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ABSTRACT

A mathematical model of a branching stochastic process utilizing
generating functions is presented. The probability distribution
of the number of members of the process at discrete time periods,
z,s and the probability of extinction is discussed. When there is
a non-zero probability of surviving indefinitely, the normed random
variables, zn/E(zn), converge with probability one; the cumulative
distribution of this random variable is absolutely continuous. The
time until extinction and the total number of members of the process
is examined when the probability of extinction is one, The distri-
bution of the z, given that z, is not zero is discussed for this case.
The maximum likelihood estimates for the probabilities involved in
the process are determined, An example is given of a branching pro-

cess in which the probabilities are dependent on time and a solution

is found using Laplace transform methods,
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Symbol
P(a)
P(A B)

P(A,B)

Xi(n)

k(s)
H(u)
(s)

NOMENCLATURE

Meaning

the probability of the event A

the conditional probability of A given B
the joint probability of A and B

the number of members of the rth generation

th member of the

the number of offspring of the i
nth generation

the expected value of 2y

the variance of 2y

generating function of zy
probability of r members in the first generation
generating function of 3z,

probability of r members in the nth generation
probability of extinction

a normed random variable (_f%_l

the limit of w, as n approaches infinity

the cumulative probability function of w,

the characteristic function of w,

asymptotic distribhution branching from f(s)
probability generating function

the asymptctic distrigﬁfion branching from k(s)
the characteristic function of H(u)

probability that z, # O
probability that z, equals r given that it is not

equal to zero



rnumber of members of the nth generation given that it is
not zero

probability generating function of y,

number of generations to extinction

moment generating function of N

total number of individuals in the process

probability generating function of S

number of individuals in the mth generation who have
exactly r descendents in the (m 1)St generation

total number of individuals in the first n generations

vi



INTRODUCT ION

The present paper is an essay on the theory and application of
discrete branching stochastic processes., lMost of the ssymptotic
theory was extracted from the work of Harris {10] who derived many
of the relationships for this class of stochastic processes, Let
us introduce these processes by means of a historical example,

In 187h, one of the first investigations into discrete branching
processes was made by the Rev. H, W, Watson., Dr. F. Galton had
posed the problem of extinction of family names to the mathematical
community in England since many names, prominent in history, were
no longer to be found. The problem was posed as follows: Assume
a large nation with N adult males, each with a different surname,
What proportion of names would be extinct after r generations? In
the rth generation, how many people would have the same name? Rev,
watson [8] derived some relationships that enabled him to compute
the probabality of extinction and made some sample calculations to
demonstrate the difficulty of computing numerical answers, Notable
among these relationships was the functional relation of the proba-
bility generating functions involved (section III, theorem 1),

Branching processes received some attention thereafter ard the
theory was applied to problems of gene mutation [7], population
growth [12], cosmic radiation [1], ionization fluctuations [18],
reutron production in atomic piles [11], and cascade theory {20] ,

In this paper we will review the threory of simple discrete
branching processes and some of its applications, Let us cousider
the original problem of survival of family names and state the

il



basic problem of branching processes in that framework, Suppose
an immigrant by the name of Door comes to the United States and
there is no one else here having that surname., What is the prob-
ability that the name survives r generations and how many men will
there be having that last name?

There is a probability that Mr, Door will either not marry or
not have any male children; there are other probabilities associated
with the number of sons he may have, We will deno£e these probabili-
ties by p,, i.e., the probability of no sons will be py, of r sons,
Py. We need a symbol for the number of individuals with the name
of Door in the n®h generation, so let z, be the number of individuals
with the name of Door in the nbh gereration, Then we can write
P(zl =T) = Py indicating that the probability of r individuals with
the name of Door in the first generation is pp. If Mr. Door coes
have sons, each of them may have children and tte process is continued.
This may be represented as a tree type graph with an initial node
representing his sons, and so on, A method of analysis of the
problem based on graph theory was proposed by Otter [19]. In this
paper the method of generating functions is used,

We will assume that the number of sons born to one of Mr,

Door's sons follows the same probability law as that of Mr. Door.
In other words, the probability that Door, jr., has n children is
Ppe Then, if Xi(n) is the number of offspring of the ith jndividual

m
in the nth generation, we have P(zp4] = r(2p = m) = P<§§l X§n> = n),

This is the outline of the problem, the notation, and the assump-
tions made in this paper. Before taking up the mathematical theory,

some other problems will be posed in this framework,
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In atomic piles, the number of free neutrons is an important
factor, If we start with one neutron and a fission takes place, the
probability that r neutrons are released is a nuclear constant which
must be empirically determined for the amount and arrangement of active
material, The probability of no fission (no descendents) is the
average probabi%}ty of leakage or absorption. An atomic pile in
a nuclear reactor is subcritical when the reactor is not operating
and there is no possibility of an explosior, i,eo,.the probability
that the number of fissions increases sufficiently to cause an
explosion is zero; the mean of the probability law for a subcritical
mass is less than one, As the amount of fissionable material is
increased, the probability of an explosion finally becomes greater
than zero. When this occurs, the mass is termed supercritical and
the mean of the probability law for this situation is found to be
greater than one, A nuclear reactor is termed critical when it is '
operating; tﬂe mean of its probability distribution is exactly one.

The organization of the paper is as fo}lows: The general math-
ematical character of a discrete b;anching process 1s presented in
section I. It wili be seen that the mean number of progeny per
individual plays an important role in the asymptotic theory., This
theory is presented in section II for the mean of the probability
distribution greater than one and in section III if it is not
greater than one, The maximum likelihood estimation of the distri-
bution of progeny per individual is givén in section IV, An example
of an ionigzation cascade is preseﬁted in section V., This is a more
general branching process than those treated in the model used in the

earlier sections and its treatment suggests how the methods of Markov

processes may be applied,
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GENERAL
The structure of branching processes was presented in the
introduction where several assumptions were made and some notation

was introduced. It is appropriate now to summarize the assumptions

made in this paper and to extend the notation.
Consider two related classes of random variables:

z, the number of "individuals" in the nth generation

Xgn) the number of "sons" of the i®P individual in the
nth generation,
They are related by the equations:
Zn-l  (n-)

Zn = 2 Xi for n= 1,2,3,. . .

L=/

The quantity 2z, is the number of the initial group who start the
process; 2, is assumed to be one, since this does not affect the
gererality of the theory as is pointed out at the end of this section,
The probability distribution of the first genmeration is given by pg,
i.e., the probability that there are r members of the first generation
is py.

The following assumptions are made throughout this paper:
(1) Given 2z, is equal to m, the random variable, zps] , is the sum

of m indeperdent random variables, each one of which has the same

distribution as 2y : F)(in)= r) =wfr

(2) The variance of z; is finite.

(3) pI¢ 1, for all r ; otherwise the process degerierates to a simple

arithmetic calculation.
(L) po+ Py # 1, otherwise we have the binomial case whose treatmert
in the context of branching processes is trivial,

e



The following notation is used throughout:

/U. = E(Z1)=§ rp, ) the mean of 24

r=0

< P
6> =Ver (2, =§O(l’ Bl-f&  the variance of 2y

[o0}

fc) — r
Fls) = %o PrS the probability generating function

of z; (s is a complex variable)*
Par = P(Zn =)

o0

Fn(s) :go Par S the probability gererating function
of z,.

From the assumptions listed above, it is clear that :
£,(s) = s, Py, = Py s £'(s) and £"(s) are continuous on the set of
points consisting of |s|<1 and s=1,

Sé;eral authors (see [2], [9], [11]) have examired the generating
functions and have founid some basic relationships. Some of these are
presented below‘;°

Theorem 1, f,(s) is the nth functional iterate of £(s):

L J

Fnls) = FFno(s)) = Froy (F (S

Proof: From the initial assumptions, the Xj(_n) are independent for all

. (n) Zn-1  (n-1)
tandn, PX{sK)=pe, zn = =X

It follows that P(Znﬂ':KIZn’:J) is the coefficient of sk

in the power series expansion of (f(s) )~j since the gererating function
of the sum of j mutually independent random variables is the product
of their generating functions. See Feller [6, p. 250ff.].
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Hence, F‘l(s) = P (F(s))J = F(f(s))

J=0

() :JZO Ry, [T = GLF(s)] = FLFEGRD = 16y (61

Fals) == Pro LFSIY = F g [FIS = B 06 L L (FLES) .. L))

The coefficient of sT in f,,(s) is the probability that there
are r individuals in the n®hP gereration, Thus the questions posed
by Dr. Galton may be answered in the framework of the present model,
The constant term, p,, is‘the probability that the family name is
extinct by the nth gereration, |
The mean and the variance of z,, can be determined using theorem 1.

Theorem 2.

E (zp)=u" Var (2n) = Gaﬁffr%“” M #1

]

:no"l /4':;1

f 1= =rirap =€ (2] - E(z)

Therefore, Var (Zn] = Fn“(“ + Fnﬂ“j = Eﬁ,:mj;

By theorem 1  Fp,,(s) = Fp LF(S)] = £ (F,(s)]

Taking derivatives, F’;H (s] = Fr: [f {S)JFl(S) = Fl [FH(S)] Fr; (s!

=



s = FULESITE ™ g gl rsnets)

EULESIICE SN 4 €' CF (80T Fo(S)
Hence le l”:/u. E (Zh) =/U-n+,

Fp CE@ITF @™ 4 F CFWIF" ) = £ TR WICE, (1> + F'CR 106 )

Solving for fJ (1) gives

Vo EROCE P G0
Fn (1) : EF,(”JJ, - F()

(6% =i + 43 (4" - ")

e ph

<,,N n :
e (=) n o
= TERY ._/u. 1—/{,4_

‘Thus Var(z,) =

i .n h_
) ,M (,M ‘) for /,,4, %1

For the case /_,4:1 , L'Hopital's Rule can be used:

Pl )| - §anen)
g_/u_i /M:! 2]

and Var (z,) = n@‘l' for /Msl

Higher moments, if they exist, may be found by a similar pro-
cess utilizing the higher derivatives of fnﬂ_(s)o

A subject of great interest in any brz;nching process is the
probability of extinction of the species,< The Fundamental Theorem

e



of branching processes tells us that this probability is a fixed
point of the gererating function, The proof given follows that of
Bharucha-Reid [2]. First, we note that if "a" is the probability of

extincti h LN = 11 c
tinction, then a %%g“opno %},rcr‘l) £,(0)

Theorem 3. The probability of extinction, a, is the smallest pos-

itive number, p, such ithat

Further, a = 1 if and only if /U. <1,
Proof: We see that a = 0 if and only if p, = 0 and £(1) =1, so
that Q<€a¢ ‘l as it should be,

' To show that a = f(a), we note that since p,, = £,(0),

= FLF(0)]

so a =n]:’l£l Pro «-nl_:‘Larg £,(0) =nl_2gg f(fn_l(O)) :n];}arg f(pn-l,o) = FlEn

Now f(s) is a power series in s with positive coefficients and hence
strictly increasing for real arguments. If O<a<b, then f(a) < f(b),
Also, since ppyz0 for all n, then aZ 0.

let p20 be such that p= f(p). It follows that
5 = Flo) < F 2
Po = Flo £ Flpl=p

Assuming p,,€ p, then f,(0)<€ p and

Prasyo = Fnes0) =.F LEnfo)] € F(P)= P

So, by induction, ppy£p for all n,
Then lim <p and af£p,
) Pno&P an p
It remains to show that a = 1 if ard only if A <],

i



Assume first that a = 1 and show that /u_ < i

Now, it may be noted that :
£' (s)z 0, £"(s)z 0, so £(s) is convex in (0,1)
£f(0) = py>0, £(1) = 1

f(s)»s for s in (0,1) since 1 isthe minimum positive number

satisfying s = f(s). ) Rls \:,‘7
[y
Therefore, 1 - f(s)«& 1l-s and. 1
:jti(S) is bounded by 1 and is

monotonically increasing P

with s for s in (0,1).

[

Therefore, f'(1l) exists, f’(l;é,l and M€l

Now assume m<€4. Then, since f(s) is convex, f'(s) is either
constant in (0,1) or str'ictly' increasing with s, By assumption,
Py #1 so p >0 and f'(s) € 1 in either case for s in (0,1).

By the mean value theorem, F (\)= F(s) = F‘(X)(ﬁ‘s) whevre S":Xél_

»

Then, !-F(s):(-'(X)(I-S) and
I-€(s) < |-5s
Fls)>s - fFor o0<s<l

Therefore, a = 1.

Using fheorem 3, it is a simple matter to determine the limits
of the p,. for r # O,
Theorem li. A discrete branching précess either dies out or becomes

extremely large, i.e., nl-%éno ppr = 0 for r # 0.

=



Proof: Let t be a real number such that 0€ t< 1 and recall the
iteration property of f,(t).

Case I. 4 €1 Then f(t)>t (see proof of theorem 3), and
PRI 5 (8)< o o o £ E4(B)€, o . &1,
Therefore, nl_)lqrg f(t) =1=a,

Case II, uvland t<a (p,7 0), Then f(t)>t since f(s) is

convex and f(t)g f2(t)< oo &I (). o 0 Las L9

Fi )
Therefore, %irgofn(t) = a.

s
L

Case IIL/,OI and t > a,
Then £(t)& t due to the convexity of f(s).

Hence f(t)>f(t)7. . . >f (b . . o > a. B 1

Therefore, nl-%en}o fn(t) z a. 7
oo (oo
Now £;,(t)= % pm,tr =p,+ razn R, t" by definition, Taking

the limit of the last expression gives:

)
lim £_(t) = lim 1lim tT = a from the above three cases,
n-$w n( ) n-9°o.pn0+n-m %pm”

. o o0
h i r =o, i h i verges uniforml
Therefore, nl‘g.crg ;pnrt 0 Since the series converges o "'

P
*

in an interval one may pass to the limit before summirng.
O
Therefore r% Lin pypt™ = 0 and lim pp, = 0 for © # 0 by the
uniqueness of power series,
Theor‘ems 3 and L give us some interesting information, If we
are working with an atomic pile, the probability is one that it will

die out unless it is suvercritical; then the probability that it

will blow up is 1 - a.
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Lotka [17] found that the probability law of the number of sons
a man might have was closely approximated by a type of geometric
distribution, namely, pg = 0.4825, Pg = (002‘12‘6)(005893)}('“1 kZ1

based on a 1920 census. ' It follows that:

gy = ) o
£(s) = °°h825+1%%§s M=t (s)!s=l = 1,2622
Solving f(s) = s, it is found that a = 0.6226. Based on these values
the probability of extinction of a family name is (0.6226)1 where
n is the number of male members of the family at the present time,
This formula follows from the fact thai if there are r members of
the zeroth generation then the generating function for the first
generation is (f(s))¥, Then f(s) = £, 1((£(s))F); if f(a) =a, then

(f(a))T = af and aT is the probability of extinction,



MEAN GREATER THaAN ONE

In this section we will consider the case where/M is strictly
greater than one and the family has a non-zero probability of
survi&ing indefinitely, Since we have determined that z, may
become extremely large, we will work with a normed random variable,

2 :
n
Let w, = —m . The mean and variance of w, are easily deter-

mined,
- SF(Ey - L g v
E(\Un)—E(#n} o L_(Zn)— 1

2% | * PP )
E(Wf‘,):E(/A )=;;fn[6/" i) o a0

2 |
CSye T 6_‘ . (- Fn) + 1
s e L
Var (Wn) = Z=Ce (1= 25)

Treatment of the convergence of W, may be found in Harris [10]
and Bharucha-Reid [2] . We will prove first, the convergence in
probability and then the convergence with probability one.

Theorem 5. If @>1;, the random variables, w,, converge in probability
to a random variable w.

Proof. Let n, m, be integers and n» m,

(o=]
:Ej~1[ coefficient of sJ in(fy_p(s))T]

= '

(S

= £ (f ()



€ (2ni2m=r) = 1 LFom I Fnls)]

= (l)r-l £l
- r/(/(.n-m
E (2n 2,) =2 R Elrzn|zyer)

hm Ellwy-wml] = 0
m, N O

Hence the random variables converge in mean square and by a theorem

of Kolmogorov [13, p.3h, I] , in probability,

Convergence with probability one¢ may be proven with the aid of

Doob's [h] Martingale convergence theorem,

i



A discrete parameter martingale is a stochastic process such thatg

a) E (Qynl) &£ ©0 for all n

D) B (¥ 1! Yo ¥ools « o o 5 ¥1) = ¥
The theorem may be stated as follows, Let (yn, nz Q) be a discrete
parameter martingale, Then E(|y |)€E(lyy|)4E(y5 ). . .

. 1 - | . = 3¢ s . o .
If nl_;ng E(lyyl) = k€0, then&ble%l Y = ¥y exixts with probability ome
and B(ly%]) € k,

Considering our random variable wy , E(wpy) = 1 for all n,

Zny) | 2
S Wy | Wa) = E|—m ._:1)
e LY " ne) n
l/ﬂ-
2n

i

n
= n

/AA
= Wn

Hence the (w,) form a ciscrets parameter martingale and we have
Theorem lLa, If,u>l, the random variables, w, , converge with probability
one to a random variable w.

Since w, converges to w, we may discuss the probability distri-

bution of w,
o0

Let G,(u) = P(wp£u), P (s) = E( e"n®) = j;esu dG, (),
G(u) = P(w€u), P(s) = j:oésu dG(u)., The distribution G(u) can be
called the asymptotic distribution branching from f(s). Tlere is a
very interesting functional relation between the moment generating
function (0 (s) of w amd the probability generating function f(s) as

given by the following theorem.

S



Theorem 5, (P (/u. S) = F(LP(S))

Proof : = WS p s 2
lnls) = Ee""%) = E (2 W‘/-_-J/:'o P, exp[df,,—
= Fnle "‘S‘—")
(_,OM,(/IAS)'-‘ Fnﬂ (37‘%) = H-_Fn (e%”ﬁ

= F LW (s)]

ilm Gn(S) = G ‘S) stherefore,
haw0

lim W, (s) = lim fo_ewa!(';n(u}

Nn=-»c0 h—> oo

= [P d G = is)

Upon taking the limit of (W, (M5)= F[(f, (S]]  the desired result

is obtained,

It also follows that the k™! moment of w exists and is finite
if and only if the ktD moment of 2 exists and is finite,

Since G,(0) = P(w,<€0) = p,, , then &i’%-Gn(o) = a2 amd P(w = 0)=a,

The following theorem will be used later.

&

Theorem 6. Let Gy(u), Go(u) be distributions having equal first

moments and finite second moments such that their characteristzi.c
functions wl(it) and (J,(it) satisfy (_‘pr (Lt/,(]=F[Lﬁr(Lt)] ol

Then Gl(u) = Gz(u)'

e



_ K- <
Proof: (f(it) = | + %d i:-/‘-}’— (Lt)V+ O(f'()

for {t| small by a special form of McLaurin's theorem for small

values of [tl. See[Cramer 3, p.27] . Then,

a ()
G (it)- Wy lit)] = N Y GO sk g
O lit)- watit) =11 4+ > e (0t)” 4 o(t?) Lo

|
.

hs!
=3 (2)
~ n 3 ») N L)
"’1_'_" —"n!n (Lﬁ) 'fO(é) where _/( (Qt)"LQ(
N=) !

L, (ct) = Walet)] = [l o) Lt = 3 (ot I 1 5183

oM o) £ o(2)]

Il

-
8]

L5

Theretore, | Yy (1t)= Ua (Lt)] = £°B(t)  where i @le) <=
Then ﬂLP|(Lf/U.)-w;2 (/L{Lt” =EFW;!&H]“ F[%(Lﬁ)“ by theorem 5

£ i) -valiell sincelfUséu wnen 15i¢]

tence BT A lut)] € ]t B
and /ul,@(,ut)! < @(ﬁ)l implying that /xl(@{o)l < I[B(o)ﬁ

But 4 >4 so 'ﬁ?(t) must be identically zero.

Therefore | (Lt)= Wy (et)] =0
and L(Pd Lt) w;_lLt)

Finally G;(u) = Go(u) by the uniqueness of moment generating functions,
In order to determine some precperties of G(u), it will be con-
venient to work with a closely related function H(u) which is defined

as the asymptotic distribution branching from k(s) where

_ flst-a)+0] -
kis)= o

B

l;#a



To demonstrate that k(s) is a generating function use the

fact that/J(?] implies f(a) = ad1l. Then

¥ iol= fiol-a

‘ T =0
<)« Hil=e =g

Clearly k(s) is monotonically increasing since, if t< s, then

Ly fitU-elra)-o . flslaltadl =

Therefore k(s) is a probability generating function,

It is interesting to note the following properties.

/{,(S) =z {-7’[5(!‘@}1—0]“«@)

=z £'[sli~alta
= £ L ]

X
=1
-
1
S
-~
N

7

(}]
-y
=
en
T
2
.
2
v
i

o0 =
= = y | "
kls) = ‘;;;a“""(r;éﬁ. sli-ajta) | = (; 9,3

The coefficient of sX is (lxa)k"l( E’? & PKM'(Q ", { "E«m
s 2 - !
andqb-ﬂf.lﬁa-f#?:%a t. ., =flal,
=
t U = &8 ! o B 13 T t similar t
Le V(S) = fa 2 Q}_ﬁ‘q i ¥y a line of argument similar to
the proof of theorem 5, it can be shown that (/LLS) 2 (1[G L})(S)],

Jiwe



To demonstrate that k(s) is a generating function use the

fact that /u>1 implies f(a) = ad1l. Then

; _ flal-a
Kiloj= L5—— = O

)= Hilze o

Clearly k(s) is monotonically increasing since, if t< s, then

. ftp-elta)-a [(sli-altal—a )
Rit)= -+ = T = K(3)

Therefore k(s) is a probability generating function.

It is interesting to note the following properties.

K'(s) = FA[S("/C‘};"’M‘Q) = F'{sli~al+d]

K'Ish= €' sli-a)+ad(1-al)
k') = (6™t p)li-al

K'0)+K0) - (K'01% = g2 (1) =a {wd-u)

00, ey
K(Sj =) S ( ;(,‘ha,par)) = %)’ C?.,Sr
I-a Fr.-?éF ) rz0

1+t
The coefficient of sK is (l-a)k“l(& 40 Ko+, 1-( 1p a4,

igay K {icen
and g, = p +2pa +3R/a%4 ... =fa)
W = (P, vs ) By 2 line of a ent similar t
Let Wi(s) = jo 2 Q}u‘u) o By ine of argument similar to
the proof of theorem 5, it can be shown that (_/LLS,’ =KLYis)],

AT



We now proceed to determine a representation for the random

variable w, First we determine the relationship between |/ (s) and

©(s).
meoren 7. Wis) = FLTAS=a

Proof: Let Y (s)= Ql-ajsi=ce
/-

Then (' (S) = Zﬁjﬂl;a-)s](!-a) - = ' [f-ols]
- S

0
and W,J(O) = (p'(0) = AL . Therefore ¥ and {¢ have equal

tp”:u-a}sj(ﬁaabﬂ & o¢

ls=p

g

first moments, Since %”(5)3
£20

W, and {/ have finite second morents,

= Wll-alspl-a . F{WCb-as)| - q
W“VLS) /- E f =0

= Fll-0)Wis)+al = ¢
/—a

W, lus) = KLW, ()]

Therefore ) and I/ satisfy the same functional relationship with k(s).

Therefore by theorem 6, W!s) = (s},

Now we can determine the relationship between H(u) and G(u).

-
Theorem &, Kiv= & {?gaj— 0.

<O .
Proof: From theorem 7, i (s) = [PLli~alsl-a

-



(;wwa)e,sudﬁ'(u) = §:°euu'a‘wd6(u)-a

(W)

Let £(v) be defined as follows: fluisg  for U<O

g(Wlza fer w20

Then a-jf“a!e(u) §£

Therefore a is the Laplace transform of £ (ul.

ence {705 (1ald Hiv) = [ e dG )= [T e det
md (ZeSd ()i = {) e (6] - £1V)]
Therefore {{-a)(u) = @ (-":a‘) - ¢lu)

and (V) = 7;%3“ [6(~5¥aﬁ}~a] “or uPD
Clearly H(u) = 0 and H(ec) = 1 as it should,
To put the relationship of H{u) and G(u) in terms of random
variables, we prove the following theorem.
Theorem 9. The random variable w is distributed as the product of
two indepe:rdent random variables, w, and w', where P(w0 g 0) = a,

P(w, = ‘fl—a‘) = 1-a and w' has the distribution H(u).

Proof: E{échﬁsj = 0 +(I-al g @_0 A!‘J

2 U-a)§T e d H (v~ 2

O

fewc/CB (v)

W (s)

{1

e

1]

=19



So, P wli-a) £u|w>o)= HIU).
For later use a theorem due to Harris [1@] is given with some

- 1
remarks, Let J= loglg qi-) = lo%u,(-i%z)), If q =0, let =00,

D+ Mols)

Theorem 10. If y<oo, Re(s)£20 , s # 0, then Y(sl =
: {st™ .

. ’ ‘
where M(s) is continuous for s # O, Mgpés) = M(s); Mo(s) = C)(“jﬁ}) }\SL*°°
is
M(-s) = M(s),
Remarks: (a) Under the conditions of the theorem M(s) is real and

poaitive when s is regl and negative,
(b) If E(z(f:oo, the r'0 derivative of W(s) satisfies
'lﬂ‘?SM = C)(Ej?;v) |$] —> o0

(c) If ¥= o0, W(s) and as many derivatives as exist approach
zero exponentially as |s|=oo,

We will now determine some of the properties of G(u); however,
it will be convenient to prove theorems for IH(u) and then interpret
the results in terms of G(u), Let h(u) = H'(u)°
Theorem 11, H(u) is absolutely continuous.

Proof: Cramer [3] breaks up an arbitrary cumulative distribution
function F(x) into three pieces:,¢7;é
Fd = o Fx) +ay Pyl + ag Fyly)
where O +0ytay =1 ai zo [EL=bJﬁ
Fl(x) is absolutely continuous.

F2(x) is a step-function and is equal to the sum of the saltuses
of F(x) at all discontinuities which are less than or
equal to X.

FB(X)’ the "singular" component, is a continuous function having,

almost everywhere, a derivative equal to zero,

=20=



[#,5]
: e ity ;
02 "P;l U-‘) - = A " is the sum of ap absosutely couvergent

Z
ho N

trigonometric series and is thus an almost periodic function which
comes as close to a, as we please for arbitrarily large values of b,
By theorem 10, %Ergo ) (t) = 0, Therefore, for H(u), a, = 0 and H(u)

i1s continuous,

mot
et b, ) =gk [ €Y pne) dt el
Let dv= & dt Us (Yt
v = ket du=d [ Wt)]
m ~ P71 -t
| -ty N j e dwht)
v = =~ 3507 [e Lp(tt)lm + )” G K £

' ' . ) -ty e
(4) }'lm(U) = jj:nj-L—U— [W(Lm)e-&mun W(‘LM)QWJ' + ,Ueuu L‘M/ ) CH

Examine each term of (A) as m =00

First Q)(Lm)@'mu = [l\f’:;;’q) + MO(S)] e—zmu by theorem 10,

[ a7 M (em) 4 o(ﬁ,’)] e

As we pass to the limit, this term is a function of continuous

i

furictions; herice, it must be continuous. Similarly the second term

~imy -7 | Lmy
‘leads to the expression (~em)e™ ™ = [Hml Mitm) + O(W'r)]e

which converges to a continuous functiono -

-Ltu
The last term in (A) is f Ty a't Lt*) Jé

Since ig F’X)dx' 5 |F()’)| dx , it follows that

-ttu m "‘tu

CMJH. A(J)(U—‘)

E J PR ‘ dti < S,M 2y dt
< J fd%‘i’.t_)
- .Im.u m,

20



" a, ( C_J |

(" 2 e ¢ mol—m

Pooamiv gt < Km O< Im!l"&) by corollary b to theorem 10
for some constant k,

I O(w" )

Hence this term approaches zero as m 20 , Therefore, the continuous
functions h_(u) converge uniformly in some interval, U € U<,

to a continuous function h(u),

- “ttuy ~tty,
Hlup) = Hiu) = Iim e =€ Wit) dt

m=c0 -2t

) (U”’“ T L dE

l

-
=

7 i I, Wi

2 im 5:’.: du Ym e-ttv Wit) dt

M=o AT
= | Y2 . .
°nf-;"o°50 j”m(’J)OJU since hm(u) converges uriformly

to h(u) the limit maj be taken inside the integral and

Hiv) - S‘ hlv) dv
Since H(u) is continuous at zero and we have shown -bsolute con-
tinuity elsewhere, it is absolutely continuous on an interval in-
cluding the point zere,

In case Eizf);w and F<¥+K-I, integration by parts of (A4) and
corollary b to theorem 10 shows that the first r derivatives of
h(u) are continuous if u # O, - The integral expression for h(u)
in terms of Y (it) shows that ¢ »r+/ implies h(r)(u) is continuous
at zero, This implies that G(u) = a -g;f:g(v)clv for u>0; g(v)
is continuous for v ¥ 0., If E(Zfﬂw, then g(r)(u) is continuous for u#0

provided r¢ ¥+ K=| and is continuous for u = O provided r< -1

=22-



Corollary to theorem 11, p

11
o
~~
N
=
1]

r)=»0 uniformly in r, rz1l

nr
as n = oo,
Proof: Fﬂr = Gm‘.'/fﬁ')" @,,,(/ﬁ“afj')
= (6l - 6l5] ¢ [605)- 515 - )]

+ (6155~ 6, (5]
Since Gn(u) -3G(u) uniformly for u>0, G(u) is uniformly continuous
for u>»0 and G(u) is right continuous at u = 0, the corollary is
proven,
It is interesting to note that Yaglom [22] treated this subject

in a manner similar to Harris, Yaglom defined

Gals ! - Pro

£n o

§<
1]

I
S
i
=
1]
“O
3<
[hY
=
;<
W
O
o S

%
t
‘Pftt) = _5 e' yc’ H(V) and proved the following theorem,

=

Theorem 15, If/u>l , the variance of 2y is not zero, and '(1) < o0

then r[wuﬂ(ra}+a3=p%qu@ﬂﬂ o

%t In this paper we followed the general line of Harris' argument

aﬁa defined k(s) such that QJ(/{,LS} = JELU'O‘}MZ?"'C‘] =

This led us bto the conclusion that II(u) was the distribution function

V4
for (1-a)w which is the limit of <1"pn°153' .

Wb



Theorem 17, If/{/Lél and £"'< O  then

and  FOFIS= ac FIS)+ (1) sl
Fl)=] gliin=K
Proof:
ﬂn(s)‘ P(th LG"fo)s

-

o
Pl 7204
= '“*“"p" *-J—ZL'QES“ by defirdtion of conditional

r=i 2y #0) probability
(=]
<~ PiZa=)
—; C B {2“ "’) ¢ since the summation is over r O

> Ry
< Pl{z,40) ~

s = JZP:;,), gr
;;;7 f“‘ n‘IQ)

_ £ 0s)= £ (e

= )

The following theorem may be fourd in Konig [1h]. If 9(s) is analytic

in a domain, R, such that &(s,) = s, and E Qa(so)! = a£l for some

S converges uniformly to

5, in R, then, in this domain ©I51=
a'i

Dials)] =adls)

a continuous function D(s) such that

P

Dis.)=0 D ise) =

e



f£(s) is analytic in !s}¢ 1. Since £(1) = 1 and £'(1)< 1, (Mm<1),
the s, of Konig's theorem is one. We can conclude that gn(S)—_L_
. M7

converges uniformly to a continuous function D(s) such that
(2) D(£(s)) = «D(s),
v From (1), E (o] = | +{Fafs)et \(_m.n__'

‘ Fnis) =] +( ] ]

D(1) =0, D'QQ) = 1.

= ie) = - fnlst=] I
%1;:90 Fpls) = F(s) Lagw (a . df/un /( ’:;_&M))
ﬁh

(3) F(s) = 1 +:D(s) - by Konig's theorem, since convergence of

E (Sn“,, —  is uniform, the limit of imi@’ggl)--—- exists,.
P 2
From (3), then, DIs)= [Fis)-i)K
From (2), DI(f(s)} = Dfs)
= /..u. K[ F(s)-1]
Frgis)a= 1+ _Q_E%f.):’ by (3)
1 &Ji_[iél_!]
R
And, finally, FU[f(s)] ://.F(S) F(1=pe)
From (3), F{i)l= |+ DU)K-I
—1 since Dil=p by(2)
! . d l | =1, l/m | e
F=5Flol =l kel =K'o) =k

<=} s= |

11

=26-
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One of the more interesting questions in the subject of branching
processes is the determination of the number of generations to
extinction when /u<. L

Let Nzminin:z,, =]

&(s) = ns ns
= N {N=

ﬁ/‘-‘»:o P\N H\}e L Pn‘f'“ V'\O)
by = 1= Prino bo = ""Po

8 = NS

- LT ¥
! = bne
n=o

Theorem 18, The probabilities b, satisfy the recursion formula,

N4l
Proof: ' = /=7 b 1 IO o3
i Ly ehino 2 Pl Prpe S
i=e !
= “‘5?4!-“,’\
J=o
= = 5(ﬂcbﬂ}

Theorer 19, The moment generating function of N is given by

ols) =]+ (e-1)8,(5s)

PI‘OOf" lS = N ns
eis) P Prei,0 no)e
- <<-( S{nt) rm)) : %(P oS, eﬂs)
=0 G0 no
I SH PC LU s
E n/-”@( ¢t Bt foiyo )
L. g g
=+ 2 (e>-1)e™ 1= p, o)
<
== les-ﬁ)</; bens
: Z n
n=H
= |+ {e’-1)g,(s)



So €(s) is determined once ©;(s) is known, If we let 2z = e5,

Ql(s) is a power series whose coefficients are successive iterates
s - . N = £ A
of £*(b) = 1 - f(1-b) since b,y = £(by) = fg,&l(bo), where £¥(0) = 0
L] S
£ (0) =<1, (see Fatou [8].) A function of this sort is meromor-
phic with poles at s = - n logt , n=1,2,, . . So

UNe o Ya¥e . Xavd

o el . — T = .._3_.{0

BQ(Q "‘/UQ‘S - F,“/uaes "/‘,;'ZE’S

converges everywhere except at the poles. (see Lattes £29] )

o3
X(s) ::2: x;st 1is determined by Xgﬁts) - f*(X(s)),X"(l): X'(1)= 1.
{3)

Yo is found by X(y,) = by = 1 = p, or by using inverse functions
x~1(£%(s)) = 4 X"1(s) and determining x=1(b.),

If our process is of the type in which the "parent" does not
die, then the total number of individuals 1s of interest, If/xé;l,
the probability that this number 1s finite is equal to one by

theorem La,
o]
Let Sz > Z.; then P(5<P)=1 for J g ]
nzp
e ‘!” f P
let q,=P{S=r), S!Q)ﬁﬁi%s for 15i <1,

Theorem 20, If < 1, then g(é) = s f(g(s)).

n

Proof: Let §,.= 7w 7.=0 for some n with probability one
’ [EY]

when 4 2Z 1 by theorem La, Therefore, 5, converges to some randem

LR

variable S with probability one. The random variable, S,, represents

the total number of individuals in the generations from the zeroth to
»
'] . 1 e -n—y - - — i
the nth generation. let $,.= !*VYn where ‘!,z 7., since I,= .
[ \22 ¥ S i
Let GM?S = >46,.5 , where .. =2 and 2., = Ply.=p).

The evert y,. = n can be divided into n mutually exclusive events

with probabilities:
P(z) = 1)P(n-i individuals in the following k-1 generations)
for iz 1,2,, . .

=28



So ©(s) is determined once &;(s) is known, If we let z = e,

©7(s) is a power series whose coefficients are successive iterates
of £¥(b) = 1 - £(1-b) since b, = £¥(by) = £ 1 (b,), where £5(0) = 0
f*‘(O) <1, (see Fatou [81.) A function of this sort is meromor-

phic with poles at s = - nlogi , n=1,2,. ., . So

2
8,15} = LMo o XaMe XzVE

#",U?’ ,.’-‘/uaes l‘/x"—’
converges everywhere except at the poles, (see Lattes f29] )
o0
X(s) = » x5s1 is determined by X(w8) = £5(X(s)), x"(1)= X'(1)= 1.
L t
Yo is found by X(y,) = by, = 1 = p, or by using inverse functions

X=L(£*(s)) §'ﬁ£X?l(s) and determining X’l(bo)o

If our process is of the type in which the "parent" doeg not
die, then the total number of individuals i1s of interest, If/wéil
the probability that this number is finite is equal to one by

theorem lLa,
o0
Let S= > 7,; then P{S<P)=] for oy
n=g

) & or B
Let q,=P(5=r}, gés)ﬁg}%rs for 15l <1,
Theorem 20, If/ug 1, then g(s) = s £(g(s)).

Proof: Let S$,.= - ‘Zh 7~=C for some n with probability one

ca
when /ysa 1 by theorem ha, Therefore, 5, converges to some random

variable S with probability one., The randem variable, S,, represents

the total number of individuals in the generations from the zerobtl 4o

1.'(' N
the nth generationo Let %,= }*Yn where “,= 7., since I = .
Let f:kiw = /‘_ qr,, , where 4., =9 amd 2, = Ply.=n}.

The evernt Yy ® ncan be divided into n mubually exclusive events
with probabilities:
P(2) = i)P(n-i irdividuals in the followirg k-1 generations)

for iz 1,2,, . .

=28



Starting with ore individval at time zerc, the probability of pro-
ducing n individuals in the next k generations is the coefficient

of s in Gy (s).

gle
Therefore, Y = P(y; = 1)P{n-i in the next k-1 generations)
s <
L 5 ' =
= - p;(coefficient of s=3 in (Gy_1(s))Y)

>

Y
=

;ﬁ p; (coefficient of s in {sGknl(s))i)

it

-

= coefficient of s in (';; pi(SGknl(S))i)
z coefficient of s® in (:; pi(skal(s))i)

s goefficient of sT in f(SGkal(S))

)

Therefore, Gy (s) = :, qkinsn = £(s6y_y(s)). Clearly, g (s) = sGy(s)
Y0

since P(y, = n) = P(Sy = n+ 1) and g, (s) = sf(g,_1(s)). Taking the

limit as n approaches infinity, we see that g(s) = sf(g(s)).

Using theorem 20, the expected total number of members of a

)]

-

- - . = 0 1
g'si,!§ = STalsl] - 5 T gis1gls))
i 4 z ;

family is: = (1)= & =
7 'Sz ‘=

il !: o

2.1y

0ot

et and the variance of S is:

_,\;L 1 i 1 - ! ;2
£ = - 1) - 34{ ) :,(j (1]
= u‘l [i- ) .
w Pl R ey
'—/u‘3 {repad? /iﬁig

=29



62 = £l - (-
(U /“)(/M‘l) + (l'/f/‘)a
-/1/()3
L =
z"/M}s
1 ol
st So it
()

-30-



ESTIMATION
In the introduction we mentioned that the parameters, Pyy must
be empiraca .ly determined for the given amount and arrangement of
atomic material. The method of maximum likelihood can be applied;
however, it seems necessary to assume that certain random variables
are observable,
Let zp, be the number of individuals in the n! generation

who have exactly r descendents in the (m4-1)3t generation, Then

o0 o0
. _ = o
Zm=> Zyy = > [z — let Sp = > Zy
r=0 Y =0 ! Y=o

Theorem 21. The maximum likelihood estimates of pp and /LL based on

observed values of zy, for m4n (n+1 observed generations) are

A A Spu—
e = 2> _f': 7l Sn

m=p
Proof: 1In order to construct the likelihood function, first we

determine the conditional distribution of z,,., r = 0,1, . . . given

%. » From our initial assumptions, each member of the mb? generation

m

has the same probability distribution associated with his progery.

Therefore the probability of k, members having no descendents is

Bfok imJWhere (i@} is the binomial coefficient and is equal to
0 =]
Zm!

TZm-Ko)Fal *

(z Of the remaining zp - k, members, say zy - k; have
m

17..-K o
one descendent, This probability must be | 7% P , Continuing

in this manner we get the multinomial functions:

P(2Zpos Zmls ¢ ¢ c0 Zmis - ¢ ¢ | Zp-1,0 Zm=l,l 5 ° o sy zm-l,i’ ses)

=13

Zm. )
o fr

(Zme)l
o

2o |

i
Gl

el
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Therefore P(zg, 2m, « - - | 201,05 2n-1,15 - - )P(25.1 0 21,1

olzn_2,0 9 Zn_2,1 3 ¢ o 0)-00- .P(Zlo s le 9 9 o0 Zol)
Zm-
0 Zm! o BT

= o0 l
m=0 Tr [z;—nr).
Fz0
Due to the Markov properties of the branching process this is the
joint distribution of the z,,, , m=0,1,., . . , r=0,1, . . .

The only factor of the likelihood function which depends on the P, is

r=o

() n
. the logarithm of this expression is Z ( E Zmp ’oge (F,,))
rzo = m=0

To maximize this expression subject to the restraint, Z P __I

=0
the method of Lagrangian multipliers may be used.

2] n
Let L—Z E( mr""ij"AP)

y=o Mm=0

Then aﬁ, mﬁ (Zm,{f,r /l)

Setting %_O’ we getszy —-/JP Soha o =1 (Sl
r m=0

o0
But Z p=0 summing the above expression over r gives:
¥
Z Zeny — =)
o m=o
. The double sum of the 2z, is merely S, so A = 5, and

n
Sl

Pr ::. S,

) =
To find [ recall that M= > rp, and that > YZ,, = Zms
r=o r=o

S



Using these facts, it follows that:

o



ION FLUCTUATION

The number of ion pairs produced by a fast primary particle
passing through an absorbing medium is a brarnching stochastic process
(Moyal [18] ). 1In this process the primary particle, which may be
a gamma ray, has a certain charge, mass, and velocity or a given
frequency; the thickness and atomic properties of the absorbing
medium are known. The primary interacts with the atoms in the
absorber, freeing electrons by the Compton effect, These electrons
are the first generation and each may ionize another atom or atoms
depending on their energy; secondary electrons may ionize more
atoms, etc. The process ends when all the freed electrons are too
slow to produce further ionization. This results in some number of
free electrons and, thereby, an equal number of ion pairs.

In determining the distribution of this number we shall make
the following assumptions:

1, Successive ionizing collisions are statistically independent.

2, The total energy loss of the primary is very much smaller
than its initial energy and, hence, the loss of primary energy may
be neglected, Therefore, we are not treating slow primaries or
very thick absorbers. We also assume that energy losses due to
radiation, nuclear interactions, etc. are negligible,

3. The absorbing medium is homogeneous,

li, The recording of data is delayed sufficiently to allow
termination of the process. Photoelectric effects in the gas or
chamber walls is neglected,

Unlike the branching processes treated in the previous sections

3L



the probability distribution of the number of progeny per individual
in a given generation is dependent upon the generation., Thus ore
may expect different methods to be used, Moyal has applied the
Laplace transform method to solve the Kolmogorov equations of a
Markov process and this is outlined below,
Let ¢+ be the thickness of the absorber

N = the number of absorber atoms per unit volume

6(E) = total cross section

q = primary ionizing collision rate

q,, = P(n ion pairs are produced in a given collision)

pn(t) = P( n ion pairs produced in a thickniﬁs t)

(=)
M(s,t) = z py(t)e™™° , the generating function of py(t)
n=o

Then (N 6(E) (d) dt) is the probability of an energy loss between
E and E 4+ dE in an absorber of thickness dt. The primary ionization

rate is q=N S;OO‘(E)dE

o0

The :Ei 9, = |~ and q(dt) = P( an ionizing collision in thickness dt).
n=o '

Since at least one ion pair is produced in a giveﬁ collision, q, = O.

Based upon the above assumptions we have
(8)  Pylt, +ta) = Jﬁ; Py (1) Paey lt2)

R (§¢t) =(1-q(5t) §pp + (qlSz‘))qn + ol§t) where §,, is the

Kronecker delta and 0(§t) goes to zero faster than £t as §t=0.

By assumption 1 and equation (A),

Mls,titta) = M(s,t) M (s,ta)

S5t



DMl =y, s E45E) ~ Ms,E)
dt £t >0 St

- bz, el st

I

iz, e - ot ¢ 88> a6 ™)1 Mis

=, aMisH[S g6 -]
oMlst)

Y: “M‘*[%Zq E)

Comparing this equation with %nzm- ::c\/ , it is clear that

M(s,t) = exp[qti(e‘hsml)qn] i eQRlS)
Nsy
)
where Q= q‘t Ris)= Z (e~ns»|)c,
h=i

The inversion of the Laplace transform, M(s,t), is given by:

ct+me

Pn(Q):‘-II-——.L Scwm QRIV) nud

(see Widder [21])

Evaluating this integral by the saddlepoint method (see Korn [lS]),

using the first term only, gives:
l

Pale) = 2 @ R(s)] " exP[Q(Ris) = SR

where Sn is related to n by

= -QR'(S QE 4<S,, C!K

K=\

=36



since R (Sn\) o 2 (e‘sn k" IJ%(

K=
R(S,) = ‘*ikq e
k=i ¢
" o -Sp K
R (Sn) - 2 KlﬁKE

and ¢ is a normalizing constant,

Since 2 Pn(Q) -_:5
n=0

2R

¢ = i [2mQ R"(Sh)]

=

exp [Q(R(Sn) = S R'(5n)]
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