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ABSTRACT 

If one considere a paraboloid of revolution of focal length 1¾ with an interior 

point source located anywhere on the axis, the exact solution to the Dirichlet or 

Neumann problem (Green's function of the first or second kind) may he written In 

the form of an integral representation. In this report we consider the asymptotto 

evaluation of these integrale for both low ( k j^« 1) and high (k >?0» 1) frequendee. 

The low frequency results are obtainable from an infinite series over the aero» of 

a particular Whittaker toot ion, corresponding to a Me series found in the scattering 

by closed convex bodies. For high frequencies» we End multiple reflections and 

caustics arising from saddle point evaluations as well as "whispering gallery’ waves, 

which arise from the nature of the behavior of the above zeros at high frequencies. 

The work at Mgh frequencies is only briefly discussed since it covers research 

that is actually in progress at the present time. Ihe aim of this discussion Is to 

introduce possible approaches to the solution. 

This work on the paraboloid is preliminary to a description of scattering by 

general concave surfaces. Having integrated the formalism in terms of the phyoieiiil 

such as tin© whispering gallery waves, multiple reflections and caustics, 

w© now are in a position to search for generalizations of these to otter «»cave sur¬ 

faces. The scheme we propose is to determine the dependence cf the physical effects 

on the local geometry of ft© paraboloid and then to make the essentially physical 

ar gument that this gwmeMe dependence is the same for other concave sktgMS. 

This approach Is similar to that used in driOTmtaing creeping waves ora general con¬ 

vex shapes and is an application of the physical arguments used in Keller's geometric 

theory of diffraction. 
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I 
INTE ODUC XION 

1.1 wrellmlaarv Dlsousalon 

~^For tb® moat pmi the aolutioos of scattering problems have been confined to 

convex surfaces; relatively little has been done in the cate of concave surfaces. The 

latter usually give rise, in the short wavelength limit, to such effects as caustics, 

multiple reflections and whispering gallery waves (a form of traveling waves). Some 

of the early considerations of these effects are found in the hook by RayJeÍgj^(Í945); 

modem investigations are illustrated by the jwperajof KtaSlie (1961a, b) which treat the 

circular cylinder and sphere respectively Ain this paper we will consider the paraboloid 

of revolution (Dirichlet or Neumann boundary condition) with an interior point source on 

the axis, but not necessarily at the focal point. 

The scattering by a paraboloid of revolution différé from the circular cylinder 

and sphere mentioned above (Both closed bodies). Although it is found that multiple 

reflections, caustics and whispering gallery waves occur when the point source la not 

at the focal point, the point source at the focal point gives a concave Surface scattering 

problem which does not exhibit these effects. In the short wavelength limit it shows only 

a single reflection. The case of a dipole, with moment perpendicular to the axis, at the 

focal point of a perfectly conducting paraboloid of revolution has been investigated 

Fock (1957) and Skalskaya (1955). Pinney (1946a, b) considered the moment bpth perpen¬ 

dicular and parallel to tto axis. \Although there Is a double reflection, it is natural to 

consider the plane wave problem in this category. The scattering of a high frequency 

plane wave by the interior of a parabolic cylinder (Dirichlet boundary condition) was 

studied by Lamb (1906), who indicated that the method could be extended to ttm paraboloid 

of revolution. 

Perhaps thfe best storting point for a study of scattering problems pertaining to 

the paraboloid of revolution is the book by Buchholz (1953) which includes a complete 

bibliography. Alsownrfbyof mention is the earlier written paper by Buchholz (1942/3). 

1 
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1.2 Mftttomftttoftl Statemont of tha Frobl»m 

:Lit 0 be the closed Interior domain of the pnbolold of revolution and let p(r) 

(r 1» the uitttl position vector) denote the pint source distribution. The precise form 

of p(r) dependi» on the definition of a pint source; It will be spclfled later. The argu¬ 

ments of Hitt and Kazarinoff (1959, I960) can be applied to characterize the solution to the 

problems stated above aa the ergodic limit 

lim 
T —^ oo T 

V(r, t) dt, 

where 

v(r,t) - u(r, t) e 
-lut 

«.id ufrj;) is the twice continuously differentiable ln D for fixed time t, twice contin- 

UOU.1,dUfereotiable h> ttae, Motion ta the .pace time dotmda {d*0 <t <co} eettaiytag 

J2 1 0 u / V lut vu- —■ ■ * p(r)e 

c ‘ 0t 

u or -r;' * 0 on the boundary of D 
cm 

some prescribed Initial conditlonm. 

Eitt and Kazarinoff (Ibid) also show that the above limit, which we call v(r), is a twice 

continuously differentiable function in D satisfying 

V^y+k^v * p(r) 

dv V or * 0 on the boundary of B 

(I+lkv) '0 r (“ + lkv 
r-H>oo \0r 

(Sommerfeld radiation condition). 

This, of course, in the more familiar formulation of the scattering problem. Hitt and 
Hi tin 

XCazarlnoff (Ibid) further show that v(r) is the limit v(r,8) where v(r,i!i) is the 

2 
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fuiiotioim, difftreiiittftble as above, in the domain |bx 0 <® <ml satisfying 

a 2 1 
V V+V V “ p(r) <7 * - (w- is)) 

c 

» or |n “ 0 on the boundaiy of D 

\ |v(r,ffl)|2dV<a> ; 

Jd» 

dV la the usual volume element and D* is the closed exterior to D. 

1.3 Coordinates of the Paraboloid of Revolution 

The natural system of coordinates, i.e. the system for which the wave equation 

separates and the boundary of D Is a level surface. Is defined in the following manner: 

tara families of cotxfocal paraboloids of revolution f=ç , q»tj with focal point at the 
o o 

origin, given by the equations 

p2 • 4Ç(Ç~x), p‘!' » 4j7<n+ï) (p2*x2+y2) 

together with the usual azimuth angle fl. If we make the natural choice for the domains 

of these variables, Q4%> r\<co, ¡í) < 2r, they can be related to the rectangular 

(x, y, z), cylindrical (p, 0, z) and spherical (r, 0,0) coordinates by the following equations 

X » pcoa0 » rsln0co00 * 2|fjf cos0 

y = pslnfl * r sind sin 0 » 2{ir¡ sin0 

z * z » rcos0 = Ç-rj. 

This system of coordinates Is called the coordinates of the paraboloid of revolution and 

is Illustrated in Fig. 1. Thu» if a physical problem Is shown In Fig. 2, we see that the 

domain D under consideration may be represented by 0^: n4ri0> 0<: Ç < oo, 0< 0 < 2t, 

the boundary of D by 17 = 1-3 . The point source Is shown lying to the right of the focal 

point, since this is the case that will occupy moat of our attention. Th¿ case of the point 

source lying to the left of the focal point Will be introduced, but no calculations performed. 

3 
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FIG. 1: Coordinates of tbe Infinite Paraboloid of Revolution 

FIG. 2: Point Source at (Z, 0), Field Point at (Ç, rj) 

4 
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1.4 Integral RepreBciit&tioaB of the Soluttoa 

Integral repreeentatione for the aolutlona v(Ç,iî, ¢) can ím# derived from the 

second and third formulation» of (1.2). We first ohow haw the method of Ritt and Khaarfeoff 

(1959, 1960) can be appUed to derive an Integral representation from the third formulation. 

Thu» we begin with the inhomogeneous wav* equation in which the wave number has an 

imaginaty part. 

V2^ y2 V p(r) = “(w-iej) (LI) 

In the ooordinates of the paraboloid of revolution ..v Sms the representation given by 

(Buohhok, 1953) 

V2 V 
2(5+n) \ (2Ç ' s*i) 

a. 
"ii 

M 
w 

But since p(4r) represents a point source on the axis of the paraboloid of revolution, the 

problems have axial symmetry; hence the 0 dependence can bei removed. Therefore 

equation (1.1) becomes 

(1.2) 

For the point source at (£0). (5*q>P<5,q) - cÄ5~I)ö(n) where c Is a constant which 

depends on the precise form of p(r), i.e. on the definition of a point source. We now make 

the stipulation (or normalization) that our definition of a point source is such that c = 1. 

CT1II»Implies that p(r) = the position vector ef the point source. The 

normalization to discussed further in Appendix A. 1.) Substitution of this choice in (1.2) 

yields 

d_ 
iç 

which can be written m 

-L V- L»v * ô(5~Z)óln) 
n « 

(1.3) 

lillWIHIMlWiaiMtlHMm 
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hjr ™ ~ ^p<x) +q(x)y with p(x) * x, q{x) * -V;* . 

to, order to pnxieed w« mutt oontider th® operator* L^, d*fin®d by ttie relation* 

V"0?1<So 

V 

2_ 
y fy 0<| <oo 

Inasmuch as they do not correspond exactly with the ones studied in Hitt and Kazarinoff 

(1958,1960). However, since p(x) ■ x, q(x) » -V » implying Imq(x) * —y x ii » eome q£ 

the conditions on p and Imq correspond. For L the homogeneous dilferential equation 
01 

to be studied is L^y -X> * 0. It can be written ae 

+ »0. 
dn2 n *i \ n/ 

^-1/2 4 

d^u. . / 2 X ^ lV 

(1.4) 

The substitution y»ur|" 1 results in the equation 

0 

or 

d2u 1 _X__ 1 ^ u 
diiaiyn)2 ^ *2M-2i7n) 4(+2i-yn)2/ 

33 0 

which is Whittaker's equation. It has the two Whittaker functions % x/2iy (/“ 2i^* 

W+x/2iT ^(121777) as linearly independent solutions. A complete discussion of the 

equation together with these functions is found in Buchholz (1953). The solutions 

^ X/aiy aw> resularftt n^O €^(0,^ ) where ^,(a, b) is the class of 

all square integrable functions on (a, b). Except for certain values of X the solutions 

W+x/íUy O*2**» a” tt0t re«ular at 2ero* but ar® €^2^°'r,o)^ iov a11 values of 

r j imiíiiiiiwiMiJiiHwiiiNiiiwiiwi 
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To wktoU aolMtkM nhDMU hh’MMkiorodi tot 111* Milllw oi Ml* liliil««ai 

(QxMia'i ftUMtíMi wo mill* «*» otJäJK*.«ooditlon 

|v^o»|adV<®. 

D» 

For I«»# >1 

thus tte solution W 0<-2iTn) oumot to® usod to build ft linowr oomponsnt of v(£, •) 

and w® munt coiwidor th® solution ^yjiy qGIwK 8lnos ths solutions 0^"’ 

are liniiiirlf doptndont, th® solution on* oonsld®rsd. Th«ï®tor® 

y,(n.» - >i‘l/2mx/21Ti0(2*yn) nd j2(n,M - n1'2 wx/2lYi 0«h«i) «• 1« u™«)y 
indapittclbal; solutions of U, *> suoh that 

(1) is regular at rj*0 

(2) y2(n,X) is not regular at ij*0 except for th® valu® ~ » n+- or 

X « 1^(20+1). 

This load® at one® to the propertie* of ly 04n^rto 

(a) »i*0 is a regular singukr poüït of L y-Xy * 0, p(0) * 0 

(b) p(i|0) ^ 0 
(q) For ImX<qo* 0 (hence X cannot equal ly(2a+1)), the homogeneous equation 

L y-Xy »' 0 has exactly one linearly iniependent eolutlon regular at q*0. 
n 

Now to ffad the résolvant Green'» function of the operator ly O^q H0» w® 

need a solution |® :| (q.X) of L^y-Xy » C which satisfies th® boundary condition at rjo, 

together with a solution f»2(q,X) of L^y-Xy * 0 which ia regular at q *0. Considering 

first the Neumann problem, this ia accomplished by the choice 

/dy (q,X)\ /dy2(q, X)\ 

)v% 

02(q,X) * jj iq.X) 

fr’-'"]’'. Xto 

7 
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(H4lF«aIIar m shAll donott fl» dtrivitiv® ÍMlkàl j by f«(n ,X).) With th 
\ ^ /„.n 

[I *M| W 

^(n,x), 0a(n,x)J oi ud ^(n.x) b»oom®« 

w IfiM). 02in,*»j - w[ya(n,x),yl(ii,x)] 

whtoh WKliiOfflii» to (Buohhoh, 1953) 

It nhould I)« noted that 

The reoolvent Green’s function G<n, *1', thus hau the value 

the resolvent operator the representation 

R^y = G(»i, tí', X)y<n') chj' . 

For the Dlrlchlet problem we can choose the two functioafl 

» y^rï.Xhr^rj^X) 

Thus 

w[yr},X)>2kX>] = (217)y1(VX)w|y2(r).X).y1CniX)] 
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which wmIikwihi to (Buohhols, 1953) 

r laiyly.In-.A) 

"Ki -i) ‘ 

The renolvMi Grtcn'it function then hue the value 

(îfrrÿj^w L 
il<r}' , 

the resolvent operator the same representation as above. 

The properties of the operator Lç can be written down at once. 

(a) I » 0 is a regular «Inguiar point for L^y-Xy » 0, j®» * 0. 

(b) For ImX<qo * 0 the homogeneous equation L^y-Xy ~ 0 lias exactly one 

linearly independent solution 

V^> ■ fl/\/¡íy.o(2i^ 

which is regular at Ç * 0 end CcC(0, f ) 0 < Ç <co, plus exactly one linearly 
¿5 0 0 

independent solution 

which is regular at infinity and c«f,(Ç , oo). 
k. 0 

The resolvent Green’s function G{i;,|',X) thus has ih© value 

G(Ç,Ç'.X) * 

yj^Xíy^r.X) Ç<Ç’ 

y^Ç’.Xly^X) Ç>Ç- , 

the resolvent operator the représentation 

9 
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77 d0ml10 to^k- A'taw“-«959,1960) the papers * 8lm. 

IZlr Ph,lllP' <19M’ ‘re ,ta b““ ,0r th* WOrk ” re*olv«"‘“ »"« ™«olv.at Oreeen', 

W. o»n proeMd wlth the m,tbod 0( Hltt ^ to ûnd the ^ 

repr.eenutlone tor the eototloee. Cotelder the Neumann problem end let T be . p.,h 

in the oomplex X-pl,ne defined by the atralght line running from 

-00-iff to 00-to 0 <cr <k. 

Thon «ppîying the resolvente H.x eucoee.lvely to equation (1.3). ualng toe »„Kent 
elation V^-Xy) . y mjd integration along f, „oting mt tbe 8lngular ^ o( 

lie above f wbll. thoee of n.x He below P, we arrive at toe Integra, rnpreeentatlo? 

vN(í, o. e) » \ T, -X)G(n, 0, X) dX 

where s) will denote the solution to the Neumann problem. 

Substituting for G(ÇJ, -X) we obtain 

d* 
tól/yMn .X) VÇ1'-«VV*V°-^M 

1 o 

where -rnlnß T), Ç .max(?T). But 

’Sae Appendix A.2. 
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y/o.X) - (21 y) 

0j in. *> “ y2(n. ^)yj (n0> - y1 (n, x)y¿(rj0, x) 

uid therefore 

v (5 , Ito , l2t¡£Ü! 1 a "âuüMlÉ) ({ (Ç ,x). 
N 5'n' i-^o^ s»! \ y;(r> ,x) * yr5r ,y2u2' A' 

J.n 1 0 

I y2(n' x)yi X) " yi X>y2<r|o’x)] •5) 

WhBtt n * r)0» 

X- 
vd -1¼) 

thus the field on the surface is given by the simpler formula 

V (Ç n ) » , — ( ^ y ip ,_x)v (f -X) (i 6) 
n'Ç,V 0--^0+ »! («ri) ^ y'(rj ,X) yrÇl* y2^2' A) U,&l 

1 ’o 

The above procedure may be repeated exactly to obtain v^Ç, n), the solution to 

the Dirlchiet problem. Let T be a path in the complex X-plane as before, then 

>-3/2 [ 
y^n . X) 1 o 

[y2<h. ^)y1^0, X) - y, (n, x)j (i. 7) 

The surface field for the Dirlchiet problem is given by the normal derivative 

(sv.rsi(£,r))/9n) „ • This derivative is governed by the relation 

11 
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8m 

1/2 

l/2i 8m 
(Ç+m) 

thus the equation for the surface field Is given by 

-11m 
Wp(C,n> 

In 
@-►0" 

'nsn. 

(2lyfl/2 
dX. 

r(i+^) 
;r (1.8) 

Consider now equations (1. S) through (1.8). We note that there is an essential 

difference between these equations and the similar equations in Ritt and Kazarlnoff (1959, 

1960). For these equations P is independent of s, thus it may be possible to take the 

limit as inside the integral. According to Buchholz (1953) the functions y^ (x, X), 

y^Oi.X) are entire functions of \/2ly; the path P Is defined so that the functions 

+1 j , r(ç — + are analytic functions of \/2lj on P. Therefore we can take 

the limit as s-»0+ inside the integral and equations (1.5) through (1.8) are valid without 
Í j 

the g ^ r)4. condition when the parameter y is replaced by the parameter k. 

Buchholz (1942/3,1953) derives an integral representation from the second formu¬ 

lation of section 1.2. For p(r) * 4vô(r-r ) (where r denotes the vector to the point 
~o “O -ikR 

source at (î, 0» the free space Green’s function has the form - e /R (time dependence 

e*1*, R*|r- r |). Thus he first derives (Buchholz, 1953) an integral representation 

# -ikâ"'"'0 
for -e /R as 

e 
■ikR 

.-CT' + iCD 

21k 

2îri 

J 

dsP(s+1) P(-s + |)mJ>0)(2ikÇ1)w<80)(2ikÇ2)w^)(2ikn) 

-ff ' - 100 

where |ffi<l/2, Ç jl, n >0, m<0)(2ikx) (2í1cjc)" J^2M (2ikx) and 

wi0)(2ifcit) » (2ikxr^2W (2ikx). Then he assumes v(*„T)) has the form 
8 S, 0 

v(f, rj) * v'(Ç,n) + fv) 
with 

12 



MICHIGAN THE UNIVERSITY OF 
7030-4-T 

1» 

2irl d® P (»+1 ) r (-.+1 ) m^)(SSlhei)w^0)(21kC2)Aa 

)-cr«-ioo 

wtoro igata |a’| <1/2 and Ag i# an unknown funotton of a. Thu» v(|,n) formally 

flfttisfloa tho Inhomopmaou« wavo aquation whill« tha boundary oonUtlon may bo aatlafled 

by a suitable ohoioe of A . For 
¡II! 

* » 
~ * 0 on the boundary A# 2ik —i g 

(2ikrj ) -» o 

V « 0 on tito boundary Afl « 21k ^ 
»y.w> 

m (2Uq7 ) 
•"*0 o 

where again 

F'(21kr)o> « F(21kr))j 

We continue by considering explicitly only the Neumann problem. The obvious 

modifications can be made for the Dirichlet problem. Substituting for A we have 

Y-c'+ioo 
IB \ 2*k 

Vi-’>) “ 2ÏÎ a* ru+^)r(-.+|) 

l-o'-iœ 

f w®* <aibi - jn(,f eoot »»“(sim] «. » 
L, O ""Ip O J 

ms a formal solution to the Inhomogeneous wave «luatton which satlsfie» the boundary 

condition. From the asymptotic behavior of wf *(21kÇJ at inflnity it is eeen that v„if,n) 

satisfies the radiation condition. Thus it remains to show that the integral exists. Let 

us return to the previous y^x, X), y^Cx, X) notation and substitute -s for » In equation 

(1.9). Then we obtain 

13 

BüililtáiiaiÜLU'rlJ! Ihllülfeliüli 



THE UNIVERSITY OF MICHIGAN 
7030-4-T 

»o'-la» 
1 J ^ 

d.r(.+|)r(-i+|) 

/cr'+lc» 

(1.10) 

r^0,2Vk») 

* [yjin, 21k») - y2(n. 21k»)yJ(n0,21k»)J 

» 111 «hQWß la the Appendix A.3* and Buohhol* (1042/3, 1953) th»t 

r(-»+| )[ .Tjtií, 2ftB)y;-(no, 21k») - y2(n. 21k»)yJ(n0,21k»j] 

1» fttttlytie to the complex e-plane, y^n, , 21k») has «Imple *eroe which Ue »long the 

SiBigInary axto and the Integrand of equation (1.10) vaniuhe« exponentially on a large 

aemi-olrole In the right half «-plan®. Thu» the Integral for 0 <cr' < 1/2 represente the 

aero solution Which cca be omitted by the further ï«striction -l/2 < o' < 0. However, 

for o' »0 the Integral Is not defined and so we arrive Anally at the restriction -1/2 <o' < 0. 

to addition It to seen to the ¡appendix A. 3 that along this path the integral converges. Thus 

V ;ç,q) given by equation (1.10) together with the restriction -1/2 <a' <0 to a solution 

of the Neumann problem given toy the second formulation of section 1.2. We write It as 

,o'-ico (ç 
JIL_. í. iv yi i_ 

y;(q ,2iks) 
1 o 

m . b ¢21¾)-1^ 
VN(f,Tj) « 2jrl 

y (Ç ,-21ka)y2(Ç2-,-2ik») 
dsPís+^m-s+l)-1 --- 

Jo'+i® 
(-l/?<uf <0) 

vN«.n) * 

[y2(q, 2iks)y'(no, 2Iks) - 21ks)yJ(no, 2iks)] 

If to (1.11) the substitution s - X/2lk to made, vN<Ç,n) becomes 

-3/2 

®+21kr 

[y2(nr My - yj xî] 

(i.li) 

2x1 
/X IN / X 1\ \ w(à+iy{ia+y - 7-<vm 

the Appendix A.3 we again consider only the Neumann problem. The computations 
can bei easily modified for the Birichlot problem; the results are essentially the same. 

14 
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with -1/2 <ff' <0 which Implies 

► »tar 

v (£ .,, 
Vs 2il 

J-oo-tar 

(0 < or < k) 

[y2<il, X)y'(r,o( X) - y^rj, ^ I ^ '12^ 

As is expected, equation (1.12) agrees ?- -th (1.5). Substituting n » qo to (1.12) yield® 

the equation for the surface field 

ico- to 
(21k) 1/2 f \ |\ !fi(Çf » ^)y2ÍÇ2’ 

V5-"»’ ' Teil) \ dxrGtk+2) <1-13> 
0 J-oo-to 

(0 < o < k) 
which of course agrees with equation (1.6). Repeating the above arguments we obtain 

for the Dlrichlet problem 

■»oo-le 
.. . 

S 
)-<»-to 

(0 < or < k) 

^ * 2¡rr" \ dxrV2ik4 2;rt 2ik+ 2/ y/n^X) 

[f2^' X)yi(V ^ ~ yl^11' ^a^o' ^ ’14^ 

while for the surface field 

'»Vjjfc.rj) 

ôiT 
-I <2il¿ 

-1/2 

1/2 2a1 
P* „A , 1\ ^«2--» 
\ *'w V T,<n0.W 
J-oo - to 

(1.15) (0 < O < k) 

These integral representations (equations (1.12) through (1.15)) will be uo@d throughout 

jthe paper in preference to the corresponding representations obtained by the substitution 

s * X/2ik. 

15 
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A« Indicated prevloualy the above dertvattoiie correspond to the point source of 

CCO). The integral representations correspondtag to the same point source at (0, H) 

can he derived la a like manner without any difficulty. Tor »min(rj, H), r)2 - maxip, E) 

they are 

(0 < c < k) 

for the Neumann problem, and 

ygíÇ, "X)y 2 ()7j f X) 

yl<no,X) J-oo-io 
(0 < c < k) 

(1.17) 

for the Diriohlet Problem 

1,8 5fooua8foP of lntegrttl Representations with Respect to Asymptotic Expansions 

For the present discussion we consider the integral representation given by equa¬ 

tion (1.12). The statements made can easily he changed to apply to the other represen¬ 

tations. We have already mentioned that part of the integrand of (1.12), 

r ( ’ 1J X)yi(V " yl<rí* X>y2<n,D'X) 1 

ie analytic in the complex X-plane, yj (^. X) has simple seros which lie along the real 

axle, and the integrand of equation (1.12) vanishes exponentially cm a large semi-circle 

in the upper half X-plane. Therefore the singularities of the integrand of (1.12) are of 

two types: 
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(Il «Impl* polM atth. wro. at rfa,» »blob 11, oath, ^.i ..,. 

0) *lmpl» pol#» „ th. pel., ef th. i^tto. r(-JL+|) .btcblU^tba peu,!, 

A ■ -lk(2B+1) a«0,1,2,.. „ on th© Imujiptivê Imagloajry Axla,, 

Stac th. contour ol tatogmta, run. toe».« tto two «t. oí tota. Md tto 1,,1,- 

*7 ^ ^ contour otu to clo«d wouad the polu „„».p^ 
, - «oro. of TJ<V X). IMhi. m^oor. by Sofito ro.ldu. ttoowa. . «jma- 

«loa for the aolutioa mn be obtained (Buehholz 1953) Th* «„.«,« « ,, bujwu, Atfoj/ jutK® eame aaymptotic emuieiaie 

H 0' ^ ««<» coor^« (Appudlx 
A.». Howov.r, tto M to MymptoUc míjt¡t whM ^ >>i>Ki 

üt«. oorrupond. to tto .Iftotoo louto In tto .ctortn« by oonv„ todi.“. (m ,M 

^rtaom tmim. uttomrr««.iiootnpbtetheMrlM.haildrMdlly 

. ,7.1™°'““ “P,"Um Wh“ ^ « Í- Thl. I, found to to true; th. 
calculttioofl are perfomed in Chapter 3. 

There are two cue. of Intereet when loj^ « I. Onet.^«,. „ ^ 

corroed, to tho point «uro. (field point) to the near told and th. tMa ^ 

•o«™,) In tto far field. Him. condition, oorre.pond to tto mort Ukely ^.loai 

• poa.íble wllortlon i. tto o» oí the .urtao. fUdd to oomldr «rtterto* from a bud, 

whoa, aurfane ha. . conoava tortlon. The other o«e of Int.»rt to kî «1, kf «1 

and oomsponds to both «ouro. «d Held point. In tto near told. Thto o» te rt tote«rt 

be«« of tto roiatlooahlp with tto potenttel problem. In Chapter 3 It to .bown that tto 

.olutlon to tto Dlrlohlet poterttel problem agr.™ with tto flrrt term of tto rt^mptrtlo 

«tprttolon of tto .oluttoo to tto Dlrlohlet problem when « 1. kl « 1 «al fcf « 1. 

While thee, low traguency namlta an complete, further low freqtmoy tona- 

tlfflattoiu* are In prognor . In p«tScular tto Neumatm potential problem aa well an a 

Phynloal teterprrtatlon of the far told r«mlto ere brtng oonelderto. The wort for 

kv>‘to total: canted ortrt tto pree«ttlma. Hm., Ctoptor W to only a .ummanr 
O.IT » poeeihle «npraiush to tt» analyse. 
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n 
UNIFORM ASYMPTOTIC EXPANSIONS 

Ini this section we will consider separately the two asymptotic representations 

of the Whittaker functions necessary for later use. The cases studied all correspond 

to those used in the problems investigated in future sections. The results obtained are 

baaed on the work of longer (1935, 1949). More detailed results a» obtained in the 

memoir of Erdelyl and Swanson (1957) which discusses the necessity for the two repre¬ 

sentations, and the paper by Taylor (1939). 

2.1 Alrv Function Representation 

For this section the Whittaker equation will be written as 

¿J» T I + I + _L 
** L-4+.+ ¿ u » 0 ; (2.1) 

hence the two Whittaker functions of interest are Mf 0<z) and Wj Q(z). We make the 

substitution a *z/4i, thus equation (2.1) becomes 

d 

da 

S + p(tI) + _Lj. s: 0 

mnd upon defining p - -2Ü we obtain 

d 

ds 

(2.2) 

'm 

Consklerinjí ^ to be a complex parameter such that |p | » 1 and a belonging to a simply 

connected, closed domain of the complex plane which includes the point a « 1 but excludes 

the point s«0, we find equation (2.2) can 1» of the type studied in laager (1949) and his 

resulto may be applicable. 

Let ji^is) * —where jfke) ia the root of jï2(s) auch that 

lim 
s-* í-1 

1 1(1-1) 
r/i *.> * i. 
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s 

and 

5<a) - y{r)&r * f * pft*) 

*•> - [5(*)]1/6[?(.)]'1/2 **«> ¢(1) - ¢.) ; 

(2.3) 

(2.4) 

these are the functions to be used in the theory. For the applications we must consider 

ill® arg« * [”<m3 where 4 is a small positive number. Then, provided 

La««®r'« results are applicable (Taylor, 1939). For [s|>l we can write 

to * ySfiTTî) -logfyïTI + ÿï) (2.s) 

while for J § J ins 1 we use 

to * ti 
T (2.6) 

whar® the upper (lower) sign corresponds to the argument of negative real s being 

»(-*). When s~l [|«»l| « 0(l/p 2^3),(Taytor, 1939; Erdélyi and Swanson, 1957; 

Buchhok, 1953)] we employ the expansions 

i(«) - <.-l)1/2 [l- -1)+ 0(.-1)2] u 8_>l (2,7) 

and 

(28) 

in order to derive ths desired asymptotic representaUons we need the behavior of the 

»bov. function, a. .-»«>. Thu. a^iMdta* (1 - l/.,1/2 .bout .*«, iMd. dlwoU, to 

i>(*) - 1 - ¿ + «I/.2, as s-too (2.9) 
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and ufllnff (2.5) and (2.3) respectively yields 

5(a) - a- I - log2Vs" + (Xl/s) as h->oo (2.10) 

and 

Ç * p ! a - - log 2 yi" + 0(i/8)j as (2.10a) 

We wish to find the asymptotic representations of the functions Q(z) = Q(4iS) 

asymptotic to 

/,, ,-1 2.1b {AtJ -2is -jrl(i- -^) 
(4is) e_+ (4f<i>) e .. & 2 

n| -« r<¿ + /) 

l -2is 
14^10 ) 0 

for large is, -ir/2 <argis < 3jr/2, and W n(4fs) asymptotic to —p— for 
*'u rq - d 

large is, |argis | < 3jt/2. We shall accomplish this by finding the asymptotic represen¬ 

tations for W n(4is) and W n(-4is) and using the relation (Buchholz, 1953) 

e”i,rÍlw i n<"4te) -**1 "f/2 
M Uia) = —-.- + ®—r-W, n(4is) . 

'*• °' r4-i) ml-j' 1,0 
(2.11) 

r(^ + i) 

(In choosing the particular form of (2.11) we make use of the value argis = ?r/2 which 

occurs in the applications.) To find these asymptotic representations we must compare 

Wf 0<4is) and W ^ 0(4is) with the functions 

V0)(s) = (ir/2)l/2 e15,, i/l2 H^i?) j = 1,2 

which are solutions of the differential equation 

^ + y--° 
dB L ß -1 

called the related equation of (2.2). These functions have the asymptotic behavior for 

large ? 

20 
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,1=1, -ir <argil<2» 

J=2 , -2» < i».rg Ç < t 

Now iif ayg a «oc [- ¢, ó] thon due to the nature of the applications argi must have the 

value argf-ir/2-a and tlius as 8-+00 arg?-+0. Therefore either of the above expan- 

sions is valid as b-+<d; from (2.10a) we sea that Vi2)(s) has the correct exponential 

dependence In n for W, 0(44i). v(1,{e) the same for „(-«.) and hence according to 

Langer (1949) 

W_10<-4« - Cj [v(1,(a)+CKl/»] ltl«N (2.12a) 

W . J-4ÜS) » c -i, 0' 1 L 
-1/6 

v(1)(.)+ 
p 

Wii0{4fo) - C2[v(:!)(e)+0(1,¾] 

l?l>N 

I?Un 

(2.12b) 

(2.13a) 

V*» “ 52[?Ö,(‘,+ ^r>6*'l!:0<1>] lfl>N (2.13b) 

where N is a large positive number and the C. j=l,2 are determined by the relations 

g lim , 

1 ^00 v(1)(.) i(.)r1/6.1£ 

lim Wi.0(4fe) (41b/ e“2^* 

a,'1? 2 ^ Ví2)(.) ‘Ís)F1/6e 

Using the definition (2.4) and the expansione (2.9) and (2.10) we obtain 

a. - (-2U)1/6 e‘,lo**Ve , c, = (-2U)1/6 

Thus (2.12) and (2.13) become for C^e10*^* 

-rU) w_lt = (-2ii)1/6C^[v(1)(s) + Od/p)] |?| >N (2.1½) 

21 
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0(-U») - <-2W1/e C t jç(1)(») + |j|>N 

Wi 0(4Ii) - + CKl/p)] |?U N 

■1/6 -l! 

( 2NV1/6 
V4fc) = ■&; 

(2.14b) 

(2.15a) 

W10(4A) .(-2U)1/6C([v<2\.>+®íiii^£ÍÍ01Uj If |>N (2.15b) 

Ufitag (2.11) and the relations (Erdelyt et al, 1953) 

r<|íi>- \ßie±il0« ^[^0(1/1)] 

valid for |i I» 1, we obtain 

Mij0(4is) - - [v<1\s) + e,, i//2V(2)(8) + 0<l/p)] 

N (2.16a) 

V^^s) + e*1/2^2^) + ¿ÍêLL? 6 t QÜ) + e'^CKlÜl 
P 

IÇ I > N (2.16b) 

ior purposes of calculation it is often more convenient to represent the Hankel 

function« H^3({) In term« of the Aliy function Al(g) defined by the Integral representation 

hOO 
1 \ 1 3 

AK®) ~ \ 008(-B +Zi)dS 

We can use the relations (Abramowitz and Stegun, 1964) 

hi/3(^ = ® Wi‘/6 [Ai(-0)-iBi(-0)¡ , 5 = (|ç)2/3 

[Ai(-ò)-iBi(-oj] = 2e~*lf3 AH-õe2lfit3) 

H^ÍÇ) = fifi [Ai(»o) + i Bi(-o)] , 5 = (|?)2/3 
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¡Ai(-9) + iB1(-õ7| » 

(131(¾) is an Airy function linearly independent of Ai(g) which does not enter in the 

result and so it in not defined here) to find 

H^iS) = —“T^- Al(-5e2'1/3) 

H(2) (f, = „,1/2 QÏ/WÜ ^-.-2,1/3, 

Thus equation (2.14) and (2.15) become 

- 2(3>1/6»1/2(-W1/6e',r,/12C.í[|(»)Al(-5.2,rl/3H.0(l/p)] 

IïUn (2.17a) 

- 2(3)1/6,l/2(-U)1/6e-’rl/l2c^^(B)A1(^e2,l/3)+iiï)Î;*^îo[yJ 

Ifl >N (2.17b) 

Wf(ü(4ls) - 2(3)1/6Jrl/2(-U)l/6e,ri/l2Ci[^s)Ai(^e’2sri/3) +.0(l/p)| 

IffkN (2.18a) 

Wi0(4<i) = 2(3)1/6,,/2(..lA1/6ert/12c|[|(.)A«-5e-2ll/3)+Ml^¿!ÍoílJ.J 

lfl>N (2.18b) 

with 

Finally, upon using (Abramowitz and Stegun, 1964) 

Al(-S) = .-’rl/3AI(-5.2,r,/3)+/I/3Al(-5e-2,ri/3) 

equations (2.16) become 

23 
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M1i0(4W - <2»1/3(6»1/8.»VV:(1,V6,-,U[-?(i)AlW)+o(i/.jj 

IfkN (2.1¾) 

- (2)1/e(6)l/li0''/6(I)1 /°e-»«I+ iM^!lk‘^0<l)^-1?0(l¡r 
p 

l?l>N (2.19b) 

2.2 .Bgjggi Funotlon Repreaimtatlon 

If after the substitution s - z/4i In (2.1) we define p = 2i, then equation (2.1) 
becomes 

d 

ds 
f + -^r I « - 0 . 
I L ° 4B J 

(2.20) 

Sum»«« then m oonBlder p a oomplex parameter such that |p | » 1 and s K,i„nglT 

to a a Imply connecte* cloned domain R< of the complex plane which Incloden the point 

.-0, but exclude, the point .»1, then (2.20) In of the type ntudled In Laager (1935) 

and hin rnnultn may be applied providing Rs han all the proportion he require.. We will 

anaume that R< ban theae required proportion elnce it in ntralghtforward to ehow that 

tbe domains used in the applications have them. 
2 J 

lot J)' (.) - ; (1 - .) where |Mn) in to he the root of 02(n) determined by the 
relation 

lim 
8 —>0 {>,«*} * 1 . 

We also define 

MS 

¢(8) * \ 0{r)dr , 

ÿ<8) » [>s)$(sîl ^ with 

Ç * P#(s) 

!«0> “ .-“o «“> 

(2.21) 

(2.22) 

24 
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im 

<l> «rí.cfr-i.rj . (iO argBc[-r,-r+i], ted (IU) arget[-i,i] , 

I«I<1 . 
Wh»» «rge«|V-í,»] , equation (2.21) can he written ae 

*»> - -1 I , 

Jo 

wh.U© for argsc [jir,-#+¿] we can write 

(2.23a) 

¢(.,., fifi)»/«*. 
(2.23b) 

In either cam (region (i) or (il)) 

\s 

\ » -tfïîîTiy + logi/nr- fî) 
Jo (2.24) 

-he« agata the «.uare root la auch th* VÜÏ . j. For regl<m (iu) 

resulte are applicable provided 

Jl-ej »--.L-^r 

IpF3 
(Taylor. 1939) 

ta oKler to dori»e the aeymptotlo repreeentatlone. the behavior oí theae ftmotlone 

“ *^° and "““‘•»'«own. A. e—»0 w. ex^d (l-.)1/2 0 „.tatlng 

W») “ - J e1/2 + <Xa3^2) 

Therefor© equations (2.21) and {2,22) yield 

ae a ™i> 0 (2.25) 

25 
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$(8) « 28^2-|b3/2 + 0(85/2) i ll 8 —> 0 

Ç « p$(s) » 2p8'/2[l- I 8 + 0(82)] II» 8-+0 

#(■) * —fß [1+ 3 8 + °<®2) ] 88 8-+0 

iJMl 

$(a) r i 2"1 
0(8) * 2e |1+ - ffl + 0(ß )J as 8-+0 

to «Mcamtaing the behavior at infinity we will only conaider regions (l) and (ii) since in 

region (ill) w© are concerned only with |e | < 1. Thus expanding (1 - about s «cd 
8 

to region (i) yields 

^ * “i Ü ’ 2s +<^1/1Bl\j s« s —+00 (2.29a) 

wtiU© expanding about s * 00 to region (ii) yields 

0(b) * i [l- ^ + 0(l/s2)j as a—>co . (2.29b) 

Equations (2.21) and (2.24) then given for region (i) 

Ç = p$(a) « -ipfs - I - log(2 f¥) + CKl/s)] as a-+co (2.30a) 

and for region (ii) 

Ç * p$(s) = ip [ s - - - log(2 yfa) + 0(l/i) J as 0-+00 . (2.30b) 

We wish to find the asymptotic representations of the functions M .(z) = M. (4fs) 
g «Jija -i’ ' ' ^ 

regular- at the origin and WÉ ()(z) = Wg 0(4ls) asymptotic to (41a) « for large le, 

jargIs I < 3?r/2. Then for V0(s) « //(s)? J0(Ç) the theory in langer (1935) asserts 

(2.26) 

(2,26a) 

(2.27) 

(2.28) 

26 
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, 5 
M( 0M« - c[v0(.)*-fl&-9&] |c|<N (2.31a) 

ß 

M| 0(4I«) * C Jy0(d) + ^ 

|!r|>N (2.31b) 

wh®» N i® à luge positive number and C a function of -I! determined by a eontptrlfon 

of the behavior of V (a) and Mj q(4Ib) a® •—^0. V (s) la a solution of the dlübrentlal 

equation 

¿1 + [A1z£)+J- . ôííl. , „ 
da2 LP< » ’ 4,* «iU5"0 

whioh I® called the related equation of (2.20). For tine value of C we can writ' 

Urn c ® 
8^° V°(a) 

and tinu® 

c.ta&î.-i 

^ • 

Therefore, equations (2.31a), (2.31b) become 

\ o(4ls) * P1^2 [™^J' ” J0(?> U’ U N <2.32a) 

[g]'" .,D,üaÄ>±Auil 
r 

I ?! >N (2.32b) 

in Chapter 3 we will be primarily coaioernetl with the case |pn| « 1. Hence 

0 -> 0 and we ©an use expuwkm® (2.26) through (2.28) to find for | Ç | £ N 

27 
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- (îp.),/2Jo(0 [1+000+0((0.)1^.2) . 

Upon retaining oa% tm order term of the lowest order In a this becomes 

M| ltt(4ls) » (2ps)1/2Jo(Ç)[l+0(s)] . (2.33s) 

except it a. zero of where then the additional term le the required estimate. For 

ITI > N and C not a zero of J (Ç) w© have 

Mi 0(4fs) » (2ps)1 /2:Jo(J) | i+0(««)+0(t/p[| , 

while at a zero of J (?) the estimate 
0 

M| 0(4ls) - 

la valid. Upon comparlag order terms the above equation reditces to 

Mi „(«.) - (2o.)1/2J0(0[l+0(l/p)] . (2.33b) 

We note that the above results for M); 0(4is) are valid for «i In any of the regions 

(i)# (11) or (iU). However, la deriving the asymptotic representations for W (41s) we 

must bo careful to distinguish between regions. In any case we need the following solu¬ 

tions of the related equation 

v^(a) * (v/2)1/fi®"j * 1,2 

with asymptotic expansions for lai'ge |ç | given by 

J*1, -ir<argÇ<2ir 

J *2, -2v<arg?<* . 
v<J,(.) -i).«1/2«11'[1+0(1/0)] 

28 
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Case I: trgflejjr-6, 

lat arg a ■ ir -ae [jr-6, r] . Due to the nature of tbi appUoatlons argp - -jt/2 + tr 

and thus aa s -400, argÇ—^0. Hence, either of the above asymptotic expansiona are 
(2) 

valid as 0--»ao and from equation <2.30a) we see that V (a) has the correct «vp™n.nnfi 

dependence in s for 0(4ia), V^(s) 

to Langer (1935) 

the. «ame for W ^ ^(«4£s). Therefore according 

Wf.o(-4te> » C. [v(1)(») + ^°gl°<in ItliN (2.34.) 

W(^4/a) = 

0(4fs) = 

Wi 0(4la) = C2 p2)(s) > 

I ? I > N (2.34b) 

Ir|«N (2.35a) 

|f|>N (2.35b) 

where N la a large positive number and the j = 1,2 are determined by the relations 

,. W (-4fs) , .. ,-f 2fs 
c _ Hm -f.O_ _ (-4fs) e 

1 6—*00 
V<l)(s) ^s,tWr 

. _ Urn V““81 (4ts/ e-2^ 
2- wœ v(2)(8) ^ f(s)fl/2elt ' 

Using the definitions (2.21) and tins expansions (2.26) and (2.27) we obtain 

c = B)1^- -flogf/e 
Cl 1/2 e imd 

P 

c - nog-t/e 
2 1/2 

p 

Thus with 

Di=e 
ilog-f/e 

equations (2.34) and (2.35) become 

29 
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W_i 0<-4« - D,[VU)(.) + ÎfeMü] |ïk<N (2.36a) 

W j 0(-4W - I |¡tI>N (2.36b) 

Wj 0(4ia) * k^-r' n4[v*2\») + lïl<N (2.37») 

W/ g(ils) - D{ [v(2)(.) + Is I> N (2.37b) 

Caae 2: »rg«<r[-i.4] |»I<I. ar*»-» for » negativen»). 

In this region we cannot directly derive an asymptotic representation for W£ 0(4is). 

However, we have the representation (2.32) for q(4Ib) and can show (Erdelyi and 

Swanson. 1957) that the function 

ww - d,[v(2,(e) 4 gw™] U U< N 

, M^Dí[v<«(,)+iíá¿^0SÜ] |ç|>n 

is a solution of the differential equation (2.20) in this region. From the definition of 

V^(s) we see that these two solutions are linearly independent and thus 

Wf 0(4íb) = AMj 0(4fs) + BW(s) 

or 

0(4fs) * A-“t- jsf(s)ÇJo(Ç) +(Xterm)j 

' P ' 

+ B 0^(^/2)1^ e^'^VfllÇH^dî) + 0(term)] 
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wbire w® hâve used CKterm) to danot® the two order terme for |?|^N or ¡Ç ]>N. Now 

wt lui«» the relation 

J (?) 
o 

iMf) + 3'íÇ) 
o o _ 

thus tliii# fflhove aquation may be written aim 

W| 0(4le) » *—¿ 
i!"l 

i r 

72 L 
—J2-+ —-2- 

2 
+ (Xtennîj 

B JD| [<ff/2)lj/2 e'^^VelÇH^ÎÇ) + CKterm)]. 

(2.38) 

Since tin© representation (2.32) holde to region (ill), |l -® | » 1 so does equation 

(2.38). Now from section 2.1 we know that equations (2.15) hold to region (ill) provided 

l=>i/|pf/3. Then we can substitute this representation in (2.38) provided 

»'/|pf/3 and since |s -1 ] » l/|p the asymptotic expansions of the Hankel 

functions may be used to equation (2.38) provided -ir < arg ? < x, -2ir < arg Ç < x. Con¬ 

sider then argfl =» 0, from the nature of the applications nrgp=argl*jr/2 implying 

arglC * 0. But then mrgp * 0 implying' arg? » -jr/2. Thus for args =0, 

( 

¿Ks) 

i(?--J) 

(2/x?)1/2 —- + (2/r?) 
1/2 e 

This then Immediately implies the value«» 

B » 11 
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Theswfoiiiw equation (2.38) teoomos 

Wi o<4(<) . , Sdí\Çl\,^ + iisMil] 

P UUn (2.39ft) 

Wi 0(4I>) - + (y/2)l/2Di[ÿ(B)CH^)(C)^ ^ 

|Ç|>N (2.39b) 

The queatlon of ulgn can b« resolved bj again considering args * 0. Then we have 

argi « ir/2, thus we can compare equations (2.39) with the result in Erdélyi and Swanson 

(1937). Therefore we see that the negative sign must be used. Since 

we obtain 

V4“ 
ia^Di[v(i>(.) + 4iî2mioül] |{kN 
p1 " p 

(2.40a) 

\om) Di[V< 
<»(,)+m |ç]> N (2.40b) 

As previously for the case |ps | « 1 we can use expansions (2.26) through (2.28) 

to find for |?1^N 

W| 0(4J!s) » Kr^D^^H^O^+CXsl+Od/p)] 

except at a zero of 8^1½) (there are no zeros of H^(f) on the principal branch, 

Erdêlyi et al, 1953) when the addition term in (2.40a) is the required estimate. Upon 

comparing order terms this becomes 

Wj 0(4%) - i(ir)^2Di(2fa)1^2H¡)1)(J) [l+ (Xl/p")] (2.41a) 

(1) 
Similarly for | Ç | > M (with the above exception for zeros of Hr ÍÇ» 
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Wl „(«•) - Kir)1^ njXU)1*2 H^11 [l + (Xl/p^ (2.41b) 

Clue 3; arg s c , -f+(Q 

For tM« oaae, we oonslder p to have been d®finad bgr p*-2f. Then aquation (2.20) 

remains tlw same together with the resulting definition® and expansions. We let 

args « -t +OC Pir, -r+fil. From the nature of the appUoationa argp * t/2-a, and thus 
(i) 

as ia) aif Ç-'^O. The asymiitotio expansions for (a) are validas s-*a> and 
(2) from eiiuation (2.30b) we see that V (•) has the correct exponential dependence in s 

for W. J4ito), V^Ns) the same tor W . n(-4ls). Therefore according to langer (1935) 
fl '""'"’ß W 

w,i<0(-4is) 

d) W ^ 0(*4«s) - E, IV' as) + 
:i[v 

wJ 0(4to) - e? [v(2)(*) + SiliMSSÜTj 

[v«í(,)+í!sl¿í!¿f2ílíj 

Itl^N (2.42a) 

ltl>N 

|t|<N 

(2.42b) 

(2.43a) 

\0m ‘ E2 [f [>N (2.43b) 

where N is a large positive number '¡md the E ) *1,2 are determined by the relations 

.. W . (-41a) . ., .-1 21a 
lim -1.0 (-418) o 

'1 8-»a. v(l)(i|) giwr2«1' 

E lim Wi.0(4tt> (W.-^ 
'2 s->co v(2)^^ 

Using the definitions (2.21) and the expanaions (2.26) and (2.27) we obtain 

E . -I»!.-!- 
1 

„ (i)1^ 1 lea -i/e 

if 
But tor args » ->»+«, argl * ~w/2-a , tonce (-1) - © rl. Therefore, 
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E, ® 
1 
ITS D«i 

E, 
1 

(211) 

and equations (2.42) and (2.43) become 

m 
mDi 

w-i o{mm 9 

_l_ D rv«)w+ii»iiMi2ür 

eu)1^2 '',L p J 

i_D Lii)M+Ési¿!l£m 
¿i* -'L ( ) 0 

w , J-4fa) - 
(21i) 

w(4(B),_i D[v(^)+JK»liM] 

1>ü (2W 

W. J4i!s) * • 
(2li) I7ïd<L' 

v(2)(s)+ 

(2.44a) 

(2.44b) 

(2.45a) 

(2.45b) 

Having done this case we note that the restriction of arg s * * for & negative 

real can be lifted from the results of Case 2. To demonstrate this we consider | s | < 1, 

arg a € [-Mj, *rg a = for s negative real, and show that the result for Wf 0(4te) 

is the same as in Case 2. We have the representation (2.32) for Q(4fe) and can show 

as before that the function 

W'(s) ~ D( [v<2)<s) + MilSÉLifiSil j |î|5N 

l_Djp)w+iSÄ^>] I^N 

(2lf) 

is a solution of the differential equation (2.20) in this region. But then we must have 

W( 0(4!s) = A'Mg 0(4fa) + B'W'(s) 

and arguing as previously, we find 
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A» « +20T/2)1/2 

MICHIGAN 

This Implies 

-‘ï 

^o(«■, * ï ~172 W«,/2D1[#(.)5H<1>(J, + ÍíâÜMI2íli.-j |ikN 

-!• 

*1.0™ * + ^i72(»/2)1/2d/+üíi¿^ilÍ2!iíj |f|>N 

whereupon we see that as. in Case 2 the negative sign is correct. But since 

,1 
_14 ,2 

•S—-. * 4 

we have 

wi 0(410) = ^ 
1/2 

(2II1/2 

1/2 

(2/)1 

^[v^ísj+ÂtiaJLPÍiiJ Ukw 

[?|>N 

TMs agrees with equations (2.40) since there p = 21 by definition. 
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m 
LOW FREQUENCY (THIN PARABOLOID) SCATTERING 

Ail ludlGfttod In Motion 1,2 tto p.ri'beIoi.d of revolution may be characterized by 

the focal length q . Then for a given mm number k, the mathematical condition 
o 

tarj^« 1 correoponde either to email k (/aw frequency acattering) or small no (thin 

parabolokü). We wish to investigate the integral representations in this case. For con¬ 

venience these representations are now given a slightly different form. Let us define 

o 

(TMfli notation is different from that of Chapter 1 and Appendix A. 3 whore the primee 

simply refer to differentiation with rtspeot to x. ) Then equations (1.12) through (1.15) 

become 

oo- ter 
VjíÇj.-Xhr^fg.-A) 

vN(f.q) - 2*1 \ 2Ik ^ ¿VG 21k + 2) 
J-00 - ?<r 
(0<o<lic) 

• Jv2(r?. x)Vj(n0'x> - x)v^(no<xÍj 

(3.1) 

poo - tor 

" »'“■co - to 
(0 <o<k) 

(3.2) 
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vD<W 
l 

2iri 
\ 4' r(k -iW x i A V{i'->)v2(î2' "x) 
\ ÄrUik v (n ,X)-- 
J-œ-kr 1 0 
(0 < 0 < k) 

[v2<»J, X) - Vjín, X)v2(f¡o> xTj (3.3) 

(■ 
BVjjIÇ, r})N 

Ôn” 

»00-la 

/rj«n 
JL 

2 2t1 
l-oo-la 
(0 < a < k) 

Vl(gl,"Xhf2<g2,"X) 
\2lk 2/ V]|(no,X) 

(3.4) 

with the ccwaditloM of tbe derivation I] yj >0 mentioned for eompleteneea. 

3.1 Low FTO]|u»ittcty (Thin Paraboloid) Poles 

The low frequency polee are tin»® off the integrand® of equation (3.1) through (3.4) 

which lend fâ®m®elv®§ to asymptotic analyaia only when ky^ « 1. Henoe they oorrespond 

to the zeros of the functions v'(rjo, X) and (q^, \) when kq^« 1. hi order to analyze 

the«e zero® w® consider Q(Mkn) when kq « 1. If X « 0 then (Buohholz, 1953) 

^/21¾. 0(211o,) ’ \0^ " (2lto))1/2J0(M 

and thus »jln.OI * J^Oorj) » 1+0((101)2) . Hone«) for kq « ^ X * 0 is not a zero of 

Vjiq^X). But v;(q,0) * O(lcrj); therefor® for kqf « 1, \ * 0 is a zero of v|(qo»X). Suppose 

now 0<|x/2kI^0(1), then has the power series expansion (Buchholx. 

1953) 

1\/2ikii = (2lkq)^2 [l + 0(kd)] 

which implies Vjiq.X) - |_l + 0(kqj] and vJ(q.X) « 0(1). Then v^q^X) * 0(1) and 

vJ(q0.X) - 0(1) indicating that there are no zeros for 0 <|\/2k[< 0(1). 

To Investigate the zeros for | X/2k | » 1 or | X/k | » 1 we can use the theory 

developed in Chapter 2. For the Whittaker equation 

37 
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d(2Uojr \ 

i + A i 
4 imtki)) 4(21krj)2 ;)■ 

i » X/21k# £-211(91 aund thus 8 « - -k^nA * “MkA> where |b | * krj|kA| « 1. 

Now for 6 and ß am&U positive numbers the results erf section 2.2 for M| 0(4is) can be 

applied in the domains defined by 

|s|<0, argsc[îr-i, v] or arg sc [-6,6] 

|s[^ß, arg sc [-».-»+6] or argseQ-ó.é]. 

2 
But since the zeros of ML,2ik (|)î21kr|) occur for real X, s * -k rj/X lies in one of the 

above domains. In particular) —®| * kr\/2 « 1 and we can use equations (2.33). 

Therefore, we have 

“x/m. o(21kn> * WV> [^°^¾] lfl<N 

UX¡2lK0am) * <2Uoll1/2jo(r>C1+0(k/X>] li|>N 

where Ç is given by equation (2.26a). In order to use this equation we must specify 

argX « » for X real and negative. Then we can write 

(3.5) 

It immediately follows that 

Vjfo.x) = J04*o(<kn>f)] 

vl(n'X) 38 Jo<!!:)tï + 0<k/Xi] 

IfkN 

U|>N 

(3.6a) 

(3.6b) 

from which 
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»;<n.w - j;(t) [1+0(<w|)]+Voo0l/w |t|iN 

vj(r),X) - J;(t) [l+0(k/X)| + Jo(00tk/M |t|>N . 

The second term for 111 > N is present since the order term O (toi) siso occurs 

In equation (3.6b) but is not written explicitly ainoe it is of lower order than 0(k/X). 

Using equation (3.5) we obtain 

vj(n.x) - J;(o|i+0((Wj)]+ío!00ft/x) ltliN (3-7*) 

1/2 
T,(„.X, . -iw.,,(0 [l+°(kA)] + Jo(0 OOtW |t|>N (3-7b) 

1 2iknA/ 

Let Ç , r* 1,2,3,..., r *-1,-2,-3,... denote reapective^r the poaitlre and negative 

zeros of J' (Ç). Then the zeros of the function vî (rj, X) are given by the equation 
G * 

Ç » (3.8) 

for arbitrary Ç. Since we are explicitly Interested in the zero« X^ in the complex 

X-plane, we must solve equation (3.8) for X^. Substituting for Ç we obtain the equation! 

2x1/2[l+0 C/o 372) 

which hw the solution 

>, - I [,.0(^)] 

r 

But since ï * -s? we need only consider r * 1,2,3,... . Then to) « 1 implies 
1!“ mu T 
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\yk » i fllfliCO 

X r r 
-I ^ « JL > —Jl » i 
k 4krf * 4krj 1 

b.o.u« ¢^3.832. This demoostratee consistency with the assumption of | *./k| » 1 

nnd therefore vJiryX) baa positive zeros given by the equation 

X » . 
r 4t) r = 1,2,3. (3.9a) 

To find the zeros of Vji^.X) we need, in addition to equrtion (3.6), the esti¬ 

mate 

of V, (q, X) at a zero of J (Ç) (Chapter 2). Thus if ß r = 1,2,3,..., r = -1, -2, -3,. lo r 
denotes respectively the positive and negative zeros of tMÇ), the zeros of (rj, X) 

are given by the equation 

Ç = fl+o((ku)1/2(kn)2~ (3.10) 

for arbitrary Ç. Substituting for ? we obtain the equation 

2x1/2n1/2 [l+0((kn)|JJ = ßr+0 f(krj)1//2(krj)2 ^ 

which has the solution 

5 
4tj E+o(?l} (3.11) 

Again since = -ß_fwe need only consider r = 1,2,3,... . Also krj « 1 implies 
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\Jk»l since 

iS \ 
-f ^ »1 
k 4kr) 4kri 

1 

because 2.405. Therefore we again have consistency with the assumption of 

|x/k]»l and v (17 ,X) has positive z ros given by 
1 0 

ßt f /(knl’vi 
\ “ 4n 1 + 0 \~2 7 r« 1,2,3,... . (3.11a) 

0 ^r 

From cos(Ç--“) which governs the zeros of JqX) for large Ç we note that the 

zeros given by equation (3.9a) for large ?r go into the zeros given in Appendix A.3. 

That this limiting relationship exists follows from the fact that 0 = - * -kqfk/X) 

can go to zero for any krj provided k/X is small enough (X/k is lárice enough). Than 

although I ™ ßI * kq is not small the asymptotic representations (equations (2.32)) and 

expansions (equations (2.26) through (2.28)) still apply. Since in this case Ç is large, 

cos(Ç-”) governs the zeros. 

3.2 Residue Series for the Near Field 

Let Xq = 0 and X^ r = 1,2,3,.. denote the positive zeros of vj^ry X). Then 

we have shown In appendix A.3 that equation (3.1) can be written ns 

oo 

vN<!.n> =î) 
i*"0 ' 

2ik + 2 

M V.íÇ ,-X ,JvJÇ0.-X ) i \ 11 r ¿ ¿ 

^ÎT 
[v2(n. V - v/n. yv-(no. xr7| 

which upon separating the r = 0 term reduces to 
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r<i/a>r(i/a>▼.(«., o) ?a(«J o) r 1 
N(f^ - [va(n.o)Tj(nQ, 

\dX 

(3.12) 
rv Y 

W* mtko AI® Mptnttoa slao» mMrwgh v|(ri0,0) ^0, v^in, 0) ind ¥j<iio, 0) ^ oo «aä Aum 

Dm »lio 

1--‘ [ t2(iï, 0) vj(n0. o) - o) vj(n0. o)j 

x*o 

.lml.... 

Xi tí‘v«L 

must be cumftilly ©vslusted. 

bi order to compute the dertvmüve In the r » 0 term we uMd the definition 

(Buohhoîs, 1953) 

1/2 * •‘,/21Fl<2-X;l;,) 

snd time 

“x, 0(I) 
,-./2 E ^ qU) “ « ^—, 

,u r«0 ' 'r 

y- V 
(l)_r! 

If we consider emái z we osn write 

'] 

,. a . a <~-x)(“-x+i) 2 « 
mÄi0(.) - i-| + (f x)«^-($-v\* ■ -f-+ <** > 

42 
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i “x, ow - -’+ ! - «I -*>I+ '1 -»(| + 0(,2) 
and 

« I; o(i) * ->+ï*+o(«2) 

Using «»as® forms with ^ and z*2Ucn wo have 

A 
dX vfo, \) * “ 2ÜC + Xtî 4 0 

íind 

(i n<v«)x.0 21k + 0 K>2) 
The other member« of the r-=0 term are given by (BuchhoLs, 1953) 

VjÍSj.Q) * JOcÇj) 

..i/» ,,, 

V52'0) - H„ «2* 

Vjlr), 0) = J^Oo)) 

V1(V0) 41 ['•»K'H 
1/2 2 

v2(n, 0) * - H^Otn) - - -j-ß In -3 + 0(1) + -^rTg In -1 + O ^(kn)2) 
* "* 4jt ' ^ 

v'2\.0) = - 
tejí kl] 

+ —V7o In + CKtej^) 
21krî 7^2 T - 2 

'o 

Therefore equation {3.12) becomes 
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- £ J0W1)Ho>‘«S)[1+0((talo,2)J 

/X 

21taI„ il V ^ VW 
(3.13) 

To compute the fj membora of the rth (r ^ 1) term we use the mymptotio rapriä- 

eeistetlone oMaloed In Section 3.1. 

,(r) <N (3.6a) 

,(r) > N (3.6b) 

i'v» - K>n ,3'7a) 
211oi'” " ’o 0 

,1/2 
v;(VX) « “72 j;(^ )[1 + 0(k/x>] + J0(lj:T| J CXk/X) 

2ikn 
Ç > N (3.7a) 

where 

: -a1^2 [1 + 0(00,,,) 1)] 
*0 

Thu® 

9(r) 
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(; « w 1., I. ¡1+ o(~“r 
21k o n 

M > N 

and uslog; Baanal'a dSífenutl»! aquatiun 

these dedvatlvea become., since ÇW' - Ç the positive seroe of 
% r 0 

(l n<v«\.Xï- - ¿ W [»+°(^)| lsrl<N 

($i n<v«)x.x - - à w[1+0(y-)J Kl>N 

(3.1½) 

(3.14b) 

In oidor to further evaluate (3.13) we must um« the mathematical conditions of the 

near field. Since the near field correspondit, to the physical problem of both the sourc 

and field points near (with respect to wavelength) the origin, these oondlticne are ks.« 1, 

klj«l. Then we have 

JO^) - 1 + O(jkÇj)2) (3.15a) 

H<2)(kÇ2) » - 1,1 "2"' " ~~]J2 Í7” ^ + ° 'l^^! (3.15b) 

where y !• the Eider constant. We now find v^.-X^) and v2((;2, -Xp) for J>^1, 

k£. « 1, 1 * 1,2. It suffices to obtain M ^ytëfkÇj) and W ,^ 0(2ilii2). These 

fiinctloftiBt are solutions of the equation 
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A 

dttlkfy 

whtoh up«» tha lulMtltiitlou» 

—.j...T \ u ,,,, 

/ V “,> 

me, kV 

X ’ “ X 
_4-X i* 

21k 

i 
2Jk 

:rtdtOM to 

0. 

Since «quation (3.8a) Implies § positive and 

k Ç 41½.) 
a * _ ^ (i^ ) « ! 

Xr 0 

1*1,2 

we on apply the results of section 2.2 (equations (2.33) and (2.41)) to obtain 

M-X.^Ik.O««!* * ««1)1/2v4ri>) f t0(^-) 
,(r) 

XN 

M-X- ei«1),/2v^,>|2+0(^)" ï“ I >N 

Iff 1/2 

W-*r/21k.0(2U*2) “ ~W D-Xr/21k(2!ki2,‘' H„ 

As before, 

D X^ÏA* 1<W—1 
X Xr 1 
21k 211» f 

m 
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and from «»quation (2.26a) we fauve 

Jr) 

Rano«) 

11’ V 

t2(I2--V - 

(3.16a) 

(3.16b) 

(3.17) 

Now J X^/aUcj 2i Ç^/8kr)o » 1, thuni from Sterling's formula (Erdéljrl, et al, 1953) 

r(à+l)“ ^ Mhl0* ¿ï+ mlxü ■ 
Substitutif this and equations (3.6), (3.14), (3.15), (3.16) and (3.17) into (3.13) we 

obtain 

® j<4r>)Hi1>(4r,wo<flr)) 
Ir , «X1'2, ,r tx1/2. „ix ° çi 0.h °n_ 

vn^'’ ' "äT ^ r.n2 
*0 r*l CWÏ r 

(3.18) 

where only the lar est order term ha« been retained. Expanding «MÇ^) and Ho)<,) 
1 2 
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«bout t“(0) - 31 ¿J2mW2 1-1,3. X (0) - Ain; «puidta« J (f(r)) «bout 
* to or) 

- K13®»1'2 arld substttuUng Into equ«Uon (3.18) w« (Ind 

.1/2 

in o 'o 

Á¿/2 ir ^ jo(4yH\'((yx(*y) 
-tt [JAi 

M?JJ (3•l9, 

wher© again only the largest order term has been retained. 

The solution for the Dlrichlet problem is found in much the same fashion ns above 

beginning with equatJ (3.3). If X2,.. .X^ ... denote the positive zeros of v^.X) 

(given by aquatlor (3.11a)), ther equation (3.3) may be written as 

■D(i.n> - ¿r(ú + í)r(m+i) 7V r X xr)»2h0.xr)] 
i ->' AsX x=x 

and on using the Wronskian relation this becomes 

oo 

Ve' ^ * (3UO, ) 
i yrf\, a vv-vwv 
ta) AjrV21k 2y Td, 7T 

0 1,1 " (^vi(Vw)^ 
/{**A 

v^rJ.X^ 

vi(vVj 
(3.20) 

In order to write equation (3.20) when « 1, 1 = 1,2 we need only find 

V1<V^ ' ■emainder of the asymptotic repwsentetions have been given 

previously (equations (3.6), (3.7), (3.16) and (3.17)). From equations (3.6) 



! 
11.!■ ■fTiirnniimiiwiMiMiiiiKiiiii 

THE UNIVERSITY OF MICHIGAN 
7°3$>7$-T 

â vi(v w ^72 +0 ('^ !)J J s< N 

“ Ji(t, 1 175 [i+°0tA)] 
0 A. 

1/2 

r >n . 

Thuii 

/d \ 2n r Akfi )2v-i 

(dxn<vx)Jx,Xr-^w[.1+0(-^)J KN<n 

(lvi(vx)) 
2r} 

» 2 j, (ß ) 

A=X ßr 0 T 
r 

[1+0$il KI>n (3-2u>) 

x i\ Subatltutlng (3.21), the equations meaiioiMid above, and the asymptotic form of f( + -- i 

Into (3.20), we obtain upon expanding as before ^ *' ^ 

IT ,o(^<0>)"o,(^«>^.(O0>) r /«,M 
“ 1^02 ' L,+v)J (3 M! 

to 

'D(5^ = -f 1] 
o r=l 

where <r<‘\o) = 21^(0)5^ 1*1,2, Xr(0) * ^/4^, t^W) * and only 

the largest order term has teen retained. 

3.3 Dirlchlet Potential Problem 

It can be shown that the term in equation (3.22) which Is independent of k agrees 

with the corresponding Dirichlet potential problem. For the paraboloid of revolution 

coordinate system defined by 

x= AWCOS0 , y = XuBlnP , z * "(X2-u2) (r = |{X2+u2)j 

Morse and Feshbach (1953, chapter 10) give an integral representation for l/R. For 

the source at the point (X*X , w»0) this reduces to 
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I - i» \ J0(tX) Jo(tXo)« w >0 . 

Jo 

TUa if lha aMttiiUoaa X*\/2C. w-^ï, X0-^2 ura mad«, Um» abov« ooonUaato 

il'Main vadnoif te tt» on* which m tm oooatderlng and Ih» abura Integral n»pr«aoataücn 

lor l/R baooiiiM 

pco 

'll * lf \ «ï >C (S,») 

vhar® w® bava uaad Ç3 - mln(Ç,Z), ^ « maaCÇ.Î). 

TImi ptexÉlal problem oorreapocuftlnf lo the Dirtehlet problem poblulated la ClMpter 

11« the aolutloa (i^lf, n) of the equatío» 

V fl ® 4»6(r** ro> ^ la th« vector to the point CT,0)) 

together will the boundcry condition 

^ * 0 on the boundary. 

and the condition at infinity 

|l - yO |r| —>cd . 

Th® free apace Green1« function for th© «.hove problem baa th© tern -l/R where l/R 

i« giren by (3.31), Then we can aaeume that jil^Ç, n) ha© the form g) » + |i (V, 
where 1« given by 

fiJLt. n) 

with A u> unknown function of t. Th* bounduy condition implton 
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iMitvsr) 

At ’ JÍitTSñT 

and hence 

CD(e. n) -I* \ tdt '“l *^2 Pill 

is a floktion of the inhomogéneos potential equation which aatiafies the boundary condi- 

Uon. That 0D<f,n) hae the pi-oper behavior at infinity follows from the fact vlat 1/H 

has the dealred behavior and the form of n). Thu* we have a solution. In the form 

of an integral representation, to the potential problem posed above. 

If In this Integral representation we substitute t * \¡2v, we obtain 

0DCîl) * -2iir 3oi2yKV^hm 

jo <2‘v\rn)V2tvV%> 

-H“Wv^W0(2ivVñ)¡ 

¢3.24} 

In order to analyze equation (3.24) we consider the function 

^ “ T«iv^) [i£)(2ivVn)Jo<2ivy^> - h”W^Wo(2i,vñ)] 

whereupon we not© 

«T»"’'1) 

which reduces to 

hjíQ) Jo(2I,^ ) 

- [ffl*1 W^> + H®(2Jv^ Jo(21,^| 

rtv« 'S » [h*1 ^aiv/ñ)Joßi»yr)-h^^ivyñ¡)jo(21v/í)J 

or 
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I 

itóve * ) ■ . 

Therefore If we write equation (3.24) as 

'00 
,(2), 

- iff \ vdvJo(2v^)rÄ'(2v, 

JO 

we can consider the substitution v * we’ri in the second integrand to obtain 

'00 

jÎD(€,ï)) -iff^ vdv Jo(2vyi^)Hy(2v^Mv) 

v-00 

+ iff\ wdw Jo(2w^)hJíU{2w^)^(w) . 

This redu ,es to 

^<5.1) -1, \ »dvJJítVTjÍH^W^IiKv) 

J-00 

and thus the equation for the jwtmntSftl becomes 

r ^T^»H>^)r(1) 

0D(Ç*ii) * -1» \ vAr Jo(2iv^) |Ho <2lv^)J0(7ivfV 

J-ao -, 
- H¡)1)(2iw^)Jo(2iv^)] . 
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For Itige |y I to tl» uppor half pta* Om u»u»l uymptítlc r»pM«<raUtloM tor 

J (2yjn. HaWf'. H^WW) DDd Jn«lvYñ) sold. u««for« It to .tral^>Uor«id 

to show that th« Intapran^of equatloo (3.26) la vDDlDhlng «poDootliUy tor Urg« |»| In 

the oppor half plan» provWod ïj <Çj. Suppoa. tbw Çj < ?2 <E and tot B, r-l.î, .... 

r—1,-2,... again denote tí» ponltiy« and nogaUre aoroa of 30OI, Than Tr- 

r -1,2,3.... denotes the »ro. of 3o(2hr along to. positive Imaginary axle and 

henee aleo the polea of the Integrand of equation (3.2«) In the upper half plane. Using the 

residue theorem w© obtain 

Cjjiï. n) 

which upon using the Wroneklan relation for the Beeeal tootlene Jo(21yVñ^). H0 

reduces to 

y®- J (FvJOlliVlO 
M5.0) -J,«terVõ) 

D ”■> [j;or)J 

(3.2S) 

Equation (3,26) yields the Dirichlet potontial subject to th© conditions £ ^ . 

H > 0. These conditions were also assumed in the derivation oí equation (3.22), Uj)on 

comparlE« th© k independent term la ©quation (3.22) with the Dirichlat poîwntinl of (3.8«) 

we see that tliey agree. 

3.4 Residue Series for the Far Fteld 

Suppose we consider equation (3.13) without any assumption!* on i« 1.2. 

Then using the formulas developed in section 3.2 w© oan write 

> 
r 

(3.17) 



where the error terms heve been omitted for the sake of simplicity. We will continue 

to omit them throughout most of the section. 

The physical situation of interest is the source (field point) In the near field and the 

field point (source) In the fàr field. This corresponds to the mathematical conditions 

kÇ^« 1, kf2 » 1, thus the behavior of -XJ is at once determined by equations 

(3.16). It also immediately follows tha. 

J (kÇ.) ^ 1 o i 

H>2>~ (t^) 

.1/2 -IkÇ 
. V'/4 

However, we will write eqottlon (3 27) ae 

vN(Ç,n) ~ 
to „-i ® io(flr,(0>)Jo(4r)(0i) ^ -^21 VäT V1 oV ^ ^ «i ^ if y f2 -^2] 

‘n.Vîikç,/ e ' 
L 0 0 --1 M 

2 

elt,,{2ttl0*2ÍkÍ}T2(í2--V (3'28) 

■ 

so as to retain the dependence on kg, in the first term. 

To find v_(£0, -X ) we will make u- e of the methods of Chapter 2 and thus need c c r 
to determine the order of magnitude of 

Ç, X 2 r 

k2?2 k 4krlo 
X ^ 2 ^2^ * 
r Cr 

Since kg2 » 1 there are two different possibilities for kg2; they are k£^ » l/kr^ and 

kg. » OÜ/krj ). For kg_ » l/kri we can write the series in equation (3.28) as * o i o 

54 



THE UNIVERSITY OF MICHIGAN 
7030-4-T 

M J 
■o(£)(w) 

o r*I LWJ 
— ’XÍ,{Ú lo*l¿}'2t(rV 

' ■. Ä, r,«,rp "’ï 

(r). 

log 
21k ^ 2 Ike 

o r 

oo J ft(T>(0))j Í¿T)(0)) . 
y1 ^ 

' % rik fj (c )T °XP l21k 
log 

21k ^ 2 Ike 

(3.20) 

where M le auch that r^M implies ?2 *0(1) (a? »1), N la auch that r>N Impllea 

Ç2^0(kÇ2) (Bç «11 and r«[M+l, 1¾ implies (a?2-0(1)). We 
*2 

will refer to the three auma a» S * 5Z » XI • Thua the problem of finding v.(Ç-, -X ) 
12 3 ^ ¿ r 

la reduced to finding It for the three auma . Xl . T"! ♦ 
1 2 3 

In order to evaluate "V for ^ need tbe expansiona (2.9) and (2.10). 

Then p--2U --21(-Xr/21k) - X^/k 2r Ç2/4krîo# thus f la large with a^ large and ao 

equations (2.15) yield 

-1/2 "À ,0*(21«2) -W, 
y2Kr-\t)~a<kt¿112* m 2. 2 (3.30) 

Hence ^ becomes 
^ . 

M J (C'r)(0))j (¿r)(0)) 
X-' i \r r"" X2-1 i ^ ^ X -j p X ~j 

~[j«n2-,ipi^l0*^i■ 
-ik€. 

Evaluating the two exponentials we have 
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M J 
Cjr-) -IkÇ 

"pf^J 

{-Í 

2 

r 
w^-^-^T?(ïïo(kn ,e 

o 4 0 

The expansions (2.7) and (2.8Í apply to v « -X > forj] . From equation. (2.15) we 

h... 2 

v2,ç2' *V ~ Ö“*»1 1 'V»1'6 Mp {; 2tt l0g • 2Ïkïj ^ (“ï2(0)) ^r,(0) Hf/3 (^r>(0>) 
2 2 

and 

4krj 
. (0).-^«3) 

1 

’ i Î(-Î2<#>) • 

.. . 
Therefore ¿J becomes 

7/6 

eXP U 8kt) 

•i(. (0))^(0) K® (^(0)) 

(3.32) 

In Ending v2^2'“^r^ for ^ we n®®d only use the results of section 3.2, in particular 
3 

equation (3.17). Then we find for £ 
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l+~-7 4---— 

o [V'ri 
Sine» Çç^(O) ■ ICj.ÍCj/íIq)1^2 we may write an 

Thus we can nbow that la vanishing exponentially along with and by considering 

the product of the two exponentials. We write it as 

tr (tA,l/! 
e a 

r (Ç,/nJ1/2 r 2' o 
s e 

which of course reduces to 

e<VV1/2;W 

But 0^1) and so the latter product is 

-(C2/no) 0Ü). 2 0 
However, kÇ0 » l/kr) Implying Çn/r) »l/k¿n¿ . Therefore 

4 0 4 0 0 

■ -(yno>1/2 . 
CXDe Z 0 « 0(l)e ° 

and is vanishing as asserted. 

We have now shown that the contribution from the residue series In equation (3.27) 

Is exponentially vanishing and thus Is much smaller than the order terms Involved In the 

approximations for the r*0 term. Therefore we should write equation (3.27) as 
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Upon using thn conditions kf ^ « 1, kÇ2 » 1, and k?2 » l/to]0 t^s becomes 

1)) - -7 (i^-j/2 « [1+ OftÇj) + 0(i/ke2) + o((kno)2)1 (3.33) 
a ' 2 0 

In the case of kg. » 0(l/kr) ) we can write the series in equation (3.28) as 
¿ 0 

’ *> W [jo(y]2 " expI2iklog 2i 

op J (Í(r'(0))j f¿r)(0)) 

% r^i [Jo(gr)]2 Pl2 

2ikej V2(Ç2'"V 

log 3 Vo(?o.-U 2ik 21ke f 2^21 r 

where M is such that r^M Implies ^ * 0(1) (s. - 0(1)V and for r>M ?2»1 
r \ §2 ' r 

(s. « 1). Then the discussfc^ above for £1 applies to the first sum here, a similar 

discussion to the one above for ¿J applies to the second sum (here we have 

-<5A>)1/2 -‘/‘"’o 
0(1 )e * 0(1 )e ). Thus both sums are vanishing exponentially, again the 

contribution from the residue series in equation (3.27) is much smaller than the order 

terms involved in the approximation from the rK0 term. This time equation (3.27) 

becomes 

N«*- 7 fej/2 8'lk52 [‘+««i»+ (3.34) 

since l/kg_ »(kq ) . 
¿ 0 

58 



THE UNIVERSITY OF MICHIGAN 
7030-4-T 

For the 
Dlrichta. problem wr, moet oonelder «.u^loo (3.20) without toy reetrictl». 

on ^ 1* 1,2. Using the formule» developed in eeotlon 3.2 we heve 

VD(Ç 
, ÏÜ . n) ^ „ 

^ Ifo^rü (3. s» 

However the pr«^ «u~-. '»r th. N.um»n P»hl.m .how th., .hi. „..du. .«U. 

IB vanishing exponentially, thus we have the result that 

vD(«,fj)~0. 

Thi. result U 1.0 .mo tor the field on the surto«. Wrttlng «.ullou (3.4) « . residue 

series we find 

ir(ç'n)j *'r, 80 W [Va ^ 
i_r y’rf'j. +1) ;i(v-vv^ «.s« 

r-’2ik 2 

which upon using the results of eectlon 3.2 t*oomdS 

Agsto the argumeuts above cn he used 'to show that the residue serle. 1. vanUhls* 

exponentially and therefore 
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For this chapter wt> wUl consider only the eurface field for the Neumann problem. 

In addition we will consider the point source to be located anywhere on the axis. Con¬ 

sequently the pertaining Integral representations nre 

▼,(?,,-*)v2(?2,-X) 

J-00 - ÍCT 

(0 < a < k) 

d\r(x v 
rl2‘1' y v'(no. 

¥Îth Ç ^ î, for the point source located at (½ 0) to the right of the focal point, and 

mo - io 

VN(Ç'V = 2xi(2ikr, ) 
dXf 

/-00- io 
(0 < a < k) 

{- + 1) \2lk 2 J 
v2(C,-X)v1(H, X) 

v;(n , 0 
i o 

(4.2) 

with n j H, fcr the point source located at (0, H) to the left of the focal point. 

4-1 High Frequency (Fat Paraboloid) Poles 

As shown in Chapter III the poles of the above integrand« which lead to the residue 

series readily summable for krç « 1 correspond to the zeroi oa the function v'(n ,X). 
o 1 o 

If we wish to consider an analogy with the scattering by closed convex bodies we must now 

seek an alternative set of poles which, when the geometric term (terms) is (are) removed, 

lead to a residue series readily summable for k^ » 1. The other set of poles of the 

above integrands are the poles of the f-function +-^ at X = -ik(2n+1), n = 0,1,2,... 

in the lower half plane. However, as seen in Appendix A.3 these poles lend to a residue series 

only provided ^ (or /T+ i/lT< ^ in the case of equation 4.2). Although 

this residue series may be analyzed for kr)Q » 1, the inequality sharply limits the range 

of source and field points which may be considered. Therefore we derive an integral 

representation which can be analyzed for a wider range of source and field points. In 

performing this analysis we find the poles of play only a minor role, while 

once again the poles of l/vj(rjo,X) aie of paramount importance. Thus we must consider 

in detail the zeros of v! (q , X ) for kq » 1. 
lo o 
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X » k n0. Thus it remain* to ooneider the three region«: 

According to Buchholz (1953) the zeioe of vJír^A) «U ue on the 

right of the value -k r^. In Appendix A. 3 we found the poeltive zero« oi 
• on the real axle to the 

tero» of v'(rj . A) for 
i o 

(i) X negative, X 'vO(k2n ) 
o 

<ii) |x/kUo(i) 

(Ui) A poaitive, A ~ Ak^ ) 

In nglon («, x) n »own».! by the Airy ftmetlon repreeenWIoe while In re*!«, (m) 

the Beeeel hmctlonrepreeentatlon dctern mea the beKavlorof vfi,». The explicit repre- 

eenutlon. In these »(Ions sr, derlTed from the results of Chspter E. Ths ».roe of 

Tj(n, X) In reglen (1) five rise to the "whispering gnllsry" wsvee snd thus esn be cell«! 

tho "whispering gsllery" poles. In «don (10 w. om, writ, the ssymptotle r,prM.nUtlon 

to sddltlon to the zeros of yjt^, X). w. hsv. usd for the zero, of the function 

V2(no" .-X) In the redon-» <srgX<0. Agnln sn explicit representstlon of thee, zeros 

esn be found using the result, of Chspter E. They « found to srts. from the Airy 

function representation of vl(n e*1, -A). 
2 o 

^•2 Equivalent Integral Reoreeentatlnn 

Consider the integral representation (4.1) together with the following representation 
(Buchholz. 1953) of v'i« W 

Then w< 
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w-x I 

a-I— .XN 

then 

H 

'„«■V' Z k.0 

{ 
i 

dX 
gd-X) 

.X^l 

and so by mathematical induction we have shown that for any M ws can write 

x^1 

r«i*«2'Vk*x) r l^1 d>. Vin.X)-K.k.»J <«•» 
1 o* 

If we examine the integrand of the remainder term in (4.5) we see that it la of the 

form of the original integrand of equation (4.1) multiplied by the factor [x(no> h, XjQ 

Therefore its behavior on a large semi-circle in the lower half plane may be investigated 

by considering the behavior of [x(n . k, xj]M+1 together with the already known (Appendix 

A. 3) behavior of 

F(Ç.,Ç9,n .k.X) 
leo 

vJ(n„.M 
. We find that the contoi. o may be closed in the 

lower half plane provided the inequality 

(V(V(v2<M*>fo<0 
is satiofied. But for any triplet (Ç.Z. r)Q) there must be some Mq such that the inequality 

(4.6) is satisfied. For this Mq we can determine the value of the remainder by the sum 

of Its residues in the lower half plane. Now 
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F(Ç 
fan ,xr. n<V)J Lv<J a.«iiiD,o>»j(v) 

"r 
2ik) V2<rîo,X) 

r I- 
*1M+1 

and heno« the only polea of the remainder Integrand are ones of order (M + l) at the 

seroa of Ti(n e*1, -X) which lie In the quadrant -r < argX < -t/2 of the lower half plane. 
2 o 

However« for b? » 1 the residues ae well as their sum are exponentially small, con- 
9 

aequeutly (4.5) Implies 

Ve* V \ 

M p 

k*0 
Oc 

or to be more precise 

V^V 

M r' 

Xk + 0(e (4.7) 

4.3 Source Located "Far" from Focus, Surfac 

Since the representation (4.7) was derived from (4.1) for the source to the right 

of the focal point we already have that the source Is "far" from the surface. If In addition 

we consider the source to be "far" from the focus (k^ » 1) and the field point to be "far" 

from the tip of the paraboloid (kg » 1), we can evaluate the integrals occurring la (4.7) by 

saddle point Integrations. The first term corresponds to the usual geometric term (twice 

the incident field) while the higher order terms correspond to the multiple reflections. 

Since the number of higher order terms is governed by the Inequality (4.6), we can for 

a fixed source Identify regions of the surface with the number of multiple reflections 

received. 

64 



THE UNIVERSITY OF MICHIGAN 
7030-4-T 

4.4 Source Located "Near” Focua 

In the representation (4.7) we can consider kZm 0(1) (source "near11 the focus) 

or k£ * 0(1) (field "near" the tip of the paraboloid) but not both. The effect obtained is 

that the saddle points of the various terms of (4.7) disappear. In addition we can estimate 

the neighborhoods of the focal point or tip where this effect occurs. As the source 

approaches tbe focus this neighborhood corresponds to the rays leaving the surface almost 

parallel so that no multiple reflections occur. In the region of the tip this neighborhood 

corresponds to the region where no multiple reflected ray is received. In order to ex« 

plioitly evaluate the terms of (4.7) we note that the portion of the contour contributing 

most to the integrals corresponds to \\Jk0(1) where the functions v^x. X) are governed 

by asymptotic representations of the type (4.3). The functions can then be replaced by 

these asymptotic representations and the resulting integrals evaluated. In either case only 

the term oorresponsing to twice the incident field remains. 

4.5 Source Located "Near11-Surface 

If we wish to Cvoslder the source to thi left of the focal point we must derive a 

representation corresponding to (4.7) starting with equation (4.2). In this case we must 

pay careful attention to the "whispering gallery" poles, since when H is close to 17 they 

are no longer of 0(e °) as in the case of (4. l),but are of order comparable with the 

other terms. Thus the "whispering gallery" wave which travels slot« the surface at the 

paraboloid becomes more evident as H approaches 17 . While this is true for kn » 1 
0 0 

it is felt that this "whispering gallery" wave is the key to the behavior for kyj not so 
0 

large, even when the source is not close to the focal point. 
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Il 
This work on the paraboloid la preliminary to a description of scattering 

by general concave surfaces. Having Integrated the formalism In terms of the physical 

phenomena such as the whispering gallery waves, multiple reflections and caustics 

we now are In a position to search for generalizations of these to other concave surfaces. 

The scheme we propose Is to determine the dépendance of the physical effects on the 

local geometry of the paraboloid and then to make the essentially physical argument 

that this geometric dépendance Is the same for other concave shapes. This approach 

is similar to that used in determining creeping waves on general convex shapes and 

is an application of the physical arguments used in Keller's geometric theory of diffraction. 
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NORMALIZATION (POINT SOURCE NORMALIZATION ) 

In the text we fiiet assumed the point sMroe In question to be represented by 

p( r). Let J(C, n, ¢) denote the volume Jacobian in the coordinates of the paraboloid of 

revolution. Then for the point source at G, 0) 

p(Ç,n) * Jíàj)0'6"’1»™ * (1¾' 

and so 

p(Ç,n)dV 

4» for C * 1 . 

2C 6(Ç -Z)6(rj)dÇ drjd0 - 4»C 

Therefore or C * 1 we must have 

p(r)dV ^’«(r-^dV = 4r . 

implying C"-4v and p(r) «4v6(r-r ). Since the free space Green's function for this 
-IkR “ ~° 

p( r) Is ~ R— (R * I r-ro|), then In order to have consistency (already demonstrated 

by the agreement of equations (1.5) and (1.12)) we must show the solution to 

■L V-L.V * 6(Ç-D6(n) 
n s 

|v(ç,n.®)|2dv < oo 

lall space 

(*) 

-IkR 
has (R = |r - r J ), for the limit as s -♦Of. 

The solution to (*) can be represented as 

v«.n.»> - j 3(î.I.-M(Hn.o.x)dX 
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where P is a straight line contour between the poles of -X) and G(rj, 0,X). But 

/, V \ r 1 - c(n.o.X) - yi(o. I (0. %2^* ^ o<n 

analytic in Im X < k, and 

0(? - „ ^è),<s 
= 217 1 y, V 

y1(I,-X)y2(|,-X) Ç > Z 

analytic in ImX >-k. !' Therefore if f is a path defined by 

-oo-io < X < oo-iCT |aj<k, 

Wf.a.) - ¿ (2.ü-3/2 2jri " 217)^(2 + 2Í7) yl(Çr "X)y2(Ç2' "X)y2in*X,dX- 

Arguing as in section (1.4) we see that the Umk as s->0+ may be taken inside the integral 

by replacing the parameter 7 with the parameter k. But then the integral representation 
-ikR 

6 
for —-— ln Buchholz (1953) shows that 

lim . . 

which demonstrates consistency. 
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APPENDIX A. 2 
ANALYTICITY OF RESOLVENT GREEN'S FUNCTION 

'I*® “^yticity of 'Ax follow« that of Ô<Ç,Ç',X) which wu representad 

ii-fc) {’W- (<( Ï.Ç’.A) - < 

U(f'^)y2(«.X) Ç > Ç' 

Acoordlflg to Buchholx (1953) the functions y1 and y2 are entire functions of X, thus 

th. alQgiüftrltlu oí «f. Ç',X) ara tho.. oí ^ j which .tapi, pol« « th. 

21y * Q+ 2 * n “^ • • • • Ç'. will he analytic In any domain which 

excludes these points. Consider then the expression X/21y with X »x+ly and 

7 ~ (w-ls). We have 

^ ~l¡7p— 

Thus 

, s + ffl * i* + isz 
-i- ~ o c C c 

2lr *\y? 

and If this is to be real ~ « Implying x • * y. Then 

_X_ 
217 

-2 2 +ÍLX 
MC UC 

Now Irf" 17*" (u2+ .2) ud.o for real \/2to we have — . 
0 2*7 2m 

To exclude the pbles of the T-functlon we need for real X/2I7 

^"<2 S<2 “ »<T-k. 

But since X * x+ly, y-ImX and therefore we arrive at ImX < k. 
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APPENDIX A.3 

CLOSING THE CONTOUR (CONVERGENCE OF RESIDUE SERIES) 

In this section we consider ibe Integral representation given by equation (1.12) 

vNÍÇ,n) 

-00 - io 
(0 <o < k) 

yi(vx) 

• [y2(n. %;(n0. W - y,<n. «] . 

We first show that 

r('4+ 2) [yj^wy^v10 
(A.3.1) 

is analytic in the complex X-plane, and for | X | —> 00 

(i) the zeros of yj(r),, X) lie along the jeal axis, (in the text we discuss the zeros 

°f y¡(rio,X) (when kno<< 1 and krjo » 1) for other ranges of | X|, a discussion 

for arbitrary kn appears in Buchholz (1942/3, 1953)) 
o 

(11) the Integrand vanishes exponentially in the upper half plane (ImX >-o). 

Thus the contour may be closed and the residue series obtained. We also show that 

the residue series converges. 

The only possible poles of (A. 3.1) occur at the poles of M" + 2 ) which ll® 

on the positive imaginary axis at X = ik(2n+1), n = 0,1, 2. But at these points 

y^n,X) - y^n. ik(2n+lj] = Mn+i/aio(2Utjr,) * <2lk)l/2e'^L^ikrj) 

y2(n,X) * y2[n. lk(2n+lj] * n-1/2 Wq4^ 0(2ikn) = (-l)nn'. (2ik) 
1/2 -ikn_(0). 

e ' L (2ikn) 
Q 

where L^0>(2ikri) is the corresponding Laguerre polynomial. Thus 
n 

y2[n, Uc(2n+l)lyJ^o,ik(2n+l)] - yx f,, ik(2n+lj]y'ik(2n+1)] 

equals 

72 



THE UNIVERSITY OF MICHIGAN 
7030-4-T 

and therefore cancels the simple pole at X = lk(2n+1). n - 0,1,2. This implies the 

analyticity of (A.3.1). 

In order to investigate the zeros of yJir^X) for |x|-*oo we first note that the 

X-plane will be considered to be cut at X » ir or X = -t . Thus the upper half plane 

(ImX ^ -a) for |x|->oo can be characterized by |x|->oo, -6^aigX<ir, argX*ir or-r, 

-» < argX< -r-»3, where 6 is a small positive angle which decreases as |\| increases. 

Similarly the lower half plane (ImX^-o) is characterized by |X|-yoo. -»+« * argX $-6, 

where 6 is as above. Therefore we can investigate the zeros of y'(rj ,X) in these regions. 

For -r^argX<0, yJ(nQ,X) has the representation (Buchholz, 1953, p. 98, per¬ 

taining to equation 17a) 

o _ 4 
(A.3.2) y|(r)0»^) ~ e 

and thus there are no zeros in this region. For O* argX < », Buchholz (1953, p. 98, 

oq. 17a) can be used for y.(i) ,X). Thus 
1 o 

2, 
» X 

which implies 

^(n, X) n -3J cos ¡2V?¡x - ■*] (A.3.3) 

yl(n ,X)^v - — 
lo rj (A. 3.4) 

Therefore for |x|-^œ the zeros of yJ^.X) are the zeros of sin [2^ - which 

obey the equation 
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! ♦ ÜI 

and oooaaquentlj Je on the poeltlve real axle. 

To demonstrate the exponential vanishing of the integrand we will examine the 

factors 

* W V y¡(VX) (A. 3.5) 

21k l) [y2(n' X)yi<Tïo' ^¿^o' xï] (A. 3.1) 

separately. We further divide the upper half plane into the intervale -6 £ argX < 0, 

0^argX<t/2, argX * v/2, »/2<argX^v, -r ^argX^-v+a . (We make this choice 

so that either argX - v or argX - - v may be considered. ) Then In order to estimate 

(A.3.5) we need to Investigate y^.-X) and 7^,-X) on these Intervals. For 

0£ argX.$ v, Buchholi (1953, p. 98, eq. 17b) applies to y.(Ç.,-X). Therefore as 

¡X )-+00 

-i “ 
FjíÇ.fr-X) -V eos ^yi^X e 2--jj 

-if -2/^ if 
~e e + e 

(A.3.6) 

When -* < argX ^ 0, we can use the same equation with the opposite sign to assert 

“ im-><d 

yjttjf-x) cos (A. 3.7) 

The function y2(l2> -X) la not so simple. In order to examine its behavior we 

must consider the intervals defined above. The first two Intervals may be combined, 

the rest must be considered separately. Upon obtaining the behavior of -X) in 

each interval, the factor (A. 3.5) can then be examined. 
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(1) -6 0rgX<f/2 RpX>(?030 4 T 

laitotd w* must make In thla region we cannot obtain the behavior of yjíÇj' directly, 

use of equation (21b), p. 19 of BuohhoU (1953) which aaaerta 

y2(C,-x» - 

Now -6 ^argX< v/2 -► -v/2 -6^arg<0 -+ Im— <0. In addition 

arg^; - argiXe'1)« [»-^ 3v/2) 

arg^r 21^,0^1 - argíXe^Sí[-v-é,-v/2) , 

vi -fi 
therefore BuohhoU, (1953, p. .99, eq. 19a) applies to both y^e ,X) and y2(f2e ,X). 

But since RpX > 0 we have 
_X_ 

y2<ey -X) •“ '’(i - s) r(î - 4) * 2* w”l-M • 

~w 1 
Using the above*mentioned equation for yjííg® ^ 

yj«2® 
•irl . J"X , X *1 #2k 

.X) ~ • • 

-2fiF 
we arrive at 

y2«2,-x)~ . 2" . 21 «P {jj; 1^4;} 

The range of arg ” Implies that Stirling's approximation la valid for the P-function 

r^ + , thus from Erdelyi et al (1953) 

r(i+4) ~ «»{à lo*jto} (A.3.6) 
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"° ^2^2’ b900mM 

floiravtr, from Erdtlyi *t al (1953) wa also haïra 

U 21k; \2 21k; oo-t 
21k 

and ualac tha axponantial rapraaanlatlon of tha cosine 

(A.3.9) 

y2(Ç2' -w'^3-55) 
'ii 

a a (A. 3.10) 

Tharafora using (A.3.2), (A. 3.7), (A. 3.9) and (A.3.10) wa find 

'1. . e^RP^.2RP^ r(i t x\yi<V*fr2(* 
\2 21k; yj(vX) '■V 

on -54:argX <0 ^ -«/2^argfx >0 -► RpVX >0, lmfl<0, 

and ualnff (A. 3.3), (A.3.6). (A. 3.9) and (A.3.10) wa find 

rA+_xA ~ .'iRpl/^.2Rp^ 
\2 21k; 7j<n0. 2Im^lf)o 

* 
on 0^axf A <f /2 0^arg^T <»/4 RpVX >0, lm/r>0. 

In either oaaa (A.3.5) la ranlshinc exponentially alnce ç >Ç . 
2 1 

(11) arfX-x/2 -+X«i|xl arrfX - x/4 ^-Rp/X >0, ImVT>0. 

For aif X - »/2 wa nota » 2UÍ " W ‘ ^ Buchholx (1953* P- 10°. «I- 2u) 

can be used to gtfa 
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-2^ÍX^ cos Í 

But (A.3.8) applies for and ualog this tofether with (A.3.3), (A.3.6) and 

(A. 3.11) we have 

1 X \ e'2^2C0,5 

yJ(n0.W 2y|Vh0 coe r/4 

which vanishea exponentially since C2 >^r 

(üi) x/2<argA^x => x/4 <arg/T<x/2 Rp/Ã^0, Im/X>0. 

In this region we note that 0<argr^^x/2 =»lm^>0. But in addition-¿r - e‘iir~ 
^ 21k 21k 2U 

arg 2ik 2ik*2 ’ ar«Xc<-»*3îr>-, He««« Buchholl (1953, p. 100, eq. 20) applies to y2(?2.-X) 

y2<f2''X) ~ eXP{-2Íl0gi5¡} 8 ^ 

Now equation (A. 3.8) also applies, hence, using it together with (A.3.3), (A.3.6) and 

(A.3.12) we find 

rV1 +-^ yi(gr"x)y2(Vx) 
\2 2 iky yj(r,o,X) 2 ImyXr)o 

e 

which vanishes exponentially since Ç9 >Ç. and ImfX >0. 
4 1 

(iv) -x $íargX<:-ir+ô =!>RpX<0 

In this region -X * eiTX, thus » ei,ir ^ ~ . In addition 

-x^argX^-x+6 -x/2^arg^^-x/2 i-6 ^lm^<0. We also have 

■2Rp/x^ 2Rp^X¡[ 
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Tben w* omn lifle ». (19.). p. 89 of BuchhoU (19M) 

‘0“"rt . (_ 

fix , JX.1 'T2k :Jl^ 
T2(t2.-M~«p(ã,0*ÍSr * 

r X x"l -4.2^ 

But for tbU roclos Sttrllo*'. formol» for tho f-functloo •* »l*Uo»Wo 

(EitWyirtâl, 1953). Thu« 

„ja 
"(rè) ~ 

(A.3.13) 

ud so 

^2^2* 
-ï.’K 

Then ualog (A.3.2), (A.3.1). (A.3.9) »nd (A.3.14) w. h»v. 

(A.3.14) 

„ ,, ., 2Rp/xT 2Bp^ 

r(i+±.\ yi(*l, )y9(?2''-l » i-—4- 
r\t*2lk) 7j(n0.W -21m füo 

.too.-r/!««»^^ Rt^ >0' Im'rr<0- “"‘"W-»® Bpl,I<k 
while tol/X decreases without bound, therefore 

JHpVx^ ÎHP^. 2k^ 2k^ 

*-4 -2Im^ 
e ® 

and (A. 3.5) is vanishing exponentially. 
WO now__ tho ftictor (A. 3.1). W. conoldor flrot the Inter«) -» í «rg A < -»+« 

Thu. from BuchhoU (1953, p. 98, eq. 17») we en derive tho r.pr.oent.tlone «lid In 

-X $argX«0 
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^ e21^ 

y|(r], X) -V « 21Í5 

(A.3.lit) 

(A.3.15b) 

In order to derive y2(n,X), y£<n. X) In tble interval we recall equation (A. 3.10) valid in 

0 argX < v/2. If we then conaider the eubetltuticn v « Xe"tl and aleo recall that in 

argX < »/2, -X » e rlX, (A.3.10) Implies for -» «$:aigv < - 

-2)/e#1vf2 

^2 

-V-1 -2itfvir~ 2k *1VVÇ2 e e 

But since v, ?2 are dummy variables we can write for -*4 arg X <-v/2 and in particular 

for -v^CargX<:-f+6 

X 

y 

2k -2V/Xrt 

(A. 3.16a) 

(A. 3.16b) 

Therefore 

(A.S.U'vT 
-“Kl 

and using (A. 3.9) together with the exponential representation of the cosine, as well as 

RpX < 0, Im^T < 0 and rj we find 

(A. 3.1) «v .-21^.21^. 

Hence the integrand (product of A.3.1 ^nd A.3.5) behaves as 

2Hp^ 2RP^ 2Im^ 
Integrand -v e e e ' . 
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^ nf2 nfc aim^- 
w W «i* w 0 ® 

which vanish»« exponentially since Im/T < 0. 

Consider the Interval argX <: 0. Equations (A.3.15a) and (A.3.15b) for 

y^ifcX) and y^(n. X) apply; thus it remains to find y2(q.X) and y^(rj, X). But now we 

recall equation (A. 3.12) valid in v/2 < argX < v. If we again make the substitution 

V ■ X e~,rl and recall that in t/2 < argX< -X ■ e'^^, equation (A, 3.12) implies 

for -v/2 <argV'$0 

J,J(«rr, * 2¡¡r} 

-2 * vf. jr 
i" v i V 1 f2k 

expl2lkl0íí2¡k¡_fe # 

-«fr 

Again V and f2 are dummy variables, thus for -v/2 < argX ^ 0 and in particular for 

-4 ^argX <0 

(A. 3.17a) ya(*w ~ “*{ïà “« 2to} * * 21k ^ 2U» ! 

~ «P^loíjS;} • 2k e'21^ (A. 3.17b) 

NOW tor-,/2 <«fX^0. —¢-,/2. hmce equation (A.3.8) applies tor 

tod oqumtloD, (A.3.17) become 

(A. 3.18a) 

y2<n.x)^r fi+— \2 2ikJ 
2k -2iVXq (A. 3.18b) 

We proceed exactly as before except that in this case RpX > 0; therefore we find 



and tbs Integrand behaves u 

Integrand /v ® • # 

which vanisbes exponentially since IxdfZ40, R^/X >0 and >Ç^. 

We can now examine the behavior of (A. 3.1) on the interval 01[ argX $ *. Equa¬ 

tions (A.3.3) and (A.3.4) apply for y^n.X) and y^(n,X); we must derive equations for 

y2(n,X) and yJ(rj,X). For O^argX^v, -»/2^arg~ ^t/2, 

and arg g— (2ikrj) » argXf [0,*], thus Buchhola (1953, p. 99, eq. 19) yields 

w ~ ^ijr (V); 
yJ(n.X) -V/ 

Now equation (A, 3.8) for tile f*-function +1 j is valid, hence 

y2(n.W~ ^ ' r(j5¡+|) oo.[2V5í- 

<-4kV/4r(^4) .ln[2Vxi-v^e-']. 7'2(n. 

Therefore 

(*.3.1) ~ r(-^ 4)[«“ [^- »itt+i] •*[2lK- 4] 

..) 

which upon using the exponential representations of the sine and the cosine becomes 
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which vanishes exponentially since €2 >^r 

<ii) argX - x/2 RpX - 0. argX-x/4 Rp/x >0. Im^X >0 

Thus using (A. 3.9) and (A.3.20) as above 

-2^¡xjñ cos^ 2/|x|no cos ^ 
(A. 3.1) a/ e 

while the Integrand obeys 

Integrand a/ e e 

which vanishes exponentially since C2> ^ 

-íjflxlÇj cos- 2^5^08^ -2|||X|n cos^ 

(ill) v/2<argX^x -^RpX<0, t/4<arg)/X<»/2 Rp\fx ^0, lm\/x>0 
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Th* argumente here are the aame ae above. We find 

-2Rp^C¡ ÍRP^ -21m fa 
Integrand /V 0 • ® 

which vaniehes exponentially alnoe €2 ^^1 

If we now consider equation (1.12), the above argument implies that the path of 

integration may be closed by an infinitely large semi-circle in the upper half plane 

(ImX Z-o). Then by use of the residue theorem vN(|, rj) can be evalutted as a eum< of 

residues. 

Let Xj < X2 < X3 ... denote the aeroa of yj(íj0, X) along the real axle. (For finite 

X we appeal to Buchhol* (1942/3, 1953) for the location of the aeroa.) Thus 

ma 1 0 JXaX 
■ 

But from the Wronskian relation we bave 

21k 

therefore v^d, rj) becomes 

▼Nd,n) 
(Sik)-1/2 y rfÒL * A 

”0 èrV+^ [aniv«] Vv^n 

In this series argX -0 for n sufficiently large. Hence the previously developed 

asymptotic forms can be used to investigate the convergence. By arguing as above, it is 

seen without difficulty that the series converges. We should remember, however, the 

conditions ^ - mln<Ç,I). *2 - max«,I), Ç *2. n > 0 under which the integral repre¬ 

sentation was developed; they still apply to the neries. 
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For th« most obvious attsmpt to rsprsssnt tbs total field as the sum of the incident 
-ikR 

plus scattered fields, we use the integral representation for -e /R (Appendix A. 1) 

to write equaticn (1.12) as 

‘CO-iO . 

▼N(C. n> R 2x1 

-3/2 

y-oo-lo 
(0 < o < k) 

[-^(n. ^ (n0. 

The Integrand of the remaining integral now vanishes exponentially In the upper half plane 

if and only if fñ < 0. Rut this Integrand posses, in the upper half plane, 

poles not only at the seros of y!(n , X), but also at the poles of the T-function 
/ X .A 10 

k 21k 
0,1.2, 

which lie along the positive imaginary axis at the points X* ik(2n+l), 

. The contribution of these latter poles to the total residue series (con¬ 

vergent whan - ^2+ (rf < 0) simply cancels -e’^/R. This follows immediately 

from the existence of a residue series for e"***/R whan \J^ - + ÿrf <0, and the 

mloufetiGO which shows (A. 3.1) analytic in the upper half plane. Thus we arrive at the 

previously obtained residue series. Evaluating the remaining integral by residues in the 

lower half plane is discussed below. 

The other set of poles of the Integral representation of (1.12) are the poles of the 

P-function r(^ and lie along the negative imaginary axle at the points X » -ik(2n+1), 

n »0,1,2. We now investigate the behavior of the Integrand as |\|-*oo in the lower 

half plane (ImX£-c) which we oharaoterized by the relation |x|-*od, -x+6<argX$-6 

where 6 is a small positive angle that decreases as |X | increases. It will still be con¬ 

venient to examine the factors 

and 

yi(?,.-Wy,(?2.-W r(_x_ i\ 
\2ik iy y;(n0.x) 

'( 2U +ï) 

(A. 3.5) 

(A.3.1) 

separately. 
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Let ua first consider C *tctor (A.3.5). Equations <A. 3.15) apply for y^rj, A) 

and y^(n. A) while equation (A.3.7) is valid for y^fj,-A). Thus U remains to find 

y_(Ç9, -X). We can derive an expression for -X) which la valid for -f <arf A < 0. 
, s j X It K *1A _ 

In this region -X - e X and so-~«e 2Ï^*2k* T“*11 

-t <argX <0 -v/2 <arg~ < v/2 while arg21kf2(- ~ ) « argfe^X) * v+argAe(0, v). 

Hence Buchhok (1953, p. 99, eq. 19) maybe used for y2^2''^ *tyln< 

y2(Ç2. -W - .xp g log co. [2 + {] • 

Wo write it as 

y2«2.-W -«P {' 2Í >o* co. [21\/«¡- *i¿ + {] . 
. 

Since in this region equation (A. 3 13) applies for fi- ¡¡¡k + 2 ) we 01111 a^B0 wrtt® 

y2«2.-w~ 00.[21^- (A.3.21) 

In order to calculate the behavior of (A. 3.5) as |x|~>ao, the Interval 

-v+ó^argX^-ô la divided Into the sub>lntervals -t/2 <argX^:-6, argX ■ -f/2, 

-t+6 argX < -x/2 and (A. 3.5) examined on thepa separately. 

(1) -»/2<argX^-6 =»RpX>0, -x/4 < arg^^-6/2 Rp/x >0, lmfx<0 

From (A.3.21) we find 

X „./rr" 

(A.3.22) 
/ ,. A *k -Z'fiÜ 

y2<f2.-x)-r(-j5+2j. . 

and using (A.3.7), (A.3.9) and (A. 3.15b) 

.a .a , 
\21k 2/ y^(rjo,X) -2ImyXr^ 

which vanishes exponentially since C2 > f 1. 
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(ID axfX - -t/2 X - -l|x|, an/r- -»/4 Rp^X > 0. Im/x < 0 

From (A.3.21) wa fliid 

(A.3.23) 

and ualag (A.3.7), (A.3.9) and (A.3.1Sb) 

2|/Üli2oo.i 2^oo.i 

<A-S-6,'V ^-2^V|~ ^ iß- 
0 

which vanlahM exponeatially if and only ÍÍ + ^ < ^¡T. 

(1U) -t+4 4:a?fX <-»/2 RpX<0, ^arg/x <-t/4 -► Rpfx >0, Im/T<0. 

From (A.3.21) wa find 

y2^2* ^ ^ 2ik + 2) ® 
(A.3.24) 

and uaîaf (A.3.7), (A.3.9) and (A.3.15b) 

(A.3.5) ~ 

2Hp^ 2Hp^' 
;___a_ 

- 

But in thia region Rp/5T < -ImfK , thus 

2Rp^fJ 2Rp^X|^ -2 Im^XÇ^ -2Im^XÇ^ 

~2Im\IXrÇ~~ -2 Im yTrjc 

which canishea exponentially if ^ + < /rj^. But as arg'/T approaches -x/4, 

-ImY*" approachea RpfT; hence (A.3.5) vaniahea exponentially only if + ^ < 7np- 
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To obtain the behavior of the Integrand the factor (A. 3.1) la now Investigated. 

Aa above, y^rj, X) and y|(r). X) are governed by equations (A. 3.15a) and (A. 3.15b). Let 

us consider the previously defined Intervala. 

(1) -v/2 <argX ^ -6 -*RpX>0, -v/4 <argtfX $-«/2 -bRp/x >0, ImVx<0. 

Here y2(n.X) and y^ij.X) are governed by equations (A.3 18a) and {A. 3.18b). Therefore 

X r—-, 

Arguing as previously, 

(A.3.1)- + 

Thus for the Integrand 

Integrand 

2Rp^ .2[m^ 
+ 5-_— 

which vanishes exponentially since Ç. >Ç, and n<n . 
2 1 o 

(11) argX » -t/2 argVT- v/4 Rp/X >0, Im/T <0. 

Here we can use Buchholz (1953, p. 100, eq. 20) to assert 

,2(n.X) - ^ i 

*2yj xlrj cos ~ 

~ “»{-a! '<*2* 

But now equation (A. 3.13) holds for the T-function P 
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aflxïToo«* 
(A.3.1) a/ • 4t 04 

Tbtrtfort Dm lotafnad obeys 

4¡xi”oos-j aflxji^oos-J -a^ix^oos-J 
-V • 

which vsnishts «xpooentliüly If tad only ^ ^ ^ < fn*< 

(ill) -S+Í ^srfX«-»^ -*> RpX < 0, ~i4<:arfVx'< -^/4 -► Rp^T >0, 

ImiT <0, Rp^ < -Im {X 

Bsrs y9(»^X) and yM«* X) an goroned by «quations (A.3.16-) sod (A.¿.16b). 
m m 

Arguing as prarloufely 

(a.,.., 

Then for the integrand 

Integrand a/ -aimyVii 
2Rp^ 2Rp^ 

• a__ e 1 ' 
-2 Im^Sj -21m 

By arguing as above we see that the first term vanishes exponentially if and only if 

+ <^* the M00nd torm ▼ufisbes exponentially if and only if ^ •* {r¡ <%fï• 

But the first condition implies the second, therefore the integrand vanishes exponentiiilly 

if and only If it holds. 

Suppose then + ^ < frfand we again refer to equation (1.12); the above 

argument shows that the path of Integration may be oloeed by an Infinitely large seml-oirole 

In the loner half plane. Then by the use of the residue theorem, v„(f, n) can be evalimted 
J X i\ h 

as a sum of residues. The residues <8* H + ñ ) ** P0100 ^ * -lk(2n+1), n * 0,1,2,... 
2k Í-11® j '4lK *' 

are 7^ , thus equation (1.12) yields 
i-i/ n. 
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vN(Ç, 17) * “(2ik) u { ntv- lk(2n+iy L 4L 

• y; [n„. -1W2B+ ij] -y. [n. -iW2b+ 1¾ r2 [no. -«2»+ijj] . 

ram the iorm of the residue series it Is seen that the asymptotic forms and arguments 

Lven above Imply convergence for l/S”. 

The restriction \f|7 + ^/IT < “nay be slightly eased. Using the Integral 
IkR * 

b presentation of -e /R we again write (1.12) as 

. r»CD-ÍCT 

(E ). <W3/2 
JÇ.n) - r 2ri 

J-oo-io 
(0 < o < k) 

' rU + A J Jl+i) ri{fy-x>J2<(r'^ . 
^ \2ik 2j r\ 2ik 2) 
lo 7. - 

•y^n. %2(no,x) * 

The exa^t arguments used above show that the path of integration of tbs Integral can be 

closed in the lower half plane when + <2^- f). We obtain then 

... ¿íf, ,m'i>Y (.i,- 

• yi [n, -ik(2n+lT|y'2 [no. -lW2n+ i)J , 

‘“P11®8 th* ^1188 oooverges. 

R is instructive to consider the behavior when m 2f¡‘0 
Then the exponential amplitude factors are equal to 1 and the behavior of the Integrand 

as Ix| so Is governed by the powers of X which appear. The arguments above show that 

we need only consider the behavior for -s+6^ argX< -»/2; the pertaining asymptotic 

form, show that the tntefrand ~l/|Xp/4 . Thu. the ptth of loWfritloo oui b. oloMd 

to the lower half pleae. Bu» at the pole. |x|- k(2n+l). cooewpiently the reeldue eerlee. 

whose terms behave like Ul1'4 for large X, does not converge. 
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