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I INTRODUCTION

This report develops a probability-of-binary-error expression for a
basic binary-adaptive-phase-shift-keyed (BAPSK) system. The error-rate
expression uses the mathematical BAPSK system model developed in Technical
Report 2, Part I on thiscontract'! and amathematical propagation-medium
model of the type discussed in Technical Report 2, Part II.? After the
probability-of-error expression for a basic BAPSK system has been devel-
oped, this expression is modified to include various BAPSK modifications

(time guard band, diversity, delay compensation, and others).

The propagation-medium model used in the error-rate expression, which
specifically models the high-frequency (HF) propagaticn medium, is dis-
cussed and related to the HF propagation medium. The p:opagation-medium
model includes additive noise, and thus it models the additive as well as

the dispersive corruption of the HF propagation medium

Because the error-rate expression developed in this report is rela-

tively simple, the probability of error for a basic BAPSK system 1s

plotted as 2 function of the signal-to-noise (S/N) for many types of dis-
persive channels. The most significant feature of the error-rate curves
is that the probability of error approaches an asymptotic nonzero value
for high S/N. This asymptotic value is determined by the time-delay and
frequency-shift structure of the propagation medium. By using this
asymptotic value of the probability of error, the sensitivity of the basic

BAPSK system’s error rate to time delays and frequency shifts is analyzed.

By using the results cf Technical Report 3,%a basic BAPSK system is
compared with a basic binary-differential-phase-shift-keyed (BDPSK) and
quaternary-differential-phase-shift-keyed (QDPSK) systems. The error-rate
performance of a BAPSK system is found to be degraded by frequency shifts
much more than that of either a BDPSK system or a QDPSK system; however,
at low S/N, a BAPSK system outperforms BDPSK and QDPSK systems. The per-
formance of a BAPSK system and that of a BDPSK system are equally sensitave
to time-delay effects.

iHefcrences are given at the end .f the report.




IT THE PROPAGATION-MEDIUM MODEL

This report uses a propagation-medium model of the type discussed
by Stein,* Bello,’ and Daly? to model the dispersive corruption of the
propagation medium. However, the model used in the error-rate analysis
is specifically related to the HF propagation medium. This model also
includes additive, white, Gaussian noise to model the additive corrup-

tion of the propagation medium.

The output of the propagation-medium model (see Fig. 1), y(t) [y(¢)
is the complex representation of the real-valued outputt y(t)], is assumed
to be the sum of an additive noise, n(t), and the output of a random time-

varying linear filter, z(t):

y(t) = z(t) + n(t) . (1)

»

-
-
-tr
—~—

Z(t) *7F,
nitr)
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FiG.1 BLOCK DIAGRAM OF PROPAGATION-MEDIUM MODEL

The additive noise, n(t), is assumed to be a zero-mean, stationary, white

complex® Gaussian random process:

Eln(t)]

0 (2)

t Throughout this report the complex representation for real processes discussed in Ref. 1 is used.

§ In this report all complex random fields, processes, and variables are implicitly assumed to have
1denti1cally distributed (but not necessarily statisticelly independent) real and imaginary parts.
All random variables are implicitly assumed tv have statistically independent real and imaginary
parts.




S,(f) = Ize[n(t)n*(t + At)) exp {-i2nfAe}  yn,
N(): fZ.O
) (3)
0, f<o

where Sn(f) is the power spectral density of the noise, Ny is the noise
power per unit bandwidth, n* is the complex conjugate of n, and &[-] is

the usual expectation operator. The use of a zero-meaux, stationary, white,

.............

justified.$

The output of the time-varying linear filter

2(t) = [° H(e, H)X(f) exp (i2nft) df (4)

-0

where the Fourier transform of the channel input,

X(f) = IZx(t) exp (-i2nft) dt (5)

and the time-varying transfer functiion of the filter, H(t¢,f), accounts for
the time and frequency scattering of the input energy. The time-varying
transfer function, H(¢,f), is assumed to be a zero-mean, homogeneous, com-
plex Gaussian random field. Because the transfer function is a complex
zero-mean, homogeneous, Gaussian random field, its statistics, and the
statistics of its output for a known input are completely determined by

the covariance function of the time-varying transfer function,

Ry(Dt,0f) = EUH(e, HH (¢ + At,f + AF)) . (6)
This model for a time-varying radio channel has been justified by Stein,*
Bello,® and Daly.? To model the HF propagation medium, it is necessary
only to select an appropriate covariance function for the homogeneous
time-varying transfer function or, equivalently, an appropriate scattering

function,

(7)

’

Sgr) = [T [TRy(Be,0f) exp (i2m(-NAt + 70f1)  adtang

for the time-varying filter.
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It is well known that the HF propagation medium scatters energy dis-
cretely in time. This HF phenomenon, commonly referred to as multipath,
is readily evidenced by the records of short-pulse obhlique-incidence
ionosphere sounder links.’ The receivers on such links commonly detect
several short pulses for each short pulse transmitted. These detected
pulses are of different strengths and arrive at different times. The
strengths and particularly the time displacements can be shown to correspond
to various paths or modes of propagation. A suitable model tec explain this
multipath phenomenon only i1s a medium consisting of several paths each with

a distinct time delay, gain, and phase shift. The output of such a medium,

It
n M=

y(t) a, exp (i6,) x (t = 1,)

k=1

(8)

akx(t - Tk) ,

"
WM =

k=1
where x(t) is the input to the medium, K is the number of paths, T, is
the time delay of the kth path,

a = a

" poexp (16,) (9)

is the complex gain of the kth path, ¢, is the gain of the kth path, and
0, is the phase shift of the kth path. If it is assumed that for each
path a,, the complex gain, is a zero-mean, complex Gaussian random

variable! with variance
S[Iaklzl = o2 (10)

the strength of the kth path, and that the complex gains of all the
paths are statistically independent, then the propagation medium is
equivalent to a zero-mean, homogeneous, (time-invariant) Gaussian ran-

dom filter with covariance function,

K
RH(At,Af) = E af exp (i2ﬂAka) (1)

t The assumption that the complex gain of each path is a (complex) zero-meen Gaussian random variable
ic equivalent to the assumption that the gain of each path is a Rayleigh random variable with mean,

8[“k] = (%572)ak and that the phase shift of each path is uniformly distributed on the interval [0,2ﬂ).
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K
Ry(At,0f) = kgloz exp (iQWAka) (11)
and thus scattering function
K
Sy\,7) = 2oy Blr - T8 (12)

Such a time-invariant model for the HF propagation medium (consist-
ing of energy scattering in time only) is unrealistic, because even though
it accounts for frequency-selective fading and intersymbol interference,
it does not account for time-selective fading, for interchannel inter-
ference caused by the propagation-medium scattering energy in frequency,
or for the continual change of the gain and phase of the propagation
medium with time. Perhaps the best example of the presence of energy
scattering in frequency occurs when a CW tone transmitted over an HF link
is envelope-detected. The variations (in time) of the level of the
envelope-detector output (a phenomenon referred to as time-selective fading)
can be caused only by the propagation medium scattering the input energy
in frequency. If the propagation medium did not scatter energy in fre-
quency, the level of the envelope detector output would not change with
time. Thus a comprehensive model of the HF propagation medium must

incorporate energy scattering in frequency as well as in time.

The exact nature of energy scattering in frequency does not appear
to be well known; recent work at Stanford Research Institute,®? seems to
indicate that the HF propagation medium tends to scatter energy in dis-
crete packets in frequency as well as in time. That is, the propagation

medium tends to shift the input energy by several distinct (Doppler)
frequencies.

The HF propagation-medium model used in the error-rate analysis
consists of several paths, each path having a distinct complex gain

(gain and phase shift), time delay, and frequency shift. The output of
such a medium,

M=

y(t) = a, exp (i2m\ ) x (¢t - 7,) , (13)

k=1

where %(t) is the input to the medium, K is the number of paths, A, is

. . . 6
the fiequency shift, 7, isthe time delay, and a, = akel k¥ is the complex

6




gain (a, is the gain and 6, is the phase shift) of the kth path. It is
again assumed that for each path the complex gain, a,, 1s a zero-mean,

compiex, Gaussian random variable with variance

2
= 2
ella, 1= o2 | (14)
equal to the strength of the kth path, that the time delay, T,, is known,
that the frequency shift, Ay, 13 known, and that the complex gains of all
the individual paths are statistically independent of each other. Under
these assumptions, the propagation-medium model is equivalent to a zero-

mean, homogeneous, Gaussian randem filter with covariance function

K
Ry(At,0f) = kgl of exp (-i2n[N At ~ 7,4f)) (15)
and thus scattering function
K
Sy (\7) = 2 oFS(N = AT - T) . (16)

Note that the propagation-medium model can be made frequency-invariant

(i.e., purely time-selective) by setting all the 7, to zero, time-

k
invariant (i.e., purely frequency-selective) by setting all the A, to
zero, and time- and frequency-invariant (i.e., flat-flat fading) by
setting all the 7, and A, to zero. In addition, by making K very large,
a continuous scattering function can be closely approximated. In
analyzing the sensitivity of various systems to time delays and frequency
shifts, it wili be convenient to consider time-invariant, frequency-
invariant, and time-and-frequency-invariant propagation mediums. Time-
and-frequency-iivariant propagation mediums have been extensively studied
by many authors.!®®12 Tp the literature, the time-and-Ireguency-invariant
propagation medium model is referred to as the flat-flat Rayleigh (ading

channel model.

For a better understanding of the effects of time delays and fre -
quency shifts upon transmitted signals, a particular propagation-medium
model is now discussed in more detail. This particular model, which is
typical of many HF channels for reasonable time intervals, consists of
two paths eachwith adistinct and constant time delay, frequency shift, and

complex gain. Let the input to the propagation medium be a CW tone at

- . ﬁ:m‘m§§w . Y
iiim“f - 0 S

P
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an arbitrary frequency, f. If this signal is denoted by its complex

representation,
x(t,f) = exp (i27ft) : (17)
the output of the propagation medium (neglecting additive noise),

y(t,f) = a  exp (iomlf - KI]{t - Tl])+ a, exp (ionlf - KZ] t - 72]) , (18)
where a, is the complex gain, 7, is the time delay, and A, is the frequercy
shift of the kth path. If the output of the propagation medium 1is

envelope-detected, the output of the envelope detector,

2
ly(e, 17 = la P+ [a,1?+ 2la,|1a,| cos (2m[for + tA\] + &p)
(19)

where the differential frequency shift, AN = A, - A, the differcntjal

1’
time delay, Ar = Ty~ Ti» and the differential phase shift,

a;aj
Op = MTy A272 - cos E;;TT;;]

Thus the output of the envelope detector is at a relative minimum (i.e.,
in a fade) when cos [2w(fAT + tON) + &) = -1 or, equivalently,

Oty + &rfp = 2o+ = - — ! (20)

for some integer n; the subscript F denotes that a fade occurs at that

particular time and frequency.

In a time-frequency space, the set of points (fade coordinates)
satisfying Eg. (20) is a series of parallel straight lines, with each
integer n determining one straight line of the series. Figure 2 is a

plot of a typical set of fade coordinates.

At any fixed time, t,, the fades are spaced in frequency by 1/4T,
the reciprocal of thedifferential time delay. Atany fixed frequency, f,,
the fades are spaced in time by 1/8\, the reciprocal of the differential

frequency shift. In addition, =2t any particular time, t,, the output
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FIG.2 TYPICAL FADE COORDINATES

of the envelope detector,
2 2 2
ly(to. O = la,|” + la,]"+ ola;|-la,| cos (2mfar +65) , (21

where &) = Op + 270\t,. At any particular frequency, f, the output of the

envelope detector is again of the same form as Eq. (19), since

ly(e, f) 1 = la 12 + la, 2 + 2]la |- la,| cos (2m\t +¢p)

where @y = Op + 2mf OT.

The results of this digression can be extended to a more general
propagation medium; however, the spacing of fades in frequency at a
fixed time is still determined primarily by the time delays of the paths,
and the spacing of fades in time at a fixed frequency is still determined

by the frequency shifts of the paths.

ey
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This discussion has been partially verified experimentally by
Ames.® The experiment consisted of transmitting a frequency-modulated
signal over an HF link and simultaneously determining the time-delay
structure of the link by using an oblique-incidence ionosphere sounder.
The received signal was envelope-detected and spectrum-analyzed, and the
output of the spectrum analyzer was plotted as intensity in a time-
frequency space. When the propagation medium consisted of two paths,
the points of minimum intensity (i.e,,fades) formed straight lines similar
to those in Fig. 2. 1In addition, at any fixed time, the frequency spacing
between (frequency-) selective fades was 1/Ar, the reciprocal of the dif-
ferential time delay. It was also found that at a fixed frequency the
spacing in time between (time-) selective fades was constant, but not
correlated with 1/07. Because no measurement of frequency shifts was
made 1in the experiment, the time spacing between (time-) selective fades

could not be correlated with the differential frequency shift.

In an extension of his work, Ames considered fade patterns in a

i)

position and time space. The fade patterns in the pesition-and-time

experiment were similar tothe fade patterns in the time-and-frequency

experiment., The latter experiment indicated that, in general, most space-

diversity antennas are not uncorrelated. Because of the increased com-
plexity in the mathematical models necessary to model these effects (a
scattering function of many more dimensions and the position and polariza-
tion of the diversity antennas), the error-rate analysis considers only
(space) diversity antenna outputs that are either completely correlated
(identical) or completely uncorrelated (independent). It was felt that
with this approach the performance of systems using (space-) diversity

outputs that were neither completely correlated nor completely uncorrelated

could be approximated. In addition, the error rate is bounded above by

the error rate for identical space-diversity antenna outputs.

>

To summarize the propagation-medium model: the output of the model

SRR TR

y(t) = [: H(t, FIXCF) exp (i2nft) dt + n(t) | (23)

where X(f) is the Fourier transform of the input, n(t), is the additive

f J AN e

noise which accounts for additive corruption effects, and H(t,f) is the
time-varying transfer function of the channel which accounts for the

1onospheric dispersive effects. The additive noise, n(t), is assumed to

10
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be a stationary, zero-mean, complex, Gaussian rundom process with

spectrum,

Ny, f20
S (f) = (3)
0, f<o0o ,

where N, is the noise power per unit bandwidth., The time-varying trans-

fer function,

H(t,f) = a, exp (i2nlfr, - N, ¢)) (24)

n M=

k=1
where K is the number of paths, a, is the complex gain, 7, is the time
delay, and A, is the frequency shift of the kth path, is a homogeneous,
zero-mean, complex Gaussian random field with power spectral density

(i.e., scactering function),

K
Sg(N,7) = k§1 OES(N = N)8(T =T, (16)
where 03 is the strength of the kth path. The complex gains, a,, are
statistically independent, zero-mean, complex, Gaussian random variables

with variance of; the time delays, 7,, frequency shifts, A,, and strengths,

0:, are known, as well as the number of paths, K. Because of the special
form of the time-varying transfer function, the output of the propagation

medium can also be expressed as:

exp (i2nh\, t) x (¢t - 7,) +a(t) . (25)

K
y(e) = 2 a

The random filter and the additive noise are statistically independent.

11
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IIT BAPSK SYSTEM PROBABILITY-OF-ERROR EXPRESSION

This section develops an expression for the probability of a binary
error for a basic BAPSK system operating in the non-redundant mode.
The output of a BAPSK system transmitter x(t), whichis described in
Sec. IT1of Ref. 1, is the input to the propagation-medium model discussed

in the preceding section. The output of the propagation-medium model,

K
y(t) = Z a, exp (i27\,t) x (t = 7,) + n(t) ,

is the input to a BAPSK system receiver, which is described in Sec. IV of
Ref. 1.t Since the actual probability-of-error expression is complex and
difficult to calculate (even with a digital computer), a convenient and
accurate approximation to the probability of error is found. This approxi-
mation 1s valid for a wide range of systems other than a BAPSK system, and
1t greatly simplifies the copputation of the probability of error. The
prabability-of—erﬁar expression considers errors caused by dispersive cor-
ruption (the variations in time and frequency of the complex gain of the
proﬁagation medium), additive corruption (the additive noise of the propa-
gation medium), and inherent self-interference (the nonzero information-
tone component of the long-term-average filter output). It does not
consider other errors caused by implementative corruption (the mal func-

tioning of equipment).

From the results of Ref. 1, 1t i1s readily apparent that the nth sub-
system of the BAPSK system will err in the transmission of the kth binary
digit of the nth information sequence I}, if, and only 1f, the kth binary
digit of the nth estimated information sequence I} is not equal to Ij}.

~

Because both I: and I: take only the values *1 and -1, the probability

of error in the transmission cf I:,

t In Sec. IV of this report, modifications [Sec. V] of Ref, l] to a BAPSK system and operation in the
redundant mqde nre incorporated into the probability-of<error expreasion.

) Preceding Page Blank
3
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pr ., = Pr {error in the transmission of IZ} = Pr {IZT: = -1} .
(26)
From Eq. (93) of Ref. 1, one finds that the kth digit of the nth

estimated information sequence (for a basic BAPSK system operating in

the nonredundant mode),
It = sgn (C" Re {iy"(R)y""(R)}) (27)

where C} is the kth element of the nth binary code-tone sequence, the

long-term-average filter output,

k-1
y' (k) = EPiy(j) exp (eT[j - k1) (28)
J ==

the matched filter output,

s 4]
y (k) = I; y(t) exp (mi2mlf - Ale) p (¢ =ty = kT) de , (29)
+t1, x20
sgn (x) = , (30)
-1, x<0

and Re {x} denotes the real part of x. In Eq. (28), P; is the jth binary
element of the nth pilot-tone sequence, & is the time constant of the

long-term-average filter,! and 1/T is the signaling rate of the system.

In Eq. (29),

yalt) = exp (-i2mde) y (t) (31)

is the output of the propagation medium y(t), hetrodyned to a frequency
A cps less than the transmitter output; f_ is the center frequency of the

nth subsystem;

1, tel-1/2, T/2)
plt) = ; (32)
0, tél-172, 1T/2)

t If the long-term-average filter is implemented digitally in the BAPSK systen, eaT 1s constrained to take

one of the values (1 =2 ™) 1, where n is an integer.

14




and t, is the BAPSK system synchronization time. The probability of error

can thus be expressed as:

Pr . = Pr {I?C Re {iy"(R)y""(B)] <0} (33)

e, k

or equivalently as:

P, = Pr {I;CIYTQY < 0} (34)
where the column vector?t
¥ (k)
Y = , (35)
y" (k)

* - .
the row vector Y is the transpose and complex conjugate of Y, and the

Hermitian matrix
0 - . (36)

The probability-of-error expression can also be expressed in the form:

P Ze P {Imepy"oy < ole = g¥pe{e = &Y . (31)
J

where the set 5 consists of all possible system transmitter states §j.
Each system transmitter state, §}, consists of one possible set of values
for each element of every pilot-tone, code-tone, and information sequence.
Since the set Z has an infinite number of possible transmitter states, the
probability of error, as expressed in Eq. (37), is impossible to compute
without further assumptions. This difficulty will be ignored for the

moment, while the conditional probability of error for a given input state

Pr (&) = Pr {I"C'Y'QY < 0]} (38)

€,

t The superscript n and the argument k of the vecter Y have been suppressed for simplicity.

15
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is considered in more detail. This detailed consideration of the con-
ditional probability of error eventually leads to an accurate approximation
of the probability-of-error expression that essentially eliminates the

infinite summation of Eq. (37).

When the transmitter state is known, the vector Y is a zero-mean,
complexﬁ Gaussian random vector, because each of the components of the
vector Y is the result of linear operations on the propagation-medium
output y(t), which is the sum of two zero-mean, complex, Gaussian random
processes. The statistics of the vector Y, given the transmitter state,

are thus completely determined by the lermitian conditional covariance

matrix;
k&) = E'le)
- : (39)
BA,(E) k(&)
where
k&) = eyl e (40)
ky,(6) = Ely"(y k) €], (41)
and : :
kyy(€) = Ellyte)]” l&) . (42)

It can be readily verified that there is a matrix [K(f)]% such that

k) - keEVEke)n b, (43)

where [K(£)] is the transpose and complex conjugate of [K(f)]%. Now

by assuming that the matrix K(£) is nonsingular® one finds that the vector

Z = [K&OIHAY (4d)

t All zero-mean, complex, random vectors considsred in this report are implicitly assumed to have components
with statistically independent, as well as identically distributed, real and imaginary parts. This as-
sunption is consistent with the complex repcesentation! ysed in this report. An immediate result of thas
assumption is that for any vector X,E%quj = ¢, the zero matrix (X7 1s the transpose of X); thus the
sccond-order statistics of X are completely determined by SLXX*]. the covariance matrix of the vector.

The probability-of-error expression developed here is applicable even when K(£) 1= singular. The de-
velopment of the probability-of-error expression is conceptually the same, but much longer, when K(£) 1s
singular; therafore this development is not included.

16




where [K(é')]"l/2 denotes the inverse of [K(§)]%, is a zero-mean, complex,

Gaussian random vector with covariance matrix,

BlZZ*|g) . = [K(&))K(&) [K(£))™"/?
1 0
= = I (45)
¢ 1

equal to the identity matrix. The conditional probability of error can

now be expressed in terms of the vector Z:

Pro (&) = Pr{LTQ(&OZ <0} (46)

where the Hermitian matrix
Q&) = e ke /et . (47)
Tt is well known,5 that there are matrices A(E) and P (&) such that:
Q) = PE)MEPE) (48)
POPEO" = T, (49)

and A(£) is a diagonal matrix with the real-valued diagonal elements being

the eigenvalues of the matrix Q}(£) [i.e., the roots of the equation

IAr -]l = 0 (50)
; where |A| denctes the deterﬁ.nant of Al. Therefore the conditional proba-
: bility of error,
pr (£) = Pr {WAW<O0} (51)
where the vector
; W = P()Z (52)

is a zero-mean, complex, Gaussian random vector with a covariance matrix

equal to the identity matrix, I.

o s
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By expressing the conditional probability-of-error expression in
terms of the components of the vector W, w,, and w,, and the eigenvalues
of the matrix Q{(£), A;(£), and Ay(£), one finds that the conditional

probability of error,

2 2
P &) = Pr @ w T+ A, @) v, <0}
2
- v, | LN
= r -
; A
|W2|2 1(§)
Ay ()
- P K - . 2
iR LI WS (53)
. 2 2 » 13 . . ” .
where the random variable f2 = |w1| /|w2| is “F-distributed” with pa-

rameters m = n = 2.1 The probability density of fo

(Lt )™ %, f,20
0 , fo <0

and thus the conditional probability of error,
A EIAL(€)
2 1 _,}\2(5)

P L&) - J R R v

The conditional probability-of-error expression implicitly assumes
that A () and —xz(g)/xl(g) are positive; to verify these assumptions one
must compute the eigenvalues of Q}(§). The eigenvalues of QF(£) satisfy
Eq. (50); however,

INL - Qo) IAT - 1mer (k)] /2K () 1%

I\ - 12CiK(£)0]

A2 - ATy er [CR()Q) + [K(&)Q| (56)

where tr [A] denotes the trace of the matrix 4. Noting that

k&)l = |k&)]l0] = ~|K(&) |, one finds that
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I vr [C}E(£)Q)

M (€)= 5 {1+ [1+4ar"UO (57)
I" er [C"K(£)0]
(&) = : - {1-[1+4 4OV (58)

2

and the conditional probability of error,

PY (&) = %{1 -1+ 43'1(5)]‘%} ) (59)

where the conditional hard-limiter input S/N

er? [K(£)0)
R(&EYy = = .
(&) G (60)

The assumption that =A,(£)/A (£) is nonnegative is equivalent to the
assumption that !K(ﬁ)l 2 0; however, K(£) is a valid covariance matrix,
and therefore |K(§)| > 6. Hence the assumption that =A,(£)/A (£) is non-

negative 1s valid.

The assumption that A,(£) is positive is equivalent to the assumption
that I} tr [CZK(é)Q] is positive, but the trace of CZK(%)Q is the expected
value (given the transmitter state) of the quantity C}Y QY which is com-
pared with the zero threshold (i.e., the input to the hard limiter) in the

final stage of a BAPSK system receiver:

er {CIK(E)QY = ElerY QY |g| . (61)

~
The kth element of the nth estimated information sequence, I}, is +1, if
~
. . e ¥ . .
C:Y*QY is greater than zero; if (JY QY is less than zero, then I} is -1.
Obviously, if the system is to perform satisfactorily,

I2elery oyled = I7 or [C7K(£)Q) must be nonmegative. If IT tr [CTK(£)Q)

is negative, the conditional probability of error is greater than 1/2:

P (&) = 5{1 i1+ 412"1(§)]'/’} ,  for If er [CRK(EXD <0 . (62)
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A completely general expression for the conditional probability of error,

which accounts for the unlikely event that I} tr [CLK(£)Q] is negative, is

-%}

1
Pr ) = — 1= sgn (U7 er [GKOQA) DL+ 4r7HD)] (63)

For P:'k(f) < 1/4, the conditional probability of error can be con-
veniently and accurately approximated by the inverse of the conditional
output S/N:

~ . K(&)
Py (&) = RN - el (64)

er? {K(£)0}

Because large conditional probabilities of error result ina highunconditional
system error rate, only values ofPZk(§) < 1/4 are of interest for most prac-
tical applications. Thus, for practical applications, E X&) can be used as
an accurate approximation to the conditional probability oferror. It can

be readily verified by inspection that R"&) is an upper bound on the con-
ditional probability of error for sz(ﬁ)‘<3/4f; thus, with almost certainty,
one can use R"1(£) as an upper bound on the conditional probability of error.
This approximation to (or bound on) the conditional probability of error and
the observation that IZS(CZY*QYlﬁl = I} tr {CZK(f)Q} are employed in the
mathematical justification o) the approximation that alleviates thedxffi-
culties in the infinite summation of Eq. (37); an intuitive justification

of the approximation is presented initially, however.

The (unconditional) probability-of-error expression for the basic
BAPSK system as given by Eq. (37), can also be interpreted as an expecta-

tion over the transmitter state of the conditional probability of error:

n - Y
Pt elrr (&) (65)
where the transmitter state (i.e., the values of all the binary, pilot-
tone, code-tone, and information-sequence elements) is assumed to be
random. The natural distribution to ¢ssume for the transmitter state is

a Bernouli distribution--all rhe elemeats of all the sequences are sta-
tistically independent, and Pr {I: = 1} = Pr {Pz =1} = Pr {C: = 1} = 1/2.

t Unfortunately, for Pz k(f) < 1/4, R-l(«f) is a poor approximation to the conditicnal probability of
error., ’
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This assumption, which is a standard assumption in almost all error-rate
analyses, is made in this analysis also. An immediate result of this
assumption 1s that the probability of error and conditional probability

of error are independent of k; thus P:‘k(f) = PZ,O(f) = Pr(£).

Because the expectation expressed in Eq. (65) is tremendously diffi-
cult to evaluate, it will be approximated. The probability-of-error
approximation, P7, which is essentially the approximation used in Ref. 3,
is to replace R (&) by &I K(§)|]/8[tr2 [K(£€)Q)] in the conditional

probability-of-error expression

~ i "%
- % 1_{“4 G (66)

) Eler? [K(£)01)

This is an engineering approximation. It can also be intuitively justified
for phase-shift-keyed systems: there exists an actual transmitter state,
such that 8[]K(§)i] = K(£,), Eler? [K(£)Q)) = er? [K(fO)Q], and thus P7 is

the actual probability of error for a particular transmitter state.

In this report, the approximation is mathematically, as well as in-
tuitively, justified for error probabilities of practical interest. For
these values of the probability of error, the conditional probability of
error is closely approximated by (and bounded above by, for
&) <3/4) R™Y(£); thus the probability of error is closely approximated

(and almost certainly bounded above) by

ER"Y&) = R T P (67)
This expression for the probabitity of error is simpler to compute than
Eq. (65); however, the computation is still difficult. The probability-
of-error approximation used in this report (and in Ref. 3), P], can also

be closely approximated for P! < 1/4 (and bounded above for P} < 3/4), by

Rl - LG : (68)
Eler? [K(£)Q]

Thus for error rates of practical interest, the expected value of R (&)
is being approximated by ELlk&) 11/€0er? [K(£)Q)); the ratio of the
expected values of IK(§)| and tr? (K(£)0]
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|k(&) |

7Y = Elmem—
er? [K(£)Q]

ellk)|)
Eler? [K(£)Q]]

e

= E‘l X (69)

The quantity tr? [K(£)Q] = 82[CZY*QYI§] is the expected value (given
the input state) squared of the quantity compared with a zero threshold
in the receiver; it is readily apparent that, if the system is performing
satisfactorily, this quantity chkanges very little as the transmitter

state changes:

lo2(£)) << Eler? [K(£)Q)) (70)
where the variation in tr? (K (£)0] ,

o(§) = er? [K()Q) - Eler? [K(£)QI] . (71)

The variations in tr? [K(£)Q) will be primarily caused by the variations
in the self-interference (dispersive interchannel and intersymbol inter-
ference and inherent self-interference). These changes resulting from
the self-interference must obviously be much smaller than the “signal
portion” of tr? (K(£)Q) if the system is performing satisfactorily. The
signal portion of t1? [K(£)Q] does not change significantly, because the
expectation over the propagation medium has removed all instantaneous
fading and noise effects, and because the system is balanced—if self-
interference effects are ignored, tr? {K(£)Q} is essentially independentt
of whether I} = 41 or I} = -1,

Because tr? {K(£)Q} changes very little and tr? (k(£)Q) >> 0
8[]K(§)|]/8{tr2 [K(£)Q)) is a reasonable approximation to
€[|K(§)|/tr2 [K(£)Q}). For all values of practical interest, the prob-

ability of error is equal to

t The scattering function of che propagation medium must be symmetric about the origin for this to be
strictly true (see Ref. 17).
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Eler? (K5O + =(5)

R = €

k&)Y Elr1&)o®)]
Eler? (k&)1  &ler? {K(£)0)}

E-, _ E[R71(£)o ()]
E{er? [K(§)Q]} (72)

i

or, equivalently, the error in approximation l

~ -1 =
- MIGTIC .

Eler? [K(£)Q1}

but by using the Schwartz inequality, one finds that

~ -2 20
B Fp < SR8 )

(74)
E{er? [K(£)01}
Thus the relative approximation error
~ % — %
R—l - R‘ll -2 2
| < R™*(£) ) - ; (75)
R7! R™! E{er? [K(£)Q1}

—l — =%
however, 3-22/3-1 <1 and 022/8[tr2 (K(S)Q)) << 1. Thus the relative

approximation error

~~
|R7! - R7!
— < 1 (76)
R'l
& for all values of interest. Because P" T R, the probability-of-error
approximation is mathematically, as well as intuitively, justified for

all practizal values.

At this point, infinite summations are still present in the approxi-
mation; however, these summations can now be evaluated in closed form
because only products, rather than products and ratios, of random vari-

ables are involved. Because the summations are relatively easy to
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evaluate, the calculation of the probability of error is greatly
simplified. This simplification is nontrivial, for as evidenced by

18

the work of Bello,® the summations of Eq. (7) are quite difficult and

‘tedious to evaluate.

Before proceeding with the evaluation of &[|K(£)]] and &[tr? (k(&)1],
one should note that, although the probability-of-error expression has been
developed for a basic BAPSK system, the expression is valid for many other
binary communication systems as well. All binary communications systems?
that compare a quadratic form Y'QY, in (two complex) Gaussian random
variables with a zero threshold to estimate each transmitted information

digit, i.e., I = sgn {Y QY}, have a conditional probability of error

-%
P (&) = % {1 - sgn [I* er [K()QN][1 + 4R7H()] ™}
~N e 1
= R7Y(&), for P (&) < Z‘ ) (77)
where the conditional covariance matrix K(&) = [YY*|§], and £ is the trans-

mitter input state. The probability of error for such a system,

P, = €[P_(£)), can be closely approximated by

~ ~ -1
P, = — {1 - sgn (E[I? tr [K(£)QI)) (L + 4R™Y) 5! 5, (78)

e

N =

for the values of the probability of error that are generally of interest
(P, < 1/4), the probability of error can be closely approximated by R™1,
where the S/N of the hard-limiter input

€ler? {K(&)0H)
EllkEe)]

R (79)

The mathematical justification of this approximation for any system of

this type is essentially identical to the preceding justification for
the BAPSK system.

t Standard differential phase~shift-keyed, adaptive-differential phase-shift-keyed, and frequency-shift-
keyed systems, as well as adaptive phase-shift-keyed systems, are all of this type.
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The quantity R is referred to as the hard-limiter-input S/N through-

out this section without any justification being given; this nomenclature
*

can be justified, however. Because the hard-limiter input, Y QY, is the

sum of the transmitted information digit times a random signal voltage

and a random noise voltage,

Y'Y = I's +n (80)
the average hard-limiter-input signal strength is
ElIrYQY) = Els] + ElIrn]
= E[s) (81)
since €[I"n) is zero. It has already been shown that
€ls) = Eler {I3K(£)Q}) (82)

for a BAPSK system; however, Eq. (82) is true for most systems having a
hard-limiter input Jhat is a quadratic form in two Gaussian random

variables.

In most systems of this type, the noise portion of the hard-limiter
input is zero-mean; thus one must have €[n?] to measure the noise power
in the hard-limiter input. The average signal-plus-noise power in the
hard-limiter input is the sum of the average signal power and the average

noise power because

8[(123 +n)?)

E(s% + €n?) + 28[Ian]

€ls?) + a2 . (83)

In most systems of this type for such a Gaussian channel as that described ‘.

in this report, s is a Rayleigh random variable, and thus

Els?) = 3{€s]}%* . (84)

25

O e R e

———— M

¥



bl et et guiy==-aenaisite il
~ had et LA e SN — . -

Hence the average noise power ia the hard-limiter input,
*
En? = El(Is +n)?) - 3820 + Ion) = E[Y QDY - 3EIY QT ;  (85)
it can be readily verified that

ELY QV)2) - 3€2(1Y QY] = 480K = €M% . (86)

Thus R is indeed the hard-limiter-input S/N.

Returning to the evaluation of a BAPSK system probability of error,

one can easily show that

K@) = by, By, (€) = 1k, (@) (87)
and

er? [K(£)Q) = 4 Im® {k (&)} (88)

where Im {klz(f)} is the imaginary part of k,,(§). After defining the

random “correlation field”

i, T PiijEjze[y"(-jl)y" (-i)elh (89)

one can easily show that (see Appendix A)

[e0]
. . n y‘ n n*
k&) = )_l‘i:l exp (=0Tl +jp)) (5,08} 5, = 15 0%, 0) (90)
and
© 1
ee? [K(£)Q) = 4 2 exp (—OtT[j1 + j2]) Im {r" 0} Im {r® } ;
jl'j2=l J 1* T2
(91)
the correlation field f; jor @ function of the (random) transmitter state
1°72

£, 1s defined for integer values of n between one and N and for nonnegative
g g

integer values of j and j,. Thus to evaluate the probability-of-error

approximation, Eq. (78), it is necessary to compute the second moments

of the correlation field.
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In Appendix A, it is shown that for the propagation-medium model of

Sec. II,

K ~,
n = N 2 ~9 . .
Y iy NO’I‘b“,‘j2 + EGTkE:l 512'% exp (i2m\, [j, = j,1)
nlemy
. P'_I_ pn exp 11[ n'-'ml "'IBA-_-HZ ] + i[¢n—ml _¢n-m2]
Ty Ty 4 iyt gt

* exp (--i,2'77[m1 - m2]31)¢491 + ll' Ak + ml)'ﬁ*(7k + 12, Ak + mz) ,

(92)
where the channel gain,
K
G2 = 2 0'3 , (93)
k=1
the normalized strength of the kth path
2
~g Tk
op = — (94)
G2
the normalized time delay of the kth path
T, —t
~ .k 0 (95)
k T !
the normalized frequency shift of the kth path
~ Ay
A, = qu, , (96)
and
v oy sin (AL - 1T A
~ o~ exp (imAT)(1 - |7]) i N’_| , Tl <1
W(r,X) = w1 - 17]]
0, 171 21 : (97)
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In appendix A, it is also shown that (after neglecting terms smaller

than the intersymbol and interchannel interference)

K
Elk&N] = Elkyy(€)) ——— 1N, + EG* £ 52
3 226 exp (207) - 1 ° k=1 K
~ o ~ 2
s T+, At )l 98
(1,r)#(0,0) e, e 98
and
4 Kk . ~
Elec? KEQ = BT £ 2[YF,, A)!?
k=1 ‘
~ i 2
exp (aT) cos (2777\.k) -1 l
= (99}
exp (2¢T) = 2 exp (aT) cos (2m\,) + 1
where
q ,E\ s %) el ~ 2
Blk,, ()] = EG*T 2 FlyG, DT Ny
K o
t EG'T % &7 z W, A (100)
k=l (1, x)#00,0)
Thus the probability-of-error (approximation)
R
1 [ ( Sl U
P.oo= =31 =41 +4 - : . 101
¢ 2 [ 1 Sler? [K(j)Q]]J (101

where E|K(£)] and €tr? {K(£)} are given by Egs. (98), (99), and (100).
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IV THE PROBABILITY-OF-ERROR EXPRESSION
FOR MODIFIED BAPSK SYSTEMS

This section oi the report develops a probability-of-error expression
(actually an approximation to the probability of error) for modified BAPSK
systems. These modifications are the modifications discussed in Sec. VI
of Ref. 1. As in Ref. 1, two classes of modifications are considered;
the first class consists of modifications to a BAPSK system that can also
be employed in systems similar to a BAPSK system, the second class consists
of modifications to a BAPSK system that can be employed only in a BAPSK

system or a system of comparable sophistication.

A very simple modification, belonging to the first class of modifica-
tions, is the adjustment of the subsystem signaling rate. Because the sub-
system signaling rate is not a fixed parameter in the error-rate expression,
Eq. (101), this BAPSK system modification is already included in the error-

rate expression.

Two other simple modifications, which are included in most systems,
are time synchronization and frequency synchronization. The synchroniza-
tion time shift, t,, of a BAPSK system is very slowly varying, and thus
it is essentially constant. Time synchronization is already included in
the BAPSK system error-raie expression; as can be readily seen from this
expression, the synchronization time shift, t,, is merely added to the
time delays of the individual paths. Frequency synchronization or auto-
matic frequency control (AFC) can be readily included in the BAPSK system
error-rate expression. The synchronization frequency shift is so slowly
varying that it is essentially constant. Because the synchronization
frequency suift is essentially constant, it can be included in the scat-
tering function of the channel by merely adding the synchronization
frequency shift to the frequency shifts of the individual paths. (If the
noise is not white, the spectrum of the noise must be shifted by the
synchronization frequency shift also.) If the time and frequency syn-
chronization of the system are operating perfectly, the center time delay

and frequency shift of the propagation medium are zero:

2 aZxk = 0 (102)
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z olr. = 0 . (103)

Because the time delays and frequency shifts of the individual paths of
the propagation medium are not fixed in the BAPSK system ervor-rate ex-

pression, time and frequency synchronization are already included in the

error-rate expression.

For alleviating dispersive self-interference effects caused by time
delays, time guard band is one of the most beneficial modifications that
can be incorporated into a BAPSK system or similar systems. For a system
transmitting signaling elements of length 7 + A with a time guard band
equal to &, it can be readily verified that one merely uses in Eq. (101)
the values of E[|X(£)|] and Eler2[K(£)Q)] given by Eqs. (B.5), (B.6), and
(B.7) of Appendix B. From these expressions it is readily apparent that
for time-delay spreads less than A, there are no self-interference effects

caused by time delays, if the system is properly synchronized.

The addition of diversity receivers is another frequently employed
modification in systems like a BAPSK system. The only type of diversity
considered in this report is post-detection combining of statistically
independent receiver outputs, Only statistically independernt receiver out-
puts are considered because the analysis of statistically dependent diversity
receiver outputs is complex and because the probability of ervor for depen-
dent diversity operation can be bounded by the probability of error for
independent diversity operation. The diversity receivers can bedisplaced

in space, frequency, polarization, or time, as long as they are statistically

independent.

Wher the order of diversity is D, it can readily be verified that the

: 1

conditional probability of error

P, (D,£) = Pr d:z:lIgY; QY, < OJ
(104)
2 2
b)
d=1|xd| Ay (£)
= Pri—— <~ —— ,
; | A (€)
d=1|yd
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where the subscript d denotes the appropriate diversity receiver, the
eigenvalues, Kl and Kz, are given by Eqs. (57) and (58}, and the random
variables, x, and y,, are statistically independent, complex, Gaussian

random var}ables. However, it is well known that!®

D D
(d§1‘xdlz>/(d§11yd|2> = fop

has an F distribution with parameters m = n = 2D. Thus the conditional

PR
%

probability of error

-, (/N (&)

[(2D; b-1
P& - | SR S
5 P2y (1 + PP
i / \ ~(D+y)]
reep) 22t fp-1\, . 1 | Ay ()
= 2 . ’(_1)] . - 1 - )
r2(py =%\ J J D*J[ Mg
(105)

but P_(1,&) = Pe(g) = (1 - Kl(é)/hz(§)y'ﬂ and hence [see Appendix B] che

conditignal probability of error for Dth-order diversity

I'(2D) Dol \
P.(D,§) = D) [Pe(f)]D{l 2 oa, [PV, (106)
r2(D) j=r T
where the constants
D~1 KN
oL DRI\ D=7\
@ = S (-1)tFD-1 . . . L
D.J zil( b D + l(l-j)( l/ (1)

Figure 3 is a plot of P_(D,§) as a function of P {$).

The unconditional probability of error for a BAPSK system with Dth-

order diversity,

r b-1
P (D) = L {8[(Pe(§))”] + 3 aq J.8[(-Pe(§))“’]} : (108)
FZ(D) ;=1 ‘
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For relatively low orders of diversity and practical values of P (D),
such that Ay Pe << )

r'(zp)

P_(D) el )N’ (109)

r%(D)
however, by the arguments used in the previous section,

D
P (D) ¥ reo) _Elk@lP} : (110)

r2(p) E2/2{¢r2(K(£)Q)}

By using the Schwartz inequality, it can easily be verified that

I"(2D) /T2 (D) PZD is a lower bound on P (D). Because P_(D,§) is a deter-
ministic function of P_(£) for any system, this report concentrates
primarily on the evaluation of the (unconditional) probability of error
for a system without diversity. The benefits accrued by adding diversity

are essentially the same for any system.

The transmission of M-ary signals is not included in the error-rate

expression. The approach used in this report could be extended to in-
: corporate M-ary signals; this extension would be similar to that used

in the analysis of a QDPSK system in Ref. 3.

The second class of modifications are those that can be made only
to a BAPSK system. This class of modifications includes alterations to
the long-term-average filter characteristic, the division of power between
the information-tone and the pilot-tone portions of the transmitted
signals, and decision feedback. Other modifications are essentially

complete system changes.

The simplest BAPSK system modification (of the second class) is the

adjustment of the time constant of the long-term-average filter. This
modification is actually only a system adjustment, and since 0 is not

fixed in the probabilicvy-of-error expression, it is already included in

3 Akt | SAC S L 2t

that expression. Another alteration to the long-term-average filicer

characteristic is delay compensation (see Sec. VI of Ref. 1). One can

e

incJude delay compensation in the probability-of-error expression by

substituting .
& - S o (-aTT;  + nonn - pt n*
k& L exp (-oT(y, +,]) € [r”rjw2 r}l”r)z']] (111)
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and

Eler?[K(£)Q)) = 4 .%E exp (-OLT[jl+j2])8[Im{r'3 FIm{r® .} (112)
jl'j2=1 JiJ Jg ]

in Eq. (101). Delay compensation and a double-pole long-term-average

filter can be included by substituting

0]
el = > g -oTlj, +7.0) €™ x* . -p* o .
G - J1ie exp ( a7T]1 12]) u,[r]’]r]l']2 rll']rlz'l

(113)

and

Eler?(KE€)A) = 4 }_I’Jz_fl jijg esp (-oT(j, +Jj,)) S[Im{rgfl’j}Im{rg?z'j}] (114)

in Eq. (101). Similarly, the combination of long-term-average filter out-
puts of adjacent subsystems and the division of pilot-tone and information-

tone power can also be included.

Decision feedback is the only medification that cannot be included
easily. The inclusion of decision feedback in the probability-of-error
expression would necessitate major theoretical modifications that do not

seem justified, because of the unknown value of the modification itself.
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YV CURVES OF THE PROBABILITY OF BINARY ERROR

The probability of a binary error for basic BAPSK and BDPSK systems
(as well as several modified APSK and DPSK systems) is plotted as a func-
tion of the S/N in Figs. 4 through 13. In each figure, the curves repre-
sent different systems; however, all the curves in each figure are for the
same (propagation-medium) scattering function. Different figures display
probability-of-error curves for different scattering functions. The ex-
pression used in computing the probability of error for various systems

is actually the approximation expressed by Eq. (101) of this report.

Time and frequency synchronization, second-order post-detection
diversity, and the transmission of quaternary signals by DPSK systems are
the only modifications explicitly included in the probability-of-error
curves. By proper interpretation of the curves, however one can approxi-
mate (or bound) the effects of several other modifications to basic BAPSK
and BDPSK systems.

In each figure, the probability-of-error curves labeled K are for a
basic BAPSK system, as described in Ref. 1; the curves labeled B are for
a basic BDPSK system, as described in Ref. 3. These systems have the same
signaling period T, and frequency separation between subsystems 1/T. The
time constant of the BAPSK system long-term-average filter is aT = 0.1.
This value was chosen, even though it cannot be easily implemented
digitally, because it offers a reasonable balance between inherent self-
interference and frequency-dispersive effects. A more thorough discussion

of the effect of the time constant appears in Sec. VI.

Because the center time shift and frequency shift of each of the scat-
tering functions considered are zero, time and frequency synchronization
are essentially included in all systems. The curves labeled K2 are fora
BAPSK system with second-order, post-detection diversity with statistically
independent! diversity inputs. The curves labeled B2 are for a BDPSK
system with second-order, post-detection diversity with statistically in-
dependent diversity inputs. Thus the K2 and B2 curves are lower bounds on

the probability of error of the appropriate system with second-order,

t All diversity inputs are implicitly assumed to be identically distributed in this report.
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post-detection diversity; the curves labeled K and 8 are upper bhounds on
the probability of error of the appropriate svstem with sccond-order,

post-detection diversity.

The curves labeled Q are for a DPSK system that transmits two binary
digits per signaling element (i.e., a QDPSK systemz?); the curves labeled
Q2 are for a QDPSK system with second-order, post-detection diversity and
statistically independent diversity inputs. The curves labeled Q and (2
can be interpreted as bounds on the probability of error of a QDPSK system

with second-order, post-detection diversity.

Comparison of the B and K curves seems to be the best method of con-
trasting APSK and DPSK systems, even though commercially produced systems
operate at various signaling rates and incorporate various modifications.
If a comparison of the B and K curves 1s to be a valid comparison of the
basic concepts of the two systems, the systems must have the 1dentical
bandwidth, signaling rate, number of subsystems, transmitted signal power,
and modifications. For the curves of Figs. 4 through 13 these proper-
ties are identical. Neither system employs such modifications as time
guard band or M-ary signals; modifications of this type should not enhance
the performance of one type of system any more than the performance of the
other type of system. Perhaps the major inequality in the comparison of
the two systems 1s that varions modifications to the long-term-average
filter of a BAPSK system are not included. In particular, delay compen-

sation should improve the performance of a BAPSK system significantly.

The curves labeled Q2 are the probability-of-error curves for a DPSK
system transmitting quaternary signaling elements and employing (statis-
tically independent) second-order post-detection diversity. When the
outputs of different subreceivers (rather than those of space- or
polarization-diversity receivers) are diversity combined, the curves
labeled Q2 are for a system that has the same bandwidth, signaling rate,
data transmission rate,. and transmitted signal power as the basic BAPSK
and BDPSK systems, which have probability-of-error curves labeled K and B.
Thus, contrasting the B, K, and Q2 curves offers a valid comparison of
these basic systems (actually, the curves labeled Q2 are for a modified
DPSK system). The curves labeled Q are for a QDPSK system without di-
versity; thus they are a bound on the performance of a QDPSK system with
second-order post-detection diversity when the diversity inputs are not

statistically independent.

t The QDPSK system is described in detail in Ref. 3.
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The scattering functions used in computing the curves in the various
figures have been normalized. The time delays are normalized by the
signaling period, T, of the systems; the frequency shifts are normalyzed
by the frequency separation between adjacent subsystems, /T, of the

systems; and the path screngths are nwormalized by the inverse of the

channel power gain,

1
G"2 = (1rs)
$ 52
o
k=1 K
(G? is the channel poweir gain). Thus the probability-of-error curves for
a given normalized scattering function,
~ K ~ ~ ~
Sy(h, ) = kgl 2SN - AJS(T =T,

are applicable for systems using a signaling period T and a channel with

power gain G° and an (unnormalized) scattering function
K ~ ~ ~
Sy, ) = FG SN - A/DE(T - T, T (116)
k=1

For systems with a signaling period T and a channel power gain G?, the

actual strength of the kth path, o2 = G252, is G? times the normalized

k k'’
strength of the kth path, gi; the actual frequency chift of the kth path.
A, = N /T, is 1/T times the normalized frequency shift of the kth path,

Ayps

normalized time delay of the kth path, ?k'

and the actual time delay of the kth path, 7, = ?kT, is T times the

The normalized scattering funciion is depicted by the plot in the
lower-left-hand corner of each figure. For each path, an X is plotted on
the T-F plane; the size of the X is proportional to the normalized

strength of the path, 32; and the center of the X is located at the point

[g¥ ~s

(T,F) = (T,A) - (117)

To accomodate a wide range of T and A values, the T and F axes are log-

arithmic. In addition to the plot of the normalized scattering function,
. . . ~ vy

the parameters of the normalized scattering function, {Ok,Tk, N for

k=1, ..., K} are tabulated in Table I.
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Table I The probability of binary error
KEY TO FIGS. 4 THROUGH 13 for each system is plotted as a function
of the receiver input S/N (in dectbels),
FIGURE SCATTERING FUNCTION PARAMETERS
NOMBER | o2 T /T AT G2E
(S/N)db = 10 long , (118)
4 1 0 0 0
s |12 ] 2.5x% 102 0 :
1/2 | -2.5 x 10 0 where khe power gain of the channel is
1/2 5x 1072 0 G2 = £ o2, the channel noise power per
6 l1a| -5x 1072 0 k=L R ' '
- unit bandwidth 1is NO, and the trans-
. w2 | 1l 0 , L
1/2 -10 0 mitted system energy per signaling
g | 1/2 0 2.1 x 103 | element is E. :
1/2 0 -2.5 x 10 :
9 1/2 0 2.5 x 105 The most significant feature of the i
1/2 0 -2.5 x 10 babili ; O | 1
robability-of-error curves is that the p
w |2 1072 1073 P o :
1/2 =10 -10 probability of error does not approach E
11 1/2 2.5 xldg 2.5 x HL; zero as the S/N increases (unless there :
1/2 | -2.5 x 1072 | -2.5 x 10 _ , _
> = is only one path with no time delay or :
o |12 ] 2.5 %102 5 x 102 _ ' ]
1/2 | -2.5x 10°° -5x 10 frequency shift, 1.e., a time- and 5
13 i?% 2.5 x 1072 g x%gg frequency-invariant channel). Careful %
- - X . . . 0
173 | -2.5 x 107 0 consideration of the probability-of-

error expressions shows that this as-

ymptotic value of the probability of error (as the S/N increases) or residual
4 error P (®), results from the dispersive self-interference (intersymbol and

j interchannel interference), the changing (with time) phase shift of the

2 propagation medium, and, in a BAPSK system, the inherent self-interference.

] To study the sensitivity of the various systems to the dispersive effects

that cause this nonzero residual error, it is desirable to have a parameter

that is indicative of the performance of the systems and essentially inde-
pendent of the S/N.

Careful inspection of the probability-of-error curves indicates that a

the curves are essentially determined by the time- and frequency-invariant

probability-of-error curve and the residual error P_(®). TFigure 14 illus-

trates the determination of a probability-of-error curve by the residual
error and the time- and frequency-invariant curve. At large values of the
q S/N, the probability of error is essentially constant and equal to the

residual error, because the operation of the system is essentially deter-

mined by the energy-scattering effects of the propagation medium. For

S/N such that the time- and frequency-invariant probability of error is

PR A .1 92
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greater than the rcsidual error, the probability of error is essentially
equal to the time- and freguency-invariant probability of error, because
the performance of the system is essentially determined by the additive
noise (rather than by the dispersive effects). Because the time- and
frequency-invariant probability-of-error curve is independent of the
residual error,the probability of error for various scattering functions
1s essentially determined by the residuval error. Thus the residual error
is a useful parameter for study of the sensitivity of various systems to

scattering-function parameters.

Careful analysis of P_(®) for a variety of scattering functions in-
aicates that it is relatively insensitive to the normalized strengths of

the paths and the number of paths. The predominant factors determining

B

P_(©) are the maximum differential (normalized) time delay,

2. M

73

AT = max q= -1y (119)
j. k=1, ..., K J "

SN AEA

and che maximum differential (normalized) frequency shift,

2% ~ [
M = max {n =20y . (120)
j, k=1, ..., K J
When the maximum differential time delay and frequency shift were main-
tained, P_(®) decreased somewhat as a single path became weaker (i.e.,
L as the normalized path strength decreased) and as the number of paths in-
creased. In addition, for a fixed scattering function with a maximum
difterential time delay, A?O, and maximum differential frequency shift,

N
My, P_(®) is essentially equal to the sum of P (@) for a scatiering
~

function with no time delays and maximum differential frequency shift O,

and P_(®) for a scattering function with no frequency shifts and maximum 3
differential time delay A?O. In other words, for the systems considered, 3
the residual error, P_(®), is essentially determined by the maximum differ- 1

ential time delay or the maximum differential frequency shift.

The residual error, Pc(w), was calculated for varicus scattering

i il

functions consisting of two equal-strength paths with either zero differ-

ential time delay or zero differential frequency shift, so that the

sensitivity of the various systems to time delays and frequency shifts

could be evaluated. Figure 15 is a plot of P (®), for scattering functions

of this type, as a function of the normalized differential time delay,

B T W \ PTW 7 T

a0 N
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AT, and the normalized differential frequency shift, M. By using the
lower horizontal axis, Fig. 15 is a plot of P_(®) as a function of AX

for various systems: K(A) denotes a basic BAPSK systen: K2(X\) denotes

a BAPSK system with perfect,! second-order, post-detection diversity. By
using the upper horizontal axis, Fig. 15is a plot of P_(®) as a furnction
of AT for various systems: K(7) denotes a basic BAPSK system; K2(7) de-
notes a BAPSK system with perfect, second-order, post-detection diversity.
The curves for BDPSK and QDPSK systems are the same for both the lower
and upper horizontal axes (AN and A7, respectively). The curve labeled
B[Q) is for a B[Q] DPSK system with no diversity; the curve labeled

B2{Q2]) is for a B[Q] DPSK system with perfect, second-order, post-
detection diversity. The curves for BDPSK and QDPSK systems are applicable
for use with either horizontal axis; however, the curves for a BAPSK
system are applicable for use with only the appropriate horizontal axis.

All the BAPSK curves are for a long-term-average filter time constant,
aT = 0.1.

For a valid comparison of the basic concepts of the systems, the

curves labeled B,K(A) or K(7), and Q2 should be contrasted.

t In this report, perfect diversity implies diversity with statistically independent inputs.
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The relatively simple probability-of-error expression, Eqs. (98)
through (101), and the relationship between the probability of error and
the S/N at the hard-limiter input, Eqs. (82) and {85), are the most general
contributions of this report. Since the probability of error is a monotonic
function of the S/N of the hard-limiter input and since it is proportional 1
te the inverse of this S/N for practical values of the probability of error,
the relation is intuitively satisfying. Although the probability-of-error
expression 1s developed specifically for a BAPSK system, the techniques
employed in developing it are applicable to a large class of digital commu-
nications systems. The probability-of-error expression developed in this
report is of value, because it is significantly easier to compute than the
expressions of other authors. It is interesting to note thai the BAPSK
system probability-of-error expression is essentially equal to the sum of
three other error probabilities (See Fig. 14): the probability of error
for a time-and-frequency-invariant propagation medium, the probability of
error for a nonadditive (i.e., the additive noise 1is identically zero) and
time-invariant propagation medium, and the probability of error for a non-

additive and frequency-invariant propagation medium.

Another significant, but less general, contribution of this report
is the comparison between a basic APSK system and a basic DPSK system pre-
sented in the probability-of-error curves of Figs. 4 through 13. As can
be readily seen from the curves of Fig. 15, the performance of a basic
APSK system (with signaling rate 1/T) and the performance of a basic DPSK
system (with the same signaling rate, 1/T) are equally sensitivel! to time
delays; this 1is not surprising because the time-delay sensitivity results
from dispersive intersymbol and interchannel interference primarily, and
because both systems are equally prone to dispersive intersymbol and inter-
channel interference. For a time-and-frequency-invariant propagation
medium (or a propagation medium that is dominated by the additive noise)
the performance of an APSK system is better than that of a DPSK system.
This is to be expected, however, since an APSK system makes 1ts decision

(as to whether the transmitted binary information digit was plus or minus

t In this Sec. the performance sensitivity of a system rafers to the sensitavity of the probabality of binary
error for the system. One system is said to be more sensitive than another 1f the probability of a binary
error for the system is larger than the probability of a binary error for the other system.
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one) by comparing a noisy matched filter output with a relatively noise-
free long-term-average filter output, while a DPSK system makes its ;
decision by comparing two noisy matched-filter outputs. For a time-and- 3
frequency-invariant propagation medium, the performance of an APSK system
approaches the performance of a coherent phase-shift-keyed (CPSK) system
as the time constant of the long-term-average filter becomes larger; a

CPSK system is well known® to be the optimum system tocombat additive Gaus-
sian noise. Unfortunately, the long-term averaging that makes an APSK ;
system performance approach the performance of a CPSK system for a noise-

dominated propagation medium also makes the performance of an APSK system :

extremely sensitive to variations (with time) of the complex gain of the é
piopagation medium. This performance sensitivity is most readily evidenced %
by the residual probability of error, Iig. 15, for frequency-invariant é
propagation mediums. It can readily be seen that the APSK syscem perfor- 3
mance is much more sensitive to frequency shifts than the DPSK system %

performance. This is reasonable because a DPSK system is prone to complex

gain variations during only two signaling intervals, while an APSK is

prone to complex gain variations during 1 + 7 _ signaling intervals, where
7, is the time constant (in signaling intervals, T) of the long-term-

average filter.

The discussion of the preceding paragraph has been concerned with the
comparison of a basic APSK system and a basic DPSK system when both systems
have an identical subsystem signaling rate and no modifications (other than
time and frequency synchronization), and an APSK system has a long-term-
average filter time constant of oT = 0.1. Existing APSK and DPSK systems

have different subsystem signaling rates and modifications; in addition, the

time constant (of the long-term-average filter) of an APSK system 1s never
equal to 0.1. One can glean a great deal of information from the comparison

of the preceding paragraph, however.

When an APSK system and a DPSK system have the same signaling rate, the

performance of a basic APSK system and the performance of a basic DPSK system

are equally sensitive to time-delay effects, while the APSK system perform-

ance is more sensitive to frequency shifts than that of a DPSK system; thus

if one were to pick an optimum subsystem signaling rate for an APSK system,
one could always find a DPSK system (i.e., a DPSK system having a subsystem §
signaling rate equal tc that of an APSK system) that would perform at least ‘

as well as an APSK system for dispersively dominated propagation mediums. .
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Hence comparing an APSK system aad a DPSK system with the same subsystem
signaling rate is not really a constraint. Because most propagation mediums
are time-varying, the optimum subsystem signaling rate of the DPSK system
would be less than that of the APSK system (it is assumed that the optimum
subsystem signaling rate is the rate that makes the system equally sensitive
to time-delay and frequency-shift effects). Note that, as shown in Ref. 1,

changing the subsystem signaling rate does not change the data transmission

rate of the system.

As discussed earlier in this section, the performance of a DPSK system
is more sensitive to additive noise than the performance of an APSK system;
however, this gain is only for large values of the time constant of the long-
term-average filter. Computer calculations of the probability of error for
other values of the time constant indicated that, as the time constant be-
comes small, the noise dominated behavior of an APSK system quickly approaches
that of a DPSK system; in addition, increases in e~ %T above 10 produce little
change in the noise-dominated performance of an APSK system. The same com-
puter calculations also indicated that the time-delay sensitivity of an APSK
system is essentially independent of the time constant, and that the frequency-
shift sensitivity of an APSK system approaches that of the DPSK system as the

time constant 1s decreased.

The modifications that can be made to both an APSK system and a DPSK
system have essentially the same effect. The effect of the addition of
perfect dual diversity is indicated by the probability-of-error curves in
Figs. 4 through 13. It can readily be seen from these curves that the ad-
dition of diversity does not enhance the performance of one system more than
the other; however, diversity does enhance the differences in the (nondi-
versity) performance between the two systems. It can be readily seen from

the curves that diversity is a very beneficial system modification.

As noted in Ref. 1, a time guard band is one of the most beneficial
system modificacions for the purpose of alleviating the effects of disper-
sive intersymbol and interchannel interference resulting from time delays.
In Ref. 3, it is shown for a DPSK system that if the time guard band is A,
then the effect of all time delays of magnitude less than A is essentially
negated. From Egs. (B-5), (B-6), and (B-7) of Appendix B, it is readily
apparent that if the time guard band of an APSK system is A, then the effect
of all time delays of magnitude less than O is negated also. This negation

of the time-delay effects results in a slight degradation in the S/N and




in the data transmission rate of both a DPSK system and an APSK system.
Thus the time guard band modification does not benefit or degrade the
performance of the APSK system any more than it does the performance of

a DPSK system.

The effect upon the performance of an ADPSK or a DPSK system resulting
from the transmission of M-ary signals can be readily inferred by comparing
the probability-of-error curves for a QDPSK system and a BDPSK system of
Figs. 4 through 13. These curves are for a modified DPSK system; however,
the effect of transmitting quaternary information signals in an APSK system
should be essentially the same. As indicated by Pierce,? diversity
combining the independent M-ary subsystems does enhance the system perform-
ance, this can be readily seen by comparing the Q2 and B probability of error
curves in Figs. 4 through 13. A QAPSK system with diversity combining of
the outputs of indcpendent subsystems should show the same performance

improvement.

Perhaps the major inequality of the system comparison is that several

modifi_ations that can be incorporated only into an APSK system are not

included. These modifications include alterations to the long-term-average

st izl

filter [delay compensation, double-pole filter characteristic, and aver-

§ aging of the outputs of adjacent (in frequency) long-term-average filters],
% decision feedback, and the division of power between information and pilot

é tones. Delay compensation is probably the most beneficial of those modifi-
é cations, and its omission is unfortunate; however, most of these modifica-

% tions tend only to make the performance of an APSK system approach that of

? a DPSK system.
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APPENDIX A

The probability-of-error expression is expressed as a function of
E1KE)]) ana Eltr2{K(£)Q}) in Eq. (78); thus to evaluate this expression
€[|K(§)|] and E[tr?{K(£)Q}] must be computed. By using the definitions
of determinant and trace and the fact that P} is rcal and (P"(‘,)2 = 1, 1t

can readily be verified that
SLKENT = Lk, (E)k,y, (&) = P2 k() ]7) (A1)
and
Eler2{K(£)QY) = 4€lIm¥{P3k,, (&)} (A.2)

where [see Eqs.“(28), (405, (41), and (42)]

- 2 |-
B ) = gy o] 1]
- §=lexp (-aT(j, + j2])P21.1P1j2€[y“(-jl)y"*(-jz)lf]
]ll,]z
(A.3)
Pk, (E) = PREY™(0y" (D ¢]
= 3 oexp (-aT)HPL PLELY" (j)y" (0)]4) (A.4)
j=1
and
kyy(6) = PP Elyn (O)yr (0[S . (A.5)
After introducing the random correlation field
®
= n. n. n{ ., n -y - , . A
‘i pz; Py Elyn=j )y (=) €] (A 6)
one {inds that
@ 1y . Efen I . -
ek jﬁzﬂ exp (=aT(j, + 1)« Elegowy ;o =wg ;w1 (AD
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and
ELertKOQ) = ¢ 2 exp (oTlj, +j,)) + € [Infe® Mot ,})
Jy:J9=1 Ju 2
(A.8)

Thus to evaluate the probability-of-error expression, one must com-

pute the autocorrelation function of the random correlation field r?

Since 25
y (=j) = _m y(t) exp (=i27f t)p(t + to + jT)dt
= [: y(ehi(o)de (A.9)
where the channel output
y(t) = [ H(t,)X(f) exp (i2mfe)df + n(t) (A.10)

the random correlation field

Ji279 =1

. b {f[if W (e OXGN S ()X (F,)
* Ry(ty, = ty,f, = f)) exp (i2nlf ¢, = f,t,]) dt dt,df df,
+ fz R, (t, - tl)h;I(tl)b;:(t2)dtldt2}

o]
= P__ij_j2 {Ii SHO\,’/“)l,l/h;f x*(T,A) . ¢h; x*(T,K)deK
1 2

+f S, (B (DB (f)df } , (A.11)

where the scattering function of the channel is
K
= 2 - -
Sy(h,7) = kglakS(A ANIS(T = 7)) (A.12)

the spectrum of the additive noise is

Ny, £20
S, (f) = (A.13)
0, F<0
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the cross-ambiguity function of x(t) and y (t)

Hz’xy("',}\) = [X(t '%) y*(t +12-) exp (—127\) dt (A.14)

-

and the Fourier transform of h;:(t) is H;(f). Because of the special nature
of the channel scattering function and the spectrum of the additive noise,

the correlation field

K
Cipia P 1P'f2 N°¢h7 h" (0,0) 151 % k'bh" x*(T"')\k )l’b;:" x*(Tk'}\k) (A-15)

172 i 19

Because the matched filters of the receiver are orthogonal, i.e.,

’ Ji1 T J2
Yo, o (0,0) = = TSJ.I__J.2 , (A.16)
the correlation field
5 2
rjl'j2 = N(,’I’bjl__].2 + k.zdl okP_J. 1P§j2¢h¥ x*('rk,xk) . ¢:n x*(Tk’}\k) . (A.17)

iy ig

The essential problem remaining in the computation of the autocorrela-

tion function of r; ; is the evaluation of
172
Py () e '2ﬂf+nH* 5
. T, = X -1 — - ——
Tl ) [° il 2
-0

&

T T
’ p(t —5 Tt + jT)AE (t T'§> exp (-i2mi) dt ; (A.18)

however, by using the definition of x(t) [Eq. (11) of Ref. 1}, one finds
that

E / T nm n
P A) = [— £ P, =51+t
_J"bh'?x*(’r ) T llrﬁl - exp \L[4 ‘Bll ¢ ])

r n+m T T
« exp | 127 + t. -=+t, +jT t, +—-1.T
(il ) [ o5 o am)e (25 )

-~

. . n " m
exp(“z”[}‘ * T_]tl) (A.19)
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and by making the substitutions

and

one finds that
XV VR kT + |t = |7+ 2Ty + 2kt
z = [— exp( —im\r o~ T\T 27

] he o , T ez(p( 7 1A L 0 T] l ] v 0)

J

—m . 7T -n - —m
s pe exp(tzﬁlj_l + i )

l,n -

m

m
. exp(i27r—f['r—t0] timlT - gyt ZTJ[A+T])

- + ]
] rO . T -t + IT , +7' to__T exp (—-iZ’H{}\ 4—%]15) dt.
' 2 2

-
(A.20)
After performing the integration in Eq. (A.20), one finds that
PPy (r,\) = VET exp i27r(f +L')T+x (T + t,) M
T hl \'0 T 07 9
— . 7T — . - - m
zzmpﬁjﬁl exp(t Z’Bljﬁ! + P ”‘) exp (-z27r7r— ['r - t0]>
m
-¢<¢-t0+l’1‘,>\+¥>, (A.21)
where
[ T
)
exp (imAT) [l——] ,|I|<1
T B T T
mT {1 - I—”
Lr
Y(r,A) =
LA
) T I 2 , (A.22)
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and thus the random correlation field

el
[T o P

K
o = 7“%8j1-j2 + TE kzﬁ of exp (i2ﬂ?\kT[j1 - jz])

s n‘.'ml n=ng 17 Tmy Y P . ATRy  nTm,
P"l'llp”fz"z oe (L 1{71"1 g, -1, ¥ il ¢

Lyomys 4 jog
Lgemyg
ml - m2 ml m?
. exp(*iQﬂ T [+ - t0]> lp(rk + llT’ }\k +_T> l’[,*(.7-’? + 12T'}\k + —T-> .

(A.23)

For convenience in interpreting later results, it is instructive to

compute the mean of the correlation field

ET k 2 e
€y ;1 = 5 W+s ;) 2o lper, X1+ exp G2nlj, = j,INT)

K L2 '.
+ s NT +ET S o? s ( FIT, A +—> : :
BRI k=1 (1,m)#(0,0) h#7% koo I

(A.24)

In the above expression, the

K
2
(1/2) ET (1L « 8. _. ) 2 %% ...
J1 72 k=1 :

term results form the signal portion of r; i the N0T3j -j term results
e . . . 1’ 172 !
form the additive-noise portion of r; i and the ,
1*72
K
5. _. ET £ o ...
J17ie k=1 F

term rtesults from the dispersive self-interference portion of r; i
. 1°72
Using Eq. (A.24), one can also compute
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z -aTli, + j,1)Ele"
Jyed T exp (Tl + 7 Deky, )

Elk,, (&)

rse K
. ! {exp («T)E 3 Ofl(,//(Tk,)\k)lz
k=1

exp (2¢7T) - 1

exp (aT) = cos (27N, T)

exp (2aT) = 2 exp (aT) cos (272, T) + 1

K
+ Ny + E b of z
k=1 (1,n)#(0,0)

and

8[k22(§)] = €[r3,0]

[}

K
ET 2 oflv(r A1+ NgT

2
+ ET 2 of > |-¢+1T,>\'ﬂ)
b1 TE (L F G, 0) ’b<k BT l

(A.26)

It can also be readily verified that

exp (aT) cos(2m,T) - 1
exp (20T) = 2 exp (aT) cos (2nA,T) + 1

X
elncrer Q) = T 2 o2 ly(r,, A2
(A.27)

By neglecting terms that are smaller than the dispersive self-
interference terms (and assuming e®T 2 1), it can be shown that for

jpand j, > 0

n - pn n = &fpn Plpn - + 5
Shgﬁwldz %IJFjTO] &howlfgldz] 2(1 %lﬁggh

180 )

n
fl'o J g

(A.28)
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and

(A.29)

]
—
—fa
o
e}
=
(=}
—
o2
~—
S
*
(=4
S ?

S[Ln{r;l'o}lm{ryz'o}]

and thus

k=1 (1,a)#(0,0)

T ) ¥ n
ikl - 8[k22(§)][ HNO+E sl em, *?)'2}

e2aT — 1
{(A.30)
and *
Eler{K(&)Q}] = 82[I%C% er {K(£)Q}]
K 5 e®T cos 2m\, T - 1
= BT | S o?yr,, A
k=1 e2%T — 92T ¢os 2\, T + 1
(A.3Y)
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APPENDIX B

For a BAPSK system with time guard band, the transmitted signal is
given by Eq. (94) of Ref. 1. It can be readily verified that Egqs. (A.l)
through (A.18) of Appendix A are valid for a BAPSK system with time guard

band if one uses

ET A
‘?’ wo (TIA) = o exp <i277{[f07‘+n] % = JYAT - f})

h.x
J

_ - i
12 PTT, (i AT iqs"""') exp (—i27rmj'y- i27n ?>

n 4
A
“ YT+ yIT, A+ nT) (B.1)
'where the constant
= {1+ a (B-2)
Y = B T .
and
( sin (7\T) T A
—_— , —|- =%
TINT T 2T -
] T 'rl]
) 7 - =
g A( \) ) T T T A T S0 [y IT 0 T
. T, = T — |I—] - — o , - - =
Y o (‘ |71 [7‘ or)) [ T| [ ’7‘] T| ot
7\l {7y - l—
3 T ?
S S NCTE (B.3) !
\ Il or :

Thus the random correlation field for a BAPSK system with time guard band

is
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. - "“M, - J’Z&‘“‘ . _'__j

1 o? exp (i2m\,Tlj, = j,1)

it Mx

n=nmgy, n-=n { n=n n—nm
2 P_. _l_l pP_. 31 exp {i — | 4. 1, - B2
ly,ay, “J17h migtly 4 IyTh 27ty

2:' "2

n=m

n':m Tk
tileg -9 2]) exp(—iZ'ﬂ'y[mljl - myj,) -i2m - (n, ~ m2])

A ™My a My
syl L TN+ —T- Yyrir, + vyl TN, +—T-
(B. 4)
It can also be readily verified that Eq. (101) is valid with
ekl = ek, @) d
22 exp (2yaT) - 1
E K A 2
4N, T 2 o? 2 ¢(Tk + yIT, A, +_r_n_) ,
Y=L T () #G0,0) T
(B.5)
E'T® | K
Eler? KEQA] = — | £ Alyir, N2
LS
exp (HaT) cos (27ry>\kT)—1 2
) ) B.6
exp (200T) = 2 exp (yoT) cos (2mA\,T) + 1 ( :
and
A ET KX A
Elk,,(&)] Py ol lg(r, A1 + N,T
ET X A a\ (2
+— 3 o s I + yIT, N, +— |
y ¥=1 TE (LR, 0 "[’(T" AT
(B.7)
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In Sec. (IV) of this report, it is shown that the conditional prob-

ability of error for a BAPSK system with perfect Dth -order diversity is

[(2D) p=1 /D - 1 o A, (£ (2#1)
P.(D,E) = s BTty Voo (1 - 2 \ o
r2p) i=° j D+ j xl(@/

thus the conditional probability of error for the basic BAPSK system

- Ay (ENT!
(&) = P(1,6) = 1-1{1-
& L (1,6 "G
A ENT!
- [q - B.9
Ay (€) (B9)

Using (1 ~— }\2(5)/}\1(5))-1 =1 - P_(£) and the binomial expansion theorem,

one can easily show that

r D-:l - ) D+ D+ 3 k
P (D,&) (2D) z (D _ )(-1)1< . -_>~ 1 -5 ( J)[-Pc(cf)]
r2(p) /=0 j D+ j k=0 k

- ; ) _ . 1y FRHL
. D(eD) pzr oy (D . 1)(D + ]> (-1) P, (£))*

r2(py J=0 k=0 \ j k by
-1 /] - . (bt k
. r(2D) s (D . 1) (-1)7 L -11 - 2 ( J>[“Pe(§)] ;
r2(p) 10\ D ko k
(B.10)

however, it can readily be verified that the second term is zero, and thus

r Dol Di _ ) _ j+kl+l
P.(D,&) = (2D) o5t P (D _ 1) (D ¥ J) S A RGN
[2(p) =0 k=D j k, D+

(B.11)

By letting k, = k = D and by interchanging the order of summation, one

finds that
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P.(D,£) =

and since

I'(2D)
(D)

D=1
P (&)]° 2 [-P_())*

p-1- 1 D+ j +
D+ j +k )

-k * ‘.
S (-1t
j=0

k><D . 1> , (B.12)
otk
1>

= 1

)
D+ j J J

D-1
P,(D,&) = ren [P &IP[L + 2 [-P ()], ] (B.13)
I"Z (D) k=1
where
D-1-k D=1~ .
(-7 D+ j o+ R\ /D -1
= Z .
aDk j=0 D+J+k ( j ><7+k> (B. 14)
As particular examples,
P,(2,£) = 3PX(¢) - 2P3(&)
P.(3,6) = 10PX&) - 15P4E) + 6PE(E)
P,(4,§) = 35PHE) - 84PS(E) + TOPS(£) - 20P7 (&)
P(5,£) = 126P}(£) - 420P3(€) + 540P1(£) - 315P%(&) + T0P%(&)
% and
E P(6,5) = 462PH(E) - 1980PT () + 3465P%(£) - 3080P° ()
'3 +1386P10(¢) - 252P11(¢) (B.15)
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