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CHAPTER 1.

SYSTENS OF PARTTIAL DIFFERENETIAL £ “RESSIONS IN FUNCTIONS OF 1IWO

—— alnad ey

VARIABLES

1, Introduction and gummry. Interest in systems of {irst

order, linear partial differential equations for functions of two
variables has beeu concentrated in the past on systems of lotally
elliptic or of totally hyperbolic character. The greatest amound
of attention has gone, of course, Lo the Cnucrwuemm egquations
in the plane or on & manifeld, Beyond these, Hildbert ¥ har discussed
a problenm for gystens of equations of the form

Uy ~ vy = &u + b¢

| \ytvxtcu-tdv

(uy --%} » ote.), a,b,c,d being sufficlently smooth functions of

X,7, in which boundary values ol u are preacribed; his methnd requireé

solution of certain Dirichlet and Neusann proulems for the Taplace

oquation, Littla otiier work is known to me on boundary proilens )

for elliptic systems of equations in {wo independent varisiiles, #&

* See[1] and also V. A. Hurwitz [1] in which Bilbert's approach
is developed in greater detatl, ' A

#% Potrovakii [1] (pp. 23-23) refers to work of Z. Ya. Shapiro and
of N. I. Simomov in which Fredholm equations are darived for boundary
problems for elliptic systems of ermuations with constant coefficients,

It was not possible, however, to solve taese Frodholm equations for
bounded Mn'o




ne

Hyperbolic systens recently have besn extensively discussed
particularly with reference to the Cauchy problems # , Systess
oreq\mtionsofnﬂ.ndw;ppurfphnodrundmstnoatmum
axcept in a paper of T, carlmn‘}]cntho uniquen ess of the
Cauchy problem.

In tae present paper, aspects of general elliptic systens of
linear equations are discussed, and & begimning is also attampted
of the development of a general theory of systems of mixed type.
Ths attack stems from a wall known theorem about matrices by use
of which any system of first order, linear, partial differential
equations in two variables can be decomposed, after linear ‘rans-
formations of the dependent variables and linear recombinmations
of the equations, into subsystems of a small number of sharply
distinguished “canonical® types @+ ,

% See K. O, Friedrichs [1] ; Coursnt and Lax 1] , and the bibliography
ypresented in Friedrichs! article.

#» W, A, Thewits and T, Carleman #2ls0 have used such doeonpooi‘uom
in the pepers cited,
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The methods of the present psper are based on this canonical
decooponsition. They are greatly aided by the fact that any solution
of a2 camonical aystem of equations can be axpressed as a hyper-
couplex number, an slement of a commutative, associative algetrs. #
Chapter I is devoted primarily to these matters »» .

The socond chapter is concerned chiefly w th canonicul elliptic
oystens of oqmnuom'hichw‘beummd, after a change of independent
variables, to be of the form

PoP s sl e ol 2 put, oy )
x Yy x y x Yy

u:+v:+cn:“+m;+1+niﬂ+b";“- GP - " )
¥ aff

x y

RS AT

# HKypercomplex mubers have previoualy besn used in the theary of
partial differential equations for various purposes. FPar thelr sp-
pnuumwimm-dmdmﬁmu%thm
indepenfient varisbles, see the bibliogreply in H, G. Bafeli's m[ﬂ o
Their use in genaralising the concepts of derivative and

is and an extensivé bibliogreply on this subject is preseuted,
by J. A, Ward o J» B, Dias (1] has employed lypervozplex mmbers
to study part: differontial equations in one function of two
variables when the characteristic determinant is a power of a positive
dafinite quadretio form,

%% The,fivst chepter includes also a discussion of the changes in
classification effected by variocus methods 4f reduction of an equation

of higher order in ons uninown function to a system of equations of
firet order in several dependmnt variablew.

[
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where a,b,0,d,f,g are sufficiantly rogualr fimotions of x,y. Integral
represmtations, analogous to Cauchy's formula, are derived for solu~
tions of such systems of equationsj the solutions of the homogensous

equations are represented in terns of arbitrary anslytic funotions, #
The chapteris comlndod-!’.th an extension of a well-inown theorem of
T. Carleman (1] on the uniqueness of solutions of Ganchy problens for
systews of mixed hyperbolic and elliptis type. )

Chapter III begins w. th a discussion of boundary problems for
elliptic systems of equations. A minisum-maximum rricniple is stated
for solutions of elliptic systems of the form

2+ «Ddr = 0O
x Yy b4

vx+n’+b5 = 0,
amdbbdngcmtmmumdxmfmtmunmstmuma
ness theorem for certain boundary problems for canonmical slliptic ays-
tens of equations, The existence of solutions of suitadle voundary
probleuﬁorcmmulouipucmt-afmﬁoutbnbw
w.th the ald of the ideas developed by E. E. Levi [1, 2] ama
G, Gdrend [3] 1n their studies of elliptis equations of second order
:lnonsmlmcmnmcum‘. The paper ends with a theorem on the exist-

mora»uumoramwmmmmmwou-m
systeus of mixed hyperbolic and elliptic type.

» mnlogﬁththomw‘ on of & biharmonio
function as xu + v, u and v being trery barsonio functions,

A e e v e v A s s T e sem o e
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% Ciassilication of differential forms, Let

svt
L@ &) s (T .g;nr‘r m -\ “-3;;’1-)%

be a linear differential form, Its principal part, daﬁnodalth-
.
sun of the terms of highest order is P(} %)“‘ 8 Za’ym
‘ P{A, ) 15 called e charactaristic polyncndal of the form.
- 5 . Such a fora is classified according to the factars of its

i . ' polynomial which are irveducible in the real fisld, If thess factors
- are all quidratic in A, J, the differentidl form is called sliip-
tic; if tha factors are all linear and no two proportional, the form
is hyperboiics if they are lincar smd all mitiple, it is parebolis;
otherwise, the form is of mixed type. An equatiom Lu =iy 1
said to be of the typa of the form L. .

A somowhat analogous classification of systems of linear first.

ordier exprossions
Ly« %( @ ; L"%*%’ w (én iy )

is based upen the charecteristic matrix

M(A,/.)-Za-- a+ A.-;;)

which, ia the region of the xy-plane considered, will always be assumed
not to have identically vanishing determinant, Thus, it may be further
usmd,atlastdtcumnﬂnm,mta-(au)u
non-singular,#

* mumu(dp)#o Jutth At 8 | g ey st ,
-ctx-rfg 3 'P*“). The new charecteristic mtrix is _ %

i) ) it
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~ The systom Lyu is then called elliptig, if the elementary divisore of

TR, ) = (ATob) (6 wa (o)) are a22 comlen-valueg,
Byperbolic 4f they are all realmvalusd amd simpls, parsbolis, if all
the elommtary divisors are realsvalusd and mltipls, of mixed type
cthorwisu, The determinant of the charscteristic matrix is called
ihe characteristic determinent and is in some ways analogous to the

charactearistic polynomisl of a linsar differential form in one une~
kmowm function. Thus, a system of forus is elliptic, if, and anly
if, the irreducible factors of the charscteristio dsterminant are
caadratic, For a aysten to be hyperbolis, it is sufficient, but not
nacessary, that the factors be all linear and no two proportional;
82d far 1t %o be parsbolda, it 1s necessary, Wt not sufficiemt, that
tae fectors of the characteristic determinant be linear and maltiple.
A systen of equations Lyu = fq 1s said to be of the type of the sys-
tmorromLim

It is well ~known ## that the classification of a linear form is
unchanzed by none-singulsr coordinate tr’unatomﬁcnl. The classifi~
c:tion of a gystem of firsteorder forms is invarimt to these and
alwwmmmumdmwm,ndu
nmmumuumdmfmammmm.m
the transformations in each case to be non~singular,

Thnaiad.ﬁelnccotﬂﬂa!cbﬂo&danmuumhmm
revealed, perhaps, in sich & system of linear expressiocns as

(2.1) Ju Ay -Hn,,

W Ses Courant~Alibert, Vol, 2, pe 139, Po L2,
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where u is an mxl matrix: u ={ ° fof the dependent variables, and

un

b is an mm matrix having the Jordan form,  Thus, b is the direct suat

™

of submstrics of the type |
po[a (=) 1

\
b, Z, =),

.
)

.‘ 1
z, (x,7)
where the s,(x,y), which will be assuned to be contimwous in a do-
main R of the xy-plane, may be. aither real~valued or complem=valued
(non-resl) in R, Let r; be the order of the matrix by, and let |

1'1'.' aoo l'k'.' 1
u

#o | |
Pat 0oe * X .
n1 “
The given gystem of capressions can be then written as
(292) L%k = U: + bku; (k.1‘ ceey .)0
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We msy, ir general, assune the elements of Uk to be reslevalued,

if 3, ie real~valusd, comples-velued, if 5 13 complwvalned. In

the latter case, with m, s + 43" (s" £ 0), !.' J e R s,

and ry 4 = T, the system of forms (22) has the compancnts
,I)”m Uk ' L?((Y,,W)‘ + M(V,W) P vz - igf: 2 (89 = it") (v; + 1';’) + v:ﬂ# :I.w;"1 (m=dyoecy 1)
".G‘L"T Uk m TF(V,’N) + (V,¥) = v +iw + {20 + 1i2") (vr + 1vr),

: x &y y v
whare v:iv1, vo Vs ﬂ'siw‘, vrep w'l}.

Separating resl and imeginery parts, ws have, equivalertly, the

systan
. (v, 7) uv: +g°v;- ts't-‘; +v;*1 (mzl, 000y r = 1)
| (23) PEDafeslemded® (0 )
. . L(vw)uv ¢ G wy-z“wy
o U(V,H) = o+ z"i; + sw‘;,

'!m‘lchna‘mll oall the canonictl___g__tom. To this form can
.bamd;cadmmtnofe@remmlaxcauz+bu,(nmdn8\ﬂlﬂ guch
that thea-mdmudxa"bmuom non-real-valued characteristic
~ roots, Forlottingpbethenmixmchthatb- 1 (e b)phcttho
Jardan normel fom, md inbrodndm mdqm varisbles by v = g~ hy,
‘ wswthatﬂv-p 'y I-(vv) ~p p,v..p ; tpyvnvx-c-bvy,mchin |

of the form (2,1). ‘

. T One of the s systems of forms of (2.1), day the j~th, for which
24(2,7) 18 real-valued has the coupoments
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(2&1‘) ij (UJ) 3311: + zjtg <+ u;n+1 (m sy + boy "*l'd *1. r"’boo'.rj"' 2,”0,

~r1h+ ooe r#.ﬂ -’)

LTI I SO *
) s:uz+zjny (¢ '!“' * ace +rj"'1).

Such & aysiem w1l be called the ganonical parabolic form, if Ty 2 1,
the canonlcal hygerbolic form, if rj a" 1. Any system of exprossions

Lu % An, + By, (4 nonesingular) such that the a-rowsd (r > 1) mtrix
_A"1B has ons refold r2al-vaiued characteristic »cot can be roduced to
the canemical parabolic form by the means that were used for syctens
of elliptic type.

In similar fashion, any systom of expressions In-Au‘vanyot
mixed type cen be reduced to an equivalent aystem of the typs of f u
in (2.1), ¥hich will be called the canonical furm of the aystem, A
syoten of equations lu = £(x,y,u) W1l be said to be in canonical form,

if the system of expressions Iu is in canonical form,

3. Beduction of oquations of higher order to systess of squations

of grst order. As will becoume evident, the theory of systems of firsi-

order equations in n wlmomn functions is closely rulated to the theory
of n-th order equations in one function, An exact oquivalence between
the two, such as exists in the theory of ordinary differential equations,
is lacking, howsver, as can Lo seen from the folloming examples to
solve the hyperbolic equation Suyy + 2ty + cuyy = £ (a;,b,c,f constants

2atisfying ao=b2 <,0) presoribing u(0,y) = Aly), ug(0sy) = B(y),
where A and B are roquired, ssy, to have continucus second derivatives,
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Ihis gpecific protlenm is, indoed, equivelent to a problem fir o systen
of first-crdur oquations, to that, nsmely, of solving

Uy = ¥V, vy; Vg = 0, aVy + 2V + ol = 0
proscribirg 0(0,¥) = &(y), V(0,y) = B(y), W(0,7) = %,(x). .

Unique solutions u(x.y) of the first, md'U(x,y), ¥(x,5), W(x,y) of the
"gecond preblem emist, and u(x,y) = U(x,y)s The given seconc~ardar
cquetden ty iteelf is, howsver, nct equivalent to the gystem, for if
(057} bo preccrived, say, 83 & 4 C(y), then U falls not caly to
colncdde ul th u bub cven to aatisfy the suwo dfferentdal ecuation,

Computabion ahcww, in fact, that aU < * ZbUiv + ch

In the forsgoing example, there is & wiique partiel differon-

2L cc'(y)o

aUppry + DUy + clyy, = 0, which U nust sate

isfy, It can, however, be shown # that this situatior is eﬁweptionlla

tial equatioz, namely,

in geaeral, sach uninown funciion in a mm'cr first~ordar equations
satiofies simillensously more than one equation of higher order.
Ihm,thatheawotequﬂ.miandoeswtiwludqtho
theory of systcams of equations in several functions, |

# Ses Courart-Hilbert, Vol. 2, p. 12, Pp. L6-L7,
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o :.s: R "‘f ’ wr*zrmb"" S
the coefficients a,, bﬂ' £ being assumed to be contimous functions
of x, ¥, can always be reduced 0 a system of first order equations
in the sense that any solution of (3.1) furnishes a solution of the
tystem. In general, such a reduction can be accomplished in a vas
riety of ways with corrospondingly different effects upon the classi-
fication of the resulting system, Ve msy, for instance, introduce

now fumotions vﬁ through the equations

10 10 2 2,0 m=1,0
&. =Y F ': =V 9 vy 'x aY ,
1 11 2,1 1
vg’..;’ =0, v x-vff’-o, -\§°-o..... .’ -v;"o-os
02 1" 12 2 = n-2,1
'x - 'y = 0, 'x - y - O, cvep 'x 3. y L 03

PONVOO I NanBIRsIr PN ssEVIRNICIUITRROIRRRItNNOPORNOvARARYSIRD

':,m-‘l - ';,np2 =0,

1.0., Wth u=v®X,
‘;0 = “l"ﬂ,o o 0.1. scep ’2)

rs 14,81
Yz -V =0 (r+8mi,.. &1 with r runing through 0,..., o2,
ad 8 . . "ooo, DJ)@

After the imposition of proper initial conditions, sey

ron- g ( Fe0 ).
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. e
wa would have v 3 b

furnishers a solution of the system consisting of the equations (3,2)

together with
(3.3) si
= arv:' ™,r + \“vg"" + bm iat,

o‘r-r‘tm
Por this system, the charactaristic matrix, its colums arranced as
labelled, is

¢0 1o .ot 20 41 02 30 A 12 03 oo ¥10@=2,1 A w2 0,

A
..PA
p
-A A
A
A
w A
./kl
Valt)

. L3

S

o) o2 - G N (O AF 0

T
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Fence the characteristic determinant of the system is the product
of the determinant

| 2
G 2 aA-~R A Guid + Amp) |

by a power of )\ , the power being equal to the total mumber of fme=
tions % (0 r + 5 m1), namely to m(m+!)/2, Hence, by a welle
inown result of detarminant theory # the characteristic determinant
for the aystem is squal to)XM™N /2 p (5 ), where B(A, p) =
t %)”ﬁ”nmowmmmmfwmm

[
oequation, We note also that the elementary divisors corresponding to

the BS.;.“_L..fom fector A are siuzple, and it follows, in particular,
that a hyperbolic equation can ix the sense considered be reduced to
& hyperbolic system, ##
By other methods, elliptic equations can be peduced to elliptis
systems. Any solutiom, for onn'zph, of the second-arder equation
ln:‘-l»buv-i-cq’,‘t&\"!-ﬂ&-bm-g, ‘

the coefficients beirg functions of x, y, furnishes a solution of the

» Bn,fwmh.t.hm,pp. 80-81 for a simple proof by induction,

" method of reduction isessentislythat emplyed in Coursnt-Bilbert
%Vol.z Pps 1L5~6 in comnsction’l th second-order equations in
several 8
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systen
uoov xz’d‘o
x y
g9 ¢ ot
uy-o-vz-n
o9-u? a0
y b 4

1
m:xo-c-hu;o-rcug' 4-dn1°+nm +fumg,
in vhich tc aeethiswaneedmﬂsidmﬁl}'lfut.hnmdvmthm

Te deal iﬂ}h #n pethecrder oquation of form (3.1), let us congider tha

systam S consisting of the sets of equations 3°,..,,5% defined as

followas
00 00 10
so U ~Vy Y
. .
u;,p-vf;”-um
10 1o D o 0 10
n‘lo +'10_“11 . nm +v°1 _uoz
5 x Yy x
u20_'20_“309 n" v11_u20_°’ u°2 voz_ ntz
52‘ x Yy Yy x Yy
20 (-4 2 1" 02 02
v, +V, =8, W +V, =% = 0, %, +V, = U
. 7] 12 12 22 a A 3 03 _ o3 _
53 uf»)yonu ? - -'y u ’n: -':.’ -\}y -O,\lx v u -Oa
v
‘%0."’3‘0.“31’ u‘!;-bv"znuu,u;'-v‘n-n;zuo, u?o-vm

2 6 8 ves ae o9 800 6 e0 8000
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wl-2 2 . ,;-23. 2 1*2042, 2 ) (5 m0,1,..0,(1/2) 4 for Leven,
1 ]
2 A, 2, 2, B 041 ,u054(2/2) (11) for i ode)

19,2, 208 sl A 12,2
Uy -V i “y ' Jow 0,1,0005(1/2)(4~2) for i even

¢1.&‘m ‘éP‘ﬁzk‘M - &’p&z.&’z—;l!{v ] »0’1,.."&/31.‘3) for i OI_:\'A:;)

1>} g - Qe - o
: "V for 1 odd;

\ugi + ,,21 = uOsidl
s “:-I‘J' ?- ‘ﬁur!‘j' M= (3 = 0, 1,000, m=l),
mel |

O&p+asm

- Z-o ‘ruixv-x‘.-l.l‘ + ‘mugam‘l + Z bpq nﬂ s f,
ra ' .

Let us observe at thé tutset that a solution u of (2.1) leads
to a solution of this system 8 through setting u*°a u, viimo,
All tbat remains 1s to show then that the number of real
chariotoru tic values 18 not greater for the .oﬁnnotorutic
determinant of the system than for the oharacteristic poly-
nomial of the equation (2,1). To this effeot, we note firssy
that the characteristic matrix of the system 8 i1s the direct

‘sum of the characteristic matrices for the sybaystems s‘. and,

hence, that the characteristic determinant for S is the product
of the oharacteristic determinants Ml of the 8%, With colums
arranged as labelled, X =
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w0 ¢10 yi=1,1 ¢ivl,1 | lodel (L,1-1 01 01
o 0
«1 e
i 0 0| (Rudntt
A0
0 o A
) 0 p A
for even 1 < m, wa it = ]
0 0
el (R4 el
o o
ce 0~ M o A alt
o * & 9 0 0 0 ﬂ' A

for odd 1< me It r&uowa by induction that lls( )" */a-" )1"’1

for 1 < m. Since, as noted above,

mel
ﬁn:Z‘r )m-l‘/‘l‘: P(z./‘)o
Pud

the cheracteristioc polynomial of the equation (2.1), 1y follows
that the characteristic determinant of the system S s

(% +/w‘v )m(m-t-l)/ar( 2, /A. .
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As with uhe first method of reduotion of a higher«crdsr

equation to a firste~order system, the system, in goneral,

. beanpsses solutlone which do not correspond %o sny solution

of tﬁe‘erlgﬁpgl aquations the system and the equation ars
not equivalent, Just gs @ Cauchy problem for a hyperbolle

.equation is equivelent, however, to a suitabdble Cauchy problem

for the corresponding hyperboiiu system, so iz a cersaln bounde

&1y problem for an elliptic squation equivslont to a suitable

boundary problem for the corresponding elliptic systems Lot
us consider, fol }111ustratlon, the secondw-order egation
By, + Dliy, 4= 00, 4 duy +ou, 4 fu 2 8 and 1ts corvespending
aystem as glven on De 114 ¢ Por the eguation, we prescriba
u = U, for the system, u®©x U, v= 0 # on the boundery.
Sincq;py virtue of the th;rd equation of the aystem, v ls
hermonic, we have v = 0, and the equivalence followsy

Similar considerations apply to higher-order equations, but
thess will not be developed here,

There is a thifd method of reduction of sn eduation toa
first~order system which 1s probably more ussful than the
préceding one3 when it can be employede It applies to homo-
gengous equations with constant coefficients in thcb only
highest=order derivatives of the unimown funstion sppear, and
the characterlstlio determinant of the system it produces is
squal to the sharacterfatic polynomial of the given squation.

We give the methodvror an equation of even order, whioh mey be

# It will be recognized that this baundary problem for the
system 18 not & usual one, Ordinarily, one funoction from each
of the palrs ,0° 4 ang ut%,uOL yould be pressribed,
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written as n
» 1
(3.4) I '(a () + 2b 2 o ‘3’) =0
PR Bl -2 A T AR

the R3» by, 64 Deing constants, We shill show there exist functiors

ut . vl (12 %,,00yn) With u e u“ satisfying the system

($.5) El(ulp vl, qz)?.. "1“:""’1 u:-v +=u.§ =0
Flﬁul, 'lp Vz)"_‘. blui'p-ol l&lfvi.g.vga 0

Ez(uz, w2, Yy = 9 uﬁ*-bz u? -vg-f-u;';-, 0

Fzguzo vzn v&)g bg‘&‘f'og ug-l-'i 'l‘"’g » 0

En_l(un'l , V™1, W = gn_lun;l +b,. u;"l ve 1+ uy =0
n=1 -1 -1 -1
T, VT, V) E b urt ,_nly + vy +Vna.0
E, (", v7) E‘n“x"'bn“y"#;r = 0
F, (v, v | =Y, u: +Cp u; q-v: a 0

r:' ‘S‘EE L
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First, the characteristic matrix 1s

—_— ut voou® ve ud v il vl o v
 mxemp g a0
' by A toop .A ° M~ .
| Aty p p 0.
. A T ol
; * At Phap K S °
| s DnaAtonas A ° »
: A+ D mu
' *
t . Pt opp 2

N

and the characteristic determinant, therefore

A RO oK
T \ - o
biA + oy p,) =l

£ Secondly, if (\t g evey v") 1s @ solution of this ayatem,

(a, ) + ahkﬁ 4 61/1. Yo

N

WF TN RKIET S R R g T

1 n
then 1 ,ceey,v 1individually must also satisfy the original

equation for u: Iin particular, L.l. ‘2 veee A, Yy =0, and
T

3 ) ()
A) evee A V) = 0, where iy = a, = Fid +2b_5? ay...,.oi 355

To prove this, we first note that from

-5----a Png_ 2 = 3 L] 2 ?

n Fn 2.0 and (b o ) E - (& b
E3 _—-ﬁ n n n_T+ n 7 n n._r * T&')
F a0 follows Anu = 0 and ApV g0, Let us now assume for

14-1 14=1
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‘p‘l
anx =0, ¥, -Onh,welu '“’b‘ + = 0, and

Aivi-(bj.% +cy .ja-' )éﬂ-ﬁ(q%‘ -l-b,_% )v;'“-o,

and applying to each of these equations the oparator A q-oeA, Eives us,
in view of the induction assumption, A‘._..‘&u" = Li...Anvi =0, Thus,
in particular, Ay...Au' =0,

Poally, nmt-honumuu' 13 any solution of the equation
(3.1), there exist functions ul, v\ satisfying the system (2.5). For this,
we shall emply a rether special result on the compatiiility of simlneous
partial differential equations as formmlated in

LEEA 3.1 mk-é:“n;g,n‘.ig:“nﬁ,(n%n’. g\.

where the ag,..,b , are cunstents. Lot £ (x,7), g (x,y) be of class G®
1% a convex donain B. Then there exists & function u (x,y) of class 0(2)
mnuﬁmmellmthwl.n-t,B-nag,i.rmdonly
if the relatiom of coupatibility
A -3 =0

is satisfied,

Proof: The necessity of the cozpatibility condition is obvious.
Inmthoeandﬁenum‘q‘,dnt,nwmutmycuu
proportiomal to the corresponding by,. We say then, further, suppose
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%onatPop # 8 1bo 5® and, hence, tat &, = 0, b, =.0 **

It 1s, thus sufficlent to prove the lemm for equations of the form

S aTyn = £ By gl = 6,
'horcA ,,B 1mwhwgnmpokmdm1nn D with ocnstmt
coarncientsmiotd-pus-i nobsmnrctthumlntum

form=1, Ititholatxr !?unvot%d Snly um
satisfying the equations A._D,‘; k,nvt -o. Supposing v to exist, define

u.f.f ,(g,'])at a'],

#  In the contrary case, a suitabls affins trensformstion
X =ax + by, Y= cx + dy (adebo # 0) results in

A = Z g“ (;nx +ebr)"(bbx -odn!,a = Z .“;*v’n‘; Nt Y s“oidjl#,
143 14pwm

1oje
W I na e B ngtd

i)

hommn%bﬂd&ﬁnmtﬂd&d#mmtmﬁﬂh
the coefficients of D;

¥ Yor 17 the lemma 18 trus in this case, it holds in gnersl. Assusing

8, 0o K Ay 10y, there axist ocustants X , 8, J , § (a§ -p) £0)
swh that XA + BB =it and §A + sn-.nt,mmwnma
d'mundtmtor ; in B! are sero, The equaticns Auwf, Busg
u-eequvalmttoAu-t' B'u = gt, shere £* -dt-bpg,g'-lto $ e
Sincethmmtmantoa,b,o,dmm

A wakt +bBY, B mod! +dB , £ 2af? + bg', g = o' +bg?, the condition
M q,t-oummmumﬂmiummuqng'-nm.o,
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assuming the origin to be an interior point of the domain R, It follows
that QA (DU - 2) =0, md R(B DU =g) w0, or A (0T =2 =piz),

Bpt®yU = g = a(y). let F(x), Ay) be &y solutions of the ordinery dif-
ferential equations &,1”}(3) = p(x), 3’1%9(,) - Q(!)o rep.. It Lol
lows that the funotion u = U(x,y) « P(x) = Q(y) is a solution of the two
oquations A D =g, n_.,n,u-g, as desired,

It is convenient, befars applying the lemma, to imtroduce the sym-
boil.n!.,_-nlnx-obibrliubin:-reib’,ﬁomﬂmdmm!.n
this notation, being

,_(n v, 1‘)-1‘11 -0t + Dot a0 (11, ..., 1)

1(‘ v"vi'“) -llu +nv‘+nv“’-o( » )
B (") L - n,v" =0
(") s’ + 0 = 0o

Given o' as a solution of (3.4), we shall shows bow v' md, successively,

12,¥%eee, 00,V" my be determined, With the motation
Qi(u,v) '-’I.Iu-nyvi'p'u+q|v ‘
() Ty 4 By Sryu 4 gy
,(u,v) 'u'-"l.él.' = D5y Fpau + Qv
HBy(uyv) = M0, + D J, @x,n 4%.27

g, (u,v) & LG 4~ n,n‘_‘ #peu + qv
By(u,v) S0, 4 + DRy y Eyn + oy

V00000 GRNGISIOIDY

‘Mﬂa
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a,(u,v) ¥1L0n-1 = D,nbd Spu ¢y
B,(o,v) U0 o +DE 4 Tru+ay,
we introduce v1 a8 any function satisfying the equations
o, (o', v) =0, B (a!,v) =00
It must be shomn, of course, that these equations are coxpstible, that is,
that (p s, - ’nqn)“i = 0, To do s0, we note first that
Py8y = @7y -D‘L' +D,)li -A,. For induotion, we assume
P81 = QG qTe g ™ hhgeeohy 4(1> 1) Fow
P8 + v =L, (py qu + qt-‘l') - D,(rl_iu +8, 47),

rgu + 8,V = N (p:Hu + ‘L—i') + Dx(rinl,n + at_'v) N
whence

Py = Loy q = DFyq0 4 w iy g ~ DBy g0 Ty = My g + DR qs8 0, (40,8
wd

Py = 47y = Uy + D) (g 48y = qTyg) = dydpeok; Ty the

induotion hpotbesis, It follows, then et (e, = £,q)u & Ae.ehs! =0,

which sstablishes the copatibility of the two equations Yy which we

deterxine 11.
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Defining
V(x,y) = = j' a, (n‘(_x.m,). '1(‘.71 )) drys
vz(x,y) .- } n'(n'(&?ﬁc '1(&71 ) &,

W (a) = (22 §9 §8 j"" o (' (7)) v (27))) Oy &7y voe @y
W r) = (1) J‘* J'?‘ ‘)“’2 By (! (x,1)s Y (x7y)) @1y A oee Oy,
(1=2 ,aepn=-1),

we see at once tnat By (u', ¥, 1%) =0, By(v', ¥, V¥) w0,

g @, ¥, o) & (00, - DAL + (1o, =0,

and, sintlarly, n;'" rt, ¥, ) a0, (1< 1<),

and n;" éa(u‘,v“) n= (10,4 = D, ) =G, =0, n;" 2, (%7 = 0.

s, 32 102

g (o1, 7, 01") = ; 72,,(x), By, v v ) - g 72y, (x).

Fimally, htln(x), o,k(x) be such as to satisfy the aystem of ordinary
differential equations obtained from

1-2 1.2 12

ny Sy, Y Py, 0) = I oyta)
=0 k0 )
1-2 1~2 1-2

’1( Z ’&ﬁ(x)o z ﬁQ(X),' 0O)m z ’k tu(x)
k=0 Jo=0 o0
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'npon oquating coefficients of the same powers of y. Then

1.2 1-2
umt - Z Yr ), ¢ Z Y0, (x) satisty
= Jo=0

B (<, v, o) =0, 7,(at, ¥, ) w0, as desired,

g
| b, Algebraic properties of solutims of eystess of first-order
: oquations, The special character of the cenamical forws of systems
| of first-arder linear equations for functions of two variables bas far-
| reaching formal consequenoes, Ve consider, first, the canomical ellip-

tic form of (2.3), an opsrator-mairiy Fecreswntatiog of which is
1! (v, %)% : '
/n'(m‘)\.
(v, |
W |
L;(V,l)
| v,
{Dx-mby T W | 1 l v1\
), D, 0 3, "v'
Déatd 4D D 0O v
), DR 0 D w
counous wrwuses svessrs owsesce ve  sewu ovessse  sevesess sssveve  sessesollvese
. Doe'D, 'R R 0 S
S BN N 14
x* 'y T 1
o } . By Dy k"'/
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(3, = «—%7-, Dy u --2-; e Representing the lefi~iand side of this
watriz squaiity by K, azd the rightehand atle by i, D belng the square 2rx2r
cvperator-miriz and T the &xl watrix of i':t-'ho depuwdcnt variavies, we write,
for short, X = DT, IV 1s ¥ow & reuarkable fact that Zr linear trandforme=
tions A, exist 3 2rxl watrioss into 2rxl mirices suwch that’

ij x D(AJz‘) ( =1,,,,,2r) and that, moreover, ihe square matrix
(A,Tl, AT, veny la}') is in gsnoral nonesingulaz, Indced, taking

fv’ L
_ < v R S |
} -
(‘a’r; 121‘ veog ‘2“!) -1 B o 'r »’r . "'2 "2
' o o ¥ L oW
; R B T S B L I R L N T R T R B
% o 0:0 2 v
. - \0 0 9 o PR R )

toth atatesents are immediately verified, oL
We shall obtain a more, ounvanieat sprosgion of the matrlx 1dsuss
Wy :
(2.!-;2} N ("x‘ wosy ‘ax) - D("r; anoy ‘ar)-
Iz terws of the standard basis (cﬁ) (1, J = 1,...,2r) of the ring of
square wabrices of order 2r, let us deline _
o = ’1,2:\-1 + 02’2’, o, = 01,25_3 “"“2,&\-2 + ls'a,_, '“J;,'zr snd, for p& T,

2
o ao(a)u y o, 2etpig isa a-zzrmmmgmwin‘th' (2r-2p)th

‘ P
o=t
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dagonnl above the priancipal diagonal and zero elsswhere; " is the idmtity
matyix, leb us also “atroduce

fo
10
o o
. R
} SERS ; (201,20 * *25,2-1) = "
4. 4
\ 1o

Wle obscrve
(%.3) 12--01,,.10:-’“, 10,-"1, N ey Ty T itp+qrr,

0 LiLp+qgn *
80 that the algebra A over the réals gmerated by i, 8;...,8, 15 commta~
tive (and, of course, assoctativ o,mmpmtmnutruw
sentation.) e is the identity in A,

The elemnts of A of the form (& +1ib)e, (a,b real) constitute a
Mgmcmaiacmmwotothoﬂmotmmmg
ﬁlﬁmz (‘k"n’k)’k’ of shich the r-th power necessarily van-
ishes, cosprise the redical & of A, A 1s, morecvir, the direct sum of C
J ' with E, since any elsmmnt x of A cm be written wniquely as

Ixpo +ooe +X g0, 4] +x0, where x mx} + 18 (x}, X0 real), the
Mlﬂl%&ﬂﬂ‘“dllﬂdﬁ.h‘tmwdco Finally,

R, - WA - VR R O AL v - v

#  relations which uniquely charscterise the guantitites 1,.,.'
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an olsment x of A 18 regular, i.e,, has an loverse, 1if and only if x
is uot an element of the radical E. Furr no elwment of £, being x di-
visor of 20Ye, can have an inverss, whilis, couversely, ﬁfﬂm
y-¢ (¥ =9t 0 in C, e in E} satislies the identity

. g
et 7T 5w

(7o) G +y -
- By placing the matrix interpretatios upon the elasents of A, 1t is

sven that equation (L.2) can be written as
4
(Lals} g P « 0P) .= [(D‘ + vn,)or + 1;"1'), +* Q!ADA; F + 1‘p)‘p ,

8 roault, incidentslly, whose squivalencewith the original set of
squations (2, 3) is readily checked direstly using the rules {i.3). This
formgla will be fundanental in later sectimms on elliplic systems,

Let K(7)} = DT ba a candnical elliptic system of forms, We have
shows that the one-columed matriz

=

¥
|
3 @& <

v
| tf}
oan be sugnented by the adjuncticn of new colummns, sach new colum
being a linsar transfora of ¥, sach that the augmeated matrix T# is
non-singular, asswsing v ani %" do not both vanish, and that the new
ayotem of forms X¥(T) = DI i equivalent # t0 the given systes of

#  The two sets of foxms are "equivalent® in the sense that each form
of one set appears also in the oller, and oonvarsely.
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forms, Moreover, with K(U) = DU, K#(U) = DUx, the matrix U% commtes
with the matrix T#,
Any canonical parabolic system of forms, say
(15) () =l el el (B = 1yeeep t1)
AN UENEE N
has corresponding properties, Indeed, we verify at once the validity of

1 .2 | t 2 1
L cL L Dx*sz Dy 0.00.‘..0 \ ﬁ .u u
t °.3 .2 S 2
L :f. I.. 0 D‘+szDy......o (3 .. u
o & * ¢ o e ¢ ¢ c'.'..‘l. L] ® & ¢ 5 ¢ o o ¢ 0 . O & & @ ¢ »
R LI A 0 0 0D+ D M NS
o .o 1*/ | o o o o Dzmnyl o .o |,
which in terms of the mtrix quantities
@ . T+
- r
Cp "% = Z ®q,rmq’
g=1
can be written
(4.7) . Zt
07 m m
Z Lo = [(D: + aDy)ct + Dy°t-1] LI
e

¢, 18 & txt matrix having unity in the (t-n)-thdl.agmnlabaveﬂppﬁn—
cipal diagonal; o, is the identity matrix. The o, satisfy

(4.8) CCx = OO ™ Cpypetr L R +k DY,
0, if n +k$t,
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and thus generate a commtative (and associative) algehbra S, The ele-
ments of B of the form ac, (a real) consitutue a subalgebra R which is
obviously isomorphic to the field of real numbers; the elements g 8,0

(a, real), of which the t~th power neccssarily vanishes, comprise the
radical F of 4, B is, moreover, the direct sum of R with F. Finmally,
an element of B is regular, if and only if it is not an element of the
radical F; and the inverse of y + £ (y #04n R, £ in F) 1s

The set of dependent variibles in a canonical elliptic or para=
bolic system of forms will be called degemerate, if the variables (or
variable) of highest index vanish. Ve can partially sumsrize the fore-
going results in .

THEOREM l.1., Let K(T) = DT be a canomical elliptic or parabolic
system of expressions, D being a square matrix of differential operators
as in (4.1) or (4.6), and T a one-columned matrix of the dependent va-
riables, assumed non-degenerate, ThenT can be augmented by the adjuno-
tion of new columns, each new column being a linear transform of T, such
that the augmented matrix T# is non~singular, and the new system of
forms Kx(T) = DT# is equivalent * to the given system of forms, More~
over, with K(U) = DU, E#(U) = DU, the matrix Us comsutes with the Matrix
™, If U% is a constant matrix, U ccumtes also with D,

* l'het'oaetaotfomm"oqum-nt'iqthoamethutmhform
of one set appears also in the other and conversely.
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Any canonical system of linear expressions is an aggrogation of
canonical elliptic and of canonical parabolic (and hyperbolic) expres-
sions, say KJ(Tj) :’-DJTJ, where D;; is a square matrix of differential

operators, Tj an ryxl patrix of dependent variables, ( 2. ry= n),

and may be regarded as their direct sums

5®)
(Le9) KT) = Ky(Ty)

D 15 an mxn matrix, n being the number of equations and of dependent
variables, and T an som mtrix. Applying Theorem (L.1) individually
to T,, Tpseees T4y We have the result stated in

THEOREM L.2. Consider a canonical system of linear expressions
K(T) & DT as presented in (L.9), assuming no Ty to be degenerate, Then
the system K(T) is equivalent to a new system of expressions K«(T)aBIs
such that T# is non-singular, and each colum of T# is a linear trmus-
form of a colum of T, Moreover, with K(U) = DU, Ex(U) = DUx, the ma~
trix U commutes with the matrix T®, If U# is a oconstant matrix, U»
commtes also with D,
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This theorem is perhaps best illustrated with the system
L(u,v) =y - Vo Uy v) = u, + v, which can be written
L{u,v) + iM(u,v) = (Dx + i{;y) (u + iv) *

Certain formal consequences are imsediate, Letting L{u) ® Du
represent a canonical system of forms with D a differentiation matrix
and u a non=singular matrix of the dependent variables, we have
(4.10) L(uv) = ul(v) + vi(u); '
from 0= L(uu"1) - uL(u'1) + u"’L(u‘ ’

(L.11) ‘ sty = w2iu)s
by induction,
(4.12) L™ = mm'1L(u) (m a positive, negative or zero integer);
and thus, if P(x) is a rationsl functiom of x,
(4.13) L(P(w)) = Pt(u)L{u).

Thus, we may state

THERIM L.3. Let L{u) = Du represent a canonical system of forms
with D a differemtiation matrix and u a non-singular matrix of the de-
pendent variables. Then L{u) =0, L(v) = 0 entail L{uv) = 0 md L(v™') = 0¢
i.e., the set of non-dsgenerate solutions of I{u) =0 is a field, In
particular, therefore, if P(x) is a rational function of x, L{u) = 0 im-
plies L(P(u)) = O,

#  where, to obtain a strict matrix interpretation, ws may take

u-v)
2 +iv = v 1 .



%
!
:
§.
'

I

ekl ol il

Non-Parabolic Jystems =33

5. Algebraic properties of systems of equations in more than two

independent varfables, It is of interest to inquire how far Thearem L.2

night apply to systems of linear equations which inwvolve more than two
independent variables, We shall here consider only emtirely homogeneous

equations * with constant coefficients, for exapple,

(5.1) L@ = o —5?}- u=0,

where each aX is an mm matrix of real constants, 51 is non-singular H,
and
u - u1
. ?
[ ]
uB

the u? being the dependent variables. From the standpoint adopted, two
questions arise: (1) When is there at least cne pair of nxn matrices
A, B, such that L(Au) =BL(u)? (2) For a given system (L.1}), how many
such pairs of matrices are there? Are there, in particular, n matrices
Ayjeessh of the type of A such that U = (Ayu, Au, «.., A u) 18 & non-
singuiar matrix?

We shall answer the first question in full and the second in part.
Doubtless, ‘the second question also can be fully answered by further
application of the methods employed. Of help will be

*  An equation is called entirely homogensous, if no terms appear other
than the principal

4% as can be assured by rotation, assuning the equations to be inde-

Pendent,
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L2gA 5.1. Suppose every vector u satistying

n
L{u) = Z a* Uyy = 0 (uyy = —-—53-;? )
k=1
&l so gatisfies a
U(u) = Z ¢ Uy =0
k=1

where alnk,bk are constant nxn matrices, and a.‘l is non-singular, Then
there exists a matrix B such that b* = Ba¥, i.e., U = BL,

Proaf:  Solutions of L(u) = 0 exist of the form u = ex, where x

and ¢ 13 a square constant matrix with colums designated as CpseessCpo
By our assumptions,

(5.2) i .k 0
) a ck =
p=] |
implies n
e
Call (a1 )'1 = a, From the preceding equations,
v I 1 k .k
(5.3) é (b'as" = b)e, =0,

, Ve can, however, select c,yse., ¢, 80 that (4.16) is not satisfied, une-

less all the coefficients are zero, and then determine 4 to accord

wth (L.15), This would be a contradiction, whencw we concluds that
task = 8= 0 (k = 2,...,n), or UX = Ba¥, as desired, where B = bla,
An imediate corollary is

1
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THEOREM 5.1. Let L{u) be given as in Lemua 4.1 but with
' = the n-rowed identity mtrix, A ncessary snd sufficient condition
that for a constant rom matrix A L(u) = 0 implies L(Auj = 0 is then
that A commte with each a¥.

Proof: Sufficiency is obvious. To prove the necessity, apply the
proceding lomma with b¥ = afA, Thus there exists a matrix B such that
oA =Ba¥ (k =1,,..,0), Taldng K=1 shows A =B, and k = 2,,,,0
give the gtated cannutat';.on relations.

This theorem, in principle, answers our questions. A more specific

angwer than this is available, however, if we pow further require that

1 2 79
a% u+a -—5-;2-\1

the first two terms

x
of L(u) be in ¢anonical frm, Thereby, a? is, in fact, so narrowly re-
stricted that precise characterisation can be made of any matrix A that
commutes with 1% and, further, of the matrices that commte with i. In
this way, conditions can be stated for a3,... ,;n which are necessary
and sufficient that there exist a matrix A which commutes with
2 =1 » az,." s The discussion will be presenied in a geries of
lemmas, proofs of which are here omitted,

IEMA 5,2, Let Y (J = 15000,8) be an mmn matrix whose only non-
2ero elements fall in a diagonal block, say in the (nj_d-#k)-th rows,
(nj_'1+x )=th colums (n,=0;1%€ k,X < neens g3 By KBy S n) *

* Implicitly, it has been assumed that the specified disgonal blocks
for a8, (3 # k) do not overlaep,
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Let K‘1 = (Kgq) (§ =1,...,8) be the nxn matrix whose only non-zero ele-

ments are

%‘3.1-&’ nd.1& =1 (k 31" ¢vey nj‘nd_-' )o

Then an mxn mtrix A commtes with

i’ 2
* - &= Z *5
; 1
if and only if
(50L) (KAK Jag = a(RAK). s« ?

5 LESA 5,3, Let U= ua(® + cr(:% , Vavel® o{m), and suppose

U is an wm matrix satisfying WU = W, If ;ané v, M 1s ther necessarily

zero, If u = v, the elements in each
diagonal##¥are gqual, and all elements "13 far shich i-§ > ¥ax (1,m-n)
vanish,
2n) (2n) | (o) o (2m) _(2n) | (2n)
LEMMA S.L. IctUcuoIf *ud to 4y V=v. Wiy tenq .
(1) 1 the r-roved 14emtity), and supose X is & 2mc2n metrix satisfying
MU = VM, Then ¥ = 0, unless u, = v, and u, =4V Otherwise,-w%;ting
M= (lh), where each %q (p g’,coo'n; Q= 1..oo,n) is a 2x2 matrix of
real numbers,

%’q-’ = %*1’q (p = 1,.,.,"‘ q = 1,...,11)

o prxq is, of course, the matrix obtained from A by suppressing all
. elomntsnotinmmmberednp_1 +1, ...,%u\dcolumnsmmberdd
B +1, eeey Do
4t running downward (wpward) to the right (left),
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with the convention L) ,q 5 %,0 = O, Tlma,' in particular
A %q = 0 for p-q) Max (1,m=n2),

| Lo S5 mu»u§“)+ c;’_",),'v-vo-»v,i("’“’né_z;‘) (vy # 0D
If M is # 2 moy matrix such that MU = Vi, then M = O,
LEMA 5.6, let ‘J=u°+n‘1(a‘)+e£3), v=’°§um) .}cg:%, If M
13 an mx2n matrix such that MU = Vi, then M = O,

The preceding ‘ive lemmas afford an accurate description of the
matrices A that comute with a2 given matrix

which 1s “he direct sum of canonical submatrices., If in particular,
the cancaical submatrices 84,000,8, AT unlike # , A also muast be of the form

#  For present purposes, we shall call two canonical matrices ualike, if

theay are distinst, exoept that matrices of the form
(%) 4 a3 4 o8,y 1(@) | g a(B) | (&) 1121 be catled untie,

i.tdﬂm-udéhwq ﬁ;q .

7



L R et s

A et

Noa-Paraboiic Systems 38

A, being of the same order as &, ard of the fype indicated by Lemma 5.3
or 5.4. Corresponding to

for esample, & 3 is any linear combination of the three matrices

1 N 0o 1 o o0 1
1 o 1 | 0o o
5 )
1 o/ 0
With
a=/e -4 1 0\,
d c 0 1
0 0 ¢ -d
0 0 4 e

A‘k is any cambination of

1 0 1 0 0 1 o0 0o ¢ o0

1 1 0 o 0 0 1 o¢c 1 o

1 0 -1 0 0 0 O o ¢ 0 o
1/, 1 0 6 0 o of, \o 0 0o o/

-
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If, on the other hand,

Ys,

axmag = 321

where “11"““’3151 and ‘21"“"232' ete,, are sets of like matrices
(W th a,, assumed, in addition, to be unlike any &5 eto, ), any matrix
A that commutes with a is of the form

where each A, is of the same order as the block/a, \  and of the

e
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type indicated by Lemmas 5.3 and 5.k,

After the matrices that commte with a have been detemmined, it
would be a simple matter, in principle, to test which of them also

compute with 33,a¢.,an in (5,1)s We shall not treat this question in
datail but state for the simplest case

THEOREM 5.2. Let a,b,¢,0.. be a set of square matrices of order

n, where a is the direct sum of unlike canonical sumatrices:
(5.12)

The linear space & of matrices that commte with & is n-dimensionsl,

The subspace 5 of matrices that commute with a,b,c,..., coincides with

A, if and only if a,b,c,... are all contained in A,
Proof: The matrices that'comnrbe with a are the matrices of the

form

s
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bl,_ being of the same order T, asa, where

Ju'm

r
"3
——— (x"‘.)
bj = : b, ¢\ (b:]m real nuabers),

n=1

it ag is of the parabolic type, and
(1/2)rk .
¥ (x.) n (rk) ' n
b = Z (b, +17 by (bys Dy Toal),
o=l

if a, is of the elliptic type. The space A of matrices commuting with o
i3 thus nw-dimensional and contains S“ a subspace S those mirices that

cownute with a,bycpeve o IE S :A,Amst contain the elsment -

By
B = ‘
B
8
wiare
3 (r.s)
=c
1 -1 ¢
-~ rj
if a y is of parabolic type, and
r) ()
By = * &1/2)r, -1

ig a, is of the elliptic type. B is, however, of the same form as a
(1.64, Lemmas 5,2 to 5.6 apply to B), so that the space of datrices

that commite with B is again A, The matrices byCyeee 4re, consequemtly,

g
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.
e
3
i
L
A

e

in A,

Conversely, suppose a,b,C,... 8re contained in A, The clements of
A 311 commute: Hermce, S = A,

Theareus 5,1 and 5,2 combined w.th the methods of section ) furnish
a partial genez;alization to Theorem L.2, namely,

THEOREY 5.3. Consider the system of linear expression

L(uw) = i’— aku

k’
=) ’

where 51 is the n-rowed identity, az,.n. ,an are nxn matrices contimous

over a domain R in 11,...,?, and u is the nxl matrix of dependent

i e e

variables, In addition, a° 1s assumed to be the direct sum of unlike
canonical submatrices, and, further, the set of the dependent variables

IS s 30 Lt

asscciated with any of these submatrices is supposed to be hon-degenerate * .
We assume, finally, that o yoee ,am commte with a,. Then the system of

expressions L(u) is equi.valaht to the system of expressions L(U), where

e ER I

U is an non non-singular matrix each column of which is a linear transform
of u, If, moreover, the mmn matrix T bears to the mx1 matrix t the same
relation as U to u, then T commutes with U,

Further extensions of the theorems of mection Ui are possible but
will not be carried out here,

# In the sense of section L.
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CHAPTER IT

REPRESENTATIONS OF SOLUTIONS OF ZLLIPTIC SYSTAUS OF E JATIONS

1. Integral formulas, The fact that the non-degenerate solutions

of a2 canonical elliptic system of égquations form a field makes possible
the construction of integral representationg analogous to the Cauchy
formula, for the solutions of systems of equations of the form

r
4 v - ] " -
(1) W= (D +1D + s, 4(ad +1bD)) Z (uy + dule =2
or 1
.. . +: b o ] [}
(1.2) DU=(nx+wy+eM(nxa+nyb)) };_ (up+1%)ep=f
r

L
where, ina domain R, a =a' +4a, b=b' +1b, and £ = ; (f; vir)e,

i " "
(a' ,8 ,b' b ,f',f; real-valued) are sufficiently smooth funciions of x,y.
,0

D¢ will be called the adjoint of D, and D the adjoint of Dw,
Only certain types of demains will be considered., These are

described in the

¥ The appearanlce in this form of Dx + j.Dy in place of ADx + BD »

(B/A non real) is only apparently a specialization, It is well known
that, by an appropriate change of variables, the latter operator can
be reduced to the former.

% It 1s to.be understood that a differentiation opérator_ acts upon
811 the factors to its right:s the expression (Dxa + Dyb)U thus is
interpreted as D_(al) + ny(bu).
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Definitions 1.1, Let S be a bounded dowain whose boundary consista

of a finite number of simple closed curves C, (i =1,,..,H). It is as-
sumed tha-t,:’ta.ngmt to ci exists at each po:lnt”z £ Gi (i = 1,...,8),

If the angle ?’= g»(x,y) = ?(z) (z € \')ci) made by Ox with the
tangent to the boundary of S at 2z is an Hecontimuous # function of z,
we ghall say that the domain S is regular, Letting ; represent are.
length along © 19 and at points of C1 representing the angle

Q@ = (?(z) = f(si)asaﬁmctionofs

ys W shall say that S is

regular of order k (k»1) if this function @(s,) has Hecontimious
I ot order 4 !

k-th derivatives with respect to s, (L = 1,...,N).
In a regular domain R, if U and V are any contimously d&ifferen-
tiable hypercomplex ## functlons, the identity
(1.3) VDU « UDWW = Dw(UV)
holds, and, with it, Creen's formula
(1.1) (VDU + UDWV) dmdy = -1 W (dx + 1dy + de_ 4 (ady - bdx))

R R
where R is the boundary of R, From Green's formula, the desired integral

* A function £(s) is said to be contimous in the sense of Holder, or
B-Contimuous, in a domain R, if to each £ £ R correspond positive numbers
¥, o( such that 'f('z) -f(z')‘ < ¥ |z—z'|°‘ for all 2t £ R,

If M and X can be chosen independent of g, £(z) is called uniformly
H-contimous in R,

¥ X number ic( +1b)( breal)winbecalled

hypercomplex (or Memoglex-mmdg It uill be called complex
S wmm » IN CASE ‘p+ibp.°(p-1’ooa,’-1)c
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representations for the solutions of (1.1) or (1.2) will be derived
through replacing V by a suitable elementary solution V(z;z’) of the
adjoint gystem of equations.
It the domain R and the coefficients a(x,y) ¥ a(z), b(x,y) £b(z) (2 = x + iy)
are g #Ificiently regular, we shall, in fact, construct & function
V(x,y3xt,yt) = V(z32¢) (2! = x' + iy’) which iz continucusly differentiable
far distinet 2z,2' in B {z 3 z') and which, for z' fixed in R, satisfies
the diflerential equations
DV(z32t) = 0,
DV(z%;2) =0,
and, in ad&itionn the relations

{1.52) lim

>0

U(z) V(z32') (dz + le, 4 (ady-bdx)) = U(z'),
o

¥
(1.5b) 1im J‘ U(z) V(z'33) (dz +1e, 4 (ady-bdx)) = -U(z'),
€ -+0

£

whaca U(z) is any function continuous at z!, and Gf is a circle of

radiva § about 2'., Possession of such & V(z;z'), obviously, would
ansble us to derive an analog to Cauchy's formula from (1,4). The
conatruction of such a function depends upon certain preliminary
leomag to which we now turn,

LM 1,1, let B be m open region bounded by a simple closed

curve C which has a tangent at each point, Assume the amgle § made

with Ox by this tangent is a continuous function of arc length s
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alang C. If £(z) iz a function defined and Hecontinuous along Cs
2(a) = 2G| < ¥ faarl (0< A <1,
then the integral
Fat) = £(2) S

. ¢
is uwrdfomly Hecontinmuous in R,

CORGELART: If £(2) has Hecontimuous first derivatives £'(z) =
along C, ~hen F(2') has unformly Hecontimuous first derivatives in R.

Proof: The corollary would be an imuediate consequence, by intew
gration by parts along C, of the assertion of the Lemma., Ia proving
the lamrs, we first shall show that F(z') is uniformly bounied in R,

Let (r,8) be polar coordinates about a pofnt z, of C, vhe posi-
tive tangent to C at 2z, being the direction 6 = 0. Thus, @ =0 at 2,
Let 2z = 3, + ret® be a variable point of C. Then there exists a posi-
tive number ¢ such that cos (8- ¢ )> 1?, [sin@| < '18’ i |zes lp( Co

is compact, the number ¢ may be as ed“to be independent of
Since G we observe’dx = cos ¢ ds, dy = sin @ ds, and —'[zo. on C,
t

dr = cosd dx + 3ind dy = cos (e-q:) ds.
Given z' £ R, let zo'be a point of C which is nearast z'., If
Z=3Z re-d is, as before, a variable point of C, then by the cosine
law of trigonometry,

\r;—z'la = lz'-zo[a + \:—zola - 2‘:'—:°§ \z—zo\ 81n@,
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Pur 2oints z of G for which |zez ) < c, we know, howaver, that

{2 -2, ={j cos(e-?>ds\> (1/2) |5, 4
f sin@ da\( (1/8) Je-s ),

0o

jz-z} |sin®| =

$o being the value of s at 2z o

Thus, for =z j < c,

b=zt] 2 > (1) (s-8,)° ~(3/h) Jar-z,) {s—aol-o-\z’-z | 2
‘the right side of this inequality can be urit’oen as

/) (ag)? + |stesy) [lrrog) - el |

or, alternatively, as

(B oa)® v om o o

By the first of these expressions,
22! |s-s°\
Ll I a1
far |es | 4 |z'-2 ] By the second expression,
Zw2"! ls-s - [z'-l ""' ,
=2l ol ol L2
for ¢ » [a-sol > 4 [z'-z°| . In summary,
for l§~a°| § Co
Since 8 is continuous, md C is compact, we may assune the con=

stant ¢ 30 small that a disk of radius ¢ or smaller about any point of
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C intersects G only in one connected arc.

Using the symbol R o to deslgnate the set of points of R thich are ab
a greater distance than e from the boundary C, we observed that F(z')
iz uniforsly bounded in R o/2° Consider now a point z' inR =~ R o/ o
Lel. z) be a point of C nearest z', and let G = C (3,) e that subarc

of ¢ which is contained within a disk of radius ¢ about 2 o Writing

£(z)=£(z )
Flat) = £(=z s + dz = 21 if (=
(z1) = £(z) s - =2Mif (=)
c c
£{z)=(z_) I ,
+ { j\ " J} “'""Z:ZT&" dz = 2171 £(z,) + Fy(2%) + Fo(zt),
Go C-Co

we observe thab Fz(z') is bounded uniformly vi th respect to z', since
R P2 e/2 on CCoe Fy (z!) also is uniformly bounded, since
s 0

] " .
- |72 r‘ & 6 o
!*‘1("")‘ L J T'Tz-z? ldz] € 8 (s=s)) ds =2 G,

C
o 8,

The unifarm boundedness of F(z') is an immediate consequence.
To prove the uniform H-contimuity of F(z) ‘in R, we need estimate
the diffecence F(z!) ~ F(z") only for such pair{s of pd}nts 2',2" as
are nearer than an arbitrary, fixed, amount, e.'g. » for\
| 27-2"] < a; (a,>0). This is 80 because of the mifork houndedness,
ty which there exists a constant M, such that ]ﬁ'(z')-v 2| < Moy M, \atezt|
for |zt-z"| > a. It is sufficient also to réstrict one of t‘me points,

%6y 37, to & fixed ring-like domaln BR, &2>a1>0.\;,,
A

¥ P ¥
) Y o
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fact, if 27 £ Raa, both points z', z" are contained in Raz-&-‘, a regiom

vhoge minimum distance from C is a -0 >0, In such a refion, however,
F(z) has woiformly bounded first derivatives, and, a forticri, sstisfies

2 urdform Hglder condition,
Thus, we chall suppose |zf~z"{g &y and {2 - c|<a2 * where
8., 3, are arbitrary constants which will now be fixed., We shall supposs,

ramely, thats
(1) &, € o/l
(1) 2y £ /8

N AT

(i11) both a; and a, (with 2,> a,) are so small that, if

2 s zg are points on C nearest z', z", resp., then

~ el & 2 famet]

{iv) if the distance between two points %5 Zy £ C iam
| 21~2,]<6 8, then ‘s(':;]‘)-s(zz)\ < 2 lz1-22\ s where 3(z)
represents arc length along C at z.

Let =18 now write

Flzt) F(2") = £(z) - f(z:,) dz - £(z) - f(zg) ds
2=-2} ' 2z
)] : (o
£{z)-£(z!) _ £(z)=f(z") [ £(z)~£(z1) £(z)=£(z")
[ e o ] dz +$Jr 2 dz.Jr —i— &) =
Co c_co c_ao
= Fo + F1

* By |s' ~ C[ 18 meant inf | 2*-3}
z£C

#¢ Wle may, for instance, let &, be go anall that the ring 1ike region R"P‘Za
2
is simply covered by the interior normals to C. Theua.] can be so determined

that the points of any disk in R‘Raz of radius y<s, le on normals to C

whose dirvections vary sufficiently little. ,.;@

-
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We shall show there axists H2>0, independent of z',z", such that the
: o
curly brackets F; are less in absolute volue than U, |s'=2"| " . Setting

G(z*) j __g_(_:_s_L___ H(s%) = "':‘Ezf'i'
&2,

we have, infact,
Py = 0(21) - 6(a") + [£(a1) = £(s3)] R +2(z1) [H(=) - BG1)] .
Further, by (1) and (i1), the straight segment L joining =', 2" is at no
point nearer to C~C_ than (5/8)c, whence it follows that, on L, G(2) and
H(z) are uniformly bounded and have first derivatives which also are
bounded vniformly with respect to z!', z", From this, from the H-contin-
uity of £{2), and from (141), the statement as to F1 follows,

To complete the proof of the theorem, we must adduce & similar
property for F . let K be a disk about z' of radius 2 \z'—z"] . IfK
intersecta C at dll, K¢ KP o Where Kf is s disk of radius
§ =L [s'-z"| about i, Let G, be the arc of G contatfied inkpo
Obviously, C ? does not intersect l‘, or, a fortiori, K, so that, by

an elementary geometrical arfgument, |s-s"| > (1/2) |z~3'| for = € 6~C

P
let us write
£(z) - £(a}) £(s) - £(s%) £(s) - £(s!)
Fo = ["—_T'_ - "'_""'"" ds + (s'-s" =1') (32
cf co"cf
+(20a0) = £(2)) | B, mF 4 (50-a")Fgy + (£(z2) = £(s2))Fy,

co-cy

©

S ’
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The are ('."f lies, by (ii), in C, = C (2}), and, by (3i) ana (1i1), in
Go(zg). From (1.6), therefore,
(1.6.1) | z=2'] 3,(1/&) ‘o—e"’l » 222> (1/u) |e-s?)

~
N

on p where 8!, sy are, resp., the values of 8 on C at 3}, 2. It

FE s T = S R b

followrs from this and from (iv) that

[ et - 2
E (?ool" 22! dz i +

£(z) - £(27)

2=2"
; c c
$ $
i st42p 8"+2¢
° o -1 ° -1 168 g 164 o o
£ o f (s-8!) ds + 8M j (o-33) ds= of 2§ & L | ztezn]
% %

To estimate Fy, we recall that |2=2"|» |2z on C O"Cf o From

i this, from (1.6.1), and from the fact thatiz~z}| £ |s-s}] , we obtain
3 z;+2c . 1 ) .
' % ~2 %2 6h.22 w1 X
[Pl 32 JlH'ol dsg Gt j s L A
Co-Cg s:,-vg

whence we deduce easily the existence of a constant MB independent of
z', z", such that
| zt-2"] |F01' <5 |2t-2"] .
To conclude the proof of the lemma, i.. suffices to show
| Foal& M, log |st-zn| 4, ‘
Hh amd "5 being constants independent of z!', z". This is, however, an
obvious consequence of the inequalitles oC
F ldgl_ 2 Idal sf“(“f-‘-":-'
Vo< | i< j\m S ol )

=L
C,C ¢ co-cg_ ‘ °¢ 13
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LEMIA 1.2, Let S be a regular domain., If P(x,y) £P(z) iz a

fomplex-valued, uniformly H-continuous function in S, the functionel

X(Psar) = Tg(Psat) = —(1/21»)) f 22) ey

defines a solution
w-(z) = I(P;z)
of the equation
(D + 1£§,)V(Z)‘= P(z) .
vhich has vniformly H-contimuus first partial derivatives in S,

Yroof: let z be any point of B, following the lines of a wellw
krown ar nt % , we may write

W(at) = f-;_’-’-é—%—’-— ddy = P(z) 6(z') +ff[p(z) - P(zo)] "zl:;r dxcy,
S . S
Thus,

o(z1) aff-%’_‘%'—-
: |
W(z?) ~ W(z )

G(Z" G(Z ) i -1 -
[o]

The second integral on the right is lmom to have a limit, as zt + )

which itsclf is uniformly H-contifous in S #% 3 G(z) we shall shortly

vhere

prove to have all derivatives at any interior point of S and its first

# See E, Hopf [1] page 203 .
#* See E, Hopf|1]Lemna 3, pp. 203206,
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derivatives G (z) G (z) to be uniformly H-continuous in S . Itwill
follow, ia pa.rticular that, at z = 3, s W(z) has first partial derivatives
whose vaiues are easily computed from the formula, Replacing z o2 A0
arbitrary poind of S » by 2', we have, in fact,

(1.7) Dx,W(z') = P(zt) Dx,G(z') *Sf[l’(z) - P(z'?] Dx,(z-z')-1 dxdy,

from which, and from the analogous expression for Dy,ll'(z'), we obtain -
o J8(20) = P(=)(D, 4D, )0z )+ yf[f’(z) - P(Z‘)] (Do + wy,)(z-z')"tdxdy»

L’em-e, to show that w(z) = -(1/2‘ﬂ‘_)w(z) satisfies (I)x +1 Dy) w (2) = P(z),
we need only to recognize that A

(D, + :'I.Dy,)(z--z')""‘l =0 for g # z!
and to verify, in addition, the previous assertion as to the derivatives
of G(z) aad the equality

(D, +1D,)0(z") = -2,

Let Kf be a circular disk of radius P about the point z', G{z') is the

limit as P +Q of the proper integral
e

that is, by Greents formula, of

(u’z)Jf;%-r- { (2, +1Dy)‘="} drdy =-(1/2>f \_” =1}
Sk '
S
where Z = x-iy is the conjugate of s, and Kf is the boundnry of K’, Hence,

Gat) = -2 J S &
. .S
3 being the conjugate of 2', Bach term on the right has all derivatives
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for z'€ B, and the integral is annihilated by the operator D , + :l.Dy,.
Hence, G(z') also has all derivatives, and
(U, * wy,)a(z') = 2T,
as required,
fle st111 must demonstrate the uniform H-continuity in S of the first
derivatives of G(z). It is enough to discuss one of them, sy Gx(z) ,
since the otl;xer is determined by (Dx + my)G(z) = -2, a relation

which holds for all 2 in S, By the foregoing,

N
D, (z') =-T - (1/2)J3 '('z‘f':'ﬂ"z = -T +(i/2)j—g-z-r.

Writing
i =e¢ ezl ,
where @ = @(z) is the angle made with Ox by the tangent to the boundary
at z, we have )
& = o 3¥(®) 4 wh(s) ax,
Under the restrictions imposed, h(z) is H-continuous for z £ 8. Thus,
Lemma 1,1 applies to
s Jrge,
S S
and this completes the proof,
LESA 1,3, If S is a regular domain of order 1, and if P(z) has
uniformly Hcontimous first derivatives in S, then '
w(z) = Ig(Pss)
has uniformly Hecontimious second derivatives.in S,
Proof: By Lema 1.1, the function w(s) has uniformly B-contimious
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first derivatives in S, To prove the lemma, it iy enough to discuss

the derivatives of w (z), hence of W (z), where, ac before, '
s [
=2 2%

' & 3 being a circular disk of radius f about the point «' of S, Ey

§

Grean's formula,

W(zt) = lim [{j j\} P(z) log(z-z!') dy - Jfl’ (z) log(zmn?) dxdy_!

f
= j‘ P{z) log(z~z') dy - J‘fl’ (2) log(!’--ﬂ") ey,
.

“
Hence, 3

S .
The area integral on the right, by Lemma 2,2, has uniformly H-continuous
first partial derivatives in S. The boundary integral J(z') has all de-
rivatives with respect to x',y' for 2' £ S, and we shall show its first
derivatives, in particular, sgy,

ILa(zt) = :_: dy,

S
to be uniformly H-contimmous in S. To do so, we observe that, in the
notation of Definitions 2,1, dy = sing |ds}, since on C, {dz] is equal
to the element of arc ds,. Further, {ds| = ¢~ ds; thus,

P(2) ¢y = P(z) stng ¢ ¥ oz ¥ 5(a) gz,

where j(s) is defined and has H-contimuous first derivatives j'(s) .-"-1%1

on each curve comprising :?o. Ve may then, integrating by parts, write
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. ]
L wer= [ 28 oo | e jm 2
Lerva 1.1 aow applies to the last ifegral, The result is that Jx,(z')
iz uniformly Hecontimuous in S as stated,

As final preparation for the construction end application of an

elomern

Cemeer

tary solution, we introduce a comvergence concept into our algebra

of hypercomplex quantities, Iet U= ) e oo be an element of this algebra,

|
the % being complex~valued numbers, "fe then define
: =i\, lol = Z Juk

L Evidently,

ooy e gD T

Mg T

M) £ W 4w, |owl & Ty,
NUV) = NU, NV, |ovi< = Jui)v] .
Since, further,

et n
i =(ur+ Z u‘p’p) (“‘r+e)n=ur + (?)ur 8 + vou ,,( )n- “+] 4_._13
=

e being zero, we have also
(™) = (W37,
Wnl@, nx-1 Max(1, |0] 1\-1) * Max((NU)R, (m)n—r+1)

whers Cr is a constant depending on r.

(n>r),
Defining convergence in terms of
the valuation | | s we can then state:

LEMME 1.k, Let £(z) = l; aksk be a power series with complex coef-
ficients which converges for (s]<c.
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If ¢ is a nilpotent elsment, then the series
-
o ‘ k
(z40) = Z ak(z-oe) .
=0 .

alsn cormverges for \z} < Co The convergence is absolute-uniform for \zlg ¢ o < O
COROLLARY: If, for z in some open set S, w(z) is 8 contimuously
differentiable hypercouplex function such that
Niw(z))g Sy <
thenin 5 .
at(w(z)} = £1(w(z)) dam(2),
vhere £1(z) =%; £(z)s

Proof: Let
, n k
fm\z) = Z 8%,
n

Ey the foregoing rules for the new valuation, there is a constant C de~
pending on e such that {for m3r)

\fm(z*;)\g cma{i k"’"‘aﬂ \zk" i k“"‘ IE'k“zk-r“l-‘}

< 2¢max(1, jz) ™) i_ K(k=1)s 0o (Ker41) \a.k||z}k'r+1 o

Lemma 1,4 now follows from the absolute-uniform convergence for |z|& ¢, < ¢
of all the series (in particular of the (r-1)st} obtained successively
from £(z) by termwise differentiation, The corollary also is proved by
termwise differentiation.

The rules governing the manipulation of ordinary convergent power
series apply, thus, to power series in hypercomplsx numbers. A well known
regrrangenent theorem, in particular, glves us
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LBAY. 1,5 If £(z) represents a convergent power series, then

M i
f(zs0) = J_ 13' o £(8)(g),
0o

where f(k)(z) = %;kk (2.
4

Proof of this result depends on the fact that ¢ =0 (k =T, r4, evolo
We can now, making use of the preceding lemmes, construct a suitable
eleamentary solution of the equation DV = 0, assuming a(x,y) ¥ a(s),
b(x,y) = b(z) to be uniformly H-continous in a regular domain R, With

the notation
I(Pset) = ~(1/2 1) ff%(_#:-} dxdy,
R

we begin by defining
(1.8) tr(z) = 3
t) = I(~aD + 000t (2);3) (0 =1, arep 1),
By Lemma 1.2, each tp(z) has uniformly H-contimuous first partial derivatives
in R, and the hypercomplex function

M) = 5 et(s) ¥ oaer(a) (T(z) nilpotent)
7
satisfies

(1.3) DrE (D + D +e  (aD +bD,))§ = 0,
t(z) will be called a generating solution of Dt = 0, We observe that
o(t(z) - to)k =0 (%, = hypercomplex constant),
and, more generally,
L2MA 1.6, To any complex-valued function f£(s), regular and analytic
in a subdomain S CCR, corresponds a hypercamplex valusd function
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which at each point of S satisfies
d&F(z) = f£1(t(z)) dt(z),
and, hence, in particular, the equation
DF(z) = O,
Proof: In the neighborhood of an arbitrary point s, of 3, £(s)
can be represented as a convergent power series, m
z) = a(z;zo) = ; ak(z-zo)k.

By Lemma 1.L, the power series s(t(z);zo) converges in the nsighborhood
of z, and Lemma 1,5 then shows

1
s(t(z);s) = i ;}- l(k)(zszo) (T(z))*

0
5

= > i %) atak
0
The differentiation rule, and, hence, the fact that the right side of

the last equation is annihilated by D, are proved, finally, by applying
d termwise to the series
s(t(z)3z)) = Z\:__. 2, (t(2) - 55,
0
an operation which is justified by the corollary to Lemme 1.4.
Equation (1.9) may alsc be written as
(1+ an_.'a)tx' +1(1 - 1-n_1b)ty = 0,
and from this the identity
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{1.10) tx — {_dx + 18y + 1°r.1 (acb*—bdx?] = txdx -+ tydy
~ie '
p
is cbvious., Now we define .
(1.11) V(zgat) = L ) ] 1 .

J~de, 40(z') (2} - t{z!)
Thig iz the elementary solution of DV = 0 which we shall use in Green's
famula, %ts important properties are sumarized in
THEOREM 1.1, If a(zj, b{z) are complex~-valued, uniformly He-con-
tinwous functions in a regular domain R, let

1
{1,19) t{z) = z + E eptp(z)
1

be & solution of equation (1,.9) which possesses uniformly Hecontimicus
{irst derivatives in R, Such a solution exists, Defining V(z;z') as
in (1.11), we then have
(1.13) DV(z3z') =0,
Further, bg:th the relations

un \ U(z) V(z3z') (dx + idy + le

(ady~bdx)) = U(z'),

[
o lim J‘U(z) V(z'53) (dx + idy +ie 4 (ady~bdx)) = ~U(z*),
-0
P cf‘

t"%fbeing a circle of radius (° about the fixed point z' of R, are valid
for any hypercomplex fimction U(z) which is continuocus at z'.

If a(z), b(z) possess uniformly Becontinuous first derivauives in R,
and if, in addition, R is regular of order 1, we may assuue t(z) to have
umformly Hecotimuous second derivatives in R, In this case,

(1.13%) DwV(z'32) = O,
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Proof: The existence of a generating solutiom t(z) and the continuity
properties of its derivatives have already been shown, We have only to
verify (1.5) and 1.13%), The second integral in (1.5) can be written

- =T otz - - () (dz+ie_ , (ady-bdx))
(214 u(a?) j dt.(zz (2"1)1 f(u(z) U(,,r))f —T5) (ﬂ:) 1“2‘))

= <U(3!) 11 - (2"‘1)

To evaluate I,, we nay inmtroduce, in accordance with Lenna 1.6, t:a function
£(z) = log(t(z) = t(z!)) = log(z-2') + E %’gﬂ))

Obviously,

=i k
ar(s) = dlog(z—2') +d Z o (!'L!Z?:.g.(.”.'l) ’

1

7 g BT

whence we sce that
df(Z) = 21’10

%

The integral on the 1éft is, however, 2Til,, since
df(z) = :t(’ 27)?

2 sriggea

a relation which follows from Lemma 1.6,
To prove that I, tends to zero with >, we first cbserve that, if
w is & complex mumber and e nilpotent, then
(wo)! = z’: ¥ o1,
Hence, - !

' & - k-1
(t(z)-t(z-))" = (g-g')" Z; (1) ( rm;:g,-z)

It follows, since T(z) has unifarmly bounded first devivatives in R,
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that on C

3
|e(a) - e & W/ ymar) =uy/p
where \d1 i3 a suitable constant independent of f’ o Similarly,
\ t_(z)

T - ier-lb

o) \\g By, |dz +de 4 (adp-ban)| § 1 ds,

4y, MB being constants independent of £, and ds the element of are length
on Cg_. o low let @ (S’ ) be a modulus of contimity for U(z) at z':

| 0(z) - 0" BCE )
for |z-z')kPwith 5::1 $(9 ) =0, Evidently,

\514“1”2”3@(9) EJ{\%‘J, = 2TUUM B (f ).
¢

If follows that I, does tend to zero with § , as stated, and thus the

second relztion (1.5) is established,
To prove the other of these relations, let us write the first
integkal in (1.5) as
- U(z) V(z';2) (dx + idy + ier_1(a®-bdx))
C

+ fU(z) (V(zt32) + V(z;z'))(dx + 1dy +ier_1(ady-bdx)) =d, + J2,

%

We have already shomn that J; tends to U(z') asf- 0. What remains is
to prove that J,-» O, First we note that the function

t (z)

T - ien_1b(z)

is uniformly B-continuous in R:

glz) =
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\&(2) = glz")} < K |z=z'} P (0<h§ 1, K= comst.),
Hence, on Sp , '

\Wearsa) + Viza)] = J@T 0™ (42) - 4@ )™ (alz) - glan)]

i -1
<o (e =g e,
where K, i3 a constant independent of £ . Also,
Wz} g K

in a neighborhced of z', say for |zz!'|§ £ . For Pgf,, it follows,
therefore, that
b
Y b

C

P

asf-» 0, as asserted,

EAPa ds = 2'ﬂ‘x,x2n}fh 0

For such t(z) as possess continuous second derivatives in R, let us,

finally, verify equation (1.13%), By (1.11),

%
DW(z'32) = (/2T3) (41=t)"] D(TT“"sfeM
= (1/2T1)  (t'=t) [ Dby ept by O
1-:Le1‘_1b (41_13 e - (?

where we have put t = t(z), t' = t(2'), etc, ile observe, further, that
from Dt = 0 follows
0= DDn:-.D e\D +1D +e 1(aD + bD ))t— (D +iD + 8 1(aD + bD )}u

+enq(a D +00) t =Dt 4o 4(at, +b4),
and, in addition,
(1 +e_ a)t +(1 +e 1b)t =03
the last two results together give
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ib (14e, 48)
Phe = =01 ® [‘ i =
Hence,

4 P t -1b (m @) +i0b 7
V(z'33) = (2M1)™  (t'=t)” e 4 T 5 ["x =13 D |
, b o

= «V(2';3) (az + by).

Equation (1.13%) now follows from the fact that
D=D+a 1(et +b). |

Theorem 1.1 and Oreen's formula, applied to a domain consisting of
the points of R outside a small circle about, the fixed point z', now give
us

THEOREM 1.2. If a{z), b(z) heve uniformly H-continuous first de- .
rivatives in a regular domain B, let t(z) be a function of the type
(1.12) as described in Theorem 1.1, and let V(sz;2') be defined from (1.11),
Ther far amy hypercomplex~valued function U(z) of class C' in R, there is
an integral representation

U(z?) = J U(z) V(z;2') (dx + idy + e ,(ady-bdx)) - iffv(a“') DeU(z) dxdy.

R
If R is regular of order 1, £(3) may be assumed to have H-contimuous

second derivatives in R, and in this case the alternstive representation
U(a') = - | U(s) V(z'38) (dx + 1dy + 1o, 4 (ady-bax)) + iffV(z';z) DU(z) dxdy
1 R
also 1s valid,
Partial converses to these statements are provided by the combined
agsertions -of the two following theorems:
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THEOREM 1.3. Assume a(z), b(z) have uniformly H-contimuous first

derivatives in the regular domain R, If f(z) is a hypercomplex—valued

furction defired and integrable on the boundary I'i of R, then the integrals
Ia)

I(a¢) = J .'f(z) V(z;2t) (dx + idy + ier_"(ady'-bdx)),

R
~

&
J(z') = j £(z) V(z¥s2) (dx + idy + e 4 (ady-bdx))
R
wepresent functions with H-colinuous first derivatives in B such that
D#I{z) = 0, and DJ(z) = 0O,

Proof, in accordance with Theorem 1.1, is Ly differentiating under
the integral signs.

THEOREY i.4. Let R be a regular region of order 1 in which a(z),
b(z) are assumed to have uniformly Hecotinuous first partial derivatives.
Izt j(z) be a hypercomplex~valued function defined and having uniformly
l-continuous first partial derivatives in R, If V(z;2!') is defined as

in Theorem 1,1, the integrals

S(z') = ff 3(z) V(z32') dxdy,

R
J‘f 3(2) V(2';2) dxdy
R

have Hecontinuous first derivatives in R and in R satisfy the equations
(10‘”«0 D*S(Z) = ij(z), m(z) = “ij(z)o

T(zt)
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Proof: Reasoning as in the proof of lLemma 1.2, we can easily show

that
Tx'(z') = §(z') D, ff V(z'32) dxdy + r r(j(z) - §(21)) Dx,V(z';z) dxdy
, J;{
R

and that the second integral on the right satiafies a uniform He-condition
in R, We must also show that

H(z?) = ff V{z'3z) dxdy
R

has B-continuous first derivatives in R and that
(1015) DH(?J) = "ie
To facilitate the discussion of H(z), we shall introduce a new

Tfunction 1
a(z) = (1/2)F + Z 0 5,(2)
1

which is to have uniformly H-continuous first derivatives in R and to
satisfy there the equation

(1.16) Ds(z) =1,

that is,

(1 016p) (Dx + my)sp(z) + (an + bDy)ap_n (2) =0 (P = 1,000,013 ar(z) =-§).

Spacifically, using again the notation

I(P;zt) = -(1/27T) J\ f {%%—dxdv.
R

we define
5.(a) = (1/2)%

'p( ’) = I(—(lnx"bny)3p+1 3 5‘}‘ (p = ’,ooo’ =1 )v'a
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It i3 clear from Lemma 1.2 that each ap(z) has uniformly Hecontinuous first
derivatives in R and that equations (1,16) are satisfied,
If Ko is a disk of radius © about s'€ R, then'H(s') 1s the linit as
£ +0o0f Ft;.he proper integral .
S‘j V(z';2) dxdy = ‘yf V(z';z? Ds(z) dxdy
R—-K?

e

or, by Green's farmula, of
i {S‘ - S} V(z'32) s(z) (dz + 1 4(ady-bax)),

R K
since D#V(2'32) =0 in R—K? (f > 0). Thesrem 1.1 thus gives us
H(z') = -18(a') = 4 5‘ V(s'52) a(z) (dz + 3o, (ady-bds)),
R
whence we observe that H(z) has H-ctotimuous first derivatives in the
interior of R and that, moreover, the second equation of (1.1}) is justified.,
The first can be proved in a similar fashion,
We shall later have need also of i
THEOREM 1.5. Let a(z), b(z) have uniforly Hecontimious first de -
rivatives in a regular domsin R of order one, and lst V(zsz') be defined
from (1.11). Let C be a simple, closed curve contained in R having con=
tinuous curvature, and let U(z) be defined and piecewise continuous on C,
If U(z) is B-contimous at a point %, of C, the integral
J(gt) = g V(s'3s) U(s) (dx + idy + 19,_;(w-bdx))
c
satisfies the relation
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Un J(z') = JI(z,) - (1/2)U(z,),

z'avzo
a3 z' tends to z, from the interior of C.
Prooft By foregoing reasoning,
3 = -(@ ey J Uo) ity = -er)” jv(z) dlog(t(z) ~ ©(z*))
c . c N
= =(27r5)" f U(z) diog(z-zt) - (2M1)" J\(U(z) -0(51)) 4 71:(!.&%2:3;%.:7)
C ’ : c .

The second integral on the right is contimuous on the boundary because of
the H8lder condition supposed for U(z), while the first integral satisfies

Un  {2me)™ j‘ U(z) dlog{z~z') = (mi)"1 SU(z) dlog(z~z,) + (1/2)0(z ) * .

tyr
z 'ao

2, Representation of the solutions of homogeneous systems of equations.

With the aid of Cauchy's integral formula, & simple representation can be

‘ obtained for sufficlently regular solutions of the aystem of egquations

(21) DU = '~(n p + 10 + de_4(a(z)D + b(2)D,))0(2) =0,

where a(z), b(z) are complex~valued functions possessing uniformly Hecone
tinuous first derivatives in a domain R. We shall show, namely, that the
manifold of solutions of DU = O regular in the neighborhood of a point z,
of R is the manifold of all convergent power series

(2.2) g , (4(2) - t(z))"

# The integral on the right cormverges absolutely, For proof of this formula,
see R, Courant \_1], PP. 306~317,
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with hypercomplex constant coefficients s vhere
1 )
(2.3) #z) = z+ ? eptp(z) = z 4+ Tz) (7(2z) nilpotent)

is a function possessing uniformly Hecontinuous second derivatives in a
neighborhood of 2, and satisfying the equation
Dt(z) =o0.

#We have previously called t(z) a generating solution of Dt = 0. Convergence
of the serien is defined with respect to the metric introduced in the pre-
seding section, The existence inside a subdomain R , of R, which is regulsr
of order 1, of a function of the type (2,3) with the indicated.properties
is guaranteed by Theorem 1,1,

Let U(z) bu & solukion of (2.1) which is of class C! in R, Let C
be a circle about z, which with its interior is contained inside R X By
the gecond formula of Theorem 1.2, and by (1.10), (1.11), the value of U
at any point 2' interior to C is

U(z!) = (27]":1)-1 f U(z) ﬂ-z%té—z%@r o
c

Ymploying the exapnsion s

a4
)

n k
1 = 1 t{z!) - ¢ + 1 t(z!)~t(2,
) =(®z) Hz) - E!zoj E 2] - 3, Tz)=t(zT) ‘E(z)-.t(zo)
k=0

we see that, at the points of any disk K about z, which is inside C, U(z)
is, indeed, represented by a series of the form (2.2), its coefficients

defined by >

ck=(27’l'i)'1 f U(z) (t(:)—t(zé))- dt{z),
c
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provided that for z' § K the remainder

-1 n#
(271)  (t(2*) = ¢ u(s) dt(z)
) (6(z) - t(z)) j e < t(zo))nq R

c
tends unifomly to zero, This can be proved in much the same way as in
the classical case, and further details will be diltted.
Attention is directed to Lemma 1,5 by which the series exspnsion (2.2)

for an arbitrary regular solution of the system of equations (2.1) can
be written as |

W) =3 o U(x) =% St L (n(s) - ns)* £ (q)
1 az1- eppz ; ;E‘ ) -~ o P »

the fp(z) being functions analytic at 3 Conversely, such an expression
defines a solution U(z) of (2.1).
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3. Uniqueness of the solution of a Cauchy problem. An extension of

a_theoren of Carleman. In a well known paper, T. Carleman [1] has con-

sidered '.'systens of linear equations of mixed elliptic and hyperbolic type

of the form

m n
D ! 4 147D )Y(u! n ' " o+

( .+ (Ap + 1 p) y)(up + iup) = ; (cpq.,uq + °pq2“q) Z cpquq
9= q=m+}
n n

) it
(IJx + A’Dy_)u.8 = Z (°3q1uc'1 + csq2nq) + Z C3q%q
L gem+1
(p=1’ cesy m3 8=m+1, seey n),
the coefficients
(3.73)  A(xy) = AL 4+ (A1, A7 reals A7 #C3 p=1,00,m),
As(x,y) (As realy 8 = n#l,...,n)
being of class C", ard the remaining coefficients
.1 ’ L [ ] n al
(3:10) Cpgn = par + 100 (par, Spar Tea1)s
®iq (cgq read)

continuous, inside a semicircle

D: x° +;r2 < d2, x>0,

The Cpqs? Ap, and the first and second derivatives of the Ap are assumed to

be vniformly bounded in D #, OCarleman showed that, if a continuously dif=-

# Carelman does not state this explicity, but the assumption is certainly
used in the proof that v< 0 (p.5) 'and in the definition of L, p, 6, This

assumption may also be implicit in Carleman's assertion (equations (12), p. L)

as to the existence in D of contimously differentiable solutions u(x,y),
v(x,y) of the system

(Dx+AD Y(u+4v) =0
of the form Py

u = AS(xt, yt)(z-x') + Mx-x1)? 4+ 2B(x=x*)(y-3*) + Cly-5")2 +E ((x-x1)? + (75")?)
Vo gyt = Al(xty ) (axt) + &y (xx?)? 4 28, (x=x? ) (3=31) + G, 1) + €4 lx) + (gt )
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ferentiable solution of this system vanishem on the y-axis:

up(o,y) = O for \yv|< d (% = t&')-m;jfor pgm p=1,..0.,n),
there exists a radius do such that

%(x,y) =0 (p=1,0ee,n)
in the seml-circle x° +y° € ds, x > 0.

The importance of this theorem lies, of course, in how wery little is
required of the coefficients in the equations. # The results previously
knowr: had demanded analyticity of these coefficients, Previous results, on
the other hand, had applied to sya.tem of any type, while Carleman's theorem
excludes all systems of?‘ partly parabolic, and some systems of partly ellintic,
type, We shall show how; by Uarleman's own methoas, and with the aid or the
tz;;pscjx%gfi °o£ Si'iﬁfﬁcléyﬁ’ theorem can be extended to al] sﬁs;:r;:dof

We begin with the totally elliptic system of linear equations

n
(3.2) (D, + AD, + ep’rp_1ny)up(x,y) = ; (cpq., uly *+ g0 u;;q) = op(u) (p =104,

sm)

where (x', y')&D, and A,B,C,K By ,C; ave functions of x',y', and €, €, func-
tions of x,y,x',y! which tend to zero with (xx)2 4 v¥')2.uniformly in a
certaln neighbarhood of x=sy=x'=y!=0, Carleman does not say what kind of
construction he had in mind to produce functions of the type (N. In Chapter

III, section 2 will be presented a method of construction under th cond:l:biog
that the A are defined and of class C"! in the entire circle Ke& x© 4 y2. d°

To assure this condition, it is, however, emough, to require that the Ap and

their first, second, and third derivatives be defined and unifarmly continuous
in the semi-circle b, as the domain of & , as a function of class C''?, could

then be extended, first to the y-axis, next to all of K.

* See the comments of Petrovskii [1], pp. U5,

T
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made up of subsystems whose principal parts are in canonical form, er
represents the mmber of real dependent variables (and of equations for
real quantiti es) in the principal part of the p-th subsystem, and

1’ °p1’ veoy ewp =1

. the standard basis of the algebra associated with it, The coefficients

(3,1,) ani (3,1,) are defined , the first having uniformly contimuous first,
second, and third derivatives, the sacond bedng uniformly contimous, in
D, We suppose also that a solution
By T = ;Z- €q(U'pq +19py) = rzp ®d’q

q=1 gl
is known which is uniformly bounded and of class C' in D and satisfied
(3.3) Up(O.y) = 0 for]y| < d (P = 1,0e.,m)
and shall show there exists a radius d, such that

Up(xsy) = 0 (P =1,00.,m)
in the semi~circle x° +y°g @2, x 3 O, |
Following Carlemam, we introduce new variables through

2 2
U, = Mx 47" = x) V, (ot resl, positive)

in terms of which equations (3.2) can be written

(D +AD + °p,rp-1ny) v, + t(1-2a-b2lpy+2qp,rp_1y)7p = 0,(V),
or, alternatively

(3.4) (b + DA, +e, :rp-1D¥)vP + t0-2cx42 7420, ’,.p_g)vp

- Gp(V) +h, ’yvp - np(v).
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Let 'J.'k be the hyperbolic arc defined by

x#yz-cxzakz

0< x& — L i k< 1/2
\2c - M?'T W’

and let Dk be the domein bounded by T, and the y-axis, Over Dk’ we shall,
like Yarleman, apply Green's formuls to the expression (3.4) using for this
purpose a suitable singular solution of the equation

. - 1. o
(3.5) (Dx + ApD -+ °p,rp-1 D y)wp = t(1-2ex + ZAp’+2°p,rp-17) b = 0.

It is not difficult to produce s gemeral representation for the solutions
of equations (3.5) from which the specific singular solution desired for use
in Green's foymula can be obtained, Set

2 2
z ge-t(zq-ez )w .

) P

(3.6) (Dx -erpr + . r -1Dy)zp = 0,

?

P :
We may suppose # that in D the auxil iary equations
(3.7) (Dx + Apr) (u#dv) =0
have a solution

w(z) = wix,y) = u(x,y) +iv(x,y)

wich possesses contirmuous md uniformly bounded first, second, and thiid
derivatives and which is such that not all first derivatives u, Yo A Vy
simultaneously vanish at any point of the closure of D, Then Taylar's Theorem

with remainder, applied in a neighborhood of an arbitrary point 3' w x'4dy!

% See the first footnote of this section and the end of section 2, Chapter III,
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of D’ shows that
.8 A_(z!
oo 1-,2:-21-;- (w(z) = w(2?)) = x(z;z') + 1¥(z321)

is a solution of equations (R.7) of type (A)., Now we change independent
variables by

X = X(z33'), Y =TY(s35'),

Since

D, +AD [(D + 4 ny)x] D+ [(Dx + Apr)I] D,
(Dy m-—a-!-, etc.), we have from (3.7) and (3.8) that

(op +ap 2= [0 +aD)x] (0 + 1)z,
and, hence, that
(39) O MADy + & p 4D = [0, )5 (Dpsanpse o (aByobde))Z,
where

&= x/(n D )x b= ry/(nxupny)x. »

Lot a(X41Y) ¥ S(232') be a genersting solution of the homogeneous equation
cbtained by setting the right side of (3.9) equal to zero, (The designation
t(x+iy) was used in section 1), As we bave shown in section 1 the most

general solution of this equation (i.e,, of equation (3.6)) is m amalytic
function

F(s(X+44Y)) = F(S(s3s'))
of the gemerating solutions in consequence, the most general solution of

# ve observe that, by (3.8), (3.7), (D4 D’)I = 0 inplies izcl’ S 4 'Iy =0,
hence, that w, "I’IO, an equality thatia excluded in the closure otD.

*# more exactly, a sum of suoh functions with hypercouplex coefficients
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(3.5) 18 a function of the form
(3.10) W'p = et("‘""z"“z) F(S(s32')).

As the first step in suitably choosing F, we recall that X and Y are
expressible in terms of x,y by equations of the form (A) of a preceding
fostnote. Iy a result of Carlemsn (PP.J¥Y, 3¢ then follows that there

exist mmbers ?1’ ¢, independent of p, such that

x 477 - o =0y + Oy + CF + 20,2¥ + G (x2x%) + (xir)R(x,Y)

for
(3.11) 1z1< 9,_, x>0,
where the Gq are complex~valued constant, and
(,12) B<O
in the closure of the domain (3.11).

The second step indfining F is to introduce .
F1 (S(232')) =F (s(X+Y))

-t(c + (cf-ica)s(mx) + (cu-i )(a(x«u)) (s(x -&!))"1

By definition of 8(X#Y), see (1.8), 4

e1:(x-ls'2-x2) F,(s(z.gz')) - ‘t(xz-#!a)li(x,!) .itQ(z;z') .t“(a;s') (S(”'z,))-‘l"

where Q is a real~valued function and N nilpotent * . Now we can define
P(s(usa1)) = (2mm)~! 19013370t < Bistst)t o (xt330) By (SCa3s1)).

It follows, in view of (3.12) and of t.ho continmuity assumptions made, that
there exists a constant K' such that

* R,Q,N,S all depend on p, but this dependence need not be explicitly
indicated,
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le(z;a')' < Kt/ ‘Iﬁ!l 3
hence, there exists a constant K such that
(3.13) [W(aa)| < & |ast] .
It is convenient here also to observe that, since equations (3.6) are
satizfied by S(z32'),

d3(z33") = 5 (z32")dx + sy(sss')dy = Sy(zsz') (v -(Apnp r Jax),

and, hence,

(3.1 W(z53') (dy ~ (Ajde £ 1))

2.(217‘1).1 1t(Q(z32°) - Q(a? ;z!)) t(N(332°) - Wb 327))g ( '3e1) aS(zze"
° ° ‘:;‘! s{:}:!/: P

b4
Let us now wirte Greenis formla

s (3.15) ff B(V)W(zsz')w f J‘ '”“" Uy p,r 1))

for the domein cbtained from D, by daleting the interior Q)’ot a snall
circle J about thc fixed point z' € D “he linit of the ares integral as
4 shrinks to z' exists in vier of (3.13). The limit of the integral over

x tends to Vp(z'), a3 may be shown from (3.14) by the proe‘durea used in
Theorem 1.1, Hence,

©(3.16) T (e1) = T\f MV = (b 0y p 1)) - J f H (V)W doty.
k

U

e

oar

k

This expression corresponds entirely to equation (18) in Carleman's paper,
and from now on the argument is exactly like Carlemants (pp. 6~9). The
extension from totally elliptic systems to systems of mixed élliptic and
hyperWolic type also can be carried out in the present case j\pt asCarleman
had propsed for his gomewhat more specisl system.

4 R T
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CHAPTER IIT

BOUNDARY PROBLEMS

1. Extremum principle and uniqueness theorems. If two functions

u(y.y), v(x,y), which are of class C* in a domain R, there satisfy the

Cauchy-Riemann equationss

- - =0
% PV = 0,
neither function can be greater (less) than the maximum (mimimm) of
the function on the boundary., Proof is usually based upon the fact
that u and v each satisfies a certain secon-order elliptic equation,
namaly, o, + x&y = 0, whose solutions previously are known to possess
the extremm property in question.
Functions u(x,y),Afoc'li'ss C' in a domain R in which

(1.1) (D + (bt + ib")Dy)(u +1iv) =0 (b" #£01inR)
also are subject to this extemum principle, at least if bt, b" are
sufficiently smooth functions of (x,y) in E, On the assumption, for
instance, that b = b# + {b" is HBlder—continuous in each closed gub-
domain of R, by a suitable change of variables X = X(x,y), Y = ¥(x,y)

the canonical elliptic system (1.1) can be reduced to the Caucby-Rie-
mann equations
(Dy + 4Dy)(u + iv) = O
thereby, extremum properties of solutions of a system of first-order
equations zgain are derived from previously lnown extremum properties
of solutions of second-order equations,
A different kind of argument can be given which utiliges no priar
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knowledge about second~order equations, and, also not involving any
change of variables, spplies to systems of the form (1.1) in which b
is merely continuous in X, The argument will be developed in a series
of lemmas,

1EMA 1.1 Let

Y =Pty eee,X ) geeey W =F (X000, X))

map a bounded domain R of Euclidean n-space into this n-space., It is
assumed that each Fi is of class C' in the closure of R and, in addi-
tlon, that the functional determinant

IHx) = Axypeensry) = O (poees W)
? (X yoeesxy)
is nonenegaiive in R, Then the image F(S) of the set
S = [XE.R \ J(x) =0]
i3 nowhere dense in the image F(R) of R,

Proof: It suffices to show that (S) has exterior measure zero,
Indeed, S is closed, hence F(S), its continuous image, also i3 closed,
whence it follows that if F(S) were dense in some sphere K, F(S) would
contain K and not, thus, be of measure zero,

Choose £ > 0, let N= NC be an open set covering F(S) such that,
at any point x of the inverse image T of N, lJ(x)\ < £ .

The measure of the open set T is bounded uniformly with respect
to £, say

7| < =
where D is the measure of the bounded set R. The measure of U, the
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image of T, is at most

D
fﬂx) & g eJax < &£
T T
where dx represents the volume element in the n~dimensionmal x-space
ccnsidered, It follows that the measure of Ng can be made ~.  arbi-
trarily small by sufficiently reducing £ , i.e., that £(S) has outer
measure 2206 .

LESIA 1.2, Under the hypotheses of Lemma 1.1, let U be an open,
full sphere conbained in the image of Rs U CCF(R)., Assume the clogure
of U is disjoint from the image of the boundary B of B2 U [\ P(R) =0,
Then in U the degree of mapping of R into F(R) is positive.

Prooft Let X be any component in R of the set antecedent to U.
Since U contains no image point of the boundary of R, M{X)CT U,
F(X)CZU # t i.e., F maps X into U, the boundary of X imto tie
boundary of U, The degree of thia mapping éf X into U, called a local
mapping is, therefors, constant in U, DBy Lemma 1,1, U contains a full

sphere U, which does not intersect F(S): 1.e., I'(x) E U, implies J(x) > 0,

Let Xy, X550 be the components in X of the open set which is ante-
cedent to U, Thus, I, C X, F(X)CU, and F(ii) < U, Aswe
have seen, J(x)>0 in each Xig it follows that the local degree of
mapping of Ii into U, is positive for every i, amd the same is, there-
fore, true of the degree of mapping in Uy of X into U, But the degree

* The boundary of any point set V is represented as V.
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of mapping of X into U is constant and, thus, also must be positive,
Ve rave thus shown that the local degree of mapping in U of ﬁv CORPO~
nent of its inverse image is necessarily positive, and from this it
follows immadiately that the global degree of mapping in U of R into
F(R) =lso is positive,

LEMA 1.3, Let us make the hypotheses of Lemma 1.1 and assume,
in sddition, that for every poini X of the boundary of R,

RE <

where C i3 3 constant. Then any open set contained in the range of
F most 1ie in the half-space

n < O

Proof: A point (“‘l"“’"h) for whichuy > © is in the outer com-

TESORINENGY g o N, e

ponent of the complement of the immge of R; hance, the degree of mp =

e g

plng over a neighberhood of such .. point is zero. By Lemma 1.2, this

neighborhood was not covered by the mapping,
LRMA 1,4, Let
u = 1(Xgaeees xn) (1 = 1,400y 1),
(or, for short, u = F(x)) where the F, are of class C' in the closure
of = bounded domain R, Suppose that the functional determinant
I(x) = 9 (955000y 'fl‘

| T E s %)
is non-negative in R, and, moreover, that J(x) can vamish in R only if

each partial derivative -g—:—;'— d so vanishes, If, finally, each point X

of the boundary of R is mepped into the half-space u, & © (¢ = conat)s
@ e & £ B),
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then each point x £ R also is mapped into this half-space:
F1 (x) < ¢ (x & R).

Prooft Leb T be any component of the inver—s“e image of thet part
of F(R) inwhich g > c. Because the mapping is contimuous, y = ¢
on the image of the boundary of T, Also, J(x) = 0inT, foar otherwise
P(T) would contain an open set, a contradiction to Lemma 1.3. Hence,

u = F(x) is constant in T #nd is, thus, a pointfr which w, = c,
But this contradicts the definition of T, unless T is empty.

THEOREM 1.7. Let R be a bounded domain in the xy-plane in which
; ) the functions u(x,y), v(x,y) are defined and of cless C' and satisfy
‘ the elliptic system of partial differentisl equations
(1.2) (b, + 5D ){u + iv) =0,
where b(x,u,) = b' (x,y) +1b" (x,y) is continuous, and b"(x,y) >0, in &,
Suppose, further, thi u(x,y) is continuous in the closure of R, and
that, at all points (X,7) of the boundary of R, u(x,y) & 0. Then
u(x,y) £ 0 at all points (xy) €& R.

Proof: From the given system of equations, which may bc written

ux+b'uy-b"vy=0,
v, + b'vy + h"uy =0,

s i

et e At e T

we see
% Yy B POy Y o 5
{ " <
‘ Jx,y) = = =b (uy + vy).
A ' o
& V% vy Ve * b vy v'y
i

Lemme, 1,4 thus applies to any component T, the open set
[_(x,y) ER \ u(x,y) > c] (¢ > 0), a set on whosd boundary u'= ¢, By
this lemma, therefare, u(x,y)& ¢ in T, & contradiction if T, is not

#
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vacuous, Since ¢ can be arbitrarily small, the conclusion of the
thecrem follows, ‘

THEORDEY 1.2, Suppose that all the hypotheses of Theorenm 1,1
hold and, in additlon, that u = O on the boundary of R, Then u(x,y)
v(x,y) are both identically constant in R, e

Proofs By Thecrem 1.1, u(x,y)&0 in R and, by a dual argxmané,
u(x,¥) ?in B; hence, u = 0 in R, The differential equations then
asgert v =0, v, = 0 inR,

Yore generally, we have the

COROLLARY 1,2,1, Let R be a vounded domain in the xy~plane in
vhich the functions v.p(x,y) » vp(x,y) (P = 1,400,7) are defined and of
class G' and satlsfy the elliptic system of differential equations
(1.3) (D +w0, + °x\-‘;Dy) (w, +1v.) =0,

ARG o, TP

vwhere b(x,y) = b'(x,y) + ib"(x,y) is contimuous, and b"(x,y). & 0, in
R, Suppose, further that np(x,y) (P = 1,e0eor) is continucus in the
closure of X, and that 0, = 0 on the boundary of R, Then
up(x,y) R vp(x,y) are all idemtically constant in R,
Proof: Bquations (1.3) areequivalent to
(Dx + bDy)(up + i:vp) + Dy(‘ﬁm + ivp'n) =0 (D =Tg00eyr=1),
(Dx + bDy)(ur + .’wr) =0,
Thus, b{igt;i;ow conditions and Theorem 1.2, w, + iv,, = const.
If 1xp+1A= const,, then (Dx"' b]:)y)(up + 1vp) = 0, and, again
by applying Theorem 1.2, u + ivp = const,
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THEOREM 1.3, Jot R be & bounded domain in the xy-plans in which
the functions u(x,y}, v(x,y) are defined and of class C! and satistfy

!

the elliptic system of equations (1.2), where b{x,y) = b!(x,y) + ib"(x,y)
is contiruous, and L"(x,y)> 0 in &, Then u(x,y) cannot be greater (less)
at an interior point of R than its maximm (minimus) on the boundary,
4 dual statement holds for v(x,y). ‘
Procfs Theorem 1.1 is applied to any component of the domain
(e e r| wmy) > mxu@y +&] (€3> o
| ‘ ) ER
P 2, A boundary problem foranonical elliptic systoms, Let
‘1‘ ‘ alx) = 2f(x) + ia"(x), b(x) = b*(x) + 1b"(x) be complex~valued uni~-

formly Hecontinuous functions in a convex domsin 111 of x1xz-spa.ce,

be hypercomplex~velued functions Hwcmtinuous in Ry. Let B be a bounded
domain whose closure is contained in R1 and whose boundary R consists
of a finite number of simple closed curves each with continuous curvature,

and let
H(Z',Dx) = é<2)nx1 + b(z) sz + 6.4 sz.
i‘ Lot . ~
f ¥ r r .
g Cp(x) =Z eq(cﬁq 3 1c;q), Dp(x) = Z ‘q(%q + 1d;q), G(x) -Z ep(gx', + ig}';}
{ L ot P

£
£
¥
g

With the dependent variables represented as a hypercomplex function

r
U(x) = Z ep(up + ivp),
P

our. object w1l be to solve in & the system of 2r equations
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(2.1) L(x,Dx)U = u(x,Dx)U * Z (o -p(x) , * Dp(x) vp) = 6(x)
p=l .

prescribing up(x) = fp(z) (P =1500e,7) o0 I.t, the fp(z) being Bcon-
timuous functions there,
It can be assumed fhat
(2.2)  at(x) b"(x) - a"(x) b'(x) =1,
With
(23) ¥
x2

= X (ag) = b*(z) = +at(z) <5,

= X(25x) = ~b"(z) <+ a"(z) xz,

we hen havae the important identity )

(24) Mu(z;D.) = 1[Dx1 +1i0yp +e. o (~1at(z) Dyt - 1a"(2) sz)]
in which the principal part of (k1) is put into the form disucssed in
Chapter II, Proceeding as in Chapter II, section 1, we now introduce
the hypercomplex function

i
tzX) =X +1x2 + § o, (1a4(2))™™ 1a(2) 1,

wich is a generating solution of the equation

u(330)) t(z;X) = 0,
We introduce also the elementary solution for the latter equation
V(X,Y) = V(23%,Y) = (2 1)"Dx1+,(s;x) (- on_.'a"(a))"’ (42, X)-t(zs7))",

vhose properties are as described in Chapter 2, Theorems 1.1 to 1.5.
Lot

H(z3x,y) = V(25 X(=23x), X(z3y)) .
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By Theorem 1.1 of Chapter 2, in view of (2.4),

(25} H(z3D,) H(z3 x,5) =0,

Heoveaver,

H(z3%,y) = 0(s) (b (25X(e33)) = +(23%(a33)))"
B(z) . [bla) @y +ale) (B

~1

. -1
R [\: e ,(181(2)" P 1a(z) (br(a) (g +at(a) (xz-#):[ »

b
#heve B(z) satisfies a uniform H¥1der condition in Ry, From this can

be deduced the important estimates -

-1
Wzx,y) = O |=eyl ) '
h=1

(26)  figpx,y) - Blxx,y) = 0f =y ) et
{ka(ﬂ(rsx,y) - H(‘oi"’?)?] . =0l [zy] )
mo
and, by (2.5), - -2
(2.7) LxsD) B(zsx,y) = O( \=y| ),

where h (0< h < 1) is not greater than the H¥lder exponent for
a(z), b(z) in R,.

We shall a_proach the boundary problem in a fashion suggeated by
certaln methods of & E, Levi [1,2] and 8. Gireud {3] developed to
treat elliptic equationa of the second order. Of central imporatnce
wi1l be
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LEMA 2.1, If P(x) is a hypsrcomplex function which is bounded
and absolutely integrable on R and satisfies a HBlder condition at an
interior point X, of R, .then the integral

V(x) = f P(y) H(ysx,y) oy (=o' &)

has H-continuous first derivatives at X5 and
(2.8) L(x,D) V(x) = ~P(x) + F(y) L(x,D)) H(ysx,y) &

R

ot x = L 3

B N R Al ol

Proofs Ve may write #
Vx) = f P(y) H(x ix,y) dy + f Py) (B(ysx,y) - H(xo;x’y)) dy =V, (x)
B By
+ '%Iz(x)
By Theorem 1.l of Chapter 2,
(2.9) MWx, D) V,(x)=~P(x,).
To differentiate Vz(x) s we simply form difference quotients at x = x
y ard pass to the limit, The result, in viewof the estimates (2.6), is
' (210) D xkva(x = F(y) [ka(n(y;x,y) - H(xos::,:r))] dy.
[+] R’ mo
Further,
W(x ,0 ) (Hlysx,y) = Blx 3x,7)) = Mx ,0 ) Hysx,¥)
by (2.5). Hence, and because also of the estimate (2,7),
M(x,D,) V,(x) \ = f P(y) {{l(xo,Dx) H(xr:!,:r)] ay,
x=x

‘_ ’ [+] R, xnco

# a8 in a similag proof given by k. Hopf [1] , Lemma 1, p. 203
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from which, and from (2,9), formla (2,8) is completely justified,

That the first derivatives of V(x) are Hwcontinuous at x, follows
{ron the Heconlinuity at that poinﬁ of the derivatives of V, (z) and of
'»J'z(::). For ¥, (x), this statemént has been proved in Theorem 1.k,
Chapter 23 for Vg(x), it follows from Theorem 3, Giraud {_1] » Pe 373,
in view of (2.6), (2.10).

As additiondl preparation for setting up the stated boundary
problem in terms of a system of inbegral equaticns, we now introduce
“ha following functions + ¢

K(x,530) = L(x,D ) H(ysx,¥),

K(x,y3m) = IK(x,z;O) K(z,ysm-1) da,
&

LEMA 2,2, Each K(x,y;m) is continuous in x and in y (x,y£R1 )s
if z iy, and for (mH)h < 2,
(n+1) h=2

K(x,y3m) =0( |xy| )e

T n 4is sufficiently large, K(x,y;m) is conmtinuous with respect to all
%y in R,

This lammua is an immediate consequence of Theorem 3, Giraud |2}
Peo 15C,

LEDA 2,3, If y is a fized point of R,, then K(x,y;m) (m =0, 1,...)
1s H-continuous with respect to x at each point x  of R.‘ distinct from y.

# in partial analogy with the procedure of Giraud [3} pp, 22-23,
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Proofs This statement is true for m = 0, To prove it in general, let
o R, be a disk about y of radius less than (1/3) [xo-yl » and write

K(x,y3m) = {\S\ + f } K(x,230) K(z,y3m-1) dz = I'(x) + I"(x).
D R1-D
We may restrict x by requiring
lx-x| < /3) |x,~7] . |
Then for z in D, under this restriction, K(x,z;0) satisfies a H8lder
condition at x , say 'K(x,z;O) - K(xo,z;OX <K \x - x, ‘o( , and,
. therefore, 8o does I'(x):
\I*(x) - I'(xo)l < f | K(x,930) = K(x,,230)| |K(z,y3m-1)| dzg K,[x-xof‘ﬁx(z,y;m )| dz
D D
For z in R; - D, K(z,y;m=1) is continuous by Lemma 2,2; hence, Lemma
2,1 applies to I"(x).
Finally, we define

YT RN Ry < R W gm0

H(x,y3;0) = H(y;x,y)
m
H(x,y;m) = H(ysx,y) + Z J\ H(z3x,3) K(z,y3 q=1) dz = H(y;x,y) + J(x,y;m),
=t R
Lepmas 2,3 and 2,1 show that
(2,11) L(x,Dx) H(x,y;m) = K(x,y;m).
We also note
h-1
- (2.12) J(xysm) = 0( ‘x—y, Do
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Let us assute, in accordance with Lema 2,2, that m is so large that
the right side of (2,11) is continuous in (x,y) in R,, We set
(243) U(x) =~ Mysxy) BQy) v +  J Hlxysm) y) (=bly) ' aly)aye _, &'
R R
1

and attempt to determine hypercomplex functiong

r
) =y e (B (x) + 1P (=),
5 =1
s) = }j: LA (2)

p=l

I s R

¢
(P.”;’ P;, Q b real), defined and H-contimious for x& Ry, 2 € 2, respectively,
such that U(x) is a solution of the stated problem, One aet of 2r integral.

equations involving the 3r unknown real functions, obtained by applying

]
b

Looma 2,1, i3

2,4 ofm) = P(x) - P(y) K{x,y30) ay + §K(x,ysm) Wy) (=b(y) d.s"' +aly) &

-

; | :

-Cnq c;ly1 )o
These equations are equivalent to the differential equations (2.1) asgum-
ing that 4he representation of the solution (2,13) is justified, They
'” must be supplemented by r additional equations which expressthe boundary

gondjitions
- r ] r .
o z epup{z) =2 epfp(z) = 2(2) (z £ R),
i p=1 pA

squations which will follow from the behavior at the boundary of the
szcond integral B(x) on the right side of (2,13). First, let us write



- P
B(x) = jﬂ(ysx,y) Wy) (-b(7) dy' +aly) &P - r-1 &)

+ SJ(xmm) Ay) (-by) dy' +a(y) ay® - e,,_i &) = By (x) + Byl
: .

snd observe that B (x) is continuoqs at R because of (2.12), Secondiy,
ifx, & R,
B = § Hamy) A (blx) & +alx) ot~ e g &)
1 . 0’ o (o] ™1

‘Y H(x,3%,y) Qly) ((blx)) = o(y))ey + (aly) - a(x,)) ay?

R

o 5 Gty - e W) o) &t +aln) &f - o g @)
E

= Byy(x) +By,(x) +3B 3(:4:). ‘

(x) is continuous at x in view of the B-continuity of a(y), b(y) at
points of R.
B13(x) s similarly, iscontinuous at Xy because of the second estimate
(2.6).
The third step is to change variables by

X=X(xsx), Y=Xx;3y);
we then have
B.”(x) =IF(E) =~ S Q(Y) v(X,Y) (dI1 + 4472 4 16 1(—1&'(: ) dr +ia"(x ) ay’! M.
R
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¥
ot
where Q(y) = Q(¥), and R is the image of R, Since, by Theorem 1.5,
Chapter 1I,

n  FE) = FX) +(1/2) Ax),
I X, : :

where X = X(xo;xo), it follows that,
Hm  B(x) = B(x) + (1/2) Ax,).

x-+x,

Thus, the desired supplmentary set of integral equations is

(2.15) £(z) = (1/2) Q(z) - P(y) H(ysz,y) oy + S‘H(Z,v;m) ) (=bly) &
Ry R

+a(y) &y® e, 4 ay')a
Wie have ghown that if a solution of our bourdary problem exists
and aduits a representation of the form (2.13), where P(x), Q(z) are
Hecontinuous in their respective domains, the latter functions nust
. satiafy the system of integral equations (2,1k), (2.15). If,cnverseiy,
these integral equations have a solutionKx), Q(z) (x€Ry, 2z € R),
then the latter functions are Hecontinuous # , and foraula (2.13) de=
fines a continmously differentiable function which solves the stated
problem.
It remains to ascertaln when the system of integral equations
(2.14~15) has a unique solution, Clearcut general conditions are

# This can be seen most easily after iteration. Also see Giraud [}J
ppo 27“286
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epparently difficult to obtain #¢., - And again following Giraud %, I
restrict attention to sufficiently small regions homothetic to a fixed
rezion Ro whose boundary congists of a simple closed curve C having
contimous curvature., We suppose the closure of R S to be contained in
a bounded convex domain ﬁ1 in which, as required ai‘z the beginning of
this section, the coefficients a(x), b(x), Cp(x) , Dp(x) , and the right
hand side of equation (2,1) G(x) are H-cotinuous, The presciribed
boundary values £(z) are rcquired to be H-continuous on‘G. Agsuming
Ro to contain the origin let us change variables by

o =t (x > 0),
£ = 142 to range over R Equations (2.1) then become
(2.1,) (a(ld:)D -ob(kt)n +e 4 2)U-ﬂcz (G (ktJu D (It ) ) = Kailict);

p=1

the corresponding integral equations will be designated (2.‘31%) and (2,1‘5k),
Reducing k is the same as hiomothetically shrinking Ro' If k tends to zero,
equations (2.1k) tend a system of entirely homogensous eguations (2.10)
w.th constant coefficients, In case the Frecholm resolvent for the in-
tegral equations (2.111,0), (2.150) which correspond to (2.10) is regular
(and leads in the limiting case, therefore, to a unique solutionfor the boun@y
problem), by continuity the resolvent for the integral equatione

ok Attention is called, however, to the ingeious rcasoning used by

i, B, Levi [2] pp. 8-16 footnote p. 19, in his discussion of the
Dirichlet problem, Such reasoning appéars not to apply when a contour
integral is involved.

it Y‘] s PP 383-38L.
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{2, 75.1;1{-.-‘!5'1,} % £lso will be regular, if k> 0 is sufficlently suall,
Thay our problerm is raduced to showing that a solution of equations
(2,}.2;0) (24‘&5{}'} is unique.

The coafficients in equations (2.10) being constant, we may assume

thedd equalives to be of the form

z T

(D, +30 ., +e {(ab , + 1D )V =0,
! " -1 < <2

The integral relations (2,'-?«&0) R (2.150) then reduce, respectively, to
P(x) = .

and o
(2,26) £(2) = (1/2) 2(z) - fQ(y) Way)ay' + ie, 4 (ady® ~ b))
c .

= (1/2) As) = (2Me)” S\Qm Dog(t(y)-t(z))
C

I'b';'} . k
:(K/\%(‘"") - 2Ty S‘ Qly) dlog(pez) +d Z 11—{-" (ﬂﬂy_:zT(zg) J,
' kel :

C

see Section 1, Chepter 2, That we have to show is that equetion (2,16)
has only tre zero solution for £(z) = 0. Equating coefficients of e,
we have

-1 5
(2.17) Qz) = T \'(g Ay) $ R{-} log (y-z)} ds

= --n-\. jQ(y)gnlog | v-2) ds,
: ¢

# gitter sufficient iteration
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vhence # Q (z) = 0, Assunming OI,...,QP*’ =0 (p < r), wo may rext
verify that Qp satisfies an integral relation of the form (2,17) and,
hence, also vanishes, It follows that Q(z) = O as was to be proved,
We remark that k is independent of the prescribed boundary values
£(=z), k also is independent of G(x), the right hand side of (2.1), o
fact which follows from
| LEML 2.4, Under the hypotheses stated at the begimming of this
sastion, in any sufficiently small subdomain Ro of By, there axisis &
particular solution of class C' of equations (2.1).
Proofs et

u(x) = S\ P(y) H(ysx,y) dy.

RO

" The integral relstions

G(x) = «P(x) + \f L(x,Dx)H(y;x,y) ¥y) dy

R
o

then serve to determine P(x) asaﬁing Rc to be aufficient]& small,

Let ¥k be so small that, in accordance with the preceding, the
integral equations (2.1hk), (2.15k) have a unique solution P(k3x), Qk;z).
Estimates of these functions and of their HBlder coefficients can then
be made #* from which by (2.,13) we may obtain bounds for the solution
U(ksx) of the boundary problem for (2.1,) and for its derivatives, let
6° be an wpper bound on Ry for G(x), G the HY1der coefficient for G(x)

on Ry; let us assume £{s) = 0, Then there exist constants k, k,, ky
such that

# See Courant~Hilbert, Yol, 2, PP, 269270,

#% The first of these estimates is shed by Fredholm theory, the
second by means such as are employed by “iraud [3] pp. 27~26.



(2.18) [0052)| <. 1,0°

lnxa U(k;x)l( x20° + kG,

where kq, !r3 tend to zero with k.
This is an opportune place to insert proof of a statement re-
quired in secticn 3, Chapter 2, to the effect that, if 4(x,y) is a

T

complex~wilued non-real function of class C'"! in a neighborhood of

g e gl

the origin in the xy-plane, then there is a disk K about the origin
in which tre oguations
(2.19) (Dx + ADy) w=0
have a contimwusly differentisble solution w(xy) whose first de-
rivatives do not all vanish at the origin. * lore specifically,
we shall show there exist polynomials with complex coefficients
Px,7) = p:_,x + Py P"Xz TP+ 91312‘ + Pg}ta + Pzzxzy + p23=v2 + chw'?,

AUx,7) = qﬁx2 + 29y 7 + q,|3y2 + qm:? + q22:2y + q,23v2‘ + qzhyj,v
py being arbitrary, and there exists a conbimuously differentiable
function V(x,y), such that
U=P +QV
is a solution of (2.19).
To do so, we first write the expansion

Alx,y) = &, +T 48y + a”xz + 2,7 + auyz + R(x,y),

% e cbserve also that w(x,y), like any other solution of (2,19)
which is contimiously differentiable in K, is of classC"! in the
interior of K, This fact ban be proved from Green's formula,
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where a, i3 non-real, and
2 22 2,2 2 2
R{x,y) = 0((x" +57) ), R(x,y) = 0(x" +¥7), R (x,y) = 8(x" +5°)
Given Py» PZ to satisfy Py +2p,= 0, we evidently can detarmire the
Py Such that @+ af‘;—R)Dy)P(x,y) is a sum of third order terms, i.e.,

3/2
(o, + ADy)P =R, (x,y) = o((x? + yz) )

Similarly, given Y1s Yo» Y 3 satisfying
Caa + 8. Gy =0
11 042 ’q12+aoq13=0.
the q,4 can then be g0 fixed as 4o assure
’ 2, 23/2
(Dx + ADY)Q = Rz(xsy) =0((x" +y ) Yo
Our actual choice of the Uy will be such that
. o2
(220) |G12® + B0 3P| > o 43D (o > 0}, *
a condition which guarantees the Lipachitzecontinuity in K of the
functions
by (x,7) = B (x,7)/Qx,y), Dby(x,y) = Ry(x,7)/Q(z,y),
assunming K to be sufficiently small,
To prove our statemdmt, it is now obviously enough to produce a

continuously differentiable solution of the linear equation

#+ This is easily done. Assuming, without loes of generality, that
a, =1, we my, for instance, take q;, =1, q, =4, Y3 = 1. The
quadratic form in question then becomes

12-y2+21v=(x +1y)2.
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2V +'b1 = 0,

This can be done for sufficlently small K by means of a suitable inte~

(D_+AD )V + b
x y

gral representatioxi as_ employed above,
3. A problem for systems of differential equations of mixed elw

lintic and hyperbolic type. For each j =1,...,8, let
(3.1) ()

SR TEE -~

be an elliptic expression in
r
(2r.)
W o= t o I (I 4uvdh)
k=1

of the same type as the left side of (2,1)e Tts coefficients will be
assuned to be uniformly Hecontinuous in a domain R, of the x1x2-planeo .
Iet C be a simple closed curve having continuous curvature which with

i%s interior R is contained in R1 and is such that

(1) each system of equations
(3.2) Ew) = (3 = 15000s8),
the Gj(x) being uniformly H-cotinuous in R1 s has one and only ‘one go-
lutioﬁ in R such that wk (k=1,..., r‘) assumes arbitrarily prescribed
H-continuous valueson C, ) ' ‘

Let B(x,w',... W), defined for x &Ry and for all w,... ",

satisfy the inequality u
(55 ) = By ] < e 1] 2l 450 5 |8
) >
p=l

(0 < g 1N
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We shall suppose R to be such that

i (2) the solution of (3.2) for vhich the prescribed boundary
:  values vanish satisfies

3.3 |P@l< g

{ st'ﬂj(x) l < k20° + k3(}t ,

i G° being an upper bound on B for\G(x)] , G' the Hllder coefficient
Zor Glx) on Ry, where

+ ~ kg, kg <G Max (1, mr)  (0<C<),

Let

t - e
) B = Ko, +ad , 43 W S 0e05t)
3 (w Z1 p (11‘ 2 ¥ J % V90004
k=

be a hyperbolic system of t linear expressions in w = (w' yeesgu®)s Ho
shall suppose the coefficlents of (3.}4) to be of class C! in R;. “bd
suppose also that
(3) the hyperbolic system of equations
(3.5) Ww = P,
I being of classC! in R,, has one and only one contimously differen-
tiable solution in R1 which coincides on afixed initial curve I with
arbitrarily prescribed contimuously differentiable inmitfal functions.
Let. :(x,a',o..,#), defined and of class C' for x £ R, snd for.
all vr1 ,...,wu, satisfy the inequality h
| Do) = B (xyiwhyen s < 1° tarlal] | 2yozy) + ¥ 2"—_1 | ) .
- p=
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We shall rmppo‘ée, finally, that
(k) the solution of (3.5) for which the prescribed initial
values varish satisfies
(3.6 |HE| <o mx ||
_ xER,

les wj(x)l e, ?:&1(':“(,‘)‘ , l ka f‘l(x)‘) P

Cs c2<llax(c c/HL') (0<e < 1)

We shall show, under the foregoing hypotheses, that the eqﬁa.tions
3.7 Bl = e, )
Hk(") = Lj(x:‘j’“')'n):

where the symbols wt'“ ,...,wu si\;a.nd {far the udk,' vdk, have one and only

2

one solution such that the o (k=1 ,...,rj) assume arbitrarily pre-
scribed H-continuous values on C and 11,... ,wt arbitrarily prescribed
continuoualy differentiatile initial values on the initial curve I,

Let us write the system in more & ted form as
E(w) = K(x,m)
H(W) = I'(X"),

Let Wy, W5y o.. be a sequence of functions (having N components as
above) which are contimuous and have uniformly bounded first deriva-
tives in n,-c and which satisfy the stated initial and boundary
confiitions and the equations




CBlw,g) = E(xw (x))
H('n-ﬂ) = h(z,wn(x)) (n =1,20¢0)

in Ry-c With the notation

Hy (w) = ¥ax lwp(x)l Nz(m = ;itx ltp(x)\ » Niw) = Max(X, (w), NZ(W))~

F"p-c.,t 1’0",“
ng -G _ x& R,
\
we have from (3.3), by consi. deKing theaquaﬁ.on\

Ew 4 - w) =E(w ;) - E(w ) = Kix,w (x)) - Klx,w| , (x)),
% . M
the estimate Nz('n-n"n)<k1x' z \1&_1 - Ig' < cN(vn - 'n-1)'
p=!
Similarly, N ( - ) < cN(w - 1); hence

(3.8) N(w g =) < M W ) < o,

where Wo is a constant, Using the second estimate of (3.3), we have,
further,

X
N (D (wm,l-nr N < kZK'Zl"p -wb| +ig [x" Nlw,om__q J4K0 g?nrc
p=l p=l

=
Further computation using the second estimate of (3.6) them shows, in fact, that

(3.9) N(D!,(w A= N —w ) °N(st('n"n-1))°

An immediate consequence of the inequalities (3.8), (3.9) is the uniform

lnxs (w§_1 - Vg )k khN('ﬂ"n-‘! ) + (D m‘n"n-’i Ne

convergence in R,~C of the sequence (w ) and of the sequences of its |
partial derivatives. This compledes the proof,
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