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1s never exceeded.; and by i:k1.king a on -degrcs ... r)f rr~~dom 

assumption ror tll~ ship ( ·t. ch ~as t will not be .omment·;d 

on in this memo). we will. C.iscuss fo r oonp"..tct:\t .. ot ... or 

addltlonal phenomen~, 't.J'hi(h c.fraet th3 actun ~.y•1 m1c b .. -

hsvior ot" finst 

1. Tha V-sloeit•r 'Cffo C' 

2. T~e Free-su~~ ce · "'f o c-

3. C!lv1t~t1 n !t ··oc 

lt. Un!tte c. H .;ion ~ .1 0<: 
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II. THE VE;,p:: ITY fi'l"J:iCT 

rlrts phenomenon is v~ry slmpl. physically_ It onl7 

baa lllportance beoe.u3• cf tho closed-loop t:"pe control 

being used. ~. r_qve the follo\lins s1.tuat1on. ·, ithin the 

world.ni ran~o or the fins, 

T -· (1) 

Tl us~ (2) 

This means 1 hat the g. i n o1 t : • n · v. :•-t es :~s v2 .. 
No-J a higb-porf rnnnce clo. op S!''1 r err. :J .. l a -ways qui ta 

sens1 t1ve ~ c .. [.!ai · ht:.'J t he v L'l-

p nsated fo:r, ·p)] n : ~~ :uip ~hru:~e .:; r1 • t .1e r •. nge 

0 .1. operatinc spe H 1 

ane core dif i ~lt. 

The vc.\ ~ 1, tlon o - r ct <· 

.. v · . •. :: 1. on 

' ... t, v lo~i t 
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The stab111alng fin of a ship actuatly movos 1n n 

tlU1d modlum which has a rree-surfnca b~undary 1n t e v1-

e1D1ty or tht1t f1n , as belova 

,~ 

~ 
~ 

I t l:\S been shew botl ~heoret1 :.lll nd ex. e 1mel tally 

t hat to a first ..lf- 1 I ox1110. t .. n~ til f. eG-sur! c 
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oqu volent bipl:m~ ~s : bov r· 4. I") 
• , , 

• f 

iplans c e ficient (ver!lc :J the dep n/~hor r t c und t he 

eXJ)erimento.l ft or e oral w · n .· s t " ; l Ol# 111. 

• ~gure 1, ta.c r fr m Caru~on . 
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t hree 1 t • fro 

1 or e. .'f 
# 

:, ··· ve:- ; t,. ' I - ~ • I 
t-41 - J 

the l rt t . ":.; 0 ·a i c '• 

1 For the titeoey o this effect, ~ee 
"Perfo::I.:mnce ,r Hydrofoil Systei:'JS 11 , .-,cD £L ··is, 
For expartmontnl result3 which voriry th the 
for instance , K .e6 Ward an s ~ Land , N 'CA 
Repor t L-766 , Sept 19li-o1: and J . (, Benson ~d 
:ACA ~artine . rt L 7. 8, ~ept 1 ' 2 
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IV.    CATOATIQN EFFECTS 

If hydrofoils are opera bed under conditions such that 

heavy cavitation occurs, tho canter of pressure will be ser- 

iously shifted and hence the aomenlp on the fins will be 
2 

seriously affeotod.     Assuming, on the other hand,  that the 

foils are not seriously overloadedj the principal effect of 

cavitation is to limit ipa^iia^n lift, and It is this side 

of the question which we will discuss here* 

By definition, we say that the eavritatiofl ^iqltü has 

been reached, when the minimum local pressure at any point 

on the foil is just reduced to the v^por pressure (i«eM 

essentially to »ero)»    Thus cavitation depends on the pressure 

loading of the foil and specificaliy on the neak of negative 

pressure ^c^adin^.    One fools intuitively that the chance 

for cavitation must increase with greater total loading.. 

and with the non-'uniformitv of pressure distribution«   These 

Intuitions can bo made much more preclas» 

Bo   ^e.CaviiafclQn Nupibor and tha. Cavitation Index 

A cavitation situation is most commanly c^^r^-ntori*;e(ii by 

the non«-diaeiisional scaling n'imber, 

Cavitation number a Q s   PQ "' jjg = £ 
q (3) 

X^ls is shown clearly in J, F» Allan, "The stabilization 
of ShiDs by Activated Fins," Trans. Inst. Maval Architect^. 
Vol. 871 19^6, Figure 16, page 13*f, 

b 
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Where, 

p a "free-stream" pressure of undisturbed fluid 

Fv s 

q. - 

vapor pressure of fluid 

Kinetic head « Co 7^/2) 

Note that, 

p   « pa ^yh « (atnoSo press») + ^ (depth) 

y = specific weight of fluid 

(h) 

»ov/ to cvor.v cavitatlon situation and scaling cf that 

situation there corresponds ^ Q = Q     at which the cavita- 

tlon limit is reached,   unfortunately« ;.L_ is ^ulte legend- 

ent nn the ^eoootry of the situation, and in particular for 

f jils^ Q__ is quite dependant on the angle of attack.    For 

nur purposes we would like to find another non-dlnensional 

number, characterizing cavitatlon, which is less dependent 

on the angle of attack,,    Let us make the following 

definition, 

Cavitatlon index » U«MW 
(5) 

tigain ve may define fj   =1,» ,-,P    ^ the cavitatlon Unit,, Ag 

It Is not hard to convince oneself tha 4. P 
cr 

4 q loss de- 

pendent on angle of attack cr CT  (which is to say almost 

the saüie thing) than is Q    «    In fact, insofar as cavita- 

tlon depends on the &S&&L loading. er is Independent of 

Cr» for ij equals nothing more or less than the ratio of 



 1» ■■   , ,*-       ',•••  —■, a . .mnlViril lifM^.,,  linn -"iMir   ', 

actual loading to allowable peak negative pressure drop, 

that is, 

(6) 

Insofar as cavitatlon deoends on the distribution of 

pressure, []  p   XSL & function of CLo    Hence Q 

essentially characterizes the favor;ablane33 of the presnure 

4i3tribution, for a given foil at a given angle of attacko 

This makes it quite a useful number as we shall sec.    In 

any event, given Q0T we Irnmediatelv have the critical load« 

Ing, from aquation (6) above, 

(Lift/Area) cr Por x C (7) 

The following manufactured examples will give a protty 

good idea of the values  C „^ nay be expected to have in 

practiceo 
cr 

&kj&gi&J£a Mr i 

H  pressure, 

But the positive pressure can increase without Unit without 

caus.lng cavitatlon, hone© 1J ^ =      Cr1    «  cA « 
P. 

cr 
cr 

- 7 
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2) EXiLlfla&a aaMaUaLanä ^ifpazax-tm.ftra.kotlais 

I m x> 'v—. 
■p 

,,.,^ /d, p » p 

cr 

+ pressure 

Then at the cavitation limit, ^p « " pCI,, and C cr * 2no* 

However» lb is well known that the under surface of a foil 

contributes little lift, so perhaps a more realistic case is, 

3) E^.AflaW.wtfQrinly ga top pal-.i 

pressure ; A P - "r cr 

Then at co.vitatlon lindt, ÄP = "^j.. •» an^ C or « 1«0 ,. 

That this is realistic is indicated by experimentally de- 

terrained values of [! «^« which approach but almost never 

exceed la0, even under the most optiialzed conditlonso If 

the pressure distribution is not uniform, y c must come 

dowrio Specifically, the pressure distribution becomes loss 

uniform at the very high and the very low angles of attack* 

Thus if we wish to operate a foil to its reparation limited 

angle of attack we must accept a \j      of approximately 0«3, 

while Tor very low angles of attack, H  tends to ■icrc *>«■ cr 
(naturally) 

The most obvious approach to anti-cavitation design is 

8 ■•' 
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uniform pressure distributions, hence to higherC _, ^i 

to find symmetrical foil sections which lead to rolitively 

-ind 

thence to higher allowable loading, We r.re greatly aided 

in this search by an interesting coincidence. It happens 

that the prediction of the cavital^on vl.H?ilt for hydrofoils 

is very closely analogous to the prediction of the QSMZ 

Byasaib^llty burble point (critical Mach number) for 

airfoils,, Because of the monotonic. one-one corrsspondencd 

between velocity and pressure, sOiliJLdiil^.i^ sections must 

have the same characteristics as aqti-QavitatiQD sections, 

l,e«, tend to produce uniform pressure distribution. Hence, 

one night expect to find good hydrofoil sections among the 

alre^d? deyploped anti-burble sections of the NACÄ, A,s a 

matter of fact, NACA lias already studied the use of certain 

of these sections for hydrofoil purposes,'5 

As a most specif5-C aid, all the information on critical 

Mfip^ q^mber predictions in NACA's useful conpendirai "Summary 

of Airfoil Data" (MCA Report Bhz)  may bo converted over to 

££l&&^jSMlfcÄ^     or to iiö^.aL.^l^:d£^ 

predictionsj by one-to-one relationships, as follows.. 

We first define the Mach number for the foil as. 

M a jLBaaä of .toil 
speed of soimd in undist, fluid (8) 

J For example» John Staclc, :JACA Report 763, oiscusses the 
NACA l6»series sections designed to delay the compress- 
ibility burble, J, M, Benson and N. 3, Land, NACA 
Wartime Report L-758, test one of these sections as a 
hydrofoil. 

■ ****■    :- ■-^-■■•-- A^^MMta iüi 
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Define the Gp^pyQaslbllity limit as the point at which 

the highest local velocity over the foil just equals the 

local speed of sound. Then for every compressibility sit- 

uation there exists a M = M,.^ at which the compressibility cr 

lisdt is reached,, 

M  - (speed of foil)^ 

speed of sound (9) 

Let is denote the highest local velocity over the foil by 

the qiantity (V > & 7),, By definition, at the limit this 

.just equals the Ipcal speed of sound0 If we chifse to neg" 

loct bhc effect of coEpressibility on „••ho local speed of 

sound, we would obtain the result, 

lv. X 
V +IÄV 

do) 

Further, if we neglect compressibility.3 we find that 

(ill)   is a function of ^ P 

V / 
, in fact, 

A v ?   ^ P (11) 

Now- it has been, shown by Karnan" and others that even 

if the effect of coraprossibility en the local speed of sound 

and the local pressure is taken into account, Kcr still my 

fee ©xöressed as a function of iLL-. > ' ,v"r'e A p is the 

a^ximum change of pressure 'la r,n© suction senso) on the 

foil, predicted by low-speed or lBSZ£mXSääM&. UmSSL* 

TT: Th. vfl Karman, ''Coaprossibility Effects In Aerodynamics/' 
Jour. Aero,. Sei», 8t337-56, July,  .1951. 

-  10 
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Thus. cr *' crv q ' 
(12) 

OR, 

q 
88 ^^cr5 (13) 

Equation (13) is plotted In "Summary of Airfoil Data", or 

rather, ono may find there a plot of £, versus Mcr, 

vhare, 
3 = 1- (1^) 

Equation (13) is true for any airfoil« Now a given airfoil 

will have a given pressure distribution at a given angle 

of attac!-!:, hence one may plot Mcr as a function of C^ 

(tt16 low-speed lift coefficient)« There are oaay such plots 

in "Summary of Airfoil Data",. From those plots and equation 

(13) we may have S P as a function of CT for numerous 

different foils.      We may further obtain the critical 

cavitation index and tho critical cavitating speed for these 

foils by the following means«, 

Hemember that by definition at the cavitation limit> 

cr •AP * - qfC^r) (15) 

Prom equation (16) it follows (again by definition) that, 

qc. 
cr P cr T(rcv) (16) 

~ 11 
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ana. 
t!- &■ ST v
cr = q x / : ^ s H^r) ^ 

;i7) 

Note that the curves of MÄVt versus C- in "Summary of 

Airfoil Data" have been computed from t^eor^tlQal (low-speed) 

pressure distributions, but that these theoretically calcu- 

lated pressure distributions arc generally quite accurate 

The above treatment is of necessity somewhat sketchy,, 

However, the essential point is simple and should not be 

obscured by the semblance of difficulty which the reference 

to compressibility effects may tend to generate, The essential 

point is this. There are in "Sunmiary of Air-foil Data" nu- 

merous curves showing M  as a function of low-speed lift 

coefficient, CT for various foil sections.. These may be 

converted into curves of p.e^k no^rmli^a  suction nreaa^-e. 

(^ p/q) versus CT by means of equation (13)? which appears 

in modified form in tho same NACA report,» These- last curves 

in turn nay be converted into curves showing fj ^ 

versus C,. by moans of equations (16) and (17)« 

and V cr 

Figure 2 shows some theoretical curves converted from 

the "iJumary of Airfoil Data" (MGA Report o21!-). Those 

curves show critical cavitation speed versus lift coeffi- 

cient for symmetrical 6~3erias foils of various thickness 

ratios. Note the difference in behavior between the thicker 

foils and the thin foils« Fortunately, the characteristics 

...  1 O n 



of the thicker foils are more suited to our purposes. 

The 6-3er:les foils, by the way, have the most uniform 

pressure distrlbutioa of the more or less standard NACA 

foils, but the newly originated l6-serios has even superior 

characteristics» 
5 

Certain experimental results from Cannon and NACA 

are snown in Figure 3» These results indicate that even 

for cambered foils of special type Ocr, will not much ex-- 

cead 0.3 at the higher angles of attack (or higher lift 

cooffsu)., The actual llmltins load for CL-« ~ 0."3 may be 

found by the following calculation,:, For a depth of about 

fifteen feet, 

pcr S po - pv ~ pa +0^h "  pv ~'pc. ''" ^h " 3000#/ft 

Hence for Gcr ^ 
0'i3 fcile critical loading is, 

(Lift/Area)A_ s 0,3 x 3000 = I000#/ft
2 s 1/2 tor/ft2 

This is thft origin for ou? figure of 1/2 ton/ft'* cavitation 

loading. 

It is true that I'urther lift can bn obtained even after 

cavitation begins, but if this process is carried very far 

the center of pressure will be seriously shifted, as men- 

tioned before, and the law of diminishing returns will begin 

to exercise itself,, 

Cannon, op, citM NACA Wartime Reports L-766 and L-758, 

■.-' 
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F. other Jiaya tQ Improu LO@d!ng 

Attar the best s~etrieal sec t ion h s bean .ound, it 

is clear r~om the various reference~ th~t furt her improve• 

meftt at 1\ given angle or attac!· cay be had by the 'lse of 

aamber Unfortunately, a varinole , gle of a. tacJ{ req~Jit'es 

a correspondingly varl~ble cam bar.. . I t l s as Jret moot 

paint whether or not a variable flap cou • s1mul :1t e var ... able 

C81Dbor satisfactol: 11J from vhO e&Vi~ntinn oint of "19'/ , 

B.Y &n8logy to eompressib111ty t: eat~enta, awe pbaok 

and boundary lnyer ccatrol ght also ba seful ., ut hore 

agtlln the U9st1o;'l ts o.s ye t ttoot • 
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All the previous comments have applied most exactly 

to so-called steady motion, in which the fin moves at a 

constant velocity and a constant angle of attack.. If the 

fin is undercoing unsteady motion (e.gr .has an oscillating 

angle of attack) certain higher order terns appear in the 

lift and moment equations,, There ia by now an extensive 

literature on this subject,0 The best discussion of what 

these terms mean physically ia perhaps Karraan and Sears» 

The theory of the ^dimensional (incompressible) 

case may be found in many sources, beginning with Glauert 

wä  ending with Tne odor sen,-. All these authors arrive at 

slvictly comparable result^ but presented in more or less 

convenient form« Theodorsen's results are about the most 

usable:. 

The \heory of the 2-äimensional case has been quite 

thoroughly verified by the experimental work of Held7 and 

o I'.hers „ 

ö B. Heloaner, Bi^l. Amqr. Math, i?oc^T 05:83-^50 (IW) 
gives a rather complete resume of the raathcmabical 
theory and the literature« 

7 T, V« Kernan arid W,.. Ra üears. Jour» Aero« Sei»  5: 
3*79-90    (1938) 

8   To Theodoruen, MCA Tech6 Report ^96 (1935) 

^   E« 0, Reid,  "Experiments on the Lift of Airfoils in 
Non~Unlfom Motion,"    Final report to Air Corp 
Material Division (Contr* W535~ae~l8l62 K July 23» l^+a. 

„. 15 ,., 
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The theory of the 3-dimensional case (incompressible) 

Is treatod at length (with tables of the appropriate func- 

tions) in 3iot and Boehnleln« 

We have not as yet been able to find a definitive ex- 

perimental verification of the 3-diniensional results, but 

they do not differ markedly from the 2-dimensional results 

and hence are verified indirectly by Reid's work* 

In either case, the Xölffl of t^10 lift  and moment equa- 

tions depends on the choice of axis of rotation, and the 

principal argument of the equations is the so-called rQ" 

reduced frequency «= k « ^^y^- (18) 

wherej 
a) « frequency of oscillation in radians/second 

b « V^-chord in feet 

V » velocity in fect/socond 

If we arbitrarily take our axis of rotation at the 

l/V-chord, the equations for section lift and monent reduce 

to the following transfer function form« 

«a 2 
&= 2Tr£%)  2b [C + (2C + 1)(|^) * C^f) 3    (19) 

10 M, A, Biot and C« T, Boehnlein, "Aerodynamic Theory 
of the Oscillating Wing of Finite Span.H QALCIT 
Report No. 5 (Flutter Project), Sept, 19^2, 

16 
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M « 2tr(4^)b2 [ 0 + 2(4£) + |(fe23 (20) 

k* 2H^)  2b fp^ (aP^DC^) f (^|)2?   (2,1) 

2) 
c< . 2.-^) b

2 ((P^- Q^) + [aCP^-Q^) «](§)4-(f )| (23> 

Where C , P^ , and Q^ are complex functions of &   „ But P^ 

and Q^o ars also functions of aspect ratio such that, 

QaQ« c (23) 

Hence the 2"dimensional and S-dlmenaional equations above 

are compatible in the limit (AH -«>^s • 

Tables of C " F + jö are given in Theodorsen} and 

tables of P.R « PAR ^3 G^ and QM S H^ + JJ^ 

are given in 3iot and Boehnlein» for various aspi^ct ratios«, 

Co  lesttoLliOSJ^^L-asOMiJ^^ 
If5  in either case, we define the quantity Inside the 

brackets as I/L   - relative lift or H/M   » relative mo^snt^ 

then we have a comparison between the lift (or moment) of 

the ^vpn IQXX 
at a eiven frequenpy and ohe lift (or 

noment) of a Z^lW-miQml £aU> at AMte fammm.*   Figure «+ 
shows L/Lo plotted as a vector locus (in terras of the argu* 

ment Js> for AR soft and AH a Sr,   Notice that the effect of 

finite aspect ratio is to remove the lagging kink in the 

17 



vector locus. In fact, the locus for AR = ö can bo 

closely approximated by a quadratic In fa as shown in Fig« 

ure 5» For AR s 5 it is clear that the lift, if anything, 

tends to Isää, the angle of attack» How much, depends of 

course on ^ „ 

Typical values of ]£ might be as follows.. Let e - H- ft« 

then b « c/2 « 2 ft» Let V = 30 ft/second(( Then, 

"-f-ft^-Ä 
Now at f 3 0,5 cycle/second'-'5 x  <.?.hlp!i3 natural freq,,) 

k » 0,2 

Referring this value to Figure h  it appears that the fre- 

quency effects in the lift equation, while noticable, will 

not produce drastic changes,, 

The frequency effects In the moment equation will be 

much more important, because the moment would otherwise be 

sero or nearly sero«. To malce the moment equation complete 

we should increase the coefficien-c of its inertia term to 

take account of the fin's own (metal) inertlat the term 

shown in equations (20) and (22) is only the so*calleä 

"induced" inertia. Calculation indicates that (for numbers 

as above) the self-inertia will probably be less than one/half 

the Induced inertia» 

Assume that the moment equation is corrected for self« 

inertia« Assume further that the axis of rotation for the 

18 - 
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finite aspect ratio foil is adjusted to be zero at k = 0 « 

Then at k = 0.1 (f ~ 005 using b « 2 ft and V « 30 ft/aee) 

It appears that the moment due to angular velocity Is about 

ten times the moment due to static angle or to angular 

acceleration« This indicates that the angular acceleration 

loading will not bo very important (for design chords and 

speeds similar to those mentioned)« The static angle load» 

ing also will be generally smaller than the angular velocity 

loading, perhaps gaining importance at the higher speeds 

where the static term is accentuated (by the change of ]£) 

and where cavitation may shift the center of pressure ^ 

- 19 



  

In this monoranduiE, we have discussed a number of 

physical phenomena which affect the dynamic behavior of 

fins« At the moment it appears that a knwleäge of these 

phenomena, pins a knowledge of classic, aerodynamic theory 

foj' steady motion., ^uyp a Jmowledge of structural require- 

ments, will constitute a reasonable working basis upon 

v/hich bo begin the design of fins, 

V/e have considered four arbitrary categories of effectsi 

(1) The velocity affect; (2.)  ?he frse-surface effoct* 

•*3) Cavitatlon effects; and ('f) Unsteady motion effects,, 

Of these,, the last two are the most critical, but each has 

important and obvious Implications aoncerning the design of 

fins and/or positioning motors« In subsequent memoranda 

we will discuss some of the relations between the body of 

knowledge mentioned above and practical fin .and positioning 

motor design» 

oa <*. 
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