioned, n, denotes (p/ag )-""- and the formula for n
given carlier is not affected,

3¢2  Computer operation

From the receipt of observations from NASA to the generation of a given
set of definitive orbital parameters, there are seven programmes which have to




be run on the Pegasus computer, Allowing for the fact that the differential
correction programe is used twice, the seven programmes correspond to eight
operating stages as listed below, The first two stages apply to the
observations in general and the remaining six to the amalysis at a particular
node,

(i) The direction cosines, of which the data consist, are punched on
paper tape; they are converted to azimuth and elevation by the computer, which
provides output in a form suitable for re~input with the next programme,

(ii) Observations, sometimes several hundred at a time, are stored on
the Ariel 2 1, T.L. (magnetic tape library).

(iii) The initial parameters at a given node are predicted by extrapolation
from the definitive parameters 25 nodes before (except for the first definitive
node when NASA estimates are used).

(iv) About 30 observations, chosen by the operator for the analysis at
the given node, are transferred from the M,T,L, to an Aricl 2 S.D,T. (seclected
data tape); some preliminary processing is incorporated in the selection

programme,

(v) A single iteration of the main differential correction programme is
run; the parameters - and in particular n, - are then sufficiently accurate for

the next stage.

(vi) Contributions toe,, i,, A, and 4, dus to gravity (J5, J, and 5
terms) and drag perturbations are fourd; these are functions of the orbital
parameters and the drag terms depend on n,.
(vii) The luni-solar contributions to e, i

added in,

01 andw1 are fourd and

1)
(viii) As many further iterations as nccessary (normally two) of the
etc being held fixed; after

Qo, W to’ n, and

differcential correction programme are run, e 1
the last iteration the standard deviations of &y €y i
n, are obtained,

o’

Stage (ii) requires virtually the same computer time - cbout 40 min -
irrespective of the mumber of observations involved (within the capacity of
the M,T,L,)s TFor the other stages the average times at the computer, based
on a set of 30 observations, are as follows: for stage (i) 5 min; for (iii)
2 min; for (iv) 8 min; for (v) 15 min; for (vi) 1 min; for (vii) 1 min; for
(viii) 0 min, Thus the total computing time for the amlysis at each node
worked out at about 70 min under ideal conditions, An actual average was

g ——

27!




nearer 90 min allowing for delays due to the rejection of observations etc,

The time away from the machine, including a little more than 1 hr far punching
30 observations, was about another 90 min, Since annlysis was conducted at
210 different nodes the routine work required grand totals of about 320 Pegasus

hours amd 650 man hours,

3.3 Miscellancous points

Times of observations were provided relative to the WiV time transmissions
from America, BSince the experimenters were using telemetry data relative
to WWV it was decided not to correct to any of the standard time systems (v.Jniversal,
ephemeris or atomic time), If it is so desired, the orbital parameters in this
paper moy be corrected to datum UT2 as follows, only Qo ard to being affected:
to t  add the time (in secords) by which W./V is slow on UT2; to Q_ add 0°, 004 x
(UT2-WWV) where the time difference is in seconds,

The analysis at cach defining node has used about 30 observations,
spanning a period of 3 to !4 days centred on the node, Since the defining
nodes ere only 13 days apart there is considerable overlap, about half the
observations being used twice, This was done deliberately since in any
applicaticn of the 'fitting by moving arcs' method a narrow overlep is a source
of ineccuracy, Accurescies actually obtained during the periods of overliap

are considered in Section 5,

A difficulty arosc in the analysis of the same obscrvations at two
different nodes since WWV time was set back 08.1 at 1965 January 1,0, Zach
observation close to this time of discontinuity had to be duplicated in the
library of Ariel 2 observations, onc¢ with the original observation time
and again with an adjusted time, the observation sclected depending on whether
the defining node used was, respectively, the same side of the discontinuity

as the observation or the opposite side,
4 RESULTS

Orbital paramcters for Ariel 2 are listed in Table 2, Successive columns

of the Table arc as listed below, zero suffixes being omitted for convenience,

Node number, m

Date

Time

Semi-ma jor axis, a (km)
Eccentricity, e
10000 e,y with e
a (1 -ce)

4 in units/100 days
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Incliretion, i (degrees)

100 i,, with i, in degrees/100 days

‘Right ascension of the node, 0 (degrees)

100 0, with Q, in degrees/100 days

Argument of perigee, w (degrees)

w, (degrees/100 days)

Mean anomaly, M (degrees)

Mean motion, n (dcgrees/100 days)

n, (degrees/(100 days) )

10 n,, with n, in degrees/(100 da.ys)3

Number of observations used, N

Extent of the observations, D (deys)

Standard deviation of an observation of unit weight, &
Modified Julian Day representation of daie/time, MID,

The nodes are numbered such that m would have been zero at a fictitious
node half an hour before launch, Thc quantities a(i - e), M and n are useful
derived parameters. Although a(4 - e) gives an indication of the perigee
distance, T it is not exactly equal to T To O(Jz) the perigee distance is
giv:n by:=

r, = @ (1 -e) +1J2;2{sm icos2w=-(1~¢e)(2~-3 sin® N e
The velues of the cight differentially-corrected parameters are followed,

in Table 2, by their computed standard deviations, thc unit in each case being

that of the final figure quoted for the paramcter, The quantity € is a measure

of the goodness of fit, Its expeccted value is 1 (non-dimensional), corresponding

to the adopted weighting of observations with standard deviation 1'; if e is, say,

2,5 the fit is such that the observations must, a posteriori, be regarded as

only accuratc to 23'. Every standard deviation includes € as a factor, If this

factor were rcmoved, the remaining quantity would be independent of fit amd

would depend on, and therefore provide an indication of, the geametrical coverage

of the orbit by the relevant station observations.

It is seen that average values for the standard deviations of the eight

basic parameters are as follows:-
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1 metre

8
0. 00001 0,03

2
0°, 0005 3 12°/(100 days)

o. 0°,004 o 1500°/(100 days)® .

g P2

The remarkable accuracy assessed for semi-major axis arises from the relaotion

e = p (Kepler's third law), It is really n that is being measured so

accurately and the values of a may be systematically in error by as much as
20 m due to error in the adopted value for u, viz, 398 602 kmj/secz. The
above o‘a correspords, in fact, to o‘n = 00.1/100 days or a maximum contribution

to o,, (when 1% days away from to) of about 00.002. A better assessment of

M
orbital distance accuracy is given by o (2 4 - e) = 70 metres. It can

readily be checked that the volues given for O'n and 0 also both correspond,
1
for t - to =13 days, to contributions of about Oo. 002 to Oy Thus an

approximate estimcte of the maximum along-track errcr in position computed from
the definitive orbital parameters may be obtained from V3 x 0°,002 at 7000 km;
this estimte is less than % km, further discussion of errars in computed

position is to be found in Section 5.

To indicate the behaviour of the basic parameters relative tc their
tabulated standard deviations, igs.2-10 have been plotted, The idea behind
these plots has been, as far as possible, to use a scale large enough for
the representation of each fitted volue of a parnmeter by a vertical line of
length 20 centred on the fitted valuc, To this end secular terms have been
removed from some of the paramcters by preliminary fitting of some suitable
polynominl, and for two of the parameters - ¢ and w - the long-periodic

variation has also largely becn removed,

For i, n, and n, & suitcble scale is available without modification of

1
the data from Table 2; Figs,5, 9 and 10 represent these three paramcters, the
plotted lines being of length 20‘i, 20'n and 20 respectively, Eccentricity,
right ascension of the node ond argume;!xt of perigee hnve been represented in

Figs.4k, 6 and 7 by graphs of de, A0 and Aw respectively, where
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fe = e+ 1.08x10° m -7 x 10°% sin w .

Bl a 0 +k x 360° + 0°,287515 m + 2%,29 x 10 2 + 1%.18 x 10~ o’
and

B = 0 +k x 360° - 0%21385 m = 2%,3 x 107 m2 - %4 cos W

here k is an integer which has been introduced to avoid the discontinuities of
360° in the tabulated values of 0 and w,

Figs.2 and 3 both relate to semi-major axis, The values of o, are so
small that the scale can not be made large enough over the whole range of a,
even after ramoval of & very-high-order polynomial, @Fig,2 correspords to the

removal of a quintic, amd plots 4,a, where

1

b = B+ 161 x 1072 m = 1,288 x 1072 m2 + 6,915 x 1072 m> = 1,501 x 1012 m&

+ 1159 x 1o"16 m .

In order that a graph showing standard deviations might be drawn, the data were
divided into seven scctions and a scparate polynomial (quartic) removed from each
scction, the constant terms being adjusted so that the polynomials joined up.

The resulting greph is given in Fig.3 by the plot of Aza, where, in km,

B2 = a+ 2,517 x 167 m - 3,854 x 107 n?
3,300 x 1070w - 1,082 x 10711 ¥ for 0 <m< 750 ,
byp = a+ 8e4985 - 9,22 x 107> m 4 14539 x 107 o2
-6976x1093+1277><1012)+ for 750 € m € 1500 ,
A -1 =5 2
B = a- 180,9639 + 4,424 x 10 m = 3,84 x 10 " m
+ 1.48277 x 107 m® = 2,1107 x 10~ 1 o for 1500 < m € 2250 ,
A2a = 8 = 1142,1030 + 1,83778 m - 1,092788 x 10"3 m2
+ 2488134 x 1077 m° - 2,82585 x 10~ n*  for 2250 < m < 3000 |,

i
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1
8.2 = &+ L3445 ~ L1146 x 1072 5 i
o8 = J - x 10 " m+ 2,058 x 10 “ m
= 34637 x 1077 m0 + 1,939, x 10~ 10 ¥ for 3000 € m < 3750 ,
Ad = 5 1 5 ke
2 = &+ 37562463 = L7361 x 10 m + 2,24885 x 10 " m
- 153198 x 100w + 3,34635 x 10712 w* for 3750 « m < 4500 ,
and
A2a = & = 22497.1421 + 18,545985 m ~ 5, 723216 x 10"'3 m2

L

72 = 1.027167 x 101 w

+ 74845224 x 10~ for 4500 < m < 5250 .,
Fig,8 relates to the remaining parameter, to. This is plotted in the
Modified Julian Day number form, a quartic polynomial being removed from the
values of Table 2, Again standard deviations cannot be represented and this
time they are so small relative to the scale of the graph - the average o,
7 o

being 3,5 x 10" ' day - that division of the data into sections would not help,

The quantity plotted in Fig,8 is Ato, where, in days,

16 4

; - 127 x 10 m' .

+ L4e 06 x 1012 m

bty = t, = 7.0318 x 1072 b 4+ het % 100 n
Although the polynomial (and sinusoidal) expressions removed from the
orbital parameters have been listed above, it is not claimed that the voly=-
nomials represent tne real behaviour of the parameters or that the shapes of
the residual plots are significant, As already stated, the polynomials have
only been removed in order that the nagnitudes of the standard deviations should
be visible, on the graphs, against the background of the fluctuation or the
parameters, The graphs indicate certain facts about interpolation that are

discussed in the next varagraph,

Suppose that the orbitel parameters corresponding to a certain node had
not been available ard that they were estimated by a suitable form of interpolation
in the adjacent sets of parameters, Then Figs.l, 5, 6 and 7 show that the values
interpolated for e, i, 1 and w, respectively, would be very good; it would be
almost certain, in fact, that any interpolated vzlue would be within two average

stardard deviations ol the true parameter, For a amd n,, however, it is clear

1’
from Migs.3 and 9 that such accurate interpolation would be impossible and for

to the situation would be worse still, (The simplest thing to do with the fiml
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parameter, n,, would be to set it zero - Fig,10 shows that the error would
be no greater than in interpolating n1.)

Inadequacy of interpolation for the parameters a, to ard n,, due to
irregular variation in air drag, explains why it was necessary to obtain
orbital parameters as frequently as at 25 node intervals (see also Section 5)
and suggests that an even finer analysis, say at 10 or 15 node intervals,

might have given further information on drag fluctuations, ’

5 ACCURACY O POSITION COMPUTATION

Pram a set of orbital parameters derived on the basis of a given orbital
model, the position of a satellite at any time may be computed using the same
orbital model; indeed, for satellites transmitting scientific measurements, the
provision of an ephemeris - or world map - is'one of the chief motives for
detemining orbital parameters, In the case of Ariel 2 the experimenters
wanted positions to be normally accurate to % km or better, and almost never
worse than 1 km,

Successive orbit determinations were initially carried out at 50-node
intervals, starting from node 25, Allowing for overlap this meant that'a given
set of parameters had to be valid for a period stretching from about 26 nodes
before the relevant defining node to about 26 nodes after, A useful measure
of the accuracy of position computation was available by comparing the positions
at various times - in particular during the overlap period - as computed fram .
two sets of parameters, those at the previous defining node and those at the

following one,

Lot 4 be the distance between two estimates of satellite position as
above, d being a function of time, The behaviour of d might be expected to be
compounded of a periodic term and a secular term, This is illustrated in Fig.11,
based on orbital parameters for defining nodes 75 and 125, The lower plot shows
the fine behaviour of 4 over a single revolution - from node 100 to node 101,

The upper plot shows the coarse bchaviour between nodes 92 and 110; a curve
has not been drawn because of the oscillation which occurs between the plotted
points, It is clear at once that the desired accuracy is not being achieved,

It was largely as a result of contemplating Mig,11 that the decision was 4
made to producc orbital paramecters for the intermediate nodes 50, 100 ete.
Fig,12 gives the coarse and fine behaviour of d for compared positions based
on the parametecrs for nodes 75 and 100, Fig,13 gives a similar picture based
on nodes 100 and 125, Although the true position of the satcllite is, of
course, ncver kgown, it is now very probable that the desired accuracy is being

attained,
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A second way of estimating the accuracy of position computation is to
employ the covariance matrix of the orbital parameters used for this computation,
A Pcgasus programme is available for doing this and has been described elsewhere7.
Let S be the root mean squarce of the distance between the true pesition of a
satcllite and its computed position from the paramcters at a defining node (only
one defining node is involved now), Iig,1L gives the coarse behaviour of S
between nodes 1950 and 1968 based on the covariance matrix of the orbital
parameters at node 1950, iz,15 gives the fine behaviour of S between nodes
1962 and 1963; values based on covariance matrices from nodes 1950 and 1975 have
been averaged here, but they scarcely differed, On the same graph is the

corresponding plot of d, similar to that plotted in earlier figures,

The agreement between the S and d plots of Fig,15 is excellent, bearing in
mind that they arise from quite different rnethods of accuracy assessment,
Similar plots are given in Fig,16, starting from a different pair of nodes, 2275
and 23C0, This time the agreement is much worse, an average value for d/s being
about 37}. IC the errors in the position of the satellite, comguted from two
sets of parameters, were uncorrelated, the expected value of d/S would be V2,
but with the paramcters based on overlapping sets of data the expectation would
be less than this, Thus a value 3% probably represents a systematic error in the
orbital model, However, it is felt that even in this case the accuracy is unlikely
to be worse than 1 km, It should be remarked that the choice of nodes upon which

Fig,11 to 16 were based was a purely random one,

The effect of two possible sources of systematic error was investigated in
a similar way to the above, using the quantity d, It has been remarked in

Section 3,1 that paramcters {1, and w, were originally included in the model but

later dropped., The effect ofzdropping Qz and Wy from the parameters for node 75,
all other parameters remaining unchanged, is shown in Fig,17. This effect is,
of course, proportional to (t - t°)2 and its maximun value may be seen to be,

in metres, about 33 (t = to)z, measuring time in days, This is campletely
negligible,

The PFischer cllipsoid was adopted early in the analysis, but without
recamputing all previous sets of parameters obtained when the stations were not
all referred to the sare datum, Onc sct of parameters was recomputed, the set
for node 525, Tig.18 indicates the ncglizible change in position as computed

from the parameters before and alter the change,
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6 COMPARISON WITH OTHER ORBITS OF ARIEL 2

Elements of Ariel 2 have been issued by two American computing centres,
Spacetrack and NASA, In each case new sets of eclements are produced, on average,
about every nine days, some five times less frequently than the elements
tabulated in this paper, For this reason, among others, the American orbits
must be regarded as significantly less accurate than <the definitive R.A.E,
orbit, The Spacetrack bulletins, in any case, describe their data as for

predicticn purposes only and unsuitable for scientiffic analysis,

The NASA elements, like the R.A,E. elemeuts, have been derived from Mini-
track observations, However, in addition to being issued less frequently they
differ from R,A.E., elements in that they are rclated to a different dynamic
model of the orbit; also, cach sct corresponds to some arbitrary epoch and not
to the time of a particular nodal passage, The precise definitions of INASA
elements are rather difficult to discover and it is not certain that the same
orbital model is used for the analysis of all satcllites, It was therefore
of interest to carpare NASA e¢lements - interpolated to the time of the nearcst
sct of R,A,E, clements - with the R.A.I. elcments, using the differcnces to

cstablish the most likely interpretation of the NASA elements,

The comparison has been made and it scems that NASA must have used a
set of elements which will be defincd in the next paragraph, They are denoted
by E, e etc, to distinguish them from R.A.E, elements, Formulae are given in
Scctions 6,1 and 6,2 which relate the two sets of elcments, On the assumption
that the NASA clements are the barred elements, a nunber of sets have been
transformed into Merson's elements for comparison with R.A.E, elements, The
average differsnce is then about three or four times the R,A.D, standard
deviations ard - since the R,A.E, clements are the more accurate - the agrcement
is very satisfactory, This is illustrated by Fig, 19 which gives the R.A.E.
cccentricity graph; velues of e from NASA are plotted befare and after trans-
formation and it is seen that after transformation they 1i: on or ncar the
R.,A.E, curve, Comparison of R.A.E, and NASA ephemcrides is considered in

Section 6,3 amd illustrated by Fig,20,

The elements a, e ctc, are defined, to O(e), by a doublc averaging of
osculating elements, The first averaging is with respcct to mean anomaly and

the second with respect to argument of perigee; these averagings remove,
respectively, short-periodic perturbations associated with the Jp term of the

geopotential function ard long-periodic perturbations associated with the J3
term, Despite the general uncertainty over their orbital methods, there

48 reason to believe that NASA remove J 5 perturbations also, but thcse are
much smaller than the J3 perturbations and arc not considcred here,
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The formulaec given below have been derived by using the results of Mersons,
who compared his smoothed elemcnts6 with the mean elements of Kozai9. The
clements 5, I and I are very close to thosc which Kozai reached after removing
long-periodic terms but the a and w defined here differ from those of Kozai
since cach of the latter was given a bias rclative to the true average short-

pcriodic perturbetion,

The element a is dcalt with after e, i, 0 and w in the comparisons below
and is then considercd in conjunction with the mcan motion n and the anomalistic
pceriod, Mean anomaly, for which comparison would not be so straightforward, is
omitted from consideration,

6o 1 Eccentricity, inclination, right ascension of the node and argument of
perigee

To O(e) the relations between e, i, 0, w and ¢, I, {1, © respectively are

given by:-

2 J. R
- R s v et B
e =& = §J2(2> e (2 - 3 sin 1)--;- Jzasn.nlslnw 5
2 J, R
i-1 = -%—J2<§> sin2i(3+l;.ccosw)+;—--zLaecosisinw 5
2 Jx R
5 - 15 (R ; : 1 2. ;
Q-0 = 2"2(&) c031(3w+3Mo+l+cs:an)-2 Jzaecotlcosw
and

2
W= = -;TJ2<2> {(4-—5sin2 i)(3w+3M°'+2esinw)-%sinzisinZw]

a
J, R
L .
2 J2
The first term in the expression for ¢ - e is ncgligible here since

2 -3 sin2 i = 0(e); the second term rcprescnts the transformation made to the

plot of NASA eccentricity in Fig.19.

662 Semi-major axis, mcan motion and anomalistic period

The scmi-major axis and the mcan motion arc dircctly related by Kepler's
third law, Since - with obscrvations of dircction and not range - it is n rather
than a which is measured, it is preferable to give the formula rclating n and n,

Therc being no long-periodic term, the rclation - to O(e) - is:-
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2
- R o2
n-n = 4J2(a> n (2 -3sin“i) ,

Although the true anomalistic period - the time from one passage through
perigee to the next - is 2x/n, it appcars to be 2x/n which is listed as
'anomalistic period! by NASA, Thus the latter is consistently half a second
greater than the true anomalistic period,

Values listed in the Spacetrack bulletins do appear to be of the true
anomalistic period and agree satisfactorily with values of 2%/n using Table 2,

6e3 Comparison of ephemerides

It does not matter that the definitions of R,A.E. and NASA clements are
different, so long as thc appropriate formulac are used for generaling satcllite
positions in cach cucse, A comparison has been made of satellite position
computed from R,A.E, orbital elcments with the cphemeris provided by the NASA
'Refined World Maps's The period from nodc 600 to node 601 was chosen for the
camparison since during this period the differcnce between ¢ (NASA) and e (R.A.E,)

was near its maximum (0,0008), as may be seen from Fige19.

Fig,20 gives (lower curve) the differcnce between the R.A.E. and NASA
computed satcllite positions and (upper curve) the height component of this
difference, It is seen that the height differcnce does not exceed 310 metres
nor the total difference 800 metres, Since the R,A.E. elements are the more
accurate, position agreement to this order is very satisfactory and confirms that

both scts of orbital clements are being used correctly,
7 DISCUSSION

The accuracy required by the Ariel 2 experimenters has been achieved in
the orbit provided, Had an order better accuracy been required, a carcful analysis
of the possible sources of error would have becn necessary, At the expense of
same complication, further improvements in the dynamic model of the orbit might
have becn made and the Pegasus computer programe improved, However, it is doubt-
ful whether the Minitrack data themsclves would have been accurate enough to warrant

much refinecment in the computing,

The average size of the residuels in angle is the 1 minute of arc that had
been expected when the analysis was started, For a satellite at an average
distance of about 1000 km this corresponds to an error in distancc of about 300 m,

For observations with elovations as low as 60° the greatest source of error
is probably the inadequate correction of ionospheric refraction. It has been
esti:rxated1o that for an clcvation angle of 50° the residual error after refraction

correction is 2 minutes of arc so that for 60° it is still important,

[}




Other errors in the data arc not likecly to be significant, Systematic
errors which arise during the periods between successive calibrations of a
Minitrack station - periods of somc months in gencral - should not average more
than % minute of arc1. Errors in station survey should not exceed 100 m,

lcading to errors of the same order as calibration errors,

Turning to the orbital model, appreciable errors - say about 200 m - still
arise from inadequate allowance for the earth's tcsseral harmonics (see the
Appendix), despite the cmpirical modification made., Errors from neglect of
the zonal harmonics beyond Jl+ are thought to be ncgligible, The effect of J7,
for example, is not important for a satellite of inclimtion 510. 6. The valuecs
of ¢ 4 in Tablc 2, which are from theory, arc in general agreement with values
from differencing e, bearing in mind that the orbital model automatically allows
for the min drag term in e - i.e., if e, is zero it is a(1 - e) and not e

which is held constant.

Zrrors from inadequate representation of the effects of atmospheric drag
arc lcss easy to estimate, They may be divided into short-p.riodic and long-
periodic errors, The short-periodic errors arise because drag is corcentrated
at perigec and not, as the mcan anomaly polynomial would suggest, uniformly
spread over the orbit, But the errors arc ncgligible, being less than a second
of arc - in the case of Ariecl 2 - for mean anomaly ard so equivalent to at most

a few secords of arc in an observation,

The long-periodic errors in the represcntation of drag effects are more
serious and it is these which are difficult to estimate, They arise because of
fluctuations in the donsity of the atmospherc which are, on the different time
scale involved, of short period, These fluctuations have becn investigated by

King-Hele amd Qu:'mn‘rl who have plotted values of n,, as in Fig,9, as far as

1
10th Scptember, 1964, Guomagnetic index, when plotted for camparison with the
parameter n,, shows the same gencral behaviour but has very pronounced ‘'spikes',

It is clear, in fact, that the calculation of n,, cven at intervals as finc as

1
13 days, has smoothed the true orbital acceleration and thereby introduced error,

If the required corrcctions to n, could be estimated and doubly integrated,

1
then the correction to mean anomaly could be found as a function of time, [From
a rough inspcction of the n, and geomagnetic index curves it scems likely that
the error could rcach, or excced, a minute of arc in cquivzlent topocentric

obscrvation,

It is intercsting, in the light of the last paragraph, to speculatc that
to obtain more accuratc orbits for satecllites likc Aricl 2 it may bc nccessary

to feed in values of gcomagnetic indcex over the three-or-four-day period of an
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orbit determination and to form terms contributing to the mean anomaly by a
double numerical integration of these values of the index,

In addition to its application to the study of short-periodic fluctua-
tions in atmospheric density the orbit of Ariel 2 has been used in the
evaluation of the odd zonal harmonics of the sarth's gravitational potential,
King-Hele, Cook and Scott12 have taken Ariel 2 as one of six satcllites for
this evaluation, They used the data for perigee radius, a (1 - e), rather
than eccentricity, in order to rcmove drag effects as accurately as possible,
and found that the corrected data were then as good as data for the other
satellites in virtually drag-frec orbits.

8 CONCLUSIONS

By use of an orbital model with eight paramcters fitted ° ram Minitrack
observations, the orbit of Aricl 2 (1964~15A) has been successfully computed
for a period of a year from its launoch, The orbital parameters have been
listed (in Table 2) for the time of every twenty-fifth passage through the
ascending node,

Ephemerides caloulated from the listed parameters should, in general,
be accurate to about 3 km, i,e. to the accuracy required by the experimenters,
This estimatec of accuracy is based on thc view that the effective average
error in a Minitrack observation is 1 minute of arc, a figure supported by the
residuals in the observations after orbits have been fitted, Thec astimate has
been confirmed by the camparison, over a short period, of ephemerides calculated
from two sets of orbital parameters, corresponding to the cpochs before and
after the period in question,

Consideration has been given to the factors limiting the accuracy of
the orbital detemminations, It is concluded that the three main factors are:
inadequacies in the correction of observations, other than at very high
elevation, for ionosphoric refraction; inadcquacies in the rcpresentation of
tesseral terms in the carth's gravitational field; and inadequacies in the
represcntation of drag effects over periods of several days,
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Appendix

PERTURBATIONS OF ARTSL 2 DUE TO THE TESSERAL
HARMONICS OF TIE IZARTH'S GRAVITATIONAL FIELD

During the first few orbital determim tions, based on the stardard dynamic
model that was being used at the beginning of 1964, it was noticed that residuals
from the Winkfield Minitrack station were consistently larger than residuals fram
the other stations. It was discovercd moreover - using thec original form of the
orbit determination programme in which residuals in obscrvation times as well
as angular data were Computed2 ~ that the residuals were almost entirely along=
track, equivalent to an error in the Winkfield clock, This error was oscillatory,
with amplitude about 0°,1 and period just under (by about 10 minutes) half a
daye It was realised that an error of this type could be caused by the neglect
of the coefficient (J 2,2) of one of the tesseral harmonics of the earth's
gravitational field, though it hed earlier been thought that J2,2 perturbations
would not be detectable, The proof that the effect was in fact caused by
gravitational perturbations - and that the Winkfield clock was blameless - was
obtained by plotting time residuals for all the 185 observations which were
obtained from the Minitrack network during the first 90 hours from launch, The
residuals were plotted against the argument 8 - Q, where © is sidereal time and

! the right ascension of the satellite node.

Let the negative of the residual in an observation time (assuming the
original form of the orbit determimation programme) be denoted by 6ts Then

bt is the amount by which an cbservation time has to be increased before computing
satellite position from the standard dynamic madel, It was fourd that a good
fit to the plot of 185 Ot's was given by:~

5t = 0,088 sin 2 (6 ~Q - 18°) sec

Now the formula for the along-track effect of J2 2 is given‘l 3 , for a circular
H

orbit, by:-

2 2
R\ nsin i
8L, = 27 R\ " nsin 3 _. -
(p) = sin 2(6 Q+7\2’2) .

2 72
’2 r

»

where p, n and i are semi-latus rectum, mean motion and inclination respectively,
R is the (mean) equatorial radius of the earth, )\2’2 is the (east) longitude

of one extremity of the major axis of the earth's equator, assumed elliptical,
and ¢ is 8 -, Taking 8L = n &t and substituting the values of p, n, i and {}
for the Ariel 2 orbit, the observed 6t fit may bc acocounted for by a J2’2
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perturbetion for which J2 > = 3,0 x 10-6 and 7\2 9 = -18°, The orbit deter~
) L)

mination programme has consequently been modified by arranging that the time

of an observation is increased by 8t where

5t-2J gzsini . )
= %23 3 51n2(6—0+12,2 ’

J2,2 and )\2,2 having the values above,
Now the values of J2 2 and 7\2 2 obtained by Guier and I\Iev."t:on1 , with
? H
6 and -13°.l+ respectively,

which other values are in fair agreement, are 1,72 x 10~
so that at first sight the correction is almost double what can be justified,

IR

The natural explanation is that the fitted J2 2 accounts not only for the pure

J2,2 but also for (the along-track effects of$ JA,Z’ J6,2’ J8,2
this explanation has not been satisfactorily borne out on evaluating these

etc, However,

effects as far as J8 29 using values from Ref.14. The pure J2 2 effect and
? ?

the J)+’2, J6,2 and J8,2 effects are then given, respectively, by:—
5t = 0,051 sin2(6 -0 = 13°) ,
6t = 0,017 sin 2 (6 -0 = 67°) ,
5t = 0,004 sin 2 (8 -0 + 22°)
anmd
5t = 0,002 sin 2 (6 -0 - 11°) ;

the formulae for the quantities L2 2 and Ll«» 5 of Ref,13 have been used here, and
b4 )

similar formulae developed for L6 2 and L8 0° On combining, the total effect is
. ? 2

given by;:=
§t = 0,051 sin 2 (6 =0 - 21°)

80 that the amplitude is the same as for the pure J2 o effect though the phase
. H
has changed, Values for J 10,2 etc. are not available but there seems to be
)
little hope of increasing the amplitude to the observed 0,088 sec through their

o
agencye

The efficacy of the empirical programme modif'ication may be appreciated
when it is stated that the mean value of the observation residuals is halved,
Although the modification was based on the analysis at the early nodes it was




Appendix 21

tested also at later nodes; at node 3250, for example, the mean (rms) residual
was 2',80 without the modification, but 1'.46 with it.

It is recalled that the programme modification accounts for only that
component of the pertubation due to tesseral harmonics which manifests itself
as an apparent along-track error jin satellite position with period about half
a day, There are also components in the two directions perpendicular to the
along-track direction, The perturbation which is cross=-track but within the
orbital plane contains eccentricity as a factor anmi may be neglected, but the )
perturbation perperdicular “o the orbital plane is significant, Its effect is
less noticeable than that of the along-track component, partly because it has a
short-periodic factor superimposed on the half-day period, Its removal, however,

might be expected to contribute to a further improvement in orbital fits.

For a complete representation of the effect of any particular tesseral
harmonic the natural procedure would be to introduce the perturbations of the
six orbital elements, With the normal notation13 (but with o for the element
sometimes denoted by y*) there would be no perturbation in a, while perturbations
in w armd 0 could, for a pear-circular orbit, be cambined; thus expressions
for de, 0i, 8N and Sw + 60 would be required instead of merely the expression
for 6L (= 8w + &0 + 80 cos i),

Attempts have been made to represent the complete perturbations of Ariel 2

due to J2 2 ard J4 2 by taking either *he values of Ref,14 or else the ermpirical
’ s 2

values for the along-track perturbation only, viz, J, , = 3.0 x 10_6,

2

7\2 o = ~-18° and JA 5 = O, Both attempts were unsuccessful ~ residuals berare '
2 H

larger not smaller - and perhaps this is not surprising, Since it was nccessary l

to take an empirical J, based on residual fitting, to represent the along- l

’
track perturbation aloiézsuccessfully, it would presumably be necessary te take |
a new empirical velue to represent the ccmplete perturbation, But ihe method !
of residual fitting would not then be so obvious; since the revised orbital
model - with the empirical along-track corrcction - gave tuhe Ari2l 2 orbit to
the required accuracy, the question of further improverent has not been closely
studied, [

The perturbations due to Jn,s with s # 2 would, of course, have to be
considered in a full analysis, The tables below give order-of-magnitude estimmtes
of Q-;e amplitudes of the perturbations from Jn,s as far as Jh, n using values
from Ref,1l, the effects on the elements being represented in metres, Lines of
the tables for which the perturbations include eccentricity (e = 0,07) as a

factor are indicated by an asterisk,
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S 1 2 3
2* D
3 [130 45 25
L L 2
8

12 3
n.
2 130
3* | 25 10 3
L 1170 40 20

Apperdix
81
N[ 2 3
2 160
5 20 10 5
L 12 30 50 7
dw + &a
‘\1 2 3
n
2 300
3* 14920 25 10
L L5 150 110 10
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Jable ]
RACK STATION R
gtation locaticn Latitude Longitude Height (metres) | No. of observations

Blossom Pefnt, Maryiand, USA 38443053 N 7708623 W -1 252
. East Crand Forks, Minnesota, USi | 48,02256 N | 9701082 W 25, 0
Fort Myers, Florida, USA 26,5827 N 81.86539 W 7 225
Goldstone Lake, Californla, USA 35433016 N | 116489977 W 937 202
Hartebeeshcek, Johannesturg, Sk 25,86361 5 | 27.70B1 E 1571 216
"Lime, Peru - 1147355 | 77415024 W 2 210
' Quito, Ecuador 00,6237 S | TBe5TI0 W 3548 140
: sentiago, Chile 33414896 & | T0.66865 W 636 17
| Ste Johns, Newfoundland LTI N | 52472036 W 106 €98
f Winkfield, England 51444595 N 0.69623 W 91 649

: Woomera, Australia 3139167 S | 136686972 E : 118 169 |

Latitude and long{tude are referenced to the
Fischer ellipsoid: & spherold of semi-major
exis 6378.166 km and flattening 1/29843s
Helghts are measured upwards from this
spheroide
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