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ABSTRACT y —-- 

The ionization produced by radioactive clouds located in the strato¬ 

sphere is examined As an example, a cloud of 3 x 1012 curies activity 

centered at 30 km height and emitting 1 Mev ß and y radiation is con 
sidered Contours for the rate of electron production are derived and 

conver.ed into contours of equal electron density using appropriate 

values for detachment, attachment, and recombination coefficients Imme 

diately above the cloud, electron densities exceeding lO* (cm 3) are 

found for heights up to 75 km; there is also a lateral spread of the con 

tours which is most pronounced at 70 km The effects in absorption upon 

a frequency of 18 Me are deduced It is also shown that at night the 

width —usually 90 km of the waveguide controlling VLF propagation is 

reduced over a horizontal distance of 400 km to a minimum of only 30 km 
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IONIZATION BELOV 100 KM 
DUE TO RADIOACTIVE CLOUDS 

INTRODUCTION 

A nuclear explosion at the instant of detonation releases large quan¬ 

tities of energetic particles and electromagnetic radiation capable of 

producing ionization in the atmosphere. However, in addition to these 

immediate sources of ionization, the radioactive products generated by the 

explosion represent a continuing ionizing source. This note is concerned 

with the ionization due to these products. Following the explosion the 

radioactive material is concentrated within a cloud whose dimensions in 

crease steadily, while the total activity decreases This behavior is 

illustrated in Table I. 

Table I 
The figures in Table I are 

derived from an obscure unclas¬ 

sified paper,1 but other unclas¬ 

sified information2,3 is in agree¬ 

ment with Table I. 

SIZE OF EXPLOSION 
TIME AFTER EXPLOSION 

Minute Hour Day Week 

Total Radioactivity 
(curiea) 

20 kT 
Radius of cloud 

(kai) 

1012 

0.6 

6 X 109 

4 

10® 

35 

107 

90 

Total Radioactivity 
(curies) 

20 MeT 
Radius of cloud 

(k..; 

1015 

1.5 

6 X 1012 

10 

1011 

40 

1010 

90 

Table I represents a guide 

to the quantity of radioactivity 

and the dimensions of the cloud 

associated with an explosion of 

known yield One additional important factor is the height at which the 

cloud is centered It appears4,5 that kiloton weapons, when detonated in 

the troposphere, produce radioactive clouds that do not extend above the 

tropopause. On the other hand, the fireballs due to explosions with 

yields in the megaton class do not stabilize before reaching the lower or 

intermediate stratosphere For instance, the upper limit of the cloud 

due to a megaton explosion has been quoted6 as being at 25 km 

It is far beyond the scope of this note to attempt to cover the 

situations resulting from all appropriate nuclear explosions and for all 
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times following the explosion. Indeed the main purpose of the succeeding 

analysis is merely to demonstrate that a persistent radioactive cloud in 

the stratosphere can produce appreciable ionization of equal persistence 

at heights of up to at least 100 km. It is felt that this demonstration 

can best be achieved by examining a specific example in some detail. A 

radioactive cloud of total activity 3 x 1012curies will be considered; 

this, from Table I is the activity to be expected one hour after a 10 MeT 

explosion. The cloud will be taken as spherical and of 10-km radius, since 

Table I indicates that the cloud dimensions depend very litt le upon the size 

of an explosion. Any distortion of the cloud, such as probably results 

from winds and other factors, will be ignored. The cloud is assumed tobe 

centered at a height of 30 km. 

It is thought that the example selected is a good illustration of 

some of the problems involved, and that the analysis developed can ob¬ 

viously be applied to other particular cases. 
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II THE RADIOACTIVE PRODUCTS 

Most radioactive products decay by the emission of a /3 particle or 

of y radiation or of both; a disintegration is relatively rare. Accord 

ingly, it seems reasonable to neglect a emission and assume that only /3 

and y activity is involved. Both the ß and y emissions will cover a very 

large range in energies since many different radioactive isotopes will be 

present. However, to take account of this spectral distribution would 

entail almost intolerable complexities. Accordingly it will be assumed 

that the emissions are monoenergetic, and a good averaging compromise is 

to take each radioactive disintegration as being responsible for a ß 

particle and a y quantum both of 1 Mev energy. 
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Ill THE ß EMISSION 

The specific example to be considered has a cloud of radius 10 km 

centered at a height of 30 km; thus the maximum height of the edge of the 

cloud is 40 km and the minimum 20 km. ß particle ranges are usually given 

in aluminum; it seems reasonable, however, to take an inverse proportion 

ality with the density, p, of the medium, in which case the range, fí, may 

be expressed as 

R 
(542 E - 133) 
-cm 

10G0/O 
(1) 

where E is in Mev and p m g cm®. Equation (1) yields 12.2 meters as the 

range of a 3-Mev ß particle in air at sea level; this figure is in reason¬ 

able agreement with the 13 meters quoted in the Smithsonian Physical Tables.^ 

Using the figures for air density available in the ARDC model atmosphere,8 

Eq. (1) gives the range of a 1 Mev ß particle at heights of 20, 30, and 

40 km, to be approximately 45, 230, and 1000 meters, respectively Thus, 

even at the greatest altitude attained by the cloud, the ionization produced 

by the ß radiation extends only about a kilometer beyond the boundary of the 

cloud. Hence it is an assumption, not greatly in error, to take the ß- 

produced ionization as being spatially coincident with the radioactive cloud. 

At energies less than a few Mev, ß particles traveling in an absorbing 

medium lose energy principally by ionization and excitation of the atoms of 

the absorber; radiation or bremsstrahlung losses are small. Most textbooks 

state that for a ß particle travelling in air the particle loses some 32 ev 

in energy for each ion-pair created, the total number of ion-pairs produced 

by a 1-Mev ß particle would therefore be approximately 3.2 x 10*. 

Within the radioactive cloud the ion production due to the ß rays will 

be essentially uniform. The variation of range with air density implies 

that fewer /3s will pass through unit volume near the base of the cloud than 

will be the case for higher in the cloud; on the other hand, the shorter 

ranges mean more ions produced per unit length of path. These two com¬ 

peting influences lead to a mutual balance. If qß is the number of elec¬ 

trons produced (cm-3 sec 3) then 
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H 

/Total ß actxvity\ /Number of disintegrations' 
V in curies / \ per sec per curie H Total lonizatiom per each ß / 

(Volume of cloud) 

(3 X 1012)(3.7 X 1010)(3.2 X 10*) 
* . . .. MU.,..!.—.....— ■ 

1.33X77 X 10J X 1015 

= 8.5 X 108 (cm-3 sec-1) 

(2) 

for the particular case being considered. 



IV THE y EMISSION 

y rays are much more penetrating than ß particles and it would be a 

gross error to take the y produced ionization as being even approximately 
coincident with the radioactive cloud. The absorption of y rays within a 
homogeneous medium follows the exponential law 

“ I0 exP ('PM«*) (3) 

where I0 is the initial flux and 1x the flux after traveling a distance 

% in the medium, p is the density and pa the mass absorption coefficient; 

for air and y rays of 1 Mev energy, u = 0.063 cm2/gm,9 For y rays in the 
atmosphere, p will, ir general, vary with x except for the case of hori¬ 

zontal attenuation. It is not difficult to take account of this factor, 

by simply noting that -px = Mx, the mass of the column of air of unit 

cross section and length x, and can therefore be expressed in terms of 

pressures. For the simple case of vertical attenuation where h is the 

height coordinate, 

Using the hydrostatic equation dp/dh = ~gp, where p is the pressure and 

g the acceleration due to gravity, yields 

h I0 exp (4) 

Strictly speaking, an error is involved in assuming that g is constant, 

since actually g varies with h, but the error is only slight. For the 

case where the y ray flux is generated by a cloud at a height H, the zero 

is at h = // and Eq. (4) becomes 

h IH exp ~ (Ph - Pff) 
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IH exp [0.065 (ph ~ PH)] (5) 

where the pressures are measured in millibars (103 dynes cm 2). It is 

interesting to note that for the particular example being considered 

(H = 30 km, p30 = 11.9 mb) then with h = œ(ph = 0), 

Ih/IH = exp [0.065 (-11.9)] = 0.46; that is, nearly half the vertically 

directed y flux escapes into space without any effect upon the atmosphere. 

If the height is lowered to 20 km (p20 = 55.3 mb), the confinement within 

the atmosphere is much more efficient and only some 3 percent of the 

vertical y flux escapes 

The most important initial process in the absorption of y rays of 

1 Mev energy is the Compton effect; the incident y photon transfers its 

energy to a Compton electron and to a photon of less energy than the 

original y. In turn, the second photon may participate in further Compton 

processes until the photon energy is eventually reduced to a value readily 

absorbed by photoelectric ejection of an orbital electron from an atom. 

Thus the y ray energy is converted into energy of Compton and photo elec¬ 

trons. These, in turn, lose energy by ionization in a manner entirely 

similar to that of the ß radiation. It will be taken, as in Sec. Ill, 

that 3.2 * 104 ion-pairs are produced for each photon of 1 Mev y radiation 

that is absorbed. 

Since the y rays, particularly those having an upwardly directed 

velocity component, penetrate to distances far greater than the dimensions 

of the radioactive cloud, it is not a gross error to assume that the source 

is effectively a point source concentrated at the center of the cloud. 

Because this assumption leads to a very considerable analytical simplifi 

cation, it will be adopted in the analysis that follows. 

ELECTRON PRODUCTION BY THE y EMISSION 

Suppose the cloud is centered at point 0 (h =//) Consider the 

ionization produced at a point B(h - H + z) where the line OB(-l) makes 

an angle 8 with the upward vertical through 0. Then it follows that the 

attenuation along OB is proportional to 

exp (~P-,Mob) exp (6) 
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If IB is the flux incident per cm2 at B along OB, and I0 would have been 

the corresponding flux without any attenuation along OB, 

(lLa sec 6 

¡ 
pj exp ( + 

sec 8 

g 
Pti+i, (7) 

Consider unit volume at B, the volume being formed of a conical frustum 

with apex at 0, bounded by planes equidistant from B and normal to OB, 

and of unit cross-sectional area at B. Then the absorption of the y 

radiation within this volume is given by 

di sec 

d-h 
dz 

/1. sec 8 dpB+} 

sec dz 

(8) 

and this is the energy that is converted into ionization. 

Suppose the magnitude of the source at 0 is C curies. Then allowing 

for the radial divergence ox flux 

3.7 X IQ 

47TÍ : 

10 1 0 
3.7 X 10 

inz2sec2 6 
(9) 

As before, it may be taken that each photon of 1-Mev y radiation that is 

absorbed produces 32 * 103 ion-pairs; furthermore, for the particular 

example, C = 3 * 1012 curies. Combining Eqs. (7),(8), and (9), qB, the 

rate of electron production (cm sec ) due to the y radiation, may be 

written as 

9fl 32 X 103 

3.7 X IO10 X 3 X 1012 
32 X 103 (M 0S+I) --exp 

47TZ2 sec2 8 

sec 

g 

1.78 X 1015 
Ph*i 

z ‘ sec 2 8 
exp [0.065 pH+t sec 8] exp [-0 065pw sec 8] 

(10) 
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where the pressures are measured in millibars and z is in kilometers, 

while p is in gram cm-3. Often p is tabulated in kg m"3; if so, 

1.78 X 1012| 
Jn+i 

Vz 2 sec2 #/ 
exp{0.065 pH+l seed} exp{-0-065pw sec 6} 

(in 

Both Eqs. (10) and (11) are in a suitable form for calculation, the most 

convenient procedure for a given H being to select a value of 6 and then 

calculate qß for a series of values of z, the pressures and densities 

being obtained from Reft 8; the procedure is then repeated for another 6. 
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V THE ELECTRON BALANCE EQUATIONS 

Figure 1 shows the results obtained when Eq. (11) for is evaluated 

It may be noted that for heights less than H Eq. (11) modifies to 

qB * 1.78 X 1012 -j exP {"0.065 pH_fecd) exp { + 0 065 pflsec0} 

(11a) 

where Z is the vertical co-ordinate measured downward from h = )/ as origin. 

FIG. 1 

CONTOURS OF ELECTRON PRODUCTION {crrr^sec"1) DUE TO 7 RADIATION 

10 



A height range of from zero to 100 km and a lateral extent of 100 km from 

the center of the cloud are covered, flat-earth conditions being taken. 

Figure 1 is effectively half of a vertical cross section through the center 

of the cloud and the more adjacent atmosphere The symmetry of the situa 

tion obviously means that the contours of qB, shown in Fig. 1, could be 

converted into the true surfaces of revolution representing equal values 

of qB by rotation around the vertical axis at zero horizontal distance. 

In order to convert the information for qg into contours of electron 

density, it is necessary to take account of the electron and negative ion 

balaTce equations. These are complicated and must be simplified consider¬ 

ably before any tractable relations are obtained. Not all the information 

necessary for the simplification processes is available; in consequence, 

the procedure involves the making of plausible assumptions. 

Taking electrical neutrality as being always present everywhere in 

the atmosphere, so that the concentration of positive ions is equal to 

the sum of the number of electrons per unit volume /V. and of the concen 

tration /V_ of negative ions, the two balance equations may be written in 

the form 

dNt 

— = 9 +/V_ d + ,V_ 0-/V - iv,(ivy3' + N2t) - (/V_ + /V ){N a1 + A /Va" + N a'"} 
at e e e e 

(12) 

for electrons and 

dN. 

— = - N_ d - N. crN + NANß' + /V2r) - (/V_ + jV )(jV_){y' + Ne} (13) 
at e 

for ions. In Eqs. (12) and (13) N is the density of neutral particles. 

Assuming equilibrium conditions, 

dN e dN_ 
- = 0 = — 
dt dt 

Considering the terms in the equations in detail, q is the rate of 

production of electrons (cm-3 sec-1). The succeeding terminEq. (12) rep¬ 

resents photodetachment, by incoming solar radiation, of negative ions 

to form electrons, a simplification that will be applied is to take night 

conditions under which d = 0. The next term in Eq. (12) represents 

11 



collisional detachment of negative ions to form electrons. The fourth 

term is the attachment of electrons to become negative ions; two attach 

ment processes are recognized, namely radiative attachment (coefficient 

/S') and the Bloch-Bradbury three body process (coefficient r). The final 

term in Eq. (12) indicates the loss of electrons by recombination with 

positive ions, the three coefficients refer, respectively, to dissociative 

recombination, three-body recombination, and radiative recombination. Thi 

indications are that a" « a' and can therefore be neglected. The first 

three terms of Eq. (13) have already been considered, and the fourth rep 

resents recombination between positive and negative ions; the two coeffi 

cients refer, respectively, to two body ion recombination and three body 

Thompson ion recombination. In passing, it may be stated that although 

Eqs (12) and (13) are fairly complicated they in fact incorporate 

simplifications which are to some extent misleading. For instance, the 

the term iV2r is not the same for all neutral constituents of the atmos 

phere, molecular oxygen being much more effective than molecular nitrogen 

as the third body in a collisional attachment process. Similar refinements 

apply to many of the other terms 

When account is taken of the remarks in the preceding paragraph 

Eq$. (12) and (13) reduce to 

q + N_ aN - Ne(Nß' + N2t) - (N. + Ne)(Nt){a' + Mx"} = 0 (14) 

- /V. a/V + Nt(Nß' + N2t) - (JV_ + Ne)(N.){y' + N e) = 0 (15) 

and these equations may be rewritten as 

q + KN_ - T)Ne - <xNe(N_ + iVe ) » 0 (16) 

- KN_ + 7iNt - yN_(N_ + Nt) = 0 . (17) 

J 
Equations (16) and (17) may be combined to yield 

% 
A’, r—^—-i L(l+-M(c! + Mj 

(18) 

where \ = A_/Af, the ratio of negative ion and electron densities, and 

Eq (18) may for convenience be modified to 

12 



/3 = (1 + \) (a + y\) 
(19) 

Several expressions, a miscellany of experimental information, and 

some deductions combining experiment and theory all yield values of the 

coefficients in Eqs (16) and (17). Unfortunately there are many discrep 

ancies and very considerable uncertainties in the experimental data. 

(Columns 2 through 5 in Table II give weighted estimates for the coeffi 

cients, but no great precision is claimed for these values.) One or two 

points are noteworthy The approximate constancy of r¡ near 90 km is due 

to the presence of atomic oxygen: since sunlight is the agency producing 

the atomic oxygen, this constancy may hot be approached at night, although 

airgiow observations indicate an appreciable persistence of atomic oxygen 

in the upper atmosphere. As height increases, the coefficients a and y 

decrease very rapidly at first, but much more slowly above some 40 km; this 

behavior is the result of three-body processes becoming less important for 

the greater altitudes. 

In order that Eq (19) can be utilized \ must be determined A common 

way of doing this is to assume that the ionic recombination term in Eq (17) 

may be neglected, in which case 

The assumption implies that (N_ + jVtb « K/y, a quantity which is tabulated 

in Column 6 of Table II; if the assumption is made, the deduced values of 

k and ß are those given in Columns 7 and 8. In Column 10, Ne is calculated 

for values of q indicated by Fig. 1 as being appropriate for the particular 

heights concerned. Column 11 gives (N. + N_) as derived from Columns 7 

and 10 If the analysis is self-consistent in supporting the assumption 

that the ionic recombination term in Eq. (17) can be neglected, then 

Column 11 should be very much less than Column 6; this is indeed the case 

over most of the height range being considered, but is only approximately 

true above some 85 to 90 kilometers. 
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By using the values of ß given in Table II the contours of qB plotted 

on Fig 1 can readily be converted into contours of Ne The results ob 

tamed are shown in Fig. 2(a) One striking feature of Fig 2(a) is the 

bulge in the contours at a height of about 70 km It is understood that 

this kind of effect has already been noted by Dr. Cullen M Crain of 

RAND Corporation. 

FIG. 2(a) 

CONTOURS OF ELECTRON DENSITY (cm-3) 
(Full curves due to/radiation alone.Dotted curves-addition due to/3 radiation) 
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Figure 2(b' shows the original contours of Fig 2(a) and a second 

set obtained using the data of Fig. 1 and the process coefficients given 

by Crain.10 In his survey Crain emphasizes our very uncertain knowledge 

of many of the ionization loss coefficients; the possible discrepancies 

that can result from these uncertainties are well illustrated on Fig. 2(b). 

The second version has less ionization at the lower heights and more 

at the greater elevations than does the original. Using the second set 

of contours leads to a modification of the cone of Fig. 6, which is now 

broader with a base of 1200 km diameter and a depth of 45 km. The two 

cones are sketched — not to the same horizontal and vertical scales — in 

an inset on Fig 2(b). 



FIG. 2(bJ 

REVISED CONTOURS OF ELECTRON DENSITY (cm-3) USING CRAIN'S COEFFICIENTS 
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VI THE EFFECTS ON RADIO PROPAGATION 

In the absence of collisions or a magnetic field, a wave of frequency 

f directed vertically into the ionosphere will be reflected where 

N, « 1.24 X 10'8 /2 . (21) 

This elementary relation is modified greatly in the full theory, but is 

still a guide to within an order of magnitude. Accordingly, it may be 

seen that for electron densities of the order of magnitude of those shown 

on Fig 2, most radio frequencies will penetrate the ionization below 

100 km, but suffer non-deviative absorption while passing through the 

region. As frequency is lowered, however, the possibility of reflection at 

below 100 km becomes increasingly likely. It is therefore instructive to 

examine the effects of the ionization shown in Fig. 2 for two extreme cases; 

at a frequency penetrating through the ionosphere and at a very low fre¬ 

quency (VLF) reflected even under normal circumstances from below 100 km 

These two ranges of frequencies are important practically. They are also 

of general significance in studies of ionization below 100 km, since the 

natural Sudden Ionospheric Disturbance (SID) due to a solar flare, is often 

detected by the absorption of sources of cosmic noise, or by phase anomalies 

on VLF propagation. 

A. ABSORPTION 

If oj( = 2Trf) is the frequency of the wave being considered and v is the 

collisional frequency, then the absorption coefficient, k, may be written 

k 5.3 X 10V3 
N 'V 

(cu2 + V2) 
(22) 

for the non-deviative absorption in which the refractive index is approxi¬ 

mately unity Suppose that as a specific example the variation of k with 

height is plotted for / s 18 Me and the electron vertical profile for a 

horizontal distance of 50 km, as indicated by Fig. 2 The collisional 

18 



frequency values given by Nicolet12 are taken. The results obtained are 

shown in Fig. 3. The total absorption below 100 km is about 0.33 neper, 

which - o4^1y enough - is also approximately the total absorption of a 

cosmic noise source, observed xrom the ground, that is produced by a 

natural SID. The absorption does not, however, occur at the same height 

for the two instances; in the case of the natural SID, peak absorption is 

at near 80 km, but in Fig. 3 the maximum is close to 60 km. Incidentally, 

0.33 neper is equal to approximately 2.9 db 

E„ exp (-kz), In nepers, 20 log10 db 

B VLF PROPAGATION 

Very long radio waves are propagated in the waveguide formed by the 

earth and the lower ionosphere at a height of some 70 km by day and 90 km 

at night The electron density at the upper boundary is of the order of 

102(cm~3), and a common approach is to say that this value defines the 

level of VLF (frequencies from 3 30 kc) reflection Accordingly, the 

upper edge of the guide would be taken as defined by the 102 contour in 

Fig. 2. This approach is. however, incorrect. The level of VLF reflection 

is not determined by electron density alone, but rather by the conductivity 

and the gradient of conductivity and these involve the collisional fre¬ 

quency as well as the electron density 

In most VLF propagation theory13 the parameter a>r which is proportional 

to the conductivity cr is taken to be characteristic of the upper boundary. 

Then, with e, m, and e0 having the conventional significance, 

CJ 
a 

N, — (-—) 
\cn2 + V2/ 

/*. 

(23) 

the approximation being certainly valid for a typical VLF (F = 15 kc) and 

a height £ 90 km (v > 4.8 105). In Fig. 4 contours of cor are plotted 

using the data of Fig. 2 and Nicolet's values for V. Figure 5 shows for 

comparison contours of cur during normal daytime and night conditions; these 

contours are of course, oarallel to the ground. 

It is well known that the values of 0Jr for the homogeneous ionosphere 

commonly envisaged on the waveguide approach are of the order of 104 to 106 

19 



FIG. 3 

ABSORPTION AGAINST HEIGHT FOR A FREQUENCY OF 18 Me 
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FIG. 4 

CONTOURS OF THE PARAMETER wr 
(Proportional to Ionospheric conductivity) 
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FIG. 5 

NORMAL DAY AND NIGHT CONTOURS OF cur 
(Proportional to ionospheric conductivity) 

In actual practice, reflection depends upon the profile of a>r as well as 

upon the actual value of cor. In Fig 4 cor changes from 104 to 10T over a 

distance of some 30 km in Fig 5 the corresponding distance is only about 

IS km Thus the gradient of a>r is approximately twice as steep for the 

normal conditions of Fig. 5, under which it is known that reflection occurs, 

as it is for Fig 4 However, this difference is far less than an order of 

magnitude and it therefore seems likely that appreciable reflection will 

take place from the level on Fig 4 where 0Jr is approximately 105 to 106 in 

an analogous manner to that usually encountered in conventional VLF prop¬ 

agation 

A second approach is to consider the quantity 

d/x 

/X2 dh 
(24) 

where is the free space wavelength and /x the refractive index. The 

greater this quantity the more effective the reflection, and although this 

criterion is strictly applicable only for short yavelèngths, it is at least 

indicative even for,long waves In the absence óf a magnetic field the 

expression for /x2 may be written as 

(25) 



dyi/dh can thus be related to the values of V, œr, dcx)r/dh, and dv/dh 

For normal daytime and night VLF propagation, the quantity C at the re 

flection level is of the order of unity. Similar values are obtained at 

the CJr - 105 level in Fig 4, thus again suggesting that appreciable re 

flection would occur from this contour. 

Figure 6 represents a first approximation to the perturbation of the 

waveguide produced by the ionization that has been considered. Normal 

conditions at night are initially envisaged, with VLF propagation being 

controlled by an ionospheric boundary of height 90 km and with cur 10s to 

106 The abnormal ionization produces a boss upon the upper boundary of 

the guide; this is indicated (in cross section) on Fig. 6 as a shallow 

cone with apex at height 30 km and a base of 400 km. The boss is con 

sidered, in conjunction with the un-disturbed guide over 200 km from the 

central point, to redefine the contour at which o>r = 10^ to 10^. 

, UPPER IONOSPHERIC BOUNDARY OU, = 10*-10® 

FIG. 6 

DISTURBANCE OF THE WAVEGUIDE FOR VLF PROPAGATION AT NIGHT 
(Represented by dotted line) 

It is difficult to estimate the effects of the indicated perturbation 

upon VLF propagation between a transmitter T and a receiver R, but it is 

considered that they would be appreciable. The mathematical complexities 

involved in modifying the waveguide approach are considerable. When RT 

is relatively small (< 1000 km), it is probably easier to apply a geometric- 

optic treatment, but the results obtained depend somewhat critically upon 

the exact characteristics and shape of the boss. Perhaps the easiest way 

of obtaining approximate information would be to conduct suitably scaled 

model experiments 
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